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PREFACE

This textbook is aimed at newcomers to nonlinear dynamics and chaos, especially
students taking a first course in the subject. It is based on a one-semester course
I’ve taught for the past several years at MIT and Cornell. My goal is to explain the
mathematics as clearly as possible, and to show how it can be used to understand
some of the wonders of the nonlinear world.

The mathematical treatment is friendly and informal, but still careful. Analyti-
cal methods, concrete examples, and geometric intuition are stressed. The theory is
developed systematically, starting with first-order differential equations and their
bifurcations, followed by phase plane analysis, limit cycles and their bifurcations,
and culminating with the Lorenz equations, chaos, iterated maps, period doubling,
renormalization, fractals, and strange attractors.

A unique feature of the book is its emphasis on applications. These include me-
chanical vibrations, lasers, biological rhythms, superconducting circuits, insect
outbreaks, chemical oscillators, genetic control systems, chaotic waterwheels, and
even a technique for using chaos to send secret messages. In each case, the sci-
entific background is explained at an elementary level and closely integrated with
the mathematical theory.

Prerequisites

The essential prerequisite is single-variable calculus, including curve-sketch-
ing, Taylor series, and separable differential equations. In a few places, multivari-
able calculus (partial derivatives, Jacobian matrix, divergence theorem) and linear
algebra (eigenvalues and eigenvectors) are used. Fourier analysis is not assumed,
and is developed where needed. Introductory physics is used throughout. Other
scientific prerequisites would depend on the applications considered, but in all
cases, a first course should be adequate preparation.

PREFACE ix
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OVERVIEW

1.0 Chaos, Fractals, and Dynamics

There is a tremendous fascination today with chaos and fractals. James Gleick’s
book Chaos (Gleick 1987) was a bestseller for months—an amazing accomplish-
ment for a book about mathematics and science. Picture books like The Beauty of
Fractals by Peitgen and Richter (1986) can be found on coffee tables in living
rooms everywhere. It seems that even nonmathematical people are captivated by
the infinite patterns found in fractals (Figure 1.0.1). Perhaps most important of all,
chaos and fractals represent hands-on mathematics that is alive and changing. You
can turn on a home computer and create stunning mathematical images that no one

has ever seen before.

Figure 1.0.1

The aesthetic appeal of chaos
and fractals may explain why so
many people have become in-
trigued by these ideas. But maybe
you fee] the urge to go deeper—to
learn the mathematics behind the
pictures, and to see how the ideas
can be applied to problems in sci-
ence and engineering. If so, this is
a textbook for you.

The style of the book is infor-
mal (as you can see), with an em-
phasis on concrete examples and
geometric thinking, rather than
proofs and abstract arguments. It is
also an extremely “applied”

1.0 CHAOS, FRACTALS, AND DYNAMICS 1
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was also the first person to glimpse the possibility of chaos, in which a determinis-
tic system exhibits aperiodic behavior that depends sensitively on the initial condi-
tions, thereby rendering long-term prediction impossible.

But chaos remained in the background in the first half of this century; instead
dynamics was largely concerned with nonlinear oscillators and their applications
in physics and engineering. Nonlinear oscillators played a vital role in the develop-
ment of such technologies as radio, radar, phase-locked loops, and lasers. On the
theoretical side, nonlinear oscillators also stimulated the invention of new mathe-
matical techniques—pioneers in this area include van der Pol, Andronov, Little-
wood, Cartwright, Levinson, and Smale. Meanwhile, in a separate development,
Poincaré’s geometric methods were being extended to yield a much deeper under-
standing of classical mechanics, thanks to the work of Birkhoff and later Kol-
mogorov, Arnol’d, and Moser.

The invention of the high-speed computer in the 1950s was a watershed in
the history of dynamics. The computer allowed one to experiment with equa-
tions in a way that was impossible before, and thereby to develop some intuition
about nonlinear systems. Such experiments led to Lorenz’s discovery in 1963 of
chaotic motion on a strange attractor. He studied a simplified model of convec-
tion rolls in the atmosphere to gain insight into the notorious unpredictability of
the weather. Lorenz found that the solutions to his equations never settled down
to equilibrium or to a periodic state—instead they continued to oscillate in an ir-
regular, aperiodic fashion. Moreover, if he started his simulations from two
slightly different initial conditions, the resulting behaviors would soon become
totally different. The implication was that the system was inferently unpre-
dictable—tiny errors in measuring the current state of the atmosphere (or any
other chaotic system) would be amplified rapidly, eventually leading to embar-
rassing forecasts. But Lorenz also showed that there was structure in the
chaos—when plotted in three dimensions, the solutions to his equations fell
onto a butterfly-shaped set of points (Figure 1.1.1). He argued that this set had
to be “an infinite complex of surfaces”—today we would regard it as an exam-
ple of a fractal.

Lorenz’s work had little impact until the 1970s, the boom years for chaos. Here
are some of the main developments of that glorious decade. In 1971 Ruelle and Tak-
ens proposed a new theory for the onset of turbulence in fluids, based on abstract
considerations about strange attractors. A few years later, May found examples of
chaos in iterated mappings arising in population biology, and wrote an influential re-
view article that stressed the pedagogical importance of studying simple nonlinear
systems, to counterbalance the often misleading linear intuition fostered by tradi-
tional education. Next came the most surprising discovery of all, due to the physicist
Feigenbaum. He discovered that there are certain universal laws governing the tran-
sition from regular to chaotic behavior; roughly speaking, completely different sys-
tems can go chaotic in the same way. His work established a link between chaos and

1.1 CAPSULE HISTORY OF DYNAMICS 3
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Dynamics - A Capsule History
1666 Newton Invention of calculus, explanation of planetary motion
1700s Flowering of calculus and classical mechanics
1800s Analytical studies of planetary motion
1890s Poincaré Geometric approach, nightmares of chaos
1920-1950 Nonlinear oscillators in physics and engineering,
invention of radio, radar, laser
1920-1960 Birkhoff Complex behavior in Hamiltonian mechanics
Kolmogorov
Arnol'd
Moser
1963 Lorenz Strange attractor in simple model of convection
1970s Ruelle &Takens  Turbulence and chaos
May Chaos in logistic map
Feigenbaum Universality and renormalization, connection between
chaos and phase transitions
Experimental studies of chaos
Winfree Nonlinear oscillators in biology
Mandelbrot Fractals
1980s Widespread interest in chaos, fractals, oscillators,
and their applications
Table 1.1.1

There are two main types of dynamical systems: differential equations and it-
erated maps (also known as difference equations). Differential equations describe
the evolution of systems in continuous time, whereas iterated maps arise in prob-
lems where time is discrete. Differential equations are used much more widely in
science and engineering, and we shall therefore concentrate on them. Later in the
book we will see that iterated maps can also be very useful, both for providing sim-
ple examples of chaos, and also as tools for analyzing periodic or chaotic solutions
of differential equations. '

Now confining our attention to differential equations, the main distinction is be-
tween ordinary and partial differential equations. For instance, the equation for a
damped harmonic oscillator

2
md—f+bfii+kx=o (1)
dt dt

1.2 THE IMPORTANCE OF BEING NONLINEAR v 5
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X=X

L g
X, =—4$sinx,.

Nonlinearity makes the pendulum equation very difficult to solve analytically.
The usual way around this is to fudge, by invoking the small angle approximation
sinx = x for x << 1. This converts the problem to a linear one, which can then be
solved easily. But by restricting to small x, we’re throwing out some of the
physics, like motions where the pendulum whirls over the top. Is it really necessary
to make such drastic approximations?

It turns out that the pendulum equation can be solved analytically, in terms of
elliptic functions. But there ought to be an easier way. After all, the motion of the
pendulum is simple: at low energy, it swings back and forth, and at high energy it
whirls over the top. There should be some way of extracting this information from
the system directly. This is the sort of problem we’l1l learn how to solve, using geo-
metric methods.

Here’s the rough idea. Suppose we happen to know a solution to the pendu-
Ium system, for a particular initial condition. This solution would be a pair of
functions x,(t) and x,(t), representing the position and velocity of the pendu-
lum. If we construct an abstract space with coordinates (x,x,), then the solu-
tion (x,(#), x,(¢)) corresponds to a point moving along a curve in this space
(Figure 1.2.1).

X

/H\OCQ,))

X x

(%1(0), %2 (0))

Figure 1.2.1

This curve is called a trajectory, and the space is called the phase space for the
system. The phase space is completely filled with trajectories, since each point can
serve as an initial condition.

Our goal is to run this construction in reverse: given the system, we want to

1.2 THE IMPORTANCE OF BEING NONLINEAR 7
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each part can be solved separately and finally recombined to get the answer. This
idea allows a fantastic simplification of complex problems, and underlies such meth-
ods as normal modes, Laplace transforms, superposition arguments, and Fourier
analysis. In this sense, a linear system is precisely equal to the sum of its parts.

But many things in nature don’t act this way. Whenever parts of a system inter-
fere, or cooperate, or compete, there are nonlinear interactions going on. Most of
everyday life is nonlinear, and the principle of superposition fails spectacularly. If
you listen to your two favorite songs at the same time, you won’t get double the plea-
sure! Within the realm of physics, nonlinearity is vital to the operation of a laser, the
formation of turbulence in a fluid, and the superconductivity of Josephson junctions.

1.3 A Dynamical View of the World

Now that we have established the ideas of nonlinearity and phase space, we can
present a framework for dynamics and its applications. Our goal is to show the log-
ical structure of the entire subject. The framework presented in Figure 1.3.1 will
guide our studies thoughout this book.

The framework has two axes. One axis tells us the number of variables needed
to characterize the state of the system. Equivalently, this number is the dimension
of the phase space. The other axis tells us whether the system is linear or nonlin-
ear.

For example, consider the exponential growth of a population of organisms.
This system is described by the first-order differential equation

X =rx

where x is the population at time ¢ and r is the growth rate. We place this system
in the column labeled “n =1 because one piece of information—the current value
of the population x—is sufficient to predict the population at any later time. The
system is also classified as linear because the differential equation x = rx is linear
in x.

As a second example, consider the swinging of a pendulum, governed by

X+4sinx=0.

In contrast to the previous example, the state of this system is given by two vari-
ables: its current angle x and angular velocity x . (Think of it this way: we need
the initial values of both x and x to determine the solution uniquely. For example,
if we knew only x, we wouldn’t know which way the pendulum was swinging.)
Because two variables are needed to specify the state, the pendulum belongs in the
n =2 column of Figure 1.3.1. Moreover, the system is nonliﬂear, as discussed in
the previous section. Hence the pendulum is in the lower, nonlinear half of the
n=2 column.

1.3 A DYNAMICAL VIEW OF THE WORLD 9
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One can continue to classify systems in this way, and the result will be some-
thing like the framework shown here. Admittedly, some aspects of the picture are
debatable. You might think that some topics should be added, or placed differ-
ently, or even that more axes are needed—the point is to think about classifying
systems on the basis of their dynamics.

There are some striking patterns in Figure 1.3.1. All the simplest systems occur
in the upper left-hand corner. These are the small linear systems that we learn
about in the first few years of college. Roughly speaking, these linear systems ex-
hibit growth, decay, or equilibrium when n =1, or oscillations when n=2. The
italicized phrases in Figure 1.3.1 indicate that these broad classes of phenomena
first arise in this part of the diagram. For example, an RC circuit has n=1 and
cannot oscillate, whereas an RLC circuit has n =2 and can oscillate.

The next most familiar part of the picture is the upper right-hand corner. This is
the domain of classical applied mathematics and mathematical physics where the
linear partial differential equations live. Here we find Maxwell’s equations of elec-
tricity and magnetism, the heat equation, Schrodinger’s wave equation in quantum
mechanics, and so on. These partial differential equations involve an infinite “con-
tinuum” of variables because each point in space contributes additional degrees of
freedom. Even though these systems are large, they are tractable, thanks to such
linear techniques as Fourier analysis and transform methods.

In contrast, the lower half of Figure 1.3.1—the nonlinear half—is often ignored
or deferred to later courses. But no more! In this book we start in the lower left cor-
ner and systematically head to the right. As we increase the phase space dimension
from n =1 to n =3, we encounter new phenomena at every step, from fixed points
and bifurcations when n =1, to nonlinear oscillations when »n =2, and finally
chaos and fractals when n =3 . In all cases, a geometric approach proves to be very
powerful, and gives us most of the information we want, even though we usually
can’t solve the equations in the traditional sense of finding a formula for the an-
swer. Our journey will also take us to some of the most exciting parts of modern
science, such as mathematical biology and condensed-matter physics.

You’ll notice that the framework also contains a region forbiddingly marked
“The frontier.” It’s like in those old maps of the world, where the mapmakers
wrote, “Here be dragons” on the unexplored parts of the globe. These topics are
not completely unexplored, of course, but it is fair to say that they lie at the limits
of current understanding. The problems are very hard, because they are both large
and nonlinear. The resulting behavior is typically complicated in both space and
time, as in the motion of a turbulent fluid or the patterns of electrical activity in a
fibrillating heart. Toward the end of the book we will touch on some of these prob-
lems—they will certainly pose challenges for years to come.

1.3 A DYNAMICAL VIEW OF THE WORLD 11
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ONE-DIMENSIONAL FLOWS




2

FLOWS ON THE LINE

2.0 Introduction

In Chapter 1, we introduced the general system

X = filxg, oux,)
X, =f,(x, ....x,)

and mentioned that its solutions could be visualized as trajectories flowing through
an n-dimensional phase space with coordinates (x,, ...,x,). At the moment, this
idea probably strikes you as a mind-bending abstraction. So let’s start slowly, be-
ginning here on earth with the simple case n=1. Then we get a single equation of
the form

%= f(x).

Here x(¢) is a real-valued function of time ¢, and f(x) is a smooth real-valued
function of x. We’ll call such equations one-dimensional or first-order systems.

Before there’s any chance of confusion, let’s dispense with two fussy points of
terminology:

1. The word system is being used here in the sense of a dynamical system,
not in the classical sense of a collection of two or more equations. Thus
a single equation can be a “system.”

2. We do not allow f to depend explicitly on time. Time-dependent or
“nonautonomous” equations of the form x = f(x,t) are more compli-
cated, because one needs two pieces of information, x and ¢, to predict
the future state of the system. Thus x = f(x,7) should really be re-
garded as a two-dimensional or second-order system, and will there-
fore be discussed later in the book.

2.0 INTRODUCTION 15
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Figure 2.1.1

Here’s a more physical way to think about the vector field: imagine that fluid
is flowing steadily along the x-axis with a velocity that varies from place to
place, according to the rule x =sin x. As shown in Figure 2.1.1, the flow is to the
right when x >0 and to the left when x < 0. At points where x =0, there is no
flow; such points are therefore called fixed points. You can see that there are two
kinds of fixed points in Figure 2.1.1: solid black dots represent stable fixed
points (often called attractors or sinks, because the flow is toward them) and
open circles represent unstable fixed points (also known as repellers or
sources).

Armed with this picture, we can now easily understand the solutions to the dif-
ferential equation x = sin x. We just start our imaginary particle at x, and watch
how it is carried along by the flow.

This approach allows us to answer the questions above as follows:

1. Figure 2.1.1 shows that a particle starting at x, = 7/4 moves to the
right faster and faster until it crosses x = /2 (where sinx reaches its
maximum). Then the particle starts slowing down and eventually ap-
proaches the stable fixed point x =7z from the left. Thus, the qualita-
tive form of the solution is as shown in Figure 2.1.2.

Note that the curve is concave up at first, and then concave down;
this corresponds to the initial acceleration for x < /2, followed by the
deceleration toward x = 7.

2. The same reasoning applies to any initial condition x,. Figure 2.1.1
shows thatif x >0 initially, the particle heads to the right and asymptot-

ically approaches the nearest sta-
ble fixed point. Similarly, if

- - - - - === x <0 initially, the particle ap-

proaches the nearest stable fixed

point to its left. If x =0, then x

remains constant. The qualitative

T .
4 form of the solution for any ini-
L ¢ tial condition is sketched in Fig-
_ ure 2.1.3.
Figure 2.1.2

2.1 A GEOMETRIC WAY OF THINKING 17
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As before, we imagine that a fluid is flowing along the real line with a local veloc-
ity f(x). This imaginary fluid is called the phase fluid, and the real line is the
phase space. The flow is to the right where f(x) > 0 and to the left where f (x)<0.
To find the solution to x = f(x) starting from an arbitrary initial condition x,, we
place an imaginary particle (known as a phase point) at x, and watch how it is car-
ried along by the flow. As time goes on, the phase point moves along the x-axis
according to some function x(¢) . This function is called the frajectory based at x,,
and it represents the solution of the differential equation starting from the initial
condition x,. A picture like Figure 2.2.1, which shows all the qualitatively differ-
ent trajectories of the system, is called a phase portrait.

The appearance of the phase portrait is controlled by the fixed points x *, de-
fined by f(x*)=0; they correspond to stagnation points of the flow. In Figure
2.2.1, the solid black dot is a stable fixed point (the local flow is toward it) and the
open dot is an unstable fixed point (the flow is away from it).

In terms of the original differential equation, fixed points represent equilib-
rium solutions (sometimes called steady, constant, or rest solutions, since if
x =x* initially, then x(z) = x * for all time). An equilibrium is defined to be sta-
ble if all sufficiently small disturbances away from it damp out in time. Thus sta-
ble equilibria are represented geometrically by stable fixed points. Conversely,
unstable equilibria, in which disturbances grow in time, are represented by unsta-
ble fixed points.

EXAMPLE 2.2.1:

Find all fixed points for x = x> — 1, and classify their stability.

Solution: Here f(x)=x*>—1. To find the fixed points, we set f(x*)=0 and
solve for x *. Thus x* = +1. To determine stability, we plot x* —1 and then sketch
the vector field (Figure 2.2.2). The flow is to the right where x* —1>0 and to the
left where x* —1< 0. Thus x* = —1 is stable, and x* =1 is unstable. m

fx)=x2-1

Figure 2.2.2

2.2 FIXED POINTS AND STABILITY 19
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O decreases linearly as it approaches the fixed point; therefore Q(#) is increasing
and concave down, as shown in Figure 2.2.5. m

Q
EXAMPLE 2.2.3:

Sketch the phase portrait corre-
sponding to x=x-—cosx, and deter-
mine the stability of all the fixed points.

Solution: One approach would be to
plot the function f(x)=x-cosx and
I then sketch the associated vector field.
Figure 2.2.5 This method is valid, but it requires you
to figure out what the graph of

Vol — — — — — — — — — —

x —cos x looks like.

There’s an easier solution, which exploits the fact that we know how to graph
y=x and y=cosx separately. We plot both graphs on the same axes and then
observe that they intersect in exactly one point (Figure 2.2.6).

y==x

N 7 :
NS N

A
Y

Figure 2.2.6

This intersection corresponds to a fixed point, since x*=cosx* and therefore
f(x*)=0. Moreover, when the line lies above the cosine curve, we have x > cosx
and so x > 0: the flow is to the right. Similarly, the flow is to the left where the line is
below the cosine curve. Hence x * is the only fixed point, and it is unstable. Note that
we can classify the stability of x *, even though we don’t have a formula for x * it-
self! m

2.3 Population Growth

The simplest model for the growth of a population of organisms is N =rN,
where N(t) is the population at time 7, and r > 0 is the growth rate. This model

2.3 POPULATION GROWTH 21
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K/2 K

Figure 2.3.3

Figure 2.3.3 also allows us to deduce the qualitative shape of the solutions. For
example, if N, < K/2, the phase point moves faster and faster until it crosses
N = K/2, where the parabola in Figure 2.3.3 reaches its maximum. Then the phase
point slows down and eventually creeps toward N = K. In biological terms, this
means that the population initially grows in an accelerating fashion, and the graph
of N(#) is concave up. But after N = K/2, the derivative N begins to decrease,
and so N(t) is concave down as it asymptotes to the horizontal line N = K (Figure
2.3.4). Thus the graph of N(¢) is S-shaped or sigmoid for N, < K/2.

N

s

K/2 A

Figure 2.3.4

Something qualitatively different occurs if the initial condition N, lies between
K/2 and K; now the solutions are decelerating from the start. Hence these solu-
tions are concave down for all ¢, If the population initially exceeds the carrying ca-
pacity (N, > K ), then N(#) decreases toward N = K and is concave up. Finally, if
N, =0 or N, = K, then the population stays constant.

Critique of the Logistic Model
Before leaving this example, we should make a few comments about the biological
validity of the logistic equation. The algebraic form of the model is not to be taken lit-
erally. The model should really be regarded as a metaphor for populations that have a

2.3 POPULATION GROWTH 23
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n=nf'(x*).

This is a linear equation in 77, and is called the linearization about x* . It shows
that the perturbation 1(t) grows exponentially if f'(x¥)>0 and decays if
fi(x*)<0. If f’(x¥)=0, the O(n*) terms are not negligible and a nonlinear
analysis is needed to determine stability, as discussed in Example 2.4.3 below.

The upshot is that the slope f’(x*) at the fixed point determines its stability. If
you look back at the earlier examples, you’ll see that the slope was always nega-
tive at a stable fixed point. The importance of the sign of f’(x*) was clear from
our graphical approach; the new feature is that now we have a measure of how sta-
ble a fixed point is—that’s determined by the magnitude of f’(x*). This magni-
tude plays the role of an exponential growth or decay rate. Its reciprocal 1/|f"(x*)|
is a characteristic time scale; it determines the time required for x(z) to vary sig-
nificantly in the neighborhood of x *.

EXAMPLE 2.4.1:

Using linear stability analysis, determine the stability of the fixed points for
X =sinx.

Solution: The fixed points occur where f(x)=sinx =0. Thus x* =kx , where
k is an integer. Then

1, k even

(x¥) = k =
J'x%) = coskm {—1, k odd.

Hence x * is unstable if &k is even and stable if k is odd. This agrees with the re-
sults shown in Figure 2.1.1. m

EXAMPLE 2.4.2:

Classify the fixed points of the logistic equation, using linear stability analysis,
and find the characteristic time scale in each case.

Solution: Here f(N)=rN(1-4), with fixed points N¥=0 and N* = K. Then
S (N)y=r—2 and so f'(0)=+ and f'(K)=—r. Hence N*=0 is unstable and
N*=K is stable, as found earlier by graphical arguments. In either case, the char-
acteristic time scale is 1/|f(N*)|=1/r .=

EXAMPLE 2.4.3:

What can be said about the stability of a fixed point when f’(x*)=0?

Solution: Nothing can be said in general. The stability is best determined on a
case-by-case basis, using graphical methods. Consider the following examples:

@x=—x  ®i=x (c) x=x> @ x=0

2.4 LINEAR STABILITY ANALYSIS 25
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" the system x = f(x). That’s in keeping with the “applied” spirit of this book.
Nevertheless, we should be aware of what can go wrong in pathological cases.

EXAMPLE 2.5.1:

“Show that the solution to x = x'* starting from x, = 0 is not unique.

Solution: The point x =0 is a fixed point, so one obvious solution is x(¢) =0
for all . The surprising fact is that there is another solution. To find it we separate
variables and integrate:

jx'l”dx = J.dz

s0 2x** =¢+C. Imposing the initial condition x(0)=0 yields C=0. Hence
3/2 . .
x(t)=(%1)"" is also a solution! m

When uniqueness fails, our geometric approach collapses because the phase
point doesn’t know how to move; if a phase point were started at the origin, would
it stay there or would it move according to x(¢) = (% 1)3/2 ? (Or as my friends in el-
ementary school used to say when discussing the problem of the irresistible force
and the immovable object, perhaps the phase point would explode!)

Actually, the situation in Example 2.5.1 is even worse than we’ve let on—there
are infinitely many solutions starting from the same initial condition (Exercise

x 2.5.4).

What’s the source of the non-uniqueness?
A hint comes from looking at the vector field
(Figure 2.5.1). We see that the fixed point
x*=0 1is very unstable—the slope f’(0) is
infinite.

Chastened by this example, we state a theo-
Figure 2.5.1 rem that provides sufficient conditions for exis-

tence and uniqueness of solutions to x = f(x).

Existence and Uniqueness Theorem: Consider the initial value problem
x=f(x), x(0)=x,.

Suppose that f(x) and f’(x) are continuous on an open interval R of the x-axis,
and suppose that x, is a point in R. Then the initial value problem has a solution
x(¢) on some time interval (—7,7) about ¢t =0, and the solution is unique.

For proofs of the existence and uniqueness theorem, see Borrelli and Coleman
(1987), Lin and Segel (1988), or virtually any text on ordinary differential equations.
This theorem says that if f(x) is smooth enough, then solutions exist and are
unique. Even so, there’s no guarantee that solutions exist forever, as shown by the

2.5 EXISTENCE AND UNIQUENESS 27
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Figure 2.6.1

Thus, if a fixed point is regarded as an equilibrium solution, the approach to
equilibrium is always monotonic—overshoot and damped oscillations can never
occur in a first-order system. For the same reason, undamped oscillations are im-
possible. Hence there are no periodic solutions to x = f(x).

These general results are fundamentally topological in origin. They reflect the
fact that x = f(x) corresponds to flow on a line. If you flow monotonically on a
line, you’ll never come back to your starting place—that’s why periodic solutions
are impossible. (Of course, if we were dealing with a circle rather than a line, we
could eventually return to our starting place. Thus vector fields on the circle can
exhibit periodic solutions, as we discuss in Chapter 4.)

Mechanical Analog: Overdamped Systems

It may seem surprising that solutions to x = f(x) can’t oscillate. But this result be-
comes obvious if we think in terms of a mechanical analog. We regard x = f(x) as a
limiting case of Newton’s law, in the limit where the “inertia term” mx is negligible.

For example, suppose a mass m is attached to a nonlinear spring whose restor-
ing force is F(x), where x is the displacement from the origin. Furthermore, sup-
pose that the mass is immersed in a vat of very viscous fluid, like honey or motor
oil (Figure 2.6.2), so that it is subject to a damping force bx . Then Newton’s law is

mx+bx = F(x).
honey If the viscous damping is strong compared

¥ = to the inertia term (bx >>mX), the System

F should behave like &x = F(x), or equivalently

(x) x = f(x), where f(x)=b"F(x). In this over-

damped limit, the behavior of the mechanical

m system is clear. The mass prefers to sit at a sta-

— ~ ble equilibrium, where f(x)=0and f’(x)<0.
Figure 2.6.2

If displaced a bit, the mass is slowly dragged
back to equilibrium by the restoring force. No overshoot can occur, because the .
damping is enormous. And undamped oscillations are out of the question! These
conclusions agree with those obtained earlier by geometric reasoning.

2.6 IMPOSSIBILITY OF OSCILLATIONS 29
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dr__dv

&t dx’
since x = f(x) =—dV/dx, by the definition of the potential. Hence,
2
av _ _(d_V) <0
dt dx

Thus V(t) decreases along trajectories, and so the particle élways moves toward
lower potential. Of course, if the particle happens to be at an equilibrium point
where dV/dx =0, then V remains constant. This is to be expected, since
dV/dx =0 implies x = 0; equilibria occur at the fixed points of the vector field.
Note that local minima of V(x) correspond to stable fixed points, as we’d expect
intuitively, and local maxima correspond to unstable fixed points.

EXAMPLE 2.7.1:

Graph the potential for the system x =—x, and identify all the equilibrium
points.

Solution: We need to find V(x) such that

—dV/dx=—-x. The general solution is V(x)=

1 x* +C, where C is an arbitrary constant. (It always

happens that the potential is only defined up to an ad-

ditive constant. For convenience, we usually choose

C=0.) The graph of V(x) is shown in Figure 2.7.2.

x The only equilibrium point occurs at x =0, and it’s

V(x)

stable. m

Figure 2.7.2

EXAMPLE 2.7.2:

Graph the potential for the system x=x—x’, and identify all equilibrium
points.

Solution: Solving —dV/dx=x-x" yields
V=—4x+L1x*+C. Once again we set C = 0. Fig-
\ ‘ / ure 2.7.3 shows the graph of V. The local minima at

x =x] correspond to stable equilibria, and the local
-1 1 maximum at x =0 corresponds to an unstable equi-
librium. The potential shown in Figure 2.7.3 is often
called a double-well potential, and the system is said
Figure 2.7.3 to be bistable, since it has two stable equilibria. m

V()
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X
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Figure 2.8.1
Refinements

One problem with the Euler method is that it estimates the derivative only at
the left end of the time interval between ¢, and ¢,,,. A more sensible approach
would be to use the average derivative across this interval. This is the idea behind
the improved Euler method. We first take a trial step across the interval, using the
Euler method. This produces a trial value x,,, = x, + f(x,)At ; the tilde above the
x indicates that this is a tentative step, used only as a probe. Now that we’ve esti-
mated the derivative on both ends of the interval, we average f(x,) and f(x,,,),
and use that to take the real step across the interval. Thus the improved Euler
method is

X, =x, + f(x,)At (the trial step)

‘xn+l = ‘xn + % [f(xn ) + f(;”-}-l )] At. (the real Step)

This method is more accurate than the Euler method, in the sense that it tends to
make a smaller error E = |x(t”)—x”| for a given stepsize At. In both cases, the
error E— 0 as Ar— 0, but the error decreases faster for the improved Euler
method. One can show that E o« At for the Euler method, but E o (Ar)* for the im-
proved Euler method (Exercises 2.8.7 and 2.8.8). In the jargon of numerical analy-
sis, the Euler method is first order, whereas the improved Euler method is second
order.

Methods of third, fourth, and even higher orders have been concocted, but you
should realize that higher order methods are not necessarily superior. Higher order
methods require more calculations and function evaluations, so there’s a computa-
tional cost associated with them. In practice, a good balance is achieved by the
fourth-order Runge—Kutta method. To find x,,, in terms of x,, this method first
requires us to calculate the following four numbers (cunningly chosen, as you’ll
see in Exercise 2.8.9):
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1992) for the Macintosh. MacMath was used to generate many of the plots in this
book.

These programs are easy to use, and they will help you build intuition about dy-
namical systems.

EXAMPLE 2.8.1:

Use MacMath to solve the system x = x(1— x) numerically.

Solution: This is a logistic equation (Section 2.3) with parameters r =1, K =1.
Previously we gave a rough sketch of the solutions, based on geometric arguments;
now we can draw a more quantitative picture.

As a first step, we plot the slope field for the system in the (z,x) plane (Figure
2.8.2). Here the equation x = x(1 — x) is being interpreted in a new way: for each
point (¢, x) , the equation gives the slope dx/dt of the solution passing through that
point. The slopes are indicated by little line segments in Figure 2.8.2.

2

AT\ S TR O S S S S S SO S B S
LT T T N N N R N R N B R
TS Y S W S W S O G
b 2N AU W Y U U W W U U U A A
DR N N N N N N N N N N SN
14 - - = = — = - -4 = - = - -
A
AP A A S A A S A S Y
P A A A O A A e A A A A A 4
R S e i a1
0 5 10
Figure 2.8.2

Finding a solution now becomes a problem of drawing a curve that is always tan-
gent to the local slope. Figure 2.8.3 shows four solutions starting from various
points in the (¢,x) plane.

21

Figure 2.8.3

These numerical solutions were computed using the Runge-Kutta method with a
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2.21 x=4x"-16 2.22 x=1-x"

223 x=x-Xx 224 x=¢ "sinx

225 x=1+4cosx 226 x=1-2cosx

2.2.7 x=e¢ —cosx (Hint: Sketch the graphs of ¢* and cosx on the same
axes, and look for intersections. You won’t be able to find the fixed points explic-
itly, but you can still find the qualitative behavior.)

2.2.8 (Working backwards, from flows to equations) Given an equation x = f(x),
we know how to sketch the corresponding flow on the real line. Here you are asked
to solve the opposite problem: For the phase portrait shown in Figure 1, find an
equation that is consistent with it. (There are an infinite number of correct an-
swers—and wrong ones t0o.)

—O——@ - O—»—
-1 0 2
Figure 1

2.2.9 (Backwards again, now from solutions to equations) Find an equation
x = f(x) whose solutions x(#) are consistent with those shown in Figure 2.

.:'—///
\
_1—//———

Figure 2

2.2.10 (Fixed points) For each of (a)—(e), find an equation x = f(x) with the
stated properties, or if there are no examples, explain why not. (In all cases, as-
sume that f(x) is a smooth function.)

a) Every real number is a fixed point.

b) Every integer is a fixed point, and there are no others.

¢) There are precisely three fixed points, and all of them dre stable.

d) There are no fixed points.

e) There are precisely 100 fixed points.

2.2.11 (Analytical solution for charging capacitor) Obtain the analytical solu-

Q

tion of the initial value problem Q = %-— with Q(0) =0, which arose in

RC’
Example 2.2.2.

2.2.12 (A nonlinear resistor) Suppose the resistor in Example 2.2.2 is replaced

by a nonlinear resistor. In other words, this resistor does not have a linear

'EXERCISES a7
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a) Separate variables and integrate, using partial fractions.

b) Make the change of variables x = 1/N. Then derive and solve the resulting dif-
ferential equation for x.

2.3.2 (Autocatalysis) Consider the model chemical reaction

SEIEEN
A+ X _— 2X
in which one molecule of X combines with one molecule of A to form two mole-
cules of X . This means that the chemical X stimulates its own production, a process
called autocatalysis. This positive feedback process leads to a chain reaction, which
eventually is limited by a “back reaction” in which 2.X returnsto A+ X.

According to the law of mass action of chemical kinetics, the rate of an elemen-
tary reaction is proportional to the product of the concentrations of the reactants.
We denote the concentrations by lowercase letters x =[X] and a =[A]. Assume
that there’s an enormous surplus of chemical A, so that its concentration a can be
regarded as constant. Then the equation for the kinetics of x is

: 2
x=kax—k_x

where k, and k_, are positive parameters called rate constants.
a) Find all the fixed points of this equation and classify their stability.
b) Sketch the graph of x(t) for various initial values x,.

2.3.3 (Tumor growth) The growth of cancerous tumors can be modeled by the
Gompertz law N =—aNIn(bN), where N(1) is proportional to the number of cells
in the tumor, and a, b > 0 are parameters.

a) Interpret a and b biologically.

b) Sketch the vector field and then graph N(t) for various initial values.

The predictions of this simple model agree surprisingly well with data on tumor
growth, as long as N is not too small; see Aroesty et al. (1973) and Newton (1980)
for examples.

~P2.3.4 (The Allee effect) For certain species of organisms, the effective growth

rate N/N is highest at intermediate N. This is the called the Allee effect (Edel-

stein—~Keshet 1988). For example, imagine that it is too hard to find mates when N

is very small, and there is too much competition for food and other resources when

N is large.

a) Show that N/N = r—a(N —b)? provides an example of Allee effect, if r, a,
and b satisfy certain constraints, to be determined.

b) Find all the fixed points of the system and classify their stablhty

¢) Sketch the solutions N(z) for different initial conditions.

d) Compare the solutions N(z) to those found for the logistic equation. What are

the qualitative differences, if any?

EXERCISES 39
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Construct a solution that stays at x = 0 until some arbitrary time ¢, after which it
takes off.)

2.5.5 (A general example of non-uniqueness) Consider the initial value prob-
lem i =|x|”%, x(0)=0, where p and g are positive integers with no common
factors.

a) Show that there are an infinite number of solutions if p <g.

b) Show that there is a unique solution if p >gq.

2.5.6 (The leaky bucket) The following example (Hubbard and West 1991,
p. 159) shows that in some physical situations, non-uniqueness is natural and obvi-
ous, not pathological.

Consider a water bucket with a hole in the bottom. If you see an empty bucket
with a puddle beneath it, can you figure out when the bucket was full? No, of
course not! It could have finished emptying a minute ago, ten minutes ago, or
whatever. The solution to the corresponding differential equation must be non-
unique when integrated backwards in time.

Here’s a crude model of the situation. Let A(t) = height of the water remaining
in the bucket at time ¢ ; a = area of the hole; A = cross-sectional area of the bucket
(assumed constant); v(r) = velocity of the water passingvthrougl{ the hole.

a) Show that av(r) = Ah(r). What physical law are you invoking?
b) To derive an additional equation, use conservation of energy. First, find the
change in potential energy in the system, assuming that the height of the water

in the bucket decreases by an amount Al and that the water has density p.

Then find the kinetic energy transported out of the bucket by the escaping wa-

ter. Finally, assuming all the potential energy is converted into kinetic energy,

derive the equation v* = 2gh.

¢) Combining (b) and (c), show h= —C«/ﬁ, where C = 4/2¢g (%)
d) Given A(0) =0 (bucket empty at t =0 ), show that the solution for A(t) is non- .
unique in backwards time, i.e., for t <0.

2.6 Impossibility of Oscillations
2.6.1°  Explain this paradox: a simple harmonic oscillator mx = —kx is a system
that oscillates in one dimension (along the x-axis). But the text says one-dimen-
sional systems can’t oscillate.

~P2.6.2  (No periodic solutions to x = f(x)) Here’s an analytic proof that periodic
solutions are impossible for a vector field on a line. Suppose on the contrary that
x(¢) is a nontrivial periodic solution, i.e., x(f)=x(t+7T) for some T >0, and
x(1)#x(t+s) for all O0<s<T. Derive a contradiction by considering

1+T
_[ Fx) 4L dr |
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d) Repeat part (b), now using the Runge—Kutta method. Compare the results for
stepsizes At =1, At =0.1, and Ar=0.01.

2.8.7/ (Error estimate for Euler method) In this question you’ll use Taylor series
expansions to estimate the error in taking one step by the Euler method. The exact
solution and the Euler approximation both start at x = x, when ¢ =1,. We want to
compare the exact value x(t)=x(f, + Af) with the Euler approximation
X, = x4+ f(x,)AL,
a) Expand x(#,) = x(t, + At) as a Taylor series in Ar, through terms of O(AF?).
Express your answer solely in terms of x,,, Af, and f and its derivatives at x,, .
b) Show that the local error lx(t,)— X, ] ~ C(At)* and give an explicit expression
for the constant C. (Generally one is more interested in the global error in-
curred after integrating over a time interval of fixed length 7 = nAt . Since each
step produces an O(At)* error, and we take n=T/At=O(At"') steps, the
global error |x(t”) - X, ‘ is O(At), as claimed in the text.)

2.8.8 ) (Error estimate for the improved Euler method) Use the Taylor series ar-
guments of Exercise 2.8.7 to show that the local error for the improved Euler
method is O(A?).

2.8.9 (Error estimate for Runge—Kutta) Show that the Runge—Kutta method
produces a local error of size O(At).

(Warning: This calculation involves massive amounts of algebra, but if you do it
correctly, you’ll be rewarded by seeing many wonderful cancellations. Teach
yourself Mathematica, Maple, or some other symbolic manipulation language, and
do the problem on the computer.)
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One of the main goals of this book is to help you develop a solid and practical
understanding of bifurcations. This chapter introduces the simplest examples: bi-
furcations of fixed points for flows on the line. We’ll use these bifurcations to
model such dramatic phenomena as the onset of coherent radiation in a laser and
the outbreak of an insect population. (In later chapters, when we step up to two-
and three-dimensional phase spaces, we’ll explore additional types of bifurcations
and their scientific applications.)

We begin with the most fundamental bifurcation of all.

3.1 Saddle-Node Bifurcation

The saddle-node bifurcation is the basic mechanism by which fixed points are cre-
ated and destroyed. As a parameter is varied, two fixed points move toward each
other, collide, and mutually annihilate.

The prototypical example of a saddle-node bifurcation is given by the first-
order system

x=r+x’ (1)

where r is a parameter, which may be positive, negative, or zero. When r is nega-
tive, there are two fixed points, one stable and one unstable (Figure 3.1.1a).

x X X
x x —_——t— > x
(a) r<0 () r=0 (c) r>0
Figure 3.1.1

As r approaches 0 from below, the parabola moves up and the two fixed points move
toward each other. When r = 0, the fixed points coalesce into a half-stable fixed point
at x* =0 (Figure 3.1.1b). This type of fixed point is extremely delicate—it vanishes
as soon as r > 0, and now there are no fixed points at all (Figure 3.1.1c).

In this example, we say that a bifurcation occurred at r =0, since the vector
fields for r <0 and r >0 are qualitatively different.

Graphical Conventions

There are several other ways to depict a saddle-node bifurcation. We can show a
stack of vector fields for discrete values of » (Figure 3.1.2).

3.1 SADDLE-NODE BIFURCATION 45



SNOIlvDidnNnilg ot

uonedInfiq 9pou-9[ppes oyl ‘ojdwe
-X9 10, "Fury) swies ay) J0J SpIom
aIRyyip osn ojdoad jusIsyyip pue o1qeIs
‘JoA UMOD Po[NAS I usey Arear 109 '
-qns Qy ], ‘ASo[ouruia) 3unoIyuod

PIm QI ST AI09Y) uonedInjrg d

v*1°¢ 2anbyy

ABojoujwiaj

“uonedIniiq spou : / T T - ~5qusm
-9|Ppes ) 10] wWpL3DIP UOyDIINfiIq
Yl poqred st eamord sy, sAempe
j0u g ‘Imoid 9y} UL PIPNOUT SIWAUWOS ATB SMOITY “ISIT I8 98uens sYoo] Yorgm
‘AlTeoniaa panold oq 01 sey SIXe-x 3y} MoU Jey) ST Yorqmelp oy, (4 1'¢ 2InSL])

g°1°¢ 24nBuy

J[qeisun Jqels
)
¥
i
[y
’
- ——— " — - B —
Al
'
[y
)
\
x N
————— e e ————
A

Alreruozioy panofd 2q pinoys os pue ‘o[qeliea juspuadopur ue Jo afol oy sked
4 Y2} SI ofeuonRI 9YJ, "¢ ]°¢ INS1 JO $IXE ) JI2AUL 0} ST UOTIBDINIIq o) 101dop
0) Aem UOWIUWIOD JSOW ) ‘I9AIMOH

"SQUO 9[qeIsun IOJ AUI] U z'1°¢ 24nbiy
-01q & pue sjurod 2]qels JoJ uI] PIjos B
asn o ‘sjutod pax1y J[qeIsun pue [qeIs \
uoamlaq YsmSunsip oJ, "4 JUSIAYIP <0 <
IoJ syurod paxIy oY) SAIS YoM ‘(= X
ST X— = 4 SLUMOUS IAIND SYL, "€ T'E
31 oy aimpoid ' 2ABY am ‘Sploly 0= P -
J0YD9A JO JORIS SHONUUOD © JO JTUWI )
uf *4 uo syurod paxiy ay) Jo douapuad
-op 2y} soziseydwd uonejuasaxdal sy, - -




is sometimes called a fold bifurcation (because the curve in Figure 3.1.4 has a
fold in it) or a turning-point bifurcation (because the point (x,r)=(0,0) is a
“turning point.”) Admittedly, the term saddle-node doesn’t make much sense for
vector fields on the line. The name derives from a completely analogous bifurca-
tion seen in a higher-dimensional context, such as vector fields on the plane,
where fixed points known as saddles and nodes can collide and annihilate (see
Section 8.1).

The prize for most inventive terminology must go to Abraham and Shaw
(1988), who write of a blue sky bifurcation. This term comes from viewing a
saddle-node bifurcation in the other direction: a pair of fixed points appears
“out of the clear blue sky” as a parameter is varied. For example, the vector
field

X=r—x (2)

has no fixed points for » < 0, but then one materializes when r =0 and splits into
two when r >0 (Figure 3.1.5). Incidentally, this example also explains why we
use the word “bifurcation”: it means “splitting into two branches.”

%

— O
x x x

r<0 r=0 r>0

Figure 3.1.5

EXAMPLE 3.1.1:

Give a linear stability analysis of the fixed points in Figure 3.1.5.

Solution: The fixed points for x = f(x)=r — x” are given by x* = ++/r. There
are two fixed points for r > 0, and none for r < 0. To determine linear stability, we
compute f'(x*)=-2x* Thus x*=++/r is stable, since f'(x*)<0. Similarly
x* = —4/r is unstable. At the bifurcation point » =0, we find f’(x*)=0; the lin-
earization vanishes when the fixed points coalesce. m

EXAMPLE 3.1.2:

Show that the first-order system x = r— x — e undergoes a saddle-node bifur-
cation as r is varied, and find the value of r at the bifurcation point.

Solution: The fixed points satisfy f(x)=r—x—e ¥ =0. But now we run into
adifficulty—in contrast to Example 3.1.1, we can’t find the fixed points explic-
itly as a function of r. Instead we adopt a geometric approach. One method
would be to graph the function f(x)=r—x—e " for different values of r, look

for its roots x *, and then sketch the vector field on the x-axis. This method is

3.1 SADDLE-NODE BIFURCATION 47
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For instance, consider Example 3.1.2 near the bifurcation at x=0 and r=1.
Using the Taylor expansion for ¢ about x =0, we find

x

xX=r—x-—e

r—x—|l-x+—+--
2!

2

X
(r=l=

to leading order in x. This has the same algebraic form as x = r— x°, and can be
made to agree exactly by appropriate rescalings of x and r.

It’s easy to understand why saddle-node bifurcations typically have this alge-
braic form. We just ask ourselves: how can two fixed points of x = f(x) collide and
disappear as a parameter r is varied? Graphically, fixed points occur where the
graph of f(x) intersects the x-axis. For a saddle-node bifurcation to be possible, we

need two nearby roots of f(x); this means f(x) must look locally “bowl-shaped” or
parabolic (Figure 3.1.7).

x
———————— r> r
M |  rn
N
f(x) looks

parabolic in here
Figure 3.1.7

Now we use a microscope to zoom in on the behavior near the bifurcation. As r
varies, we see a parabola intersecting the x-axis, then becoming tangent to it, and
then failing to intersect. This is exactly the scenario in the prototypical Figure 3.1.1.

Here’s a more algebraic version of the same argument. We regard f as a func-
tion of both x and r, and examine the behavior of x = f(x,r) near the bifurcation
at x=x* and r =r.. Taylor’s expansion yields

i=f(x,r)
af

= f(x*, r(.)+(x—x*)§;

2
ﬂ _,_%(x_x*)?gT{ 4o

(x*.7.) (x*.1)

+(r—r)

(x%,7.)
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For r <0, there is an unstable fixed point at x* =r and a stable fixed point at
x*=0. As r increases, the unstable fixed point approaches the origin, and coa-
lesces with it when r=0. Finally, when r >0, the origin has become unstable,
and x*=r is now stable. Some people say that an exchange of stabilities has
taken place between the two fixed points.

Please note the important difference between the saddle-node and transcritical
bifurcations: in the transcritical case, the two fixed points don’t disappear after the
bifurcation—instead they just switch their stability.

Figure 3.2.2 shows the bifurcation diagram for the transcritical bifurcation. As
in Figure 3.1.4, the parameter r is regarded as the independent variable, and the
fixed points x* =0 and x* = r are shown as dependent variables.

X stable

stable 2 it g unstable

unstable ’

Figure 3.2.2

EXAMPLE 3.2.1:

Show that the first-order system x = x(1—x”)—a(l —e ") undergoes a trans-
critical bifurcation at x = 0 when the parameters a, b satisfy a certain equation, to
be determined. (This equation defines a bifurcation curve in the (a,b) parameter
space.) Then find an approximate formula for the fixed point that bifurcates from
x =0, assuming that the parameters are close to the bifurcation curve.

Solution: Note that x =0 is a fixed point for all (a,b). This makes it plausible that
the fixed point will bifurcate transcritically, if it bifurcates at all. For small x, we find

—bx

1—e™ =1-[1-bx+{b’x* + O(x")
=bx—+b*x* + O(x’)
and so
x=x—albx—1b*x*)+O0(x*)

=(1—ab)x + (+ab®)x* + O(x").
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retain the cubic terms in the series expansions (and perhaps even higher-order
terms if we’re really feeling heroic) and we would have to do a more elaborate cal-
culation to eliminate these higher-order terms. See Exercises 3.2.6 and 3.2.7 for a
taste of such calculations, or see the books of Guckenheimer and Holmes (1983),
Wiggins (1990), or Manneville (1990).

3.3 Laser Threshold

Now it’s time to apply our mathematics to a scientific example. We analyze an ex-
tremely simplified model for a laser, following the treatment given by Haken (1983).

Physical Background

We are going to consider a particular type of laser known as a solid-state laser,
which consists of a collection of special “laser-active” atoms embedded in a solid-
state matrix, bounded by partially reflecting mirrors at either end. An external energy
source is used to excite or “pump” the atoms out of their ground states (Figure 3.3.1).

~

active material

laser light
——— -

AN
L

mirror

Figure 3.3.1

Each atom can be thought of as a little antenna radiating energy. When the pump-
ing is relatively weak, the laser acts just like an ordinary lamp: the excited atoms
oscillate independently of one another and emit randomly phased light waves.

Now suppose we increase the strength of the pumping. At first nothing different
happens, but then suddenly, when the pump strength exceeds a certain threshold, the
atoms begin to oscillate in phase—~thé lamp has turned into a laser. Now the trillions
of little antennas act like one giant antenna and produce a beam of radiation that is
much more coherent and intense than that produced below the laser threshold.

This sudden onset of coherence is amazing, considering that the atoms are being
excited completely at random by the pump! Hence the process is self-organizing: the
coherence develops because of a cooperative interaction among the atoms themselves.

Model

A proper explanation of the laser phenomenon would require us to delve into
quantum mechanics. See Milonni and Eberly (1988) for an intuitive discussion.

3.3 LASER THRESHOLD 53

7o



SNOIlvDinidig vs

T°e°¢ aanbiy

/1<% D/1="N /1>

‘nySutueowr A[reorsAyd a1e u Jo sonjea aanrsod ATuo 1eyl a10N - °A qiSusns
dwnd oY) Jo sonfea JUSIJIp IO] PIelF I10109A Jurpuodsariod oyl SmOys 7'E'¢
am3ig - (7)u 10 WISAS IoPIO-1SIIJ B ST SIYI—PUNoIg JRI[IWE) U0 A[[BUL OI O

S MODO)-u(y-ND) =
uy —(uo - Nyun =u

uoy ], "s9e1s punoig 1ey) 01 yoeq doip swiole Yorym 18 18I Y} ST () < 0 IYM

‘U -N =N

awnsse am ‘Aqeoyoads ‘sseoold 1ose] 24l Aq poonp
-01 9q [[I4 SWOIE PAIOX JO JOqUINU jrigop oy} uey] " °A/ 1e POXIJ SWOR PolIoxe
Jo roqunu a3 sdooy dwnd oy ‘uorior J9SB[ JO 90UISqE oY) ul Jey) asoddng " u 01 N
June[a1 uonenbe ue JJLIM 0] PAAU M “J0J0 syl a1mdeo o, “suojoyd Jo uorsswd
oy} Aq SISBAIOOP N SNYJ, "PAIOXD I03UO[ OU ST PUB [9A9] AZIOUD JOMO[ B O] UMOP
sdoip 11 ‘uojoyd ® S} WOoIB PAIOXD Ue Ja1Je 'eapl [ed1sAyd £ oy} SowWod MON]
“I9SB]
oyl ur uojoyd e jo owneyl [o1d4y oyl sjuesordar /[ =2 [eooidroar sy ‘juels
-u0d eI B ST () < ¥ Iojowered dyJ, -19se[ 2U] JOo seorjpua 2y) y3noiy) suojoyd jo
odeosa oY) S[opouw WIS SSOT YT, ‘JUSIOIJJ00 uTeS oY) S8 umouy SI () < £ I9jowel
-ed oYL - (J)N Aq PoIOUp ‘SWOleR PajIoxXa JO IdquInu Y3 01 pue u 03 [euontodoid
QJBI B JB SINJD0 JI ‘SWOJR PajIoxd pue suojoyd uoomiag SIQIUNOOUD WIOPURI BIA
$In220 $$9201d sty 9sneoog ‘suojoyd [eUOTIIPPE JIWIR O} SWOTR PIIOXD JJB[NUWIIS
suojoyd yorym U1 ‘Uoissiua paipjnid1is Jo $59001d oyl woij sowod wid) ured oyJ,

sso[—ure3 = u

’ £q UQAIZ st o3uUeYD JO JJeI
1] pre1y Iaser oyj ur (2)u suojoyd Jo rquInu 9y} ST S[qBLIBA [BOIWERUAP Y], (L]
‘d ‘cg6 1 uaeH) sorsAyd [erjuesse ay) Jo [opow poyIduls B JopISUOD 9m Ped)su]



When N, <k/G, the fixed point at n* =0 is stable. This means that there is no
stimulated emission and the laser acts like a lamp. As the pump strength N, is in-
creased, the system undergoes a transcritical bifurcation when N, =k/G. For
N, >k/G, the origin loses stability and a stable fixed point appears at
n*=(GN, —k)/aG >0, corresponding to spontaneous laser action. Thus
N, =k/G can be interpreted as the laser threshold in this model. Figure 3.3.3
summarizes our results.

laser

k/IG No

Figure 3.3.3

Although this model correctly predicts the existence of a threshold, it ignores
the dynamics of the excited atoms, the existence of spontaneous emission, and sev-
eral other complications. See Exercises 3.3.1 and 3.3.2 for improved models.

3.4 Pitchfork Bifurcation

We turn now to a third kind of bifurcation, the so-called pitchfork bifurcation.
This bifurcation is common in physical problems that have a symmetry. For ex-
ample, many problems have a spatial symmetry between left and right. In such
cases, fixed points tend to appear and disappear in symmetrical pairs. In the buck-
ling example of Figure 3.0.1, the beam is stable in the vertical position if the load
is small. In this case there is a stable fixed point corresponding to zero deflection.
But if the load exceeds the buckling threshold, the beam may buckle to either the
left or the right. The vertical position has gone unstable, and two new symmetri-
cal fixed points, corresponding to left- and right-buckled configurations, have
been born.

There are two very different types of pitchfork bifurcation. The simpler type is
called supercritical, and will be discussed first.

Supercritical Pitchfork Bifurcation
The normal form of the supercritical pitchfork bifurcation is

X=rx—x. (1)
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EXAMPLE 3.4.1:

Equations similar to x = —x + Stanh x arise in statistical mechanical models of
magnets and neural networks (see Exercise 3.6.7 and Palmer 1989). Show that this
equation undergoes a supercritical pitchfork bifurcation as 3 is varied. Then give
a numerically accurate plot of the fixed points for each S.

Solution: We use the strategy of Example 3.1.2 to find the fixed points. The
graphs of y=x and y = Btanh x are shown in Figure 3.4.3; their intersections cor-
respond to fixed points. The key thing to realize is that as 3 increases, the tanh
curve becomes steeper at the origin (its slope there is [3). Hence for <1 the ori-
gin is the only fixed point. A pitchfork bifurcation occurs at =1, x*=0, when
the tanh curve develops a slope of 1 at the origin. Finally, when 3> 1, two new
stable fixed points appear, and the origin becomes unstable.

Btanh x

B<1

™
Il

1 B>1
Figure 3.4.3

Now we want to compute the fixed points x * for each B. Of course, one fixed
point always occurs at x* = 0; we are looking for the other, nontrivial fixed points.
One approach is to solve the
equation x*= ftanhx* nu-
merically, using the Newton—
Raphson method or some other
root-finding scheme. (See Press
et al. (1986) for a friendly and
informative discussion of nu-
merical methods.)

But there’s an easier way,
which comes from changing
'60 ' : — B our point of view. Instead of
studying the dependence of
x* on f, we think of x* as
the independent variable, and
then compute 3 = x */tanh x *. This gives us a table of pairs (x*, B). For each pair,
we plot 3 horizontally and x * vertically. This yields the bifurcation diagram (Fig-
ure 3.4.4).

6r

Figure 3.4.4
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unstable ..

Stable e———t e - =~ - = =~ = unstable

unstable

Figure 3.4.6

Compared to Figure 3.4.2, the pitchfork is inverted. The nonzero fixed points
x*=x+/—r are unstable, and exist only below the bifurcation (r < 0), which moti-
vates the term “subcritical.” More importantly, the origin is stable for »r < 0 and un-
stable for » > 0, as in the supercritical case, but now the instability for » > 0 is not
opposed by the cubic term—in fact the cubic term lends a helping hand in driving the
trajectories out to infinity! This effect leads to blow-up: one can show that
x(t) = $eo in finite time, starting from any initial condition x, # 0 (Exercise 2.5.3).

In real physical systems, such an explosive instability is usually opposed by the
stabilizing influence of higher-order terms. Assuming that the system is still sym-
metric under x — —x , the first stabilizing term must be x° . Thus the canonical ex-
ample of a system with a subcritical pitchfork bifurcation is

t=rx+x>—x". (3)
There’s no loss in generality in assuming that the coefficients of x* and x° are 1
(Exercise 3.5.8).
The detailed analysis of (3) is left to you (Exercises 3.4.14 and 3.4.15). But we will

summarize the main results here. Figure 3.4.7 shows the bifurcation diagram for (3).
For small x, the picture looks just like

* /—/ Figure 3.4.6: the origin is locally sta-
.. ble for r<0, and two backward-
el bending branches of unstable fixed
0 : - o points bifurcate from the origin when
r. 0 r  r=0. The new feature, due to the x°
LT i term, is that the unstable branches turn
'\ around and become stable at r=r,,
where 7, <0. These stable large-
amplitude branches exist forall » > r,.

Figure 3.4.7
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tistical mechanics. The subcritical bifurcation is sometimes called an inverted or
backward bifurcation, and is related to discontinuous or first-order phase transi-
tions. In the engineering literature, the supercritical bifurcation is sometimes
called soft or safe, because the nonzero fixed points are born at small amplitude; in
contrast, the subcritical bifurcation is hard or dangerous, because of the jump from
zero to large amplitude.

3.5 Overdamped Bead on a Rotating Hoop

In this section we analyze a classic problem from first-year physics, the bead on a
rotating hoop. This problem provides an example of a bifurcation in a mechanical
system. It also illustrates the subtleties involved in replacing Newton’s law, which
is a second-order equation, by a simpler first-order equation.
The mechanical system is shown in Figure 3.5.1. A bead
\4'/ ® of mass m slides along a wire hoop of radius r. The hoop is
constrained to rotate at a constant angular velocity @
about its vertical axis. The problem is to analyze the mo-
tion of the bead, given that it is acted on by both gravita-
tional and centrifugal forces. This is the usual statement of
the problem, but now we want to add a new twist: suppose
that there’s also a frictional force on the bead that opposes
: its motion. To be specific, imagine that the whole system is
Figure 3.5.1 immersed in a vat of molasses or some other very viscous
fluid, and that the friction is due to viscous damping.

Let ¢ be the angle between the bead and the downward vertical direction. By
convention, we restrict ¢ to the range —7 < ¢ <7, so there’s only one angle for
each point on the hoop. Also, let p=rsin¢ denote the distance of the bead from
the vertical axis. Then the coordinates are as shown in Figure 3.5.2.

Now we write Newton’s law for the bead. There’s a down-
ward gravitational force mg, a sideways centrifugal force
mpw*, and a tangential damping force b(j). (The constants g
and b are taken to be positive; negative signs will be added
later as needed.) The hoop is assumed to be rigid, so we only
have to resolve the forces along the tangential direction, as
shown in Figure 3.5.3. After substituting p=rsin¢ in the
centrifugal term, and recalling that the tangential acceleration is r¢, we obtain the

Figure 3.5.2

governing equation

mr$ = —b — mgsing + mro* sin ¢ cos . (1)
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______________ 1y, v <1
’y =
Yy >1
; ¢
-1 T
cos ¢
Figure 3.5.4

tersections to either side of ¢* = 0. As y — oo, these intersections approach /2.
Figure 3.5.5 plots the fixed points on the hoop for the cases ¥ <1 and y >1.

top top
bottom bottom
Y <1 y>1

Figure 3.5.5

To summarize our results so far, let’s plot all the fixed points as a function of
the parameter y (Figure 3.5.6). As usual, solid lines denote stable fixed points and
broken lines denote unstable fixed points.

Figure 3.5.6
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unity. To express these new derivatives in terms of the old ones, we use the chain
rule:

j=do_dodr_1do
dt dtdt Tdr

and similarly

G L 4o
T° dt*

{The easy way to remember these formulas is to formally substitute 77 for z.)
Hence (1) becomes

mr d°¢ b d¢ . 2 .

— —— =—————mgsing +mre” singcos @.

ar Tar "M poosd
Now since this equation is a balance of forces, we nondimensionalize it by divid-
ing by a force mg. This yields the dimensionless equation

(g;zj%=—(;z—f)%—sin¢+[r§ )singbcosq). (3)

Each of the terms in parentheses is a dimensionless group. We recognize the group
r®* /g in the last term—that’s our old friend y from earlier in the section.

We are interested in the regime where the left-hand side of (3) is negligible
compared to all the other terms, and where all the terms on the right-hand side
are of comparable size. Since the derivatives are O(1) by assumption, and
sin ¢ = O(1), we see that we need

b r

——=0(1), and — << 1.
mgT gT

The first of these requirements sets the time scale T : a natural choice is

T=—"".
mg

Then the condition r/gT? << 1 becomes

2
é(m?gj «<1, (4)

or equivalently,

b* >>m’gr.
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tem x = f(x) can be regarded as a vector field on a line. By analogy, the second-
order system (6) can be regarded as a vector field on a plane, the so-called phase
plane.

The plane is spanned by two axes, one for the angle ¢ and one for the angular
velocity d¢/dz. To simplify the notation, let

Q=¢" =d¢/dt

where prime denotes differentiation with respect to 7. Then an initial condition for
(6) corresponds to a point (¢,, £2,) in the phase plane (Figure 3.5.7). As time
evolves, the phase point (¢(¢), £2(r)) moves around in the phase plane along a tra-
Jectory determined by the solution to (6).

Q

wmxnm»\\\_ﬁ
"//—\\\wwxmm

¢

Figure 3.5.7

Our goal now is to see what those trajectories actually look like. As before, the
key idea is that the differential equation can be interpreted as a vector field on the
phase space. To convert (6) into a vector field, we first rewrite it as

eQ' = f(9)-Q.
Along with the definition ¢’ = Q , this yields the vector field
¢ =Q (8a)

Q:égwygy (8b)

We interpret the vector (¢’, Q) at the point (¢, €2) as the local velocity of a phase
fluid flowing steadily on the plane. Note that the velocity vector now has two com-
ponents, one in the ¢-direction and one in the Q-direction. To visualize the trajec-
tories, we just imagine how the phase point would move as it is carried along by
the phase fluid.

In general, the pattern of trajectories would be difficult to picture, but the pre-
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taining the highest order derivative drops out of the governing equation. Then the
initial conditions or boundary conditions can’t be satisfied. Such a limit is often
called singular. For example, in fluid mechanics, the limit of high Reynolds num-
ber is a singular limit; it accounts for the presence of extremely thin “boundary lay-
ers” in the flow over airplane wings. In our problem, the rapid transient played the
role of a boundary layer—it is a thin layer of fime that occurs near the boundary
t=0.

The branch of mathematics that deals with singular limits is called singular per-
turbation theory. See Jordan and Smith (1987) or Lin and Segel (1988) for an in-
troduction. Another problem with a singular limit will be discussed briefly in
Section 7.5.

3.6 Imperfect Bifurcations and Catastrophes

As we mentioned earlier, pitchfork bifurcations are common in problems that have
a symmetry. For example, in the problem of the bead on a rotating hoop (Section
3.5), there was a perfect symmetry between the left and right sides of the hoop. But
in many real-world circumstances, the symmetry is only approximate—an imper-
fection leads to a slight difference between left and right. We now want to see what
happens when such imperfections are present.

For.example, consider the system

i=h+rx—x. (1)

If =0, we have the normal form for a supercritical pitchfork bifurcation, and
there’s a perfect symmetry between x and —x . But this symmetry is broken when
h # 0 ; for this reason we refer to & as an imperfection parameter.

Equation (1) is a bit harder to analyze than other bifurcation problems we’ve
considered previously, because we have two independent parameters to worry
about (% and r). To keep things straight, we’ll think of r as fixed, and then exam-
ine the effects of varying &. The first step is to analyze the fixed points of (1).
These can be found explicitly, but we’d have to invoke the messy formula for the
roots of a cubic equation. It’s clearer to use a graphical approach, as in Example
3.1.2. We plot the graphs of y = rx —x* and y = —h on the same axes, and look for
intersections (Figure 3.6.1). These intersections occur at the fixed points of (1).
When r <0, the cubic is monotonically decreasing, and so it intersects the hori-
zontal line y = —h in exactly one point (Figure 3.6.1a). The more interesting case is
r>0; then one, two, or three intersections are possible, depending on the value of
h (Figure 3.6.1b).
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2 .

N 1 fixed point h.(r)
h

01 3 fixed points

a —h.(r)

-2 T T T — r

-2 -1 0 1 2

Figure 3.6.2

Pictures like Figure 3.6.2 will prove very useful in our future work. We will
refer to such pictures as stability diagrams. They show the different types of
behavior that occur as we move around in parameter space (here, the (r,h)
plane).

Now let’s present our results in a more familiar way by showing the bifurcation
diagram of x * vs. r, for fixed & (Figure 3.6.3).

X X

/

-

(@) h=0 (b) h#0

r

Figure 3.6.3

When i =0 we have the usual pitchfork diagram (Figure 3.6.3a) but when 7 =0,
the pitchfork disconnects into two pieces (Figure 3.6.3b). The upper piece consists
entirely of stable fixed points, whereas the lower piece has both stable and unstable
branches. As we increase r from negative values, there’s no longer a sharp transi-
tion at » = 0 ; the fixed point simply glides smoothly along the upper branch. Fur-
thermore, the lower branch of stable points is not accessible unless we make a
fairly large disturbance.
Alternatively, we could plot x * vs. h, for fixed r (Figure 3.6.4).
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1970s. If you like watching fights, have a look at Zahler and Sussman (1977) and
Kolata (1977).
Bead on a Tilted Wire

As a simple example of imperfect bifurcation and catastrophe, consider the fol-
lowing mechanical system (Figure 3.6.7).

ARRANNERRRNE RN

Figure 3.6.7

A bead of mass m is constrained to slide along a straight wire inclined at an angle
6 with respect to the horizontal. The mass is attached to a spring of stiffness £ and
relaxed length L, and is also acted on by gravity. We choose coordinates along
the wire so that x =0 occurs at the point closest to the support point of the spring;
let a be the distance between this support point and the wire.

In Exercises 3.5.4 and 3.6.5, you are asked to analyze the equilibrium positions
of the bead. But first let’s get some physical intuition. When the wire is horizontal
(6 =0), there is perfect symmetry between the left and right sides of the wire, and
x =0 1s always an equilibrium position. The stability of this equilibrium depends
on the relative sizes of L, and a: if L, <a, the spring is in tension and so the
equilibrium should be stable. But if L, > a, the spring is compressed and so we
expect an unstable equilibrium at x =0 and a pair of stable equilibria to either side
of it. Exercise 3.5.4 deals with this simple case.

The problem becomes more interesting when we tilt the wire (8 # 0). For small
tilting, we expect that there are still three equilibria if L, > a . However if the tilt
becomes too steep, perhaps you can see intuitively that the uphill equilibrium
might suddenly disappear, causing the bead to jump catastrophically to the down-
hill equilibrium. You might even want to build this mechanical system and try it.
Exercise 3.6.5 asks you to work through the mathematical details.

3.7 Insect Outbreak

For a biological example of bifurcation and catastrophe, we turn now to a model
for the sudden outbreak of an insect called the spruce budworm. This insect is a se-
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worm population suddenly jumps from a low to a high level. But what do we mean
by “low” and “high,” and are there solutions with this character? To answer these
questions, it is convenient to recast the model into a dimensionless form, as in Sec-
tion 3.5.

Dimensionless Formulation

The model (1) has four parameters: R, K, A, and B. As usual, there are various
ways to nondimensionalize the system. For example, both A and K have the same
dimension as N, and so either N/A or N/K could serve as a dimensionless popu-
lation level. It often takes some trial and error to find the best choice. In this case,
our heuristic will be to scale the equation so that all the dimensionless groups are
pushed into the logistic part of the dynamics, with none in the predation part. This
turns out to ease the graphical analysis of the fixed points.

To get rid of the parameters in the predation term, we divide (1) by B and then let

x=N/A,
which yields
2
éﬂzﬁAx(l*ﬂ)_ x - (2)
Bd B K 1+x

Equation (2) suggests that we should introduce a dimensionless time 7 and dimen-
sionless groups » and k , as follows:

Bt RA K
T=—, r=—, k=—.
A B A
Then (2) becomes,
ﬂ—rx(l—ﬁj— X (3)
dt k 1+x*°

which is our final dimensionless form. Here » and k are the dimensionless growth
rate and carrying capacity, respectively.

Analysis of Fixed Points

Equation (3) has a fixed point at x* =0 ; it is always unstable (Exercise 3.7.1).
The intuitive explanation is that the predation is extremely weak for small x, and
so the budworm population grows exponentially for x near zero.

The other fixed points of (3) are given by the solutions of

r(l—%): '1+xx2 ’ “
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if and only if x, > & . In this sense the unstable equilibrium & plays the role of a
threshold.

An outbreak can also be triggered by a saddle-node bifurcation. If the parame-
ters r and k drift in such a way that the fixed point a disappears, then the popula-
tion will jump suddenly to the outbreak level ¢. The situation is made worse by the
hysteresis effect—even if the parameters are restored to their values before the
outbreak, the population will not drop back to the refuge level.

Calculating the Bifurcation Curves

Now we compute the curves in (k, ) space where the system undergoes saddle-
node bifurcations. The calculation is somewhat harder than that in Section 3.6: we
will not be able to write r explicitly as a function of &, for example. Instead, the
bifurcation curves will be written in the parametric form (k(x), r(x)), where x
runs through all positive values. (Please don’t be confused by this traditional ter-
minology—one would call x the “parameter” in these parametric equations, even
though r and k are themselves parameters in a different sense.)

As discussed earlier, the condition for a saddle-node bifurcation is that the line
r(1 - x/k) intersects the curve x/(1+ x”) tangentially. Thus we require both

X X
AUy e )

G| b
—ir( == == T - (6)
a’xli k)| dxl1+x°

After differentiation, (6) reduces to

and’

_r_ 1=z )
ko (1+x3)?*
We substitute this expression for r/k into (5), which allows us to express r solely
in terms of x. The result is

. (8)
A+x2)*
Then inserting (8) into (7) yields
2x°
k=—5—. (9)
x° =1 .

The condition & > 0 implies that x must be restricted to the range x > 1.
Together (8) and (9) define the bifurcation curves. For each x > 1, we plot the
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slowly as the condition of the forest changes. According to Ludwig et al. (1978), r
increases as the forest grows, while k remains fixed.

They reason as follows: let S denote the average size of the trees, interpreted as
the total surface area of the branches in a stand. Then the carrying capacity K
should be proportional to the available foliage, so K = K’S. Similarly, the half-
saturation parameter A in the predation term should be proportional to S ; preda-
tors such as birds search units of foliage, not acres of forest, and so the relevant
quantity A" must have the dimensions of budworms per unit of branch area. Hence
A= A’S and therefore '

(10)

The experimental observations suggest that for a young forest, typically
k=300 and r <1/2 so the parameters lie in the bistable region. The budworm
population is kept down by the birds, which find it easy to search the small number
of branches per acre. However, as the forest grows, S increases and therefore the
point (k,r) drifts upward in parameter space toward the outbreak region of Figure
3.7.5. Ludwig et al. (1978) estimate that r =1 for a fully mature forest, which lies
dangerously in the outbreak region. After an outbreak occurs, the fir trees die and
the forest is taken over by birch trees. But they are less efficient at using nutrients
and eventually the fir trees come back—this recovery takes about 50-100 years
(Murray 1989).

We conclude by mentioning some of the approximations in the model presented
here. The tree dynamics have been neglected; see Ludwig et al. (1978) for a dis-
cussion of this longer time-scale behavior. We’ve also neglected the spatial distri-
bution of budworms and their possible dispersal—see Ludwig et al. (1979) and
Murray (1989) for treatments of this aspect of the problem.

EXERCISES FOR CHAPTER 3

3.1 Saddle-Node Bifurcation

For each of the following exercises, sketch all the qualitatively different vector
fields that occur as r is varied. Show that a saddle-node bifurcation occurs at a
critical value of r, to be determined. Finally, sketch the bifurcation diagram of
fixed points x * versus r.

311 x=l+rx+x’ 3.1.2 x=r-coshx

3.1.3 xi=r+x—-In(1+x) 314 x=r+tx—x/(1+x)

3.1.5 (Unusual bifurcations) In discussing the normal form of the saddle-node bi-
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have skipped the quadratic term X7, because it is not needed—you should check

this later.) Now we need to rewrite the system in terms of x; this calculation re-

quires a few steps.

a) Show that the near-identity transformation can be inverted to yield
X=x+cx’ +0(x*), and solve for c.

b) Write x = X +3bX*X + O(X*), and substitute for X and X on the right-hand
side, so that everything depends only on x . Multiply the resulting series expan-
sions and collect terms, to obtain % = Rx — x” + kx> + O(x*), where k depends
ona,b,and R.

¢) Now the moment of triumph: Choose b so that k=0.

d) Isisreally necessary to make the assumption that R # 0 ? Explain.

3.2.7 (Eliminating any higher-order term) Now we generalize the method of
the last exercise. Suppose we have managed to eliminate a number of higher-
order terms, so that the system has been transformed into X =RX - X?+
a,X"+O0(X"™"), where n>3. Use the near-identity transformation x=X +
b, X" +O(X™) and the previous strategy to show that the system can be rewritten
as x = Rx~x* + O(x
many higher-order terms as we like.

1) for an appropriate choice of b,. Thus we can eliminate as

3.3 Laser Threshold

3.3.1 (An improved model of a laser) In the simple laser model considered in
Section 3.3, we wrote an algebraic equation relating N, the number of excited
atoms, to n, the number of laser photons. In more realistic models, this would be re-
placed by a differential equation. For instance, Milonni and Eberly (1988) show that
after certain reasonable approximations, quantum mechanics leads to the system

n=GnN-—kn

N=-GnN-fN+p.

Here G is the gain coefficient for stimulated emission, k is the decay rate due to

loss of photons by mirror transmission, scattering, etc., f is the decay rate for

spontaneous emission, and p is the pump strength. All parameters are positive, ex-
cept p, which can have either sign.

This two-dimensional system will be analyzed in Exercise 8.1.13. For now,
let’s convert it to a one-dimensional system, as follows.

a) Suppose that N relaxes much more rapidly than n. Then we may make the
quasi-static approximation N = 0. Given this approximation, express N(t) in
terms of n(¢) and derive a first-order system for n. (This procedure is often
called adiabatic elimination, and one says that the evolution of N(¢) is slaved
to that of n(¢) . See Haken (1983).)

b) Show that n* =0 becomes unstable for p > p,, where p, is to be determined.
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X

3.4.5 x=r-3x 346 i=rx—
1+x
347 i=5-re" 348 i=ri——~ 3
1+x
3
3.4.9 x=x+tanh(rx) 3.4.10 x=rx+ 5
1+ x

3.4.11 (An interesting bifurcation diagram) Consider the system x = rx—sinx.

a) For the case r =0, find and classify all the fixed points, and sketch the vector
field.

b) Show that when r > 1, there is only one fixed point. What kind of fixed point is
it?

¢) As r decreases from oo to 0, classify all the bifurcations that occur.

d) For 0 < r<<1, find an approximate formula for values of r at which bifurca-
tions occur.

e) Now classify all the bifurcations that occur as r decreases 0 to —eo .

f) Plot the bifurcation diagram for —eo < r <o, and indicate the stability of the
various branches of fixed points.

3.4.12 (“Quadfurcation”) With tongue in cheek, we pointed out that the pitch-
fork bifurcation could be called a “trifurcation,” since three branches of fixed
points appear for r> 0. Can you construct an example of a “quadfurcation,” in
which x = f(x,r) has no fixed points for r <0 and four branches of fixed points
for r>07 Extend your results to the case of an arbitrary number of branches, if
possible.

3.4.13 (Computer work on bifurcation diagrams) For the vector fields below,
use a computer to obtain a quantitatively accurate plot of the values of x* vs. r,
where 0 < r £3. In each case, there’s an easy way to do this, and a harder way us-
ing the Newton-Raphson method.

a) x=r—x—e b) x=1-x—-¢€"

3.4.14 (Subcritical pitchfork) Consider the system x = rx+x* —x°, which ex-

hibits a subcritical pitchfork bifurcation.

a) Find algebraic expressions for all the fixed points as r varies.

b) Sketch the vector fields as r varies. Be sure to indicate all the fixed points and
their stability.

c) Calculate r,, the parameter value at which the nonzero fixed points are born in a
saddle-node bifurcation.

3.4.15 (First-order phase transition) Consider the potential V(x) for the system

%=rx+x"—x". Calculate r,, where 7, is defined by the condition that V has three
equally deep wells, i.e., the values of V' at the three local minima are equal.
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3.5.5 (Time scale for the rapid transient) While considering the bead on the ro-
tating hoop, we used phase plane analysis to show that the equation

d’¢  do _
gd—rz+d_1_f(¢)

. d
has solutions that rapidly relax to the curve where d—¢ = f(¢).
T

a) Estimate the time scale T, for this rapid transient in terms of €, and then
express T,
b.

b) Rescale the original differential equation, using T,

Sfast

in terms of the original dimensional quantities m, g, r, @, and

as the characteristic time

scale, instead of T,

e = b/mg . Which terms in the equation are negligible on
this time scale?

¢) Show that T, <<T.

Jast slow

and T

slow

if € << 1. (In this sense, the time scales T

fast

are widely separated.)

3.5.6 (A model problem about singular limits) Consider the linear differential
equation

EX+x+x=0,

subject to the initial conditions x(0)=1, x(0)=0.

a) Solve the problem analytically for all £ >0.

b) Now suppose £ << 1. Show that there are two widely separated time scales in
the problem, and estimate them in terms of £ .

¢) Graph the solution x(r) for € << 1, and indicate the two time scales on the
graph.

d) What do you conclude about the validity of replacing €X+ x+ x =0 with its
singular limit x + x=07?

e) Give two physical analogs of this problem, one involving a mechanical system,
and another involving an electrical circuit. In each case, find the dimensionless
combination of parameters corresponding to £, and state the physical meaning
of the limit € << 1.

3.5.7 (Nondimensionalizing the logistic equation) Consider the logistic equa-
tion N = rN(1 — N/K), with initial condition N(0) = N,.
a) This system h%;s three dimensional parameters r, K , and N,. Find the dimen-
sions of each of these parameters.
b) Show that the system can be rewritten in the dimensionless form
dx

d—sz(l—x), x(0) = x,
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3.6.5 (Mechanical example of imperfect bifurcation and catastrophe) Consider
the bead on a tilted wire discussed at the end of Section 3.6.
a) Show that the equilibrium positions of the bead satisfy

. LO
mgsin@=kx| 1 - —————|.

vx?+a?
b) Show that this equilibrium equation can be written in dimensionless form as

R
-2

U l+u’?

for appropriate choices of R, ki, and u .

c) Give a graphical analysis of the dimensionless equation for the cases R <1 and
R >1. How many equilibria can exist in each case?

d) Let r=R~1. Show that the equilibrium equation reduces to s+ ru—+u’ =0
for small 7, A, and u.

e) Find an approximate formula for the saddle-node bifurcation curves in the limit
of small r, h,and u .

f) Show that the exact equations for the bifurcation curves can be written in para-
metric form as

h(uw) =-u’, Ru)=(1+u*)"?,

where —oo <y <eo. (Hint: You may want to look at Section 3.7.) Check that
this result reduces to the approximate result in part (d).

g) Give a numerically accurate plot of the bifurcation curves in the (r,4) plane.

h) Interpret your results physically, in terms of the original dimensional variables.

3.6.6 (Patterns in fluids) Ahlers (1989) gives a fascinating review of experiments

on one-dimensional patterns in fluid systems. In many cases, the patterns first emerge

via supercritical or subcritical pitchfork bifurcations from a spatially uniform state.

Near the bifurcation, the dynamics of the amplitude of the patterns are given approxi-

mately by 7A = €A — gA® in the supercritical case, or TA = €4 — gA® — kA® in the sub-

critical case. Here A() is the amplitude, T is a typical time scale, and € is a small
dimensionless parameter that measures the distance from the bifurcation. The para-
meter g > 0 in the supercritical case, whereas g <0 and k > O in the subcritical case.

(In this context, the equation 7A = €A — gA® is often called the Landau equation.)

a) Dubois and Bergé (1978) studied the supercritical bifurcation that arises in
Rayleigh—-Bénard convection, and showed experimentally that the steady-state
amplitude depended on &£ according to the power law A*oc £f, where
B =0.50%0.01. What does the Landau equation predict?

b) The equation TA = €A — gA> —kA® is said to undergo a tricritical bifurcation
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At high temperature the spins point in random directions and so m = 0 ; the mater-
ial is in the paramagnetic state. As the temperature is lowered, m remains near
zero until a critical temperature 7, is reached. Then a phase transition occurs and
the material spontaneously magnetizes. Now m > 0 ; we have a ferromagnet.

But the symmetry between up and down spins means that there are two possible
ferromagnetic states. This symmetry can be broken by applying an external mag-
netic field &, which favors either the up or down direction. Then, in an approxima-
tion called mean-field theory, the equation governing the equilibrium value of m is

h=Ttanh™ m— Jam

where J and n are constants; J >0 is the ferromagnetic coupling strength and n

is the number of neighbors of each spin (Ma 1985, p. 459).

a) Analyze the solutions m* of h=Ttanh™ m~ Jam, using a graphical ap-
proach.

b) For the special case =0, find the critical temperature 7, at which a phase
transition occurs.

3.7 Insect Outbreak

3.7.1 (Warm-up question about insect outbreak model) Show that the fixed
point x* =0 is always unstable for Equation (3.7.3).

3.7.2 (Bifurcation curves for insect outbreak model)

a) Using Equations (3.7.8) and (3.7.9), sketch r(x) and k(x) vs. x. Determine the
limiting behavior of #(x) and k(x) as x > 1 and x - oo.

b) Find the exact values of r, k, and x at the cusp point shown in Figure 3.7.5.

3.7.3 (A model of a fishery) The equation N= rN(1-4%)— H provides an ex-
tremely simple model of a fishery. In the absence of fishing, the population is as-
sumed to grow logistically. The effects of fishing are modeled by the term —H,
which says that fish are caught or “harvested” at a constant rate H > (0, indepen-
dent of their population N . (This assumes that the fishermen aren’t worried about
fishing the population dry—they simply catch the same number of fish every day.)
a) Show that the system can be rewritten in dimensionless form as
dx
el x(1-x)-nh,
for suitably defined dimensionless quantities x, 7, and A .
b) Plot the vector field for different values of 4 .
c) Show that a bifurcation occurs at a certain value 4_, and classify this bifurca-
tion. .
d) Discuss the long-term behavior of the fish population for 2 < h_, and 2> A, and
" give the biological interpretation in each case.
There’s something silly about this model—the population can become nega-
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rate k, , and by an autocatalytic or positive feedback process (the nonlinear term).

There is also a linear degradation of g at arate k, .
a) Show that the system can be put in the dimensionless form

2

—=s—-rx+
dt 1+ x°
where r >0 and s > 0 are dimensionless groups.
b) Show thatif s =0, there are two positive fixed points x * if r <r,, where r, is
to be determined.
¢) Assume that initially there is no gene product, i.e., g(0) =0, and suppose s is
slowly increased from zero (the activating signal is turned on); what happens to
g(#)? What happens if s then goes back to zero? Does the gene turn off again?
d) Find parametric equations for the bifurcation curves in (r,s) space, and classify
the bifurcations that occur.
e) Use the computer to give a quantitatively accurate plot of the stability diagram
in (r,s) space.
For further discussion of this model, see Lewis et al. (1977); Edelstein—Keshet
(1988), Section 7.5; or Murray (1989), Chapter 15.

3.7.6 (Model of an epidemic) In pioneering work in epidemiology, Kermack
and McKendrick (1927) proposed the following simple model for the evolution of
an epidemic. Suppose that the population can be divided into three classes: x(¢) =
number of healthy people; y(tr) = number of sick people; z(t) = number of dead
people. Assume that the total population remains constant in size, except for
deaths due to the epidemic. (That is, the epidemic evolves so rapidly that we can
ignore the slower changes in the populations due to births, emigration, or deaths by
other causes.)
Then the model is

x =—kxy
y=hkxy—"Ly
z=1Ly

where k£ and ¢ are positive constants. The equations are based on two assump-

tions:

(i) Healthy people get sick at a rate proportional to the product of x and y. This
would be true if healthy and sick people encounter each other at a rate propor-
tional to their numbers, and if there were a constant probability that each such
encounter would lead to transmission of the disease.

(ii) Sick people die at a constant rate £.

The goal of this exercise is to reduce the model, which is a third-order system,
to a first-order system that can analyzed by our methods. (In Chapter 6 we will see
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4

FLOWS ON THE CIRCLE

4.0 Introduction

So far we’ve concentrated on the equation x = f(x), which we visualized as a vec-
tor field on the line. Now it’s time to consider a new kind of differential equation
and its corresponding phase space. This equation,

9= £),

corresponds to a vector field on the circle. Here @ is a point on the circle and 6 is
the velocity vector at that point, determined by the rule 0= f(8). Like the line, the
circle is one-dimensional, but it has an important new property: by flowing in one
direction, a particle can eventually return to its starting place (Figure 4.0.1). Thus
periodic solutions become possible for the first time in this book!
To put it another way, vector fields on the circle provide the most
basic model of systems that can oscillate.

However, in all other respects, flows on the circle are similar to
flows on the line, so this will be a short chapter. We will discuss
the dynamics of some simple oscillators, and then show that these
equations arise in a wide variety of applications. For example, the
flashing of fireflies and the voltage oscillations of superconduct-
ing Josephson junctions have been modeled by the same equation, even though
their oscillation frequencies differ by about ten orders of magnitude!

Figure 4.0.1

4.1 Examples and Definitions

Let’s begin with some examples, and then give a more careful definition of vector
fields on the circle.
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guish between 8 s that differ by an integer multiple of 27 . Here’s where the peri-
odicity of f(6) becomes important—it ensures that the velocity 6 is uniquely de-
fined at each point 8 on the circle, in the sense that 0 is the same, whether we call
that point 8 or 8 +2m, or 8+ 27k for any integer k .

4.2 Uniform Oscillator

A point on a circle is often called an angle or a phase. Then the simplest oscillator
of all is one in which the phase 8 changes uniformly:

0=w
where @ is a constant. The solution is
8t)=wt+6,,

which corresponds to uniform motion around the circle at an angular frequency
. This solution is periodic, in the sense that 8(¢) changes by 27, and therefore re-
turns to the same point on the circle, after a time T = 2r/w. We call T the period
of the oscillation.

Notice that we have said nothing about the amplitude of the oscillation. There
really is no amplitude variable in our system. If we had an amplitude as well as a
phase variable, we’d be in a two-dimensional phase space; this situation is more
complicated and will be discussed later in the book. (Or if you prefer, you can imag-
ine that the oscillation occurs at some fixed amplitude, corresponding to the radius
of our circular phase space. In any case, amplitude plays no role in the dynamics.)

EXAMPLE 4.2.1:

Two joggers, Speedy and Pokey, are running at a steady pace around a circular
track. It takes Speedy T, seconds to run once around the track, whereas it takes
Pokey T, > T} seconds. Of course, Speedy will periodically overtake Pokey; how
long does it take for Speedy to lap Pokey once, assuming that they start together?

Solution: Let 0,(t) be Speedy’s position on the track. Then 9, =@, where
o, =2r/T,. This equation says that Speedy runs at a steady pace and completes
a circuit every 7T, seconds. Similarly, suppose that
92 =w, =2r/T, for Pokey.

The condition for Speedy to lap Pokey is that the angle be-
tween them has increased by 27 . Thus if we define the phase
difference ¢ = 0, — 6,, we want to find how long it takes for
¢ to increase by 2m (Figure 4.2.1). By subtraction we find
o= 91 —92 =@, —®,. Thus ¢ increases by 27 after a time

Figure 4.2.1

4.2 UNIFORM OSCILLATOR 95
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nonuniformity in the flow around the circle: the flow is fastest at 8 = —x/2 and
slowest at 8 = /2 (Figure 4.3.2a). This nonuniformity becomes more pronounced
as a increases. When a is slightly less than @, the oscillation is very jerky: the
phase point 8(¢) takes a long time to pass through a bottleneck near 8 = /2 , after
which it zips around the rest of the circle on a much faster time scale. When a = o,
the system stops oscillating altogether: a half-stable fixed point has been born in a
saddle-node bifurcation at 8 = m/2 (Figure 4.3.2b). Finally, when a > @, the half-
stable fixed point splits into a stable and unstable fixed point (Figure 4.3.2¢). All
trajectories are attracted to the stable fixed point as t — o .

A VAVES

/’n/ 2 6
slow passage .
through here
(bottleneck)

(@ a<w (b)a=w © a>w
Figure 4.3.2

The same information can be shown by plotting the vector fields on the circle (Fig- -
ure 4.3.3).

slow 0=n/2
fast
(@) a<w (b) a=w c)a>w

Figure 4.3.3

EXAMPLE 4.3.1:

Use linear stability analysis to classify the fixed points of (1) for a > w.
Solution: The fixed points 8 * satisfy

sin6* = w/a, cos 0% = +./ 1—(w/a)*.

4.3 NONUNIFORM OSCILLATOR 97
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as ¢« —> @~ . Hence

T(V%Tl— )

which shows that T blows up like (a, — a)
the origin of this square-root scaling law.

"2 where a, = @ . Now let’s explain

Ghosts and Bottlenecks

The square-root scaling law found above is a very general feature of systems
that are close to a saddle-node bifurcation. Just after the fixed points collide, there
is a saddle-node remnant or ghost that leads to slow passage through a bottleneck.

For example, consider 6=w—asinb for decreasing values of a, starting with
a> o . As a decreases, the two fixed points approach each other, collide, and dis-
appear (this sequence was shown earlier in Figure 4.3.3, except now you have to
read from right to left.) For a slightly less than @, the fixed points near 7/2 no
longer exist, but they still make themselves felt through a saddle-node ghost (Fig-
ure 4.3.5).

NS,

\

bottleneck
due to ghost

Figure 4.3.5

A graph of 8(z) would have the shape shown in Figure 4.3.6. Notice how the
trajectory spends practically all its time getting through the bottleneck.

0 Tbottleneck J
P

A

Figure 4.3.6

Now we want to derive a general scaling law for the time required to pass
through a bottleneck. The only thing that matters is the behavior of € in the imme-
diate vicinity of the minimum, since the time spent there dominates all other time

4.3 NONUNIFORM OSCILLATOR 99
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_ w2 (7 dx 2 T
T =(2/a) I =(2/a) Nk

Now we substitute r = @ — a . Furthermore, since a — @™, we may replace 2/a by
2/w . Hence

T~ 72 1
Jo jJo-a’
which agrees with (3). m

4.4 Overdamped Pendulum

We now consider a simple mechanical example of a nonuniform oscillator: an
overdamped pendulum driven by a constant torque. Let 8 denote the angle be-
tween the pendulum and the downward vertical, and suppose that 6 increases
counterclockwise (Figure 4.4.1).

Figure 4.4.1

Then Newton’s law yields

mI*0 + b6 + mgLsin@=T (1)

where m is the mass and L is the length of the pendulum, b is a viscous damping
constant, g is the acceleration due to gravity, and I" is a constant applied torque.
All of these parameters are positive. In particular, I' >0 implies that the applied
torque drives the pendulum counterclockwise, as shown in Figure 4.4.1.

Equation (1) is a second-order system, but in the overdamped limit of extremely
large b, it may be approximated by a first-order system (see Section 3.5 and Exer-
cise 4.4.1). In this limit the inertia term mI*6 is negligible and so (1) becomes

bé+mgLsin9:F. (2)

To think about this problem physically, you should imagine that the pendulum is
immersed in molasses. The torque I" enables the pendulum to plow through its vis-

4.4 OVERDAMPED PENDULUM 101



315UID FHL NO SMOTd Tol

*Quo J[qe)s 2y st suonisod wnuqIInba
0] 9} JO I9M0] 31} 183 Te3[o s 1 ‘spunoig [eo1sAyd uQ (¢ ¢ 21ndny) 1> 4 uaym
om1 ojur syds uay) pue ‘z/x = @ je sreadde jutod paxry v | = A USyA\ "9PIS MO[S
a1 uo ¢/ = g 1sed quirpd 01 123u0] pue 198uo] saye) wininpuad ay) ¢ T« A SY

Tty danbiy

(T 2an31g) 1y10 oY)
uo 11 sasoddo pue ap1s auo uo anbioy parjdde oy sdioy A11aeIS 20UIS ‘ULIOJTUNUOU ST
Q18I UONRIOI U], “AJPNuLjuos uini240 1M wnpnpuad ay1 pue anbio) [euoneiiaeild
Y1 £q paoue[eq 9q I2A3U ued anbi1o) paridde ay) ueyy T < A J1 ~onbio) [ruonEITARIS
wnwixew 2y} o} anbioy perdde ay3 jo oner oy st A dnoid sso[uorsuswIp YT,

"1p/ep = ,0 219Um

(#) pus—A=9
uay)
Twu .4
(g) T:/{, JW—J«

19] 9 J1 ‘90UsH

3w T3
Qus— ——=9g——
o d ¢ q

SP[oIA 78w AQ SUIPIAL(] "I 9ZI[BUOISUSWIPUOU JSII dMm ‘() 9ZA[RUR O],

-anbio) pardde
o) Aq ut padwind pue Surduwrep 03 1501 St 315U ‘ased juasard ) U "I9A3I0J U110
pue yorq sSuims wnnpuad Yy} puB ‘pIAIISUOD ST AFISUD YOIM UL ISBD SSI[UOIIIIIY
IRI[TWE] 9Y) WIOIj JIWI] 27150ddo 21} ST SIY) 1Y) IZI[BJI 9SBA[d "SSUIpUnoIInsS snod



Figure 4.4.3

As ¥ decreases, the two fixed points move farther apart. Finally, when y =0, the
applied torque vanishes and there is an unstable equilibrium at the top (inverted
pendulum) and a stable equilibrium at the bottom.

4.5 . Fireflies

Fireflies provide one of the most spectacular examples of synchronization in na-
ture. In some parts of southeast Asia, thousands of male fireflies gather in trees at
night and flash on and off in unison. Meanwhile the female fireflies cruise over-
head, looking for males with a handsome light.

To really appreciate this amazing display, you have to see a movie or videotape
of it. A good example is shown in David Attenborough’s (1992) television series
The Trials of Life, in the episode called “Talking to Strangers.” See Buck and
Buck (1976) for a beautifully written introduction to synchronous fireflies, and
Buck (1988) for a more recent review. For mathematical models of synchronous
fireflies, see Mirollo and Strogatz (1990) and Ermentrout (1991).

How does the synchrony occur? Certainly the fireflies don’t start out synchro-
nized; they arrive in the trees at dusk, and the synchrony builds up gradually as the
night goes on. The key is that the fireflies influence each other: When one firefly
sees the flash of another, it slows down or speeds up so as to flash more nearly in
phase on the next cycle.

Hanson (1978) studied this effect experimentally, by periodically flashing a
light at a firefly and watching it try to synchronize. For a range of periods close to
the firefly’s natural period (about 0.9 sec), the firefly was able to match its fre-
quency to the periodic stimulus. In this case, one says that the firefly had been en-
trained by the stimulus. However, if the stimulus was too fast or too slow, the
firefly could not keep up and entrainment was lost—then a kind of beat phenome-
non occurred. But in contrast to the simple beat phenomenon of Section 4.2, the
phase difference between stimulus and firefly did not increase uniformly. The
phase difference increased slowly during part of the beat cycle, as the firefly strug-
gled in vain to synchronize, and then it increased rapidly through 27, after which

4.5 FIREFLIES 103
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confirmed by Figure 4.5.1, where we plot the vector fields for (5), for different val-
ues of 1 >0. (The case £ <0 is similar.)

’ /N
/N N/
@vqb TNt e

(a) u=0 (b) O<u<l (cy u>1

Figure 4.5.1

When p =0, all trajectories flow toward a stable fixed point at ¢* =0 (Figure
4.5.1a). Thus the firefly eventually entrains with zero phase difference in the case
Q = w. In other words, the firefly and the stimulus flash simultaneously if the fire-
fly is driven at its natural frequency.

Figure 4.5.1b shows that for 0 < g <1, the curve in Figure 4.5.1a lifts up and
the stable and unstable fixed points move closer together. All trajectories are still
attracted to a stable fixed point, but now ¢* > 0. Since the phase difference ap-
proaches a constant, one says that the firefly’s rhythm is phase-locked to the stim-
ulus.

Phase-locking means that the firefly and the stimulus run with the same instan-
taneous frequency, although they no longer flash in unison. The result ¢* >0 im-
plies that the stimulus flashes ahead of the firefly in each cycle. This makes
sense—we assumed 4 >0, which means that £ > @ ; the stimulus is inherently
faster than the firefly, and drives it faster than it wants to go. Thus the firefly falls
behind. But it never gets lapped—it always lags in phase by a constant amount ¢ *.

If we continue to increase g, the stable and unstable fixed points eventually co-
alesce in a saddle-node bifurcation at ¢ =1. For y >1 both fixed points have dis-
appeared and now phase-locking is lost; the phase difference ¢ increases
indefinitely, corresponding to phase drift (Figure 4.5.1c). (Of course, once ¢
reaches 27 the oscillators are in phase again.) Notice that the phases don’t sepa-
rate at a uniform rate, in qualitative agreement with the experiments of Hanson
(1978): ¢ increases most slowly when it passes under the minimum of the sine
wave in Figure 4.5.1c, at ¢ = /2, and most rapidly when it passes under the max-
imum at ¢ =—m/2 .

The model makes a number of specific and testable predictions. Entrainment is
predicted to be possible only within a symmetric interval of driving frequencies,
specifically w — A< Q< ®+ A. This interval is called the range of entrainment
(Figure 4.5.2).
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per second. They have great technological promise as amplifiers, voltage stan-
dards, detectors, mixers, and fast switching devices for digital circuits. Josephson
junctions can detect electric potentials as small as one quadrillionth of a volt, and
they have been used to detect far-infrared radiation from distant galaxies. For an
introduction to Josephson junctions, as well as superconductivity more generally,
see Van Duzer and Turner (1981).

Although quantum mechanics is required to explain the origin of the Josephson
effect, we can nevertheless describe the dynamics of Josephson junctions in classi-
cal terms. Josephson junctions have been particularly useful for experimental stud-
ies of nonlinear dynamics, because the equation governing a single junction is the
same as that for a pendulum! In this section we will study the dynamics of a single
junction in the overdamped limit. In later sections we will discuss underdamped
junctions, as well as arrays of enormous numbers of junctions coupled together.

Physical Background

A Josephson junction consists of two closely spaced superconductors separated
by a weak connection (Figure 4.6.1). This connection may be provided by an insula-
tor, a normal metal, a semiconductor, a weakened superconductor, or some other

material that weakly couples the

; two superconductors. The two
i superconductor #1 P

v.e

superconducting regions may be
characterized by quantum me-
chanical wave functions e
superconductor #2  and y,e'” respectively. Normally

weak coupling

a much more complicated descrip-
tion would be necessary because
there are ~10% electrons to deal
with, but in the superconducting ground state, these electrons form “Cooper pairs”

Figure 4.6.1

that can be described by a single macroscopic wave function. This implies an aston-
ishing degree of coherence among the electrons. The Cooper pairs act like a minia-
ture version of synchronous fireflies: they all adopt the same phase, because this
turns out to minimize the energy of the superconductor.

As a 22-year-old graduate student, Brian Josephson (1962) suggested that it
should be possible for a current to pass between the two superconductors, even if
there were no voltage difference between them. Although this behavior would be
impossible classically, it could occur because of quantum mechanical tunneling of
Cooper pairs across the junction. An observation of this “Josephson effect” was
made by Anderson and Rowell in 1963,

Incidentally, Josephson won the Nobel Prize in 1973, after which he lost inter-
est in mainstream physics and was rarely heard from again. See Josephson (1982)
for an interview in which he reminisces about his early work and discusses his

4.6 SUPERCONDUCTING JOSEPHSON JUNCTIONS 107
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Figure 4.6.3

Now we apply Kirchhoff’s voltage and current laws. For this parallel circuit,
the voltage drop across each branch must be equal, and hence all the voltages are
equal to V , the voltage across the junction. Hence the current through the capaci-
tor equals CV and the current through the resistor equals V/R. The sum of these
currents and the supercurrent I, sin ¢ must equal the bias current [ ; hence

CV+%+Icsin¢=I. (3)

Equation (3) may be rewritten solely in terms of the phase difference ¢, thanks to
(2). The result is

Mo+ b+ sing=1, 4
2e¢ 2eR¢ Sing @

which is precisely analogous to the equation governing a damped pendulum driven
by a constant torque! In the notation of Section 4.4, the pendulum equation is

mI*6 + b0 +mgLsinO=T .

Hence the analogies are as follows:

Pendulum Josephson junction
Angle 0 Phase difference ¢
Angular velocity 8 Voltage 2i¢

e
Mass m Capacitance C
Applied torque T’ Bias current [
Damping constant b Conductance 1/R

Maximum gravitational torque mgL  Critical current I,

This mechanical analog has often proved useful in visualizing the dynamics of
Josephson junctions. Sullivan and Zimmerman (1971) actually constructed such a
mechanical analog, and measured the average rotation rate of the pendulum as a
function of the applied torque; this is the analog of the physically important [ —V
curve (current—voltage curve) for the Josephson junction.

4.6 SUPERCONDUCTING JOSEPHSON JUNCTIONS 109
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reached steady-state operation. Then plot (V) vs. 1.
Solution: 1t is sufficient to find (¢"), since (V) = (#/2e)(@) from the voltage-

phase relation (2), and
o [de\ ﬁ_d_q)>_2e1(,R ,
<¢>_<dt> <dt )~ n 0
from the definition of 7 in (5); hence
(V)= I(.R<¢'>. (8)

There are two cases to consider. When I < ], all solutions of (7) approach a fixed
point ¢* =sin”'(J/1.), where — /2 < ¢* < /2 . Thus ¢’ = 0 in steady state, and so
(V)=0 for I<1,.

When I > 1, all solutions of (7) are periodic with period

Ja/Ly -1’

where the period is obtained from (2) of Section 4.3, and time is measured in units
of 7. We compute (¢') by taking the average over one cycle:

T—_-

1 ¢T do 1 p2r 2
N==| —Fdr=—\ do=—. 10
<¢> TJd drt T Jo ¢ T (10)

Combining (8)—(10) yields
(VY= LRJ(I/1.) =1 forI>1,.

In summary, we have found

0 for/<1],
(V)= IR (1/1{,)2—1 for/>1,. (11)

The I-V curve (11) is shown in Figure 4.6 4.

4.6 SUPERCONDUCTING JOSEPHSON JUNCTIONS 111
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ered even further before the pendulum will fail to make it over the top.

In more mathematical terms, we’ll show in Section 8.5 that this hysteresis oc-
curs because a stable fixed point coexists with a stable periodic solution. We have
never seen anything like rhis before! For vector fields on the line, only fixed
points can exist; for vector fields on the circle, both fixed points and periodic solu-
tions can exist, but not simultaneously. Here we see just one example of the new
kinds of phenomena that can occur in two-dimensional systems. It’s time to take
the plunge.

EXERCISES FOR CHAPTER 4

4.1 Examples and Definitions

4.1.1 For which real values of a does the equation 6 =sin(a8) give a well-
defined vector field on the circle?

For each of the following vector fields, find and classify all the fixed points, and
sketch the phase portrait on the circle.

41.2 6=1+2cosb 4.1.3 0O=sin20
41.4 0O=sin"0 4.1.5 0=sin8+cosb
4.1.6 0=3+cos28 4.1.7 0 =sink8 where kis a positive integer.

4.1.8 (Potentials for vector fields on the circle)

a) Consider the vector field on the circle given by 6 = cos6 . Show that this Sys-
tem has a single-valued potential V(8), i.e., for each point on the circle, there is
a well-defined value of V such that 8 = —-dV/dO. (Asusual, 8 and 6+ 27k
are to be regarded as the same point on the circle, for each integer k .)

b) Now consider 8 = 1. Show that there is no single-valued potential V(8) for this
vector field on the circle.

¢) What’s the general rule? When does 6= f(8) have a single-valued potential?

4.1.9 InExercises 2.6.2 and 2.7.7, you were asked to give two analytical proofs
that periodic solutions are impossible for vector fields on the line. Review these ar-
guments and explain why they don’t carry over to vector fields on the circle.
Specifically which parts of the argument fail?

4.2 Uniform Oscillator

4.2.1 (Church bells) The bells of two different churches are ringing. One bell
rings every 3 seconds, and the other rings every 4 seconds. Assume that the bells
have just rung at the same time. How long will it be until the next time they ring to-
gether? Answer the question in two ways: using common sense, and using the
method of Example 4.2.1.

EXERCISES 113
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sin @

433 0= Hsin@ —sin 26 434 60=——"7"_
L+ cosB
4.35 O=p+cosh+cos20 436 O=u+sin6+cos20
4.3.7 = ﬂe—— 4.3.8 0= ﬂze_
U +sin@ 1+ usin@

4.3.9 (Alternative derivation of scaling law) For systems close to a saddle-node
bifurcation, the scaling law 7, ~ O(r™""?) can also be derived as follows.

oltleneck

a) Suppose that x has a characteristic scale O(r"), where a is unknown for now.

Then x = r“u, where u ~ O(1). Similarly, suppose ¢ = r’z, with 7 ~ O(1) . Show

a~b du 2a,.2

that x = r + x” is thereby transformed to r =r+r-u.

T
b) Assume that all terms in the equation have the same order with respect to r,
and thereby derive a =+, b=-1.

4.3.10 (Nongeneric scaling laws) In deriving the square-root scaling law for
the time spent passing through a bottleneck, we assumed that x had a quadratic
minimum. This is the generic case, but what if the minimum were of higher or-
der? Suppose that the bottleneck is governed by x = r+ x*"
teger. Using the method of Exercise 4.3.9, show that T,
determine # and c.

, where n>1 is an in-

b
cr’, and

ottleneck

(It’s acceptable to leave ¢ in the form of a definite integral. If you know com-
plex variables and residue theory, you should be able to evaluate ¢ exactly by inte-
grating around the boundary of the pie-slice { z=re®:0<0<m/n, 0<r< R}
and letting R — oo .)

4.4 Overdamped Pendulum

4.4.1 (Validity of overdamped limit) Find the conditions under which it is valid
to approximate the equation mI20 + b0 + mgLsin@ =T by its overdamped limit
bO+mgLsin@=T.

4.4.2 (Understanding sin€(z)) By imagining the rotational motion of an over-
damped pendulum, sketch sin8(r) vs. ¢ for a typical solution of 8’ =7 —sin8.
How does the shape of the waveform depend on y ? Make a series of graphs for
different y , including the limiting cases ¥ =1 and ¥ >> 1. For the pendulum, what
physical quantity is proportional to sin 6(z)?

4.4.3 (Understanding é(t)) Redo Exercise 4.4.2, but now for é(t) instead of
sin6(z).

4,4.4 (Torsional spring) Suppose that our overdamped pendulum is connected
to a torsional spring. As the pendulum rotates, the spring winds up and generates
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This exercise deals with the simplest caricature of an excitable system. Let

6= U +sin@, where u is slightly less than 1.

a) Show that the system satisfies the two properties mentioned above. What object
plays the role of the “rest state”? And the “threshold”?

b) Let V(¢)=cos8(¢). Sketch V(¢) for various initial conditions. (Here V is anal-
ogous to the neuron’s membrane potential, and the initial conditions corre-
spond to different perturbations from the rest state.)

4.6 Superconducting Josephson Junctions

4.6.1 (Current and voltage oscillations) Consider a Josephson junction in the

overdamped limit 8 =0.

a) Sketch the supercurrent /_sin ¢(f) as a function of ¢, assuming first that ///_ is
slightly greater than 1, and then assuming that //I, >>1. (Hint: In each case,
visualize the flow on the circle, as given by Equation (4.6.7).)

b) Sketch the instantaneous voltage V(¢) for the two cases considered in (a).

4.6.2 (Computer work) Check your qualitative solution to Exercise 4.6.1 by in-
tegrating Equation (4.6.7) numerically, and plotting the graphs of I_sin¢(f) and
V(). -

4.6.3 (Washboard potential) Here’s another way to visualize the dynamics of an
overdamped Josephson junction. As in Section 2.7, imagine a particle sliding
down a suitable potential.
a) Find the potential function corresponding to Equation (4.6.7). Show that it is
not a single-valued function on the circle.
b) Graph the potential as a function of ¢, for various values of I/ . Here ¢ is to
be regarded as a real number, not an angle.
¢) What is the effect of increasing 7 ?
The potential in (b) is often called the “washboard potential” (Van Duzer and
Turner 1981, p. 179) because its shape is reminiscent of a tilted, corrugated wash-
board.

4.6.4 (Resistively loaded array) Arrays of coupled Josephson junctions raise
many fascinating questions. Their dynamics are not yet understood in detail. The
questions are technologically important because arrays can produce much greater
power output than a single junction, and also because arrays provide a reasonable
model of the (still mysterious) high-temperature superconductors. For an introduc-
tion to some of the dynamical questions of current interest, see Tsang et al. (1991)
and Strogatz and Mirollo (1993).

Figure 1 shows an array of two identical overdamped Josephson junctions.
The junctions are in series with each other, and in parallel with a resistive “load”
R.
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and write down explicit expressions for the dimensionless groups £2 and a and the
dimensionless time 7 . (See Example 8.7.4 and Tsang et al. (1991) for further dis-
cussion.)

4.6.6 (N junctions, RLC load) Generalize Exercise 4.6.4 to the case where
there are N junctions in series, and where the load is a resistor R in series with a
capacitor C and an inductor L. Write differential equations for ¢, and for Q,
where ( is the charge on the load capacitor. (See Strogatz and Mirollo 1993.)
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PART TWO

TWO-DIMENSIONAL FLOWS




5

LINEAR SYSTEMS

5.0 Introduction

As we’ve seen, in one-dimensional phase spaces the flow is extremely confined—
all trajectories are forced to move monotonically or remain constant. In higher-
dimensional phase spaces, trajectories have much more room to maneuver, and so
a wider range of dynamical behavior becomes possible. Rather than attack all this
complexity at once, we begin with the simplest class of higher-dimensional sys-
tems, namely linear systems in two dimensions. These systems are interesting in
their own right, and, as we’ll see later, they also play an important role in the clas-
sification of fixed points of nonlinear systems. We begin with some definitions
and examples.

5.1 Definitions and Examples

A two-dimensional linear system is a system of the form
xX=ax+by
y=cx+dy

where a, b, ¢, d are parameters. If we use boldface to denote vectors, this system

can be written more compactly in matrix form as
X = AX

’

where
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For example, let’s see what the vector field looks like when we’re on the x-axis.
Then v =0 and so (x,v) = (0,—@"x) . Hence the vectors point vertically downward
for positive x and vertically upward for negative x .(Figure 5.1.2). As x gets
larger in magnitude, the vectors (0,—@>x) get longer. Similarly, on the v-axis, the
vector field is (x,v) = (v,0), which points to the right when v >0 and to the left
when v < 0. As we move around in phase space, the vectors change direction as
shown in Figure 5.1.2.

Just as in Chapter 2, it is helpful to
visualize the vector field in terms of the
el motion of an imaginary fluid. In the
\ present case, we imagine that a fluid is
4 Bt ~ flowing steadily on the phase plane
~ 1 l x Wwith a local velocity given by

(x,v) = (v,—®"°x). Then, to find the tra-

L jectory starting at (x,, v,), we place an
imaginary particle or phase point at

(x4, vy) and watch how it is carried

Figure 5.1.2 around by the flow.

The flow in Figure 5.1.2 swirls about
the origin. The origin is special, like the eye of a hurricane: a phase point placed
there would remain motionless, because (x,v)=(0,0) when (x,v)=(0,0); hence
the origin is a fixed point. But a phase point starting anywhere else would circulate
around the origin and eventually return
to its starting point. Such trajectories

\%
' - form closed orbits, as shown in Figure
5.1.3. Figure 5.1.3 is called the phase
/; \\ portrait of the system—it shows the

overall picture of trajectories in phase

\ X space.
What do fixed points and closed or-
bits have to do with the original prob-

lem of a mass on a spring? The answers
are beautifully simple. The fixed point
(x,v)=(0,0) corresponds to static
equilibrium of the system: the mass is at rest at its equilibrium position and will
remain there forever, since the spring is relaxed. The closed orbits have a more in-
teresting interpretation: they correspond to periodic motions, i.e., oscillations of
the mass. To see this, just look at some points on a closed orbit (Figure 5.1.4).
When the displacement x is most negative, the velocity v is zero; this corre-
sponds to one extreme of the oscillation, where the spring is most compressed
(Figure 5.1.4). S

Figure 5.1.3
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as a varies from —oo to 4o, showing the qualitatively different cases.
Solution: The system is

X a 0Yx
v) o —thy)
Matrix multiplication yields
X =ax
y=-y
which shows that the two equations are uncoupled; there’s no x in the y-equation

and vice versa. In this simple case, each equation may be solved separately. The
solution is

x(t) = x,e” (la)
y(t)=yee . (I1b)

The phase portraits for different values of @ are shown in Figure 5.1.5. In each
case, y(t) decays exponentially. When a < 0, x(¢) also decays exponentially and so
all trajectories approach the origin as ¢ — . However, the direction of approach
depends on the size of a compared to —1.

@) a<-1 b) a =-1 (¢) -1<ax<0

A
W

(d) a=0 (&) a>0

Figure 5.1.5
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of trajectories for all time, not just as t — o . We say that a fixed point x * is Lia-
punov stable if all trajectories that start sufficiently close to x * remain close to it
for all time. In Figures 5.1.5a—d, the origin is Liapunov stable.

Figure 5.1.5d shows that a fixed point can be Liapunov stable but not attracting.
This situation comes up often enough that there is a special name for it. When a
fixed point is Liapunov stable but not attracting, it is called neutrally stable.
Nearby trajectories are neither attracted to nor repelled from a neutrally stable
point. As a second example, the equilibrium point of the simple harmonic oscilla-
tor (Figure 5.1.3) is neutrally stable. Neutral stability is commonly encountered in
mechanical systems in the absence of friction. Conversely, it’s possible for a fixed
point to be attracting but not Liapunov stable; thus, neither notion of stability im-
plies the other. An example is given by the following vector field on the circle:
=1-cosb (Figure 5.1.6). Here 6* = 0 attracts all trajectories as t — oo, but it is
not Liapunov stable; there are trajectories that start infini-
tesimally close to 8 * but go on'a very large excursion be-
fore returning to 6 *.

However, in practice the two types of stability often oc-
cur together. If a fixed point is both Liapunov stable and at-
tracting, we’ll call it stable, or sometimes asymptotically
stable.

Finally, x* is unstable in Figure 5.1.5¢, because it is
neither attracting nor Liapunov stable.

A graphical convention: we’ll use open dots to denote unstable fixed points, and
solid black dots to denote Liapunov stable fixed points. This convention is consis-
tent with that used in previous chapters.

Figure 5.1.6

5.2 Classification of Linear Systems

The examples in the last section had the special feature that two of the entries in
the matrix A were zero. Now we want to study the general case of an arbitrary
2 X2 matrix, with the aim of classifying all the possible phase portraits that can
occur.

Example 5.1.2 provides a clue about how to proceed. Recall that the x and y
axes played a crucial geometric role. They determined the direction of the trajecto-
ries as t — *eo . They also contained special straight-line trajectories: a trajectory
starting on one of the coordinate axes stayed on that axis forever, and exhibited
simple exponential growth or decay along it.

For the general case, we would like to find the analog of these straight-line tra-
jectories. That is, we seek trajectories of the form

x(1) = ev, )

5.2 CLASSIFICATION OF LINEAR SYSTEMS 129
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Xg =V + Vo

SAL) /

V1

Figure 5.2.1

This observation allows us to write down the general solution for x(¢) —it is simply
x(t) = c,eM'v, +c,e'v, . )

Why is this the general solution? First of all, it is a linear combination of solu-
tions to X = Ax, and hence is itself a solution. Second, it satisfies the initial condi-
tion x(0)=x,, and so by the existence and uniqueness theorem, it is the only
solution. (See Section 6.2 for a general statement of the existence and uniqueness
theorem.)

EXAMPLE 5.2.1:

Solve the initial value problem x =x+y, y=4x—2y, subject to the initial
condition (x,,y,) =(2,-3).
Solution: The corresponding matrix equation is

X 1 1Yx

v) 4 2\y)
First we find the eigenvalues of the matrix A . The matrix has 7=-1 and A=-6,
so the characteristic equation is A*+ 4 —6 =0 . Hence

A =2, A,=-3.

Next we find the eigenvectors. Given an eigenvalue A, the corresponding
eigenvector v = (v,,v,) satisfies

S

-1 1Yv 0
For A, =2, this yields (4 4]( 1)=[Oj, which has a nontrivial solution

v,

5.2 CLASSIFICATION OF LINEAR SYSTEMS 131
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manifold is the line spanned by v, = (1,1) . As with all saddle points, a typical tra-
jectory approaches the unstable manifold as # — oo, and the stable manifold as
t — —oo . Figure 5.2.2 shows the phase portrait. m- -

y

Figure 5.2.2

EXAMPLE 5.2.3:

Sketch a typical phase portrait for the case A, <4, <0.
Solution: First suppose A, <A, <0. Then both eigensolutions decay exponen-
tially. The fixed point is a stable

slow eigendirection

y

node, as in Figures 5.1.5a and 5.1.5c¢,
except now the eigenvectors are not
mutually perpendicular, in general.

= Trajectories typically approach the
\\ origin tangent to the slow eigendirec-

fion, defined as the direction spanned
by the eigenvector with the smaller
fast eigendirection |4]. In backwards time (z — —o ), the

trajectories become parallel to the

Figure 5.2.3
fast eigendirection. Figure 5.2.3

shows the phase portrait. (If we reverse all the arrows in Figure 5.2.3, we obtain a
typical phase portrait for an unstable node.) m

EXAMPLE 5.2.4:

What happens if the eigenvalues are complex numbers?

5.2 CLASSIFICATION OF LINEAR SYSTEMS 133
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EXAMPLE 5.2.5:

In our analysis of the general case, we have been assuming that the eigenvalues
are distinct. What happens if the eigenvalues are equal?

Solution: Suppose A, = A, = A. There are two possibilities: either there are two
independent eigenvectors corresponding to A, or there’s only one.

If there are two independent eigenvectors, then they span the plane and so
every vector is an eigenvector with this same eigenvalue A. To see this, write
an arbitrary vector X, as a linear combination of the two eigenvectors:
X, =V, +c,v,. Then

Ax, = A(c\ v, +¢,v,) = v, + c,Av, = Ax,

$O X, is also an eigenvector with eigenvalue A. Since multiplication by A sim-
ply stretches every vector by a factor A, the matrix must be a multiple of the

identity:
A0
A= .
0 A

Then if A =0, all trajectories are straight lines through the origin (x(#) = et X,)
and the fixed point is a star node (Figure 5.2.5).

Figure 5.2.5
On the other hand, if A =0, the whole plane is filled with fixed points! (No sur-
prise—the system is x =0.)
The other possibility is that there’s only one eigenvector (more accurately, the
eigenspace corresponding to A is one-dimensional.) For example, any matrix of
the form A = 0 Z] with b# 0 has only a one-dimensional eigenspace (Exer-

cise 5.2.11).
When there’s only one eigendirection, the fixed point is a degenerate node. A
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' unstable nodes ©__

unstable spirals

saddle points

non-isolated
fixed points

stars, degenerate nodes
Figure 5.2.8

The axes are the trace T and the determinant A of the matrix A. All of the infor-
mation in the diagram is implied by the following formulas:

l],zz%(TiM), Azﬂ“lﬂ“z’ T=2’1+2’2’

The first equation is just (5). The second and third can be obtained by writing the
characteristic equation in the form (A—1,)(A-A,)= A —tA+A =0.

To arrive at Figure 5.2.8, we make the following observations:

If A <0, the eigenvalues are real and have opposite signs; hence the fixed point
is a saddle point.

If A> 0, the eigenvalues are either real with the same sign (nodes), or complex
conjugate (spirals and centers). Nodes satisfy 77 —4A >0 and spirals satisfy
7> —=4A < 0. The parabola > ~4A =0 is the borderline between nodes and spi-
rals; star nodes and degenerate nodes live on this parabola. The stability of the
nodes and spirals is determined by 7. When 7 < 0, both eigenvalues have negative
real parts, so the fixed point is stable. Unstable spirals and nodes have 7 > 0. Neu-
trally stable centers live on the borderline 7 =0, where the eigenvalues are purely
imaginary.

If A=0, at least one of the eigenvalues is zero. Then the origin is not an iso-
lated fixed point. There is either a whole line of fixed points, as in Figure 5.1.5d, or
a plane of fixed points,if A=0.

Figure 5.2.8 shows that saddle points, nodes, and spirals are the major types of
fixed points; they occur in large open regions of the (A,7) plane. Centers, stars,
degenerate nodes, and non-isolated fixed points are borderline cases that occur
along curves in the (A,7) plane. Of these borderline cases, centers are by far the
most important. They occur very commonly in frictionless mechanical systems
where energy is conserved.

5.2 CLASSIFICATION OF LINEAR SYSTEMS 137
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Now consider the forecast for lovers governed by the general linear system

Figure 5.3.1

R=aR+bJ

J=cR+d]

where the parameters a, b, ¢, d may have either sign. A choice of signs specifies
the romantic styles. As named by one of my students, the choice ¢>0, b>0
means that Romeo is an “eager beaver’—he gets excited by Juliet’s love for him,
and is further spurred on by his own affectionate feelings for her. It’s entertaining
to name the other three romantic styles, and to predict the outcomes for the various
pairings. For example, can a “cautious lover” (a <0, b > 0) find true love with an
eager beaver? These and other pressing questions will be considered in the exer-
cises.

EXAMPLE 5.3.1:
What happens when two identically cautious lovers get together?

Solution: The system is

R=aR+bJ

J=bR+al
with a <0, b>0. Here a is a measure of cautiousness (they each try to avoid
throwing themselves at the other) and b is a measure of responsiveness (they both
get excited by the other’s advances). We might suspect that the outcome depends

on the relative size of g and b. Let’s see what happens.
The corresponding matrix is

(a bj
A=

b a
which has

T=2a<0, A=g*-b?, T2 —4A=4b>0,

5.3 LOVE AFFAIRS 139
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5.1.2 Consider the system x =ax, y=-y, where a <-1. Show that all trajec-
tories become parallel to the y-direction as t — oo, and parallel to the x-direction
as t — —oo,

(Hint: Examine the slope dy/dx = y/x.)
Write the following systems in matrix form.

51.3 x=-y,y=—x 5.1.4 x=3x-2y,y=2y—x
5.1.5 x=0,y=x+y 51,6 x=x,y=5x+y

Sketch the vector field for the following systems. Indicate the length and direction
of the vectors with reasonable accuracy. Sketch some typical trajectories.

517 x=x,y=x+y 5.1.8 x=-2y,y=x

5.1.9 Consider the system x =—y, y=—x.

a) Sketch the vector field.

b) Show that the trajectories of the system are hyperbolas of the form x> —y*> = C.
(Hint: Show that the governing equations imply xx — yy = 0 and then integrate
both sides.)

c) The origin is a saddle point; find equations for its stable and unstable mani-
folds.

d) The system can be decoupled and solved as follows. Introduce new variables u
and v, where u = x+y, v=x—y. Then rewrite the system in terms of « and v.
Solve for u(t) and v(t), starting from an arbitrary initial condition (i, v,).

e) What are the equations for the stable and unstable manifolds in terms of # and
v?

f) Finally, using the answer to (d), write the general solution for x(z) and y(z),
starting from an initial condition (x,,y,).

5.1.10 (Attracting and Liapunov stable) Here are the official definitions of the
various types of stability. Consider a fixed point x * of a system x = f(x).

We say that x* is aftracting if there is a 8 > 0 such that limx(#) = x * when-
1—yoo

ever || x(0)=~x* || < 8. In other words, any trajectory that starts within a distance &

of x * is guaranteed to converge to X * eventually. As shown schematically in Fig-
ure 1, trajectories that start nearby are allowed to stray from x * in the short run,
but they must approach x * in the long run.

In contrast, Liapunov stability requires that nearby trajectories remain close for
all time. We say that x * is Liapunov stable if for each £ >0, there isa § >0 such
that || x(t)—x *| < & whenever >0 and ||x(0)~x*| < &. Thus, trajectories that
start within § of x * remain within £ of x* for all positive time (Figure 1).
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linear system where the eigenvalues are complex. The system is x=x-y,

y=x+y.

a) Find A and show that it has eigenvalues A, =1+1i, 4, =1—1, with eigenvectors
v, =(,1), v, = (=i,1). (Note that the eigenvalues are complex conjugates, and
so are the eigenvectors—this is always the case for real A with complex eigen-
values.)

b) The general solution is x(¢) = clel"vl +czeh’v2. So in one sense we’re done!
But this way of writing x(r) involves complex coefficients and looks unfamil-
iar. Express x(r) purely in terms of real-valued functions. (Hint: Use
e =coswr+isinwr to rewrite x(r) in terms of sines and cosines, and then
separate the terms that have a prefactor of / from those that don’t.)

Plot the phase portrait and classify the fixed point of the following linear systems.
If the eigenvectors are real, indicate them in your sketch.

523 x=y,y=-2x-3y 524 x=5x+10y,y=—x—y
525 x=3x-4y,y=x-y 52.6 x=-3x+2y,y=x-2y
5.27 x=5x+2y,y=—-17x-5y 5.2.8 x=-3x+4y,y=-2x+3y
5.2.9 x=4x—3y,y:8x—6y 5210 x=y,y=-x—-2y.

A b
5.2.11 Show that any matrix of the form A = [0 ], with b # 0, has only a one-

A

dimensional eigenspace corresponding to the eigenvalue A. Then solve the system

x = Ax and sketch the phase portrait.

5.2.12 (LRC circuit) Consider the circuit equation LI+ RI+1/C=0, where

L,C>0and R=0.

a) Rewrite the equation as a two-dimensional linear system.

b) Show that the origin is asymptotically stable if R >0 and neutrally stable if
R=0.

¢) Classify the fixed point at the origin, depending on whether R*C — 4L is posi-
tive, negative, or zero, and sketch the phase portrait in all three cases.

5.2.13 (Damped harmonic oscillator) The motion of a damped harmonic oscilla-

tor is described by mXx + bx + kx =0, where b > 0 is the damping constant.

a) Rewrite the equation as a two-dimensional linear system.

b) Classify the fixed point at the origin and sketch the phase portrait. Be sure to
show all the different cases that can occur, depending on the relative sizes of
the parameters.

¢) How do your results relate to the standard notions of overdamped, critically
damped, and underdamped vibrations?

5.2.14 (A project about random systems) Suppose we pick a linear system at -
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6

PHASE PLANE

6.0 Introduction

This chapter begins our study of two-dimensional nonlinear systems. First we con-
sider some of their general properties. Then we classify the kinds of fixed points
that can arise, building on our knowledge of linear systems (Chapter 5). The theory
is further developed through a series of examples from biology (competition be-
tween two species) and physics (conservative systems, reversible systems, and the
pendulum). The chapter concludes with a discussion of index theory, a topological
method that provides global information about the phase portrait.

This chapter is mainly about fixed points. The next two chapters will discuss
" closed orbits and bifurcations in two-dimensional systems.

6.1 Phase Portraits

The general form of a vector field on the phase plane is

X = filx,x,)
X, = fo(x),%,)

where f, and f, are given functions. This system can be written more compactly
in vector notation as

x =f(x)

where x=(x,,x,) and f(x)=(f(x), /,(x)). Here x represents a point in the
phase plane, and x is the velocity vector at that point. By flowing along the vector
field, a phase point traces out a solution x(#), corresponding to a trajectory wind-
ing through the phase plane (Figure 6.1.1).

6.1 PHASE PORTRAITS 145
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x,, =x, ++(k, +2k, + 2k, +k,)

n+l

where

k, =f(x,) At

k, =f(x, +1k)Ar
k, =f(x, +Lk,)Ar
k, =f(x, +k;)Ar.

A stepsize Af=0.1 usually provides sufficient accuracy for our purposes.

When plotting the phase portrait, it often helps to see a grid of representative
vectors in the vector field. Unfortunately, the arrowheads and different lengths of
the vectors tend to clutter such pictures. A plot of the direction field is clearer:
short line segments are used to indicate the local direction of flow.

EXAMPLE 6.1.1:

Consider the system x = x+ e, y = —y. First use qualitative arguments to ob-
tain information about the phase portrait. Then, using a computer, plot the direc-
tion field. Finally, use the Runge—Kutta method to compute several trajectories,
and plot them on the phase plane.

Solution: First we find the fixed points by solving x =0, y = 0 simultaneously.
The only solution is (x*, y*) = (=1,0). To determine its stability, note that y(r) —> 0
as t — oo, since the solutionto y=—y is y(tf) = y,e '. Hence ¢ * — 1 and so in the
long run, the equation for x becomes x = x +1; this has exponentially growing so-
lutions, which suggests that the fixed point is unstable. In fact, if we restrict our at-
tention to initial conditions on the x-axis, then y, =0 and so y(f) = 0 for all time.
Hence the flow on the x-axis is governed strictly by x = x +1. Therefore the fixed
point is unstable.

To sketch the phase portrait, it is helpful to plot the nullclines, defined as the
curves where either x =0 or y=0. The nullclines indicate where the flow is
purely horizontal or vertical (Figure 6.1.3). For example, the flow is horizontal
where y =0, and since y =—y, this occurs on the line y =0 . Along this line, the
flow is to the right where ¥ =x+1> 0, that is, where x > —1.

Similarly, the flow is vertical where x = x + ¢~ =0, which occurs on the curve
shown in Figure 6.1.3. On the upper part of the curve where y >0, the flow is
downward, since y < 0.

6.1 PHASE PORTRAITS 147
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sional systems. We state the result for n-dimensional systems, since no extra effort
is involved:

Existence and Uniqueness Theorem: Consider the initial value problem
x =f(x), x(0) = x,. Suppose that f is continuous and that all its partial derivatives
df, /o7x 1, j =1,..., n,are continuous for x in some open connected set D c R".
Then for x, € D, the initial value problem has a solution x(¢) on some time interval
(—1,7) about ¢t = 0, and the solution is unique.

In other words, existence and uniqueness of solutions are guaranteed if f is contin-
uously differentiable. The proof of the theorem is similar to that for the case n =1,
and can be found in most texts on differential equations. Stronger versions of the
theorem are available, but this one suffices for most applications.

From now on, we’ll assume that all our vector fields are-'smooth enough to en-
sure the existence and uniqueness of solutions, starting/from any point in phase
space.

The existence and uniqueness theorem has an important corollary: different
trajectories never intersect. If two trajectories did intersect, then there would be
two solutions starting from the same point (the
crossing point), and this would violate the
uniqueness part of the theorem. In more intuitive
language, a trajectory can’t move in two direc-
tions at once.

Because trajectories can’t intersect, phase por-
traits always have a well-groomed look to them.
. Otherwise they might degenerate into a snarl of
criss-crossed curves (Figure 6.2.1). The existence and uniqueness theorem pre-
vents this from happening.

In two-dimensional phase spaces (as opposed to higher-dimensional phase
spaces), these results have especially strong topological consequences. For exam-

ple, suppose there is a closed orbit C in the phase
C plane. Then any trajectory starting inside C is
trapped in there forever (Figure 6.2.2).
What is the fate of such a bounded trajectory? If
there are fixed points inside C, then of course the
trajectory might eventually approach one of them.
But what if there aren’t any fixed points? Your
intuition may tell you that the trajectory can’t
Figure 6.2.2 meander around forever—if so, you’re right.

For vector fields on the plane, the Poincaré-
Bendixson theorem states that if a trajectory is confined to a closed, bounded
region and there are no fixed points in the region, then the trajectory must

Figure 6.2.1
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Hence the disturbance (i,v) evolves according to

B (£ ZL\u .
A=l5 5 + quadratic terms. ()
% B N A

*

The matrix

: 3
A=la &
EE

is called the Jacobian matrix at the fixed point (x*, y*). It is the multivariable ana-
log of the derivative f’(x*)seen in Section 2.4.

Now since the quadratic terms in (1) are tiny, it’s tempting to neglect them alto-
gether. If we do that, we obtain the linearized system

a4
&JA
&
{;'\4

I

U

v

)

@)

whose dynamics can be analyzed by the methods of Section 5.2.

The Effect of Small Nonlinear Terms

Is it really safe to neglect the quadratic terms in (1)? In other words, does the
linearized system give a qualitatively correct picture of the phase portrait near
(x*,y*¥) 7 The answer is yes, as long as the fixed point for the linearized system
is not one of the borderline cases discussed in Section 5.2, In other words, if
the linearized system predicts a saddle, node, or a spiral, then the fixed point
really is a saddle, node, or spiral for the original nonlinear system. See An-
dronov et al. (1973) for a proof of this result, and Example 6.3.1 for a concrete
illustration.

The borderline cases (centers, degenerate nodes, stars, or non-isolated fixed
points) are much more delicate. They can be altered by small nonlinear terms, as
we’ll see in Example 6.3.2 and in Exercise 6.3.11.

EXAMPLE 6.3.1:

Find all the fixed points of the system x = —x+ x”, y =2y, and use lineariza-
tion to classify them. Then check your conclusions by deriving the phase portrait
for the full nonlinear system.

Solution: Fixed points occur where x =0 and y =0 simultaneously. Hence we
need x =0 or x==1, and y =0. Thus, there are three fixed points: (0,0), (1,0),
and (—1,0). The Jacobian matrix at a general point (x, y) is

6.3 FIXED POINTS AND LINEARIZATION 151
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EXAMPLE 6.3.2:

Consider the system

¥=—y+ax(x’ +y’)
y=x+ay(x* +y%)

where a is a parameter. Show that the linearized system incorrectly predicts that
the origin is a center for all values of a, whereas in fact the origin is a stable spiral
if a <0 and an unstable spiral if a > 0.

Solution: To obtain the linearization about (x*, y*) = (0,0), we can either com-
pute the Jacobian matrix directly from the definition, or we can take the following
shortcut. For any system with a fixed point at the origin, x and y represent devia-
tions from the fixed point, since u = x—x*=x and v=y—y*=y; hence we can
linearize by simply omitting nonlinear terms in x and y . Thus the linearized sys-
temis X = —y, y = x. The Jacobian is

0 -1
A=
1 0
which has 7=0, A=1>0, so the origin is always a center, according to the lin-
earization.
To analyze the nonlinear system, we change variables to polar coordinates. Let

x =rcos8, y=rsin. To derive a differential equation for r, we note x* + y* = r’,
80 xx + yy = rr. Substituting for x and y yields
rr= x(—y+ ax(x® + yz))+ y(x +ay(x® + yz))
— a(xz + yZ)Z
4

=ar .

Hence 7 = ar’. In Exercise 6.3.12, you are asked to derive the following differen-
tial equation for @:

o= “‘2 X
r
After substituting for x and y we find @ = 1. Thus in polar coordinates the original

system becomes

- 3
r=ar

6=1.

The system is easy to analyze in this form, because the radial and angular mo-
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Hyperbolic Fixed Points, Topological Equivalence, and
Structural Stability

If Re(Ad)# 0 for both eigenvalues, the fixed point is often called hyperbolic.
(This is an unfortunate name—it sounds like it should mean “saddle point”—but it
has become standard.) Hyperbolic fixed points are sturdy; their stability type is un-
affected by small nonlinear terms. Nonhyperbolic fixed points are the fragile ones.

We’ve already seen a simple instance of hyperbolicity in the context of vector
fields on the line. In Section 2.4 we saw that the stability of a fixed point was accu-
rately predicted by the linearization, as long as f’(x*)# 0. This condition is the
exact analog of Re(A) = 0.

These ideas also generalize neatly to higher-order systems. A fixed point of an
nth-order system is Ayperbolic if all the eigenvalues of the linearization lie off the
imaginary axis, i.e., Re(4,)#0 for i=1, ..., n. The important Hartman—
Grobman theorem states that the local phase portrait near a hyperbolic fixed point
is “topologically equivalent” to the phase portrait of the linearization; in particular,
the stability type of the fixed point is faithfully captured by the linearization. Here
topologically equivalent means that there is a homeomorphism (a continuous de-
formation with a continuous inverse) that maps one local phase portrait onto the
other, such that trajectories map onto trajectories and the sense of time (the direc-
tion of the arrows) is preserved.

Intuitively, two phase portraits are topologically equivalent if one is a distorted
version of the other. Bending and warping are allowed, but not ripping, so closed or-
bits must remain closed, trajectories connecting saddle points must not be broken, etc.

Hyperbolic fixed points also illustrate the important general notion of structural
stability. A phase portrait is structurally stable if its topology cannot be changed
by an arbitrarily small perturbation to the vector field. For instance, the phase por-
trait of a saddle point is structurally stable, but that of a center is not: an arbitrarily
small amount of damping converts the center to a spiral.

6.4 Rabbits versus Sheep

In the next few sections we’ll consider some simple examples of phase plane
analysis. We begin with the classic Lotka—Volterra model of competition between
two species, here imagined to be rabbits and sheep. Suppose that both species are
competing for the same food supply (grass) and the amount available is limited.
Furthermore, ignore all other complications, like predators, seasonal effects, and
other sources of food. Then there are two main effects we should consider:

1. Each species would grow to its carrying capacity in the absence of the
other. This can be modeled by assuming logistic growth for each
species (recall Section 2.3). Rabbits have a legendary ability to repro-
duce, so perhaps we should assign them a higher intrinsic growth rate.

6.4 RABBITS VERSUS SHEEP 155
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the matrix is triangular. Hence the fixed point is a stable node. Trajectories ap-
proach along the eigendirection associated with A = -1 ; you can check that this di-
rection is spanned by v =(1,-2). Figure 6.4.2 shows the phase portrait near the
fixed point (0,2).

y \\

Figure 6.4.2

(3,0): ThenAz(O )andl=—3,—1.

This is also a stable node. The trajectories approach along the slow cigendirec-

tion spanned by v = (3,—-1), as shown in Figure 6.4.3.

O\

Figure 6.4.3

(1,1): Then A=( .

lj’ which has 7=-2, A=—-1, and A=—1++2.

Hence this is a saddle point. As you can check, the phase portrait near (1,1) is as
shown in Figure 6.4.4.

>

Figure 6.4.4

Combining Figures 6.4.1-6.4.4, we get Figure 6.4.5, which already conveys a
good sense of the entire phase portrait. Furthermore, notice that the x and y axes
contain straight-line trajectories, since x =0 when x =0, and y=0 when y=0.
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Pielou (1969), Edelstein—Keshet (1988), or Murray (1989) for additional refer-
ences and analysis.

Our example also illustrates some general mathematical concepts. Given an at-
tracting fixed point x *, we define its basin of attraction to be the set of initial con-
ditions x, such that x(t) — x* as t — o> . For instance, the basin of attraction for
the node at (3,0) consists of all the points lying below the stable manifold of the
saddle. This basin is shown as the shaded region in Figure 6.4.8.

basin boundary =
stable manifold of saddle

basin for (3, 0)

1 2 3 rabbits
Figure 6.4.8

Because the stable manifold separates the basins for the two nodes, it is called the
basin boundary. For the same reason, the two trajectories that comprise the stable
manifold are traditionally called separatrices. Basins and their boundaries are im-
portant because they partition the phase space into regions of different long-term
behavior.

6.5 Conservative Systems

Newton’s law F = ma is the source of many important second-order systems. For
example, consider a particle of mass m moving along the x-axis, subject to a non-
linear force F(x). Then the equation of motion is

mx = F(x).

Notice that we are assuming that F is independent of both x and ¢ ; hence there is
no damping or friction of any kind, and there is no time-dependent driving force.

Under these assumptions, we can show that energy is conserved, as follows. Let
V(x) denote the potential energy, defined by F(x) = —dV/dx. Then

. dav
mi+—=0. ()
dx
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X=x—-x".
This can be rewritten as the vector field

xX=y

: 3

y=x—x
where y represents the particle’s velocity. Equilibrium points occur where

(x,y)=(0,0). Hence the equilibria are (x*,y*) = (0,0) and (£1,0). To classify
these fixed points we compute the Jacobian:

0 1
A= , |
(1—3x 0)

At (0,0), we have A=-1, so the origin is a saddle point. But when (x*,y*) =
(£1,0), we find 7=0, A=2; hence these equilibria are predicted to be centers.

At this point you should be hearing warning bells—in Section 6.3 we saw that
small nonlinear terms can easily destroy a center predicted by the linear approxi-
mation. But that’s not the case here, because of energy conservation. The trajecto-
ries are closed curves defined by the contours of constant energy, i.e.,

E=1y*—1x*+1x*=constant.

‘<

Figure 6.5.1 shows the trajectories corresponding to different values of E. To
decide which way the arrows point along the trajectories, we simply compute the
vector (x,y) at a few convenient locations. For example, x >0 and y =0 on the
positive y-axis, so the motion is to the right. The orientation of neighboring trajec-
tories follows by continuity.

As expected, the system has a sad-

dle point at (0,0) and centers at (1,0)
'f\\ and (—1,0). Each of the neutrally sta-
/O\\ ble centers is surrounded by a family
M * of small closed orbits. There are also
large closed orbits that encircle all

three fixed points.

Thus solutions of the system are
Figure 6.5.1 typically periodic, except for the

equilibrium solutions and two very
special trajectories: these are the tra-
jectories that appear to start and end at the origin. More precisely, these trajectories
approach the origin as ¢ — teo, Trajectories that start and end at the same fixed
point are called homoclinic orbits. They are common in conservative systems, but
are rare otherwise. Notice that a homoclinic orbit does not correspond to a periodic

<
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self, rather than in the phase plane. But notice—the trajectories must maintain a
constant height F , so they would run around the surface, not down it. m

Nonlinear Centers

Centers are ordinarily very delicate but, as the examples above suggest, they are
much more robust when the system is conservative. We now present a theorem
about nonlinear centers in second-order conservative systems.

The theorem says that centers occur at the local minima of the energy function.
This is physically plausible—one expects neutrally stable equilibria and small os-
cillations to occur at the bottom of any potential well, no matter what its shape.

Theorem 6.5.1: (Nonlinear centers for conservative systems) Consider
the system x =f(x), where x=(x,y) eR? and f is continuously differentiable.
Suppose there exists a conserved quantity E(x) and suppose that X * is an isolated
fixed point (i.e., there are no other fixed points in a small neighborhood surround-
ing x*). If x* is a local minimum of E, then all trajectories sufficiently close to
x * are closed.

Ideas behind the proof: Since £ is constant on trajectories, each trajec-
tory is contained in some contour of E. Near a local maximum or minimum, the
contours are closed. (We won’t prove this, but Figure 6.5.3 should make it seem
obvious.) The only remaining question is whether the trajectory actually goes all
the way around the contour or whether it stops at a fixed point on the contour.
But because we’re assuming that x * is an isolated fixed point, there cannot be
any fixed points on contours sufficiently close to x *. Hence all trajectories in a
sufficiently small neighborhood of x * are closed orbits, and therefore x* is a
center. m

Two remarks about this result:

1. The theorem is valid for local maxima of E also. Just replace the
function £ by —F, and maxima get converted to minima; then Theo-
rem 6.5.1 applies.

2. We need to assume that x* is isolated. Otherwise there are coun-
terexamples due to fixed points on the energy contour—see Exercise
6.5.12.

Another theorem about nonlinear centers will be presented in the next section.

6.6 Reversible Systems

Many mechanical systems have time-reversal symmetry. This means that their dy-
namics look the same whether time runs forward or backward. For example, if you
were watching 2 movie of an undamped pendulum swinging back and forth, you
wouldn’t see any physical absurdities if the movie were run backward.
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Ideas behind the proof: Consider a trajectory that starts on the positive
x-axis near the origin (Figure 6.6.2). Sufficiently near the origin, the flow swirls
around the origin, thanks to the dominant influence of the linear center, and so the
trajectory eventually intersects the negative x-axis. (This is the step where our
proof lacks rigor, but the claim should seem plausible.)

y

Figure 6.6.2

Now we use reversibility. By reflecting the trajectory across the x-axis, and
changing the sign of 7, we obtain a twin trajectory with the same endpoints but
with its arrow reversed (Figure 6.6.3).

-
D

Figure 6.6.3

Together the two trajectories form a closed orbit, as desired. Hence all trajectories
sufficiently close to the origin are closed. m

EXAMPLE 6.6.1:
Show that the system

x=y-y’
y=—x-y

has a nonlinear center at the origin, and plot the phase portrait.
Solution: We’ll show that the hypotheses of the theorem are satisfied. The Ja-
cobian at the origin is

A:(_Ol éj
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vertical line x=1. Then y <0 so y(t) decreases, eventually reaching y =0. Fig-
ure 6.6.5 shows the situation.

Figure 6.6.5

Now, by reversibility, there must be a twin trajectory with the same endpoints
but with arrow reversed (Figure 6.6.6). Together the two trajectories form the de-
sired homoclinic orbit. »

There is a more general definition of reversibility
which extends nicely to higher-order systems. Con-
1 sider any mapping R(x) of the phase space to itself
that satisfies R*(x)=x. In other words, if the map-
ping is applied twice, all points go back to where they
started. In our two-dimensional examples, a reflection
about the x-axis (or any axis through the origin) has
this property. Then the system X = f(x) is reversible
if it is invariant under the change of variables t —» — , x — R(x).
Our next example illustrates this more general notion of reversibility, and also
highlights the main difference between reversible and conservative systems.

Figure 6.6.6

EXAMPLE 6.6.3:
Show that the system

X =-2COsX—COSYy
y=-2c0o8y—Ccosx

is reversible, but not conservative. Then plot the phase portrait.

Solution: The system is invariant under the change of variables t — —, x — —x,
and y — —y. Hence the system is reversible, with R(x,y) = (-x,—y) in the preced-
ing notation.

To show that the system is not conservative, it suffices to show that it has an at-
tracting fixed point. (Recall that a conservative system can never have an attracting
fixed point—see Example 6.5.1.) v

The fixed points satisfy 2 cos x = —cosy and 2 cosy = —cos x. Solving these equa-
tions simultaneously yields cos x* = cos y* =0. Hence there are four fixed points,
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In the absence of damping and external driving, the motion of a pendulum is
governed by

2
%+%sin0=0 ()

where @ is the angle from the downward vertical, g is the acceleration due to
gravity, and L is the length of the pendulum (Figure 6.7.1).

X, ¥

Figure 6.7.1

We nondimensionalize (1) by introducing a frequency @ = /g/L and a dimen-
sionless time 7 = t. Then the equation becomes

6 +sinh=0 )

where the overdot denotes differentiation with respect to 7. The corresponding
system in the phase plane is

O=v (3a)
Vy=—sin@ (3b)

where v is the (dimensionless) angular velocity.

The fixed points are (8%, v*) = (kx, 0), where & is any integer. There’s no phys-
ical difference between angles that differ by 27, so we’ll concentrate on the two
fixed points (0,0) and (,0). At (0, 0), the Jacobian is

0 1
A=
-1 0
so the origin is a linear center.
In fact, the origin is a nonlinear center, for two reasons. First, the system (3) is
reversible: the equations are invariant under the transformation 7 —- -7, v —> —v.
Then Theorem 6.6.1 implies that the origin is a nonlinear center.

Second, the system is also conservative. Multiplying (2) by 6 and integrating
yields

0(0+sin0) =0 = L6? —cos6 = constant.
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hence the heteroclinic trajectories represent delicate motions in which the pendulum
slows to a halt precisely as it approaches the inverted position. For E > 1, the pendulum
whirls repeatedly over the top. These rotations should also be regarded as periodic solu-
tions, since 8 = —x and 6 = 4+ are the same physical position.

Cylindrical Phase Space

The phase portrait for the pendulum is more illuminating when wrapped onto
the surface of a cylinder (Figure 6.7.4). In fact, a cylinder is the natural phase

¥/ E>1

) \t//«lf:l

2@«1&*:—1

==
—

Figure 6.7.4

space for the pendulum, because it incor-
porates the fundamental geometric dif-
ference between v and O: the angular
velocity v is a real number, whereas 8 is
an angle.

There are several advantages to the
cylindrical representation. Now the pe-
riodic whirling motions look peri-
odic—they are the closed orbits that
encircle the cylinder for £>1. Also, it
becomes obvious that the saddle points
in Figure 6.7.3 are all the same physical
state (an inverted pendulum at rest).
The heteroclinic trajectories of Figure
6.7.3 become homoclinic orbits on the
cylinder.

There is an obvious symmetry be-

tween the top and bottom half of Figure 6.7.4. For example, both homoclinic or-
bits have the same energy and shape. To highlight this symmetry, it is

clockwise counterclockwise
whirling whirling

Figure 6.7.5

interesting (if a bit
mind-boggling at first)
to plot the energy verti-
cally instead of the an-
gular velocity v (Figure
6.7.5). Then the orbits
on the cylinder remain
at  constant  height,
while the cylinder gets
bent into a U-tube. The
T E=1 two arms of the tube are
distinguished by the
sense of rotation of the
+ E=-1 pendulum, either clock-

wise or counterclock-

rotations

librations
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Figure 6.7.7

The picture on the U-tube is clearer. All trajectories continually lose altitude,
except for the fixed points (Figure 6.7.8).

clockwise counterclockwise
whirling whirling

D >y

‘rotations

° + E=1

‘ librations
L E=-1

Figure 6.7.8

We can see this explicitly by computing the change in energy along a trajectory:

dE_d(

= (€ —cos8) =66 +sin) = ~b§* <0.

Hence E decreases monotonically along trajectories, except at fixed points where
6=0.

The trajectory shown in Figure 6.7.8 has the following physical interpretation:
the pendulum is initially whirling clockwise. As it loses energy, it has a harder
time rotating over the top. The corresponding trajectory spirals down the arm of
the U-tube until E < 1; then the pendulum doesn’t have enough energy to whirl,
and so it settles down into a small oscillation about the bottom. Eventually the mo-
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“simple closed curve” (i.e., it doesn’t intersect itself) and that it doesn’t pass
through any fixed points of the system. Then at each point X on C, the vector field
X = (x, y) makes a well-defined angle

¢ = tan™ (/%)
with the positive x-axis (Figure 6.8.1).
As x moves counterclockwise around C, the angle ¢ changes continuously
since the vector field is smooth. Also, when X returns to its starting place, ¢ re-

turns to its original direction. Hence, over one circuit, ¢ has changed by an integer

multiple of 27z. Let [¢].. be the net change in ¢ over one circuit. Then the index of
the closed curve C with respect to the vector field f is defined as

I :#[‘p]c

Thus, /. is the net number of counterclockwise revolutions made by the vector
field as x moves once counterclockwise around C.

To compute the index, we do not need to know the vector field everywhere; we
only need to know it along C. The first two examples illustrate this point.

EXAMPLE 6.8.1:

Given that the vector field varies along C as shown in Figure 6.8.2, find /...

Figure 6.8.2

Solution: As we traverse C once counterclockwise, the vectors rotate through
one full turn in the same sense. Hence [. =+1.

If you have trouble visualizing this, here’s a foolproof method. Number the vec-
tors in counterclockwise order, starting anywhere on C (Figure 6.8.3a). Then
transport these vectors (without rotation!) such that their tails lie at a common ori-
gin (Figure 6.8.3b). The index equals the net number of counterclockwise revolu-
tions made by the numbered vectors.
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Solution: To get a clear picture of the vector field, it is sufficient to consider a few

conveniently chosen points on C. For instance, at (x,y) = (1,0), the vector is (x,y) =

(x*y, x* =y*)=(0,1). This vector is labeled #1 in Figure 6.8.5a. Now we move

L5,9

6,8 2,4

3,7

(a) (b)

Figure 6.8.5

counterclockwise around C,
computing vectors as we go.
At (x,y)=%(l,1)g we have
£9)= (1,y)=5751,0), la-
beled #2. The remaining vec-
tors are found similarly.
Notice that different points on
the circle may be associated
with the same vector; for ex-
ample, vector #3 and #7 are

both (0,-1). e

o

Now we translate the vectors over to Figure 6.8.5b. As we move from #I'/t/o #9
in order, the vectors rotate 180° clockwise between #1 and #3, then swing back
360° counterclockwise between #3 and #7, and finally rotate 180° clockwise again
between #7 and #9 as we complete the circuit of C. Thus [¢]. =~-7+27-7=0

and therefore 1, =0 . m

" We plotted nine vectors in this example, but you may want to plot more to see

the variation of the vector field in finer detail.

Properties of the Index

Now we list some of the most important properties of the index.

1. Suppose that C can be continuously deformed into C” without passing

through a fixed point. Then I, =1, .

This property has an elegant proof: Our assumptions imply that as
we deform Cinto C’, the index I varies continuously. But I is an in-
teger—hence it can’t change without jumping! (To put it more for-
mally, if an integer-valued function is continuous, it must be constanz.)

As you think about this argument, try to see where we used the as-
sumption that the intermediate curves don’t pass through any fixed

points.

2.If C doesn’t enclose any fixed points, then /.= 0.
Proof: By property (1), we can shrink C to a tiny circle without
changing the index. But ¢ is essentially constant on such a circle, be-
cause all the vectors point in nearly the same direction, thanks to the as-
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per se.) Finally, / =—1 for a saddle point, because the vector field resembles that
discussed in Example 6.8.2. m

In Exercise 6.8.1, you are asked to show that spirals, centers, degenerate nodes
and stars all have I =+1. Thus, a saddle point is truly a different animal from all
the other familiar types of isolated fixed points.

The index of a curve is related in a beautifully simple way to the indices of the
fixed points inside it. This is the content of the following theorem.

Theorem 6.8.1: If a closed curve C surrounds n isolated fixed points
X%, ..., X, % then

1m0

Io=1+L+...+1

n

where /, is the index of X, *, fork=1,...,n.

Ideas behind the proof: The argument is a familiar one, and comes up
in multivariable calculus, complex variables, electrostatics, and various other
subjects. We think of C as a balloon and suck most of the air out it, being careful
not to hit any of the fixed points. The result of this deformation is a new closed
curve I', consisting of n small circles y,, ..., 7, about the fixed points, and two-
way bridges connecting these circles (Figure 6.8.8). Note that I = /., by prop-

erty (1), since we didn’t cross

C any fixed points during the
deformation. Now let’s com-

o pute I by considering [¢] .

~3 4:. There are contributions to

[(])]r from the small circles
and from the two-way bridges.
The key point is that the con-
Figure 6.8.8 tributions from the bridges

cancel out: as we move
around I, each bridge is traversed once in one direction, and later in the opposite
direction. Thus we only need to consider the contributions from the small circles.

On 7, ., the angle ¢ changes by [(])]yA =2m I, by definition of I,. Hence

and since /. = [, we’re done. m
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EXAMPLE 6.8.6:

Show that the system x = xe™™, y = 1+ x + y° has no closed orbits.
Solution: This system has no fixed points: if x=0, then x=0 and so
y=1+y”> #0. By Theorem 6.8.2, closed orbits cannot exist. m

EXERCISES FOR CHAPTER 6

6.1 Phase Portraits

For each of the following systems, find the fixed points. Then sketch the nullclines,
the vector field, and a plausible phase portrait.

6.1.1 x=x-y,y=1~¢" 6.1.2 )'czx—xB,y:—y
6.1.3 x=x(x-y),y=y2x-y) 6.1.4 x=y,y=x(1+y)—1
6.1.5 x=x(2—-x—-y),y=x-y 6.1.6 xi=x’-y,y=x—y

6.1.7  (Nullcline vs. stable manifold) There’s a confusing aspect of Example
6.1.1. The nullcline x =0 in Figure 6.1.3 has a similar shape and location as the
stable manifold of the saddle, shown in Figure 6.1.4. But they’re not the same
curve! To clarify the relation between the two curves, sketch both of them on the
same phase portrait.

(Computer work) Plot computer-generated phase portraits of the following sys-
tems. As always, you may write your own computer programs or use any ready-
made software, e.g., MacMath (Hubbard and West 1992).

6.1.8 (van der Pol oscillator) x =y, y = —x + y(1—x”)
6.1.9 (Dipole fixed point) x =2xy, y =y —x°

6.1.10 (Two-eyed monster) x=y+y*, y=—+x+1y—xy+£y” (from Borrelli
and Coleman 1987, p. 385.)

6.1.11 (Parrot) ¥ =y+y’, y=-x++y—xy+£y” (from Borrelli and Coleman
1987, p. 384.)

6.1.12 (Saddle connections) A certain system is known to have exactly two fixed
points, both of which are saddles. Sketch phase portraits in which

a) there is a single trajectory that connects the saddles;

b) there is no trajectory that connects the saddles.

6.1.13 Draw a phase portrait that has exactly three closed orbits and one fixed point.

6.1.14 (Series approximation for the stable manifold of a saddle point) Recall

the system x =x+e™”, y=—y from Example 6.1.1. We showed that this system

EXERCISES 181
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6.3.9 Consider the system x =y’ —4x, y=y’ —y—3x.

a) Find all the fixed points and classify them.

b) Show that the line x = y is invariant, i.e., any trajectory that starts on it stays on
it.

¢) Show that ]x(t)—y(t)] — 0 as t — oo for all other trajectories. (Hint: Form a
differential equation for x —y.)

d) Sketchthe phase portrait.

e) If you have access to a computer, plot an accurate phase portrait on the square
domain —20 £ x,y £20. (To avoid numerical instability, you’ll need to use a
fairly small step size, because of the strong cubic nonlinearity.) Notice the tra-
jectories seem to approach a certain curve as t — —oo; can you explain this be-
havior intuitively, and perhaps find an approximate equation for this curve?

6.3.10 (Dealing with a fixed point for which linearization is inconclusive) The

goal of this exercise is to sketch the phase portrait for x = xy, y = x* — y.

a) Show that the linearization predicts that the origin is a non-isolated fixed
point.

b) Show that the origin is in fact an isolated fixed point.

c¢) Is the origin repelling, attracting, a saddle, or what? Sketch the vector field
along the nullclines and at other points in the phase plane. Use this information
to sketch the phase portrait.

d) Plot a computer-generated phase portrait to check your answer to (c).
(Note: This problem can also be solved by a method called center manifold the-

ory, as explained in Wiggins (1990) and Guckenheimer and Holmes (1983).)

6.3.11 (Nonlinear terms can change a star into a spiral) Here’s another example

that shows that borderline fixed points are sensitive to nonlinear terms. Consider

the system in polar coordinates given by 7 = —r, 6=1/Inr.

a) Find r(r) and 6(r) explicitly, given an initial condition (r,,8,) .

b) Show that r(#) > 0 and |6(¢)]| — o as t — oo . Therefore the origin is a stable
spiral for the nonlinear system.

¢) Write the system in x, y coordinates.

d) Show that the linearized system about the origin is x=—x, y=—y. Thus the
origin is a stable star for the linearized system.

6.3.12 (Polar coordinates) Using the identity 6 =tan '(y/x), show that
0= (xy—yx)/r’.
6.3.13 (Another linear center that’s actually a nonlinear spiral) Consider the sys-

tem X = —y—x", y = x. Show that the origin is a spiral, although the linearization
predicts a center.

6.3.14 Classify the fixed point at the origin for the system x=-y+ax’,
y=x+ay’, for all real values of the parameter a .
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Nl =rN,(1-N,/K,)-b NN,
N, =rN, —b,N,N,.

Nondimensionalize the model and analyze it. Show that there are two qualitatively
different kinds of phase portrait, depending on the size of K, . (Hint: Draw the null-
clines.) Describe the long-term behavior in each case.

6.4.6 Finally, suppose that both species have finite carrying capacities:

N, =rN,(1-N,/K,)~b NN,
N, =r,N,(1-N,/K,)—b,N,N,.

a) Nondimensionalize the model. How many dimensionless groups are needed?

b) Show that there are four qualitatively different phase portraits, as far as long-
term behavior is concerned.

¢) Find conditions under which the two species can stably coexist. Explain the bio-
logical meaning of these conditions. (Hint: The carrying capacities reflect the com-
petition within a species, whereas the b’s reflect the competition between species.)

6.4.7 (Two-mode laser) According to Haken (1983, p. 129), a two-mode laser
produces two different kinds of photons with numbers n, and n,. By analogy with
the simple laser model discussed in Section 3.3, the rate equations are

n, = G Nn, —kn,
n, = G,Nn, —k,n,

where N(t)= N, —oyn —a,n, is the number of excited atoms. The parameters

G,.G, k., k,, o, 0, N, are all positive.

a) Discuss the stability of the fixed point n,*=n,*=0.

b) Find and classify any other fixed points that may exist.

¢) Depending on the values of the various parameters, how many qualitatively dif-
ferent phase portraits can occur? For each case, what does the model predict
about the long-term behavior of the laser?

6.5 Conservative Systems

6.5.1 Consider the system ¥ = x° — x.

a) Find all the equilibrium points and classify them.
b) Find a conserved quantity.

¢) Sketch the phase portrait.

6.5.2 Consider the system i = x — x”.
a) Find and classify the equilibrium points.
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b) Find all the equilibrium points of the system.

¢) Show that one of the equilibria is a center in the (u, v ) phase plane, according to
the linearization. Is it a nonlinear center?

d) Show that the equilibrium point found in (c) corresponds to a circular planetary
orbit.

Hamiltonian systems are fundamental to classical mechanics; they provide an
equivalent but more geometric version of Newton’s laws. They are also central to
celestial mechanics and plasma physics, where dissipation can sometimes be ne-
glected on the time scales of interest. The theory of Hamiltonian systems is deep
and beautiful, but perhaps too specialized and subtle for a first course on nonlinear
dynamics. See Arnold (1978), Lichtenberg and Lieberman (1992), Tabor (1989),
or Hénon (1983) for introductions.

Here’s the simplest instance of a Hamiltonian system. Let H(p,q) be a smooth,
real-valued function of two variables. The variable ¢ is the “generalized coordinate”
and p is the “conjugate momentum.” (In some physical settings, H could also de-
pend explicitly on time ¢, but we’ll ignore that possibility.) Then a system of the form

g=dH/dp,  p=-dH[dq

is called a Hamiltonian system and the function H is called the Hamiltonian.
The equations for ¢ and p are called Hamilton’s equations.
The next three exercises concern Hamiltonian systems.

6.5.8 (Harmonic oscillator) For a simple harmonic oscillator of mass m, spring

2 2
. . .. kx
constant k, displacement x, and momentum p, the Hamiltonian is H = ;; +T.
m

Write out Hamilton’s equations explicitly. Show that one equation gives the usual
definition of momentum and the other is equivalent to F' = ma. Verify that H is the
total energy.

6.5.9 Show that for any Hamiltonian system, H(x, p) is a conserved quantity.
(Hint: Show H = 0 by applying the chain rule and invoking Hamilton’s equations.)

Hence the trajectories lie on the contour curves H(x, p)=C.

6.5.10 (Inverse-square law) A particle moves in a plane under the influence of
2 2
an inverse-square force. It is governed by the Hamiltonian H(p,r) = % + zh—z _k
r r
where r > 0 is the distance from the origin and p is the radial momentum. The pa-

rameters A and k are the angular momentum and the force constant, respectively.

a) Suppose k>0, corresponding to an attractive force like gravity. Sketch the
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discussed in Section 3.5. Recall that the bead’s motion is governed by
mrd = —b — mgsin ¢ + mrew® singcos .

Previously, we could only treat the overdamped limit. The next four exercises deal
with the dynamics more generally.

6.5.15 (Frictionless bead) Consider the undamped case b=0.

a) Show that the equation can be nondimensionalized to ¢” =sin¢(cos¢—y "),
where y = rw*/g as before, and prime denotes differentiation with respect to
dimensionless time T = @t .

b) Draw all the qualitatively different phase portraits as y varies.
¢) What do the phase portraits imply about the physical motion of the bead?

6.5.16 (Small oscillations of the bead) Return to the original dimensional vari-
ables. Show that when & =0 and ¢ is sufficiently large, the system has a symmet-
ric pair of stable equilibria. Find the approximate frequency of small oscillations
about these equilibria. (Please express your answer with respectto ¢, not 7 .)

6.5.17 (A puzzling constant of motion for the bead) Find a conserved quantity
when »=0. You might think that it’s essentially the bead’s total energy, but it
isn’t! Show explicitly that the bead’s kinetic plus potential energy is not con-
served. Does this make sense physically? Can you find a physical interpretation
for the conserved quantity? (Hint: Think about reference frames and moving con-
straints.)

6.5.18 (General case for the bead) Finally, allow the damping & to be arbitrary.
Define an appropriate dimensionless version of &, and plot all the qualitatively dif-
ferent phase portraits that occur as b and y vary.

i

otka—Volterra predator-prey model. Here R(t) is the number of rabbits, F(¢) is
the number of foxes, and a,b,c,d > 0 are parameters.
a) Discuss the biological meaning of each of the terms in the model. Comment on
any unrealistic assumptions.
b) Show that the model can be recast in dimensionless form as x" = x(1—y),
Yy =py(x-1).
c) Find a conserved quantity in terms of the dimensionless variables.
d) Show that the model predicts cycles in the populations of both species, for al-
most all initial conditions.

This model is popular with many textbook writers because it’s simple, but some
are beguiled into taking it too seriously. Mathematical biologists dismiss the
Lotka—Volterra model because it is not structurally stable, and because real preda-
tor-prey cycles typically have a characteristic amplitude. In other words, realistic

%;f:él;j (Rabbits vs. foxes) The model R=aR-bRF, F=—cF+dRF is the
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6.6.8 (Reversible system on a cylinder) While studying chaotic streamlines inside
a drop immersed in a steady Stokes flow, Stone et al. (1991) encountered the system

i=Zxx-Dsing,  ¢=4[f-cospzhxcoss]

where 0<x<l and 7w <¢<rx.

Since the system is 27-periodic in ¢, it may be considered as a vector field on a
cylinder. (See Section 6.7 for another vector field on a cylinder.) The x-axis runs
along the cylinder, and the ¢-axis wraps around it. Note that the cylindrical phase
space is finite, with edges given by the circles x =0 and x =1.

a) Show that the system is reversible.

b) Verify that for o7 > > /-, the system has three fixed points on the cylinder,
one of which is a saddle. Show that this saddle is connected to itself by a homo-
clinic orbit that winds around the waist of the cylinder. Using reversibility,
prove that there is a band of closed orbits sandwiched between the circle x =0
and the homoclinic orbit. Sketch the phase portrait on the cylinder, and check
your results by numerical integration.

¢) Show that as §— le from above, the saddle point moves toward the circle
x =0, and the homoclinic orbit tightens like a noose. Show that all the closed
orbits disappear when = .

d) For 0< f< ﬁ, show that there are two saddle points on the edge x = 0. Plot
the phase portrait on the cylinder.

6.6.9 (Josephson junction array) As discussed in Exercises 4.6.4 and 4.6.5, the
equations

d¢,
dart

' N
=Q+asing, +4 D sing,, for k=12,

J=1

arise as the dimensionless circuit equations for a resistively loaded array of

Josephson junctions.

a) Let 8, = ¢, — %, and show that the resulting system for 8, is reversible.

b) Show that there are four fixed points (mod 27 ) when |[Q/(a+1)| <1, and none
when |Q/(a+1)|>1.

¢) Using the computer, explore the various phase portraits that occur for a=1, as
Q varies over the interval 0 < Q <3
For more about this system, see Tsang et al. (1991).

6.6.10 s the origin a nonlinear center for the system x =~y —x?, y=x?

6.6.11 (Rotational dynamics and a phase portrait on a sphere) The rotational dy-
namics of an object in a shear flow are governed by

EXERCISES 191



ANVid 3SVHd T61

Jouapuadsp-0 9y} sA0wAl O], "uoneIdalul jo i Jaddn o) pue pueidojur oy}
yioq ur szeadde 0 1ey) a8eiueApRSIP 2Y) 2a®Y (q) pue (®) sued ur se[nwio] oyy, (9
L [@F us—n% us)y

or

0
] .[17 = [ ey} moys ‘e[nuoj a[Sue-jey oY) Sursn (q

' Z”[(iosoo—gsoo)z] Tv=l
or 0

1By} 90Ul pue (003 —Gsod)T = .6 YeU) moys ‘A31aus Jo uoneAlesuod Juisn (v

‘winnpuad 9y) Jo pouad oy ¢ (10),[ 10J B[NULIO] B 9ALIOP 0}
Suro3 a1e oam ‘suone[ndiuewr Axo1n swos urs) - 0 opmrduwe ue Y Surduims st
0 =@ us + g Aq paureaod wnnpuad e 9soddng (wninpuad 93 jo poulad) L9

"0V [RIOLQO=0UIsS+g{(gs0dv + )+ zA[euy (3urdwep IedurjuoN) €°£°9

exuod sseyd
9Y) Ul SIQUAD AUB NOQE SUOTIR[[IDSO [[BwWS Jo Aduanbaiy ayewnrxoidde oy purj (o
'souea A se suerd 9yy wo yreniod aseyd syl Yowys (p

{91qISIaA
-0I WAISAS 9y} ] "Amuenb poAIosUOD B pul ‘OS J] ({OATIBAIISUOD WASAS oY) ST (0
“PISY 103994 Y} puB SAUID[[NU Y} NS (q
‘sotren A se wioy) AJisseio pue syutod winuiqifinbe oy e puiy (e
“JUILIND SEIq JUBISUOD & £q udALIp uonounf uosydasof padurepun
ue 10 ‘onbi0] Juesuoos e £q uaatzp winjnpuad padurepun ue Jo SOTWRUAP Y} SIQLIOS
-op A=guis+¢g uonenbs oyy (onbioj jueisuod Aq usAup wnnpusd) T L9

"SOSBD
JuoIRyyIp A1eAanelenb oyy 1oy sireniod oseyd oy) jord pue ‘g < g [e 10 ) =g UIs
+09+0 jo syurod poxy oy Apisse[o pue pury (wnnpuad padweq) 1°£'9

wnjnpusd /'9

{, oo «— 7 Se 100[qo 2} Jo uonrIudLIo 9} 0} suaddey
JeUAN "MoO[ Iedys e ul 109(qo ur Jo uoriow JurjquIni 3y} o} SINSII Inok e[ (2
"ued NoA JI “219yds SYj UO UOTIOW Y} AZI[BNSIA 0} Id}12q $ T ING (SOIBUIPIOOD IB|
-ngueydarse ¢ pue g Junean) suonoaofoid Joea1opy se sirenitod oseyd 243 YoIo¥s
Aewr no X "aanjedou pue ‘019z ‘oanrsod sty uaya sireniod oseyd oyl aeSnseaur (q
“¢p— ¢ 1— 7 19puUn
pUB g— ¢ @ ‘ J— < 7 Iopun :SAem OM] UL 9[qISIAAI dIe suonenbo oyl 1Y) moys (e
‘193fqo oy Jo odeys oy uo spuadop y Iejowrered oy, ~10jenbo oy wroy
pIemipIou painseawr d[Fur Y} 9T . Opminel, Y SI £ S¢S L— pur ‘Ssixe-2 o)
punore 9[3ue 2y} o1 . ‘OpmISUOl,, oY) ST X S 9 > %— Jey] SI 919y UOTIUSAUOD INQ)
*102[q0 313 JO UOTEBIUSLIO Y} AQLIISIP JBY) SOJBUIPIOOD [BO1IdYdS aIe ¢ pue g dIoym
‘gurs (¢Zugsv+¢zsoo)=¢ ‘9sod ¢100=¢9



from the limits of integration, we introduce a new angle ¢ that runs from O to
Z when 6 runs from 0 to «. Specifically, let (sin4 o) sin ¢ = sin+ 8. Using this
substitution, rewrite (b) as an integral with respect to ¢ . Thereby derive the ex-
act result

/2
T= 4J W _ 4Kk(sin® o),
o cosi6

where the complete elliptic integral of the first kind is defined as

d¢

——— for0<m<1.
(1—msin* ¢)"?

/2
Kom) = |
0
d) By expanding the elliptic integral using the binomial series and integrating
term-by-term, show that

T(o)=27[ 1+ 4 a” + O(a*)] for a<<1.
Note that larger swings take longer.

6.7.5 (Numerical solution for the period) Redo Exercise 6.7.4 using either nu-
merical integration of the differential equation, or numerical evaluation of the el-
liptic integral. Specifically, compute the period 7(¢x), where ¢ runs from O to
180° in steps of 10°.

6.8 Index Theory

6.8.1 Show that each of the following fixed points has an index equal to +1.
a) stable spiral  b) unstable spiral ¢) center d)star  e) degenerate node

(Unusual fixed points) For each of the following systems, locate the fixed points
and calculate the index. (Hint: Draw a small closed curve C around the fixed point
and examine the variation of the vector field on C.)

682 i=x,y=y 683 x=y-x,y=x
684 x=y,y=x 6.85 x=xy,y=x+y

6.8.6 A closed orbit in the phase plane encircles S saddles, N nodes, F spirals,
and C centers, all of the usual type. Show that N+ F+C=1+S.

6.8.7 (Ruling out closed orbits) Use index theory to show that the system
x=x(4~y-x"), y=y(x—1) has no closed orbits.

6.8.8 A smooth vector field on the phase plane is known to have exactly three
closed orbits. Two of the cycles, say C, and C,, lie inside the third cycle C,. How-
ever, C, does not lie inside C,, nor vice-versa.
a) Sketch the arrangement of the three cycles.
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a) Classify the fixed point at the origin as a function of « .

b) Using the integral derived in Exercise 6.8.13, show that I, is independent of
o.

c) Let C be a circle centered at the origin. Compute /. explicitly by evaluating
the integral for any convenient choice of « .
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tems. Of course, a linear system x = AX can have closed orbits, but they won’t be
isolated; if x(¢) is a periodic solution, then so is ¢x(t) for any constant ¢ #0.
Hence x(?) is surrounded by a one-parameter family of closed orbits (Figure 7.0.2).
Consequently, the amplitude of a linear oscillation
cx(¢t)  is set entirely by its initial conditions; any slight dis-
x(t) turbance to the amplitude will persist forever. In
contrast, limit cycle oscillations are determined by
the structure of the system itself.
The next section presents two examples of sys-
tems with limit cycles. In the first case, the limit
cycle is obvious by inspection, but normally it’s
difficult to tell whether a given system has a limit
cycle, or indeed any closed orbits, from the gov-
Figure 7.0.2 erning equations alone. Sections 7.2—7.4 present

some techniques for ruling out closed orbits or for
proving their existence. The remainder of the chapter discusses analytical meth-
ods for approximating the shape and period of a closed orbit and for studying its
stability.

7.1 Examples

It’s straightforward to construct examples of limit cycles if we use polar coordi-
nates.

EXAMPLE 7.1.1: A SIMPLE LIMIT CYCLE

Consider the system
F=r(l-r?), =1 (1)

where r 2 0. The radial and angular dynamics are uncoupled and so can be ana-
lyzed separately. Treating 7= r(1—r) as a vector field on the line, we see that
r* =0 is an unstable fixed point and r* =1 is stable (Figure 7.1.1).

".

Figure 7.1.1
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As you might guess, the system eventually settles into a self-sustained oscilla-
tion where the energy dissipated over one cycle balances the energy pumped in.
This idea can be made rigorous, and with quite a bit of work, one can prove that the
van der Pol equation has a unique, stable limit cycle for each (> 0. This result
follows from a more general theorem discussed in Section 7.4.

To give a concrete illustration, suppose we numerically integrate (2) for
1 =1.5, starting from (x,x)= (0.5, 0) at r =0 . Figure 7.1.4 plots the solution in
the phase plane and Figure 7.1.5 shows the graph of x(¢). Now, in contrast to Ex-
ample 7.1.1, the limit cycle is not a circle and the stable waveform is not a sine
wave. m

3_

S T N A WA AT
T VA

—3d

Figure 7.1.4 Figure 7.1.5

7.2 Ruling Out Closed Orbits

Suppose we have a strong suspicion, based on numerical evidence or otherwise,
that a particular system has no periodic solutions. How could we prove this? In
the last chapter we mentioned one method, based on index theory (see Examples
6.8.5 and 6.8.6). Now we present three other ways of ruling out closed orbits.
They are of limited applicability, but they’'re worth knowing about, in case you
get lucky.

Gradient Systems

Suppose the system can be written in the form x = —VV, for some continuously
differentiable, single-valued scalar function V(x). Such a system is called a gradi-
ent system with potential function V.

Theorem 7.2.1: Closed orbits are impossible in gradient systems.

Proof: Suppose there were a closed orbit. We obtain a contradiction by
considering the change in V after one circuit. On the one hand, AV =0 since V is
single-valued. But on the other hand,

7.2 RULING OUT CLOSED ORBITS 199
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Liapunov Functions

Even for systems that have nothing to do with mechanics, it is occasionally pos-
sible to construct an energy-like function that decreases along trajectories. Such a
function is called a Liapunov function. If a Liapunov function exists, then closed
orbits are forbidden, by the same reasoning as in Example 7.2.2.

To be more precise, consider a system x = f(x) with a fixed point at x *. Sup-
pose that we can find a Liapunov function, i.e., a continuously differentiable, real-
valued function V(x) with the following properties:

1. V(x)>0 for all x#x*, and V(x*)=0. (We say that V is positive
definite.)
2. V<O forall x#x*. (All trajectories flow “downhill” toward x *.)

Then x * is globally asymptotically stable: for all initial conditions, x(f) — x * as
t — oo, In particular the system has no closed orbits. (For a proof, see Jordan and
Smith 1987.)

The intuition is that all trajectories move monotonically down the graph of
V(x) toward x * (Figure 7.2.1).

V(%)

x*

Figure 7.2.1

The solutions can’t get stuck anywhere else because if they did, V would stop
changing, but by assumption, V < 0 everywhere except at X *.

Unfortunately, there is no systematic way to construct Liapunov functions. Di-
vine inspiration is usually required, although sometimes one can work backwards.
Sums of squares occasionally work, as in the following example.

EXAMPLE 7.2.3:

By constructmg a Liapunov function, show that the system x=-x+4y,
y=—x—1y" has no closed orbits.

Solution: Consider V(x,y)= x> +ay” , where a is a parameter to be chosen
later, Then V =2xk+2ayy=2x(—x+4y)+2ay(-x—y*)=-2x>+ (8 —2a)xy —
2ay®. If we choose a =4, the xy term disappears and V=-2xt- 8y*. By inspec-
tion, V>0 and V <0 for all (x,y)+#(0,0). Hence V = x* +4y? is a Liapunov

7.2 RULING OUT CLOSED ORBITS 201
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Solution: A hunch tells us to pick g =1/xy. Then
. Jd . . d
V(gx)=—(gx)+—(g)
(&%) E (gx) 7y (gy)

_ 0 (2-x-y) O [4x-x"-3
ox v dy x

==y
<0.

Since the region x,y >0 is simply connected and g and f satisfy the required
smoothness conditions, Dulac’s criterion implies there are no closed orbits in the
positive quadrant. m

EXAMPLE 7.2.5:
Show that the system x =y, y=—x—y+ x>+ y* has no closed orbits.
Solution: Let g=e™ . Then V-(gX) = —2¢ *y+e (-=1+2y)=—¢* <0.By
Dulac’s criterion, there are no closed orbits. m

7.3 Poincaré-Bendixson Theorem

Now that we know how to rule out closed orbits, we turn to the opposite task: find-
ing methods to establish that closed orbits exist in particular systems. The follow-
ing theorem is one of the few results in this direction. It is also one of the key
theoretical results in nonlinear. dynamics, because it implies that chaos can’t occur
in the phase plane, as discussed briefly at the end of this section.

Poincaré~Bendixson Theorem: Suppose that:
(1) R isaclosed, bounded subset of the plane;
(2) x=1f(x) is a continuously differentiable vector field on an open set contain-

ing R;

(3) R does not contain any fixed points; and
(4) There exists a trajectory C that is “confined” in R, in the sense that it starts
in R and stays in R for all future time
(Figure 7.3.1).
Then either C is a closed orbit, or it spirals
toward a closed orbit as ¢ — . In either
‘case, R contains a closed orbit (shown as a
heavy curve in Figure 7.3.1).

The proof of this theorem is subtle, and
requires some advanced ideas from topol-

Figure 7.3.1
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soning is required.) By a similar argument, the flow is inward on the outer circle if
Toax = 1.001/ 14 4 .

max

Therefore a closed orbit exists for all ¢ <1, and it lies somewhere in the annu-
Ins 0.999,/ 1 - <r<1.00l1+4u.m

The estimates used in Example 7.3.1 are conservative. In fact, the closed orbit
can exist even if p > 1. Figure 7.3,3 shows a computer-generated phase portrait of
(1) for u =1. In Exercise 7.3.8, you’re asked to explore what happens for larger u,
and in particular, whether there’s a critical g beyond which the closed orbit disap-
pears. It’s also possible to obtain some analytical insight about the closed orbit for
small ¢ (Exercise 7.3.9).

Figure 7.3.3

When polar coordinates are inconvenient, we may still be able to find an appro-
priate trapping region by examining the system’s nullclines, as in the next example.

EXAMPLE 7.3.2:

In the fundamental biochemical process called glycolysis, living cells obtain en-
ergy by breaking down sugar. In intact yeast cells as well as in yeast or muscle ex-
tracts, glycolysis can proceed in an oscillatory fashion, with the concentrations of
various intermediates waxing and waning with a period of several minutes. For re-
views, see Chance et al. (1973) or Goldbeter (1980).

A simple model of these oscillations has been proposed by Sel’kov (1968). In
dimensionless form, the equations are

X=-x+ay+x’y
y=b—ay-xy
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Figure 7.3.5

To get the right intuition, consider x and y in the limit of very large x . Then
x=x"y and y~—x2y, so y/x=dy/dx ~—1 along trajectories. Hence the vector
field at large x is roughly parallel to the diagonal line. This suggests that in a more
precise calculation, we should compare the sizes of x and -y, for some
sufficiently large x .

In particular, consider x —(—y) . We find

F=(=Y)==x+ay+x’y+(b—ay—-x>y)
=b—x.
Hence
—y>x ifx>b.

This inequality implies that the vector field points inward on the diagonal line in
Figure 7.3.5, because dy/dx is more negative than —1, and therefore the vectors are
steeper than the diagonal line. Thus the region is a trapping region, as claimed. m

Can we conclude that there is a closed orbit inside the trapping region? No!
There is a fixed point in the region (at the intersection of the nullclines), and so the
conditions of the Poincaré-Bendixson theorem are not satisfied. But if this fixed
point is a repeller, then we can prove the existence of a closed orbit by considering
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_ b +Qa-1)b’ +(a+d’)
a+b? ’

Hence the fixed point is unstable for 7 > 0, and stable for 7 < 0. The dividing line
7 =0 occurs when

b*=4(1-2a%[1-8a).

This defines a curve in (a,b) space, as shown in Figure 7.3.7.

1.2 T T 1 f T

1

0.8 N

0.6 i
b

04 =

stable
0.2 fixed point -
0 i i ! | 1 !
0 002 004 006 0.08 01 012 014
a

Figure 7.3.7

For parameters in the region corresponding to 7 >0, we are guaranteed that the
system has a closed orbit—numerical integration shows that it is actually a stable
limit cycle. Figure 7.3.8 shows a computer-generated phase portrait for the typical
case a=0.08,5=0.6.m

Figure 7.3.8
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(1) f(x) and g(x) are continuously differentiable for all x ;
(2) g(—x)=—g(x) forall x (i.e., g(x) is an odd function);
(3) g(x)>0 for x>0;

@) f(—x)= f(x) forall x (i.e., f(x) is an even function);

(5) The odd function F(x)= J' f(u)du has exactly one positive zero at x =a,
0
is negative for 0.< x < a, is positive and nondecreasing for x >a, and

F(x) > as x — oo,
Then the system (2) has a unique, stable limit cycle surrounding the origin in the
phase plane.

This result should seem plausible. The assumptions on g(x) mean that the
restoring force acts like an ordinary spring, and tends to reduce any displacement,
whereas the assumptions on f(x) imply that the damping is negative at small | x|
and positive at large |x| . Since small oscillations are pumped up and large oscilla-
tions are damped down, it is not surprising that the system tends to settle into a
self-sustained oscillation of some intermediate amplitude.

EXAMPLE 7.4.1:

Show that the van der Pol equation has a unique, stable limit cycle.

Solution: The van der Pol equation ¥ + (x> —1)x +x =0 has f(x)=p(x* ~1)
and g(x) = x, so conditions (1)—(4) of Liénard’s theorem are clearly satisfied. To
check condition (5), notice that

F(x)=p(4x’ = x)=4px(x*-3).

Hence condition (5) is satisfied for a = 3 . Thus the van der Pol equation has a
unique, stable limit cycle. m

There are several other classical results about the existence of periodic solutions
for Liénard’s equation and its relatives. See Stoker (1950), Minorsky (1962), An-
dronov et al. (1973), and Jordan and Smith (1987).

7.5 Relaxation Oscillations

It’s time to change gears. So far in this chapter, we have focused on a qualitative
question: Given a particular two-dimensional system, does it have any periodic solu-
tions? Now we ask a quantitative question: Given that a closed orbit exists, what can
we say about its shape and period? In general, such problems can’t be solved exactly,
but we can still obtain useful approximations if some parameter is large or small.
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Now consider a typical trajectory in the (x,y) phase plane. The nullclines are
the key to understanding the motion. We claim that all trajectories behave like that
shown in Figure 7.5.1; starting from any point except the origin, the trajectory zaps
horizontally onto the cubic nullcline y = F(x). Then it crawls down the nullcline
until it comes to the knee (point B in Figure 7.5.1), after which it zaps over to the
other branch of the cubic at C. This is followed by another crawl along the cubic

y
y=F(x)
D fast

— A

slow
X

\/ slow

C
fast B

Figure 7.5.1

until the trajectory reaches the next jumping-off point at D, and the motion contin-
ues periodically after that.

To justify this picture, suppose that the initial condition is not too close to the
cubic nullcline, i.e., suppose y— F(x) ~ O(1). Then (4) implies |x| ~O0(u)>>1
whereas |y|~ O(u™) <<1; hence the velocity is enormous in the horizontal di-
rection and tiny in the vertical direction, so trajectories move practically hori-
zontally. If the initial condition is above the nullcline, then y— F(x)>0 and
therefore x > 0 ; thus the trajectory moves sideways toward the nullcline. How-
ever, once the trajectory gets so close that y — F(x)~ O(u ), then % and y be-
come comparable, both being O(x™'). What happens then? The trajectory
crosses the nullcline vertically, as shown in Figure 7.5.1, and then moves
slowly along the backside of the branch, with a velocity of size O(u™"), until it
reaches the knee and can jump sideways again. m

This analysis shows that the limit cycle has two widely separated time scales:
the crawls require A¢ ~ O(u) and the jumps require At ~ O(u'). Both time scales
are apparent in the waveform of x(¢) shown in Figure 7.5.2, obtained by numerical
integration of the van der Pol equation for x=10 and initial condition

(x5, ¥0)=1(2,0).
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the jumps and the crawls. See Grimshaw (1990, pp. 161-163) for a readable de-
rivation of this wonderful formula, discovered by Mary Cartwright (1952). See
also Stoker (1950) for more about relaxation oscillations.

One last remark: We have seen that a relaxation oscillation has two time scales
that operate sequentially—a slow buildup is followed by a fast discharge. In the
next section we will encounter problems where two time scales operate concur-
rently, and that makes the problems a bit more subtle.

7.6 Weakly Nonlinear Oscillators
This section deals with equations of the form
X+x+en(x,x)=0 (1)

where 0 < g<<1 and A(x,x) is an arbitrary smooth function. Such equations repre-
sent small perturbations of the linear oscillator ¥ + x =0 and are therefore called
weakly nonlinear oscillators. Two fundamental examples are the van der Pol
equation

i+x+ex*-Dx=0, (2)
(now in the limit of small nonlinearity), and the Duffing equation
F+x+ex’=0. (3)

To illustrate the kinds of phenomena that can arise, Figure 7.6.1 shows a com-
puter-generated solution of the van der Pol equation in the (x,x) phase plane, for
£=0.1 and an initial condition close to the origin. The trajectory is a slowly wind-
ing spiral; it takes many cycles for the amplitude to grow substantially. Eventually

Figure 7.6.1
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(We’re ignoring the O(¢”) and higher equations, in the optimistic spirit mentioned
earlier.)

The appropriate initial conditions for these equations come from (6). At t =0,
(4) implies that 0 = x,(0) + €x,(0)+ . . . ; this holds for all £, so

x,(0)=0, x@)=0. (12)
By applying a similar argument to x(0) we obtain
X, (0 =1, x(0)=0. (13)

Now we solve the initial-value problems one by one; they fall like dominoes.
The solution of (10), subject to the initial conditions x,(0) =0, x,(0) =1, is

Xy () =sint. (14)
Plugging this solution into (11) gives

X, +x, =-2cost. (15)

Here’s the first sign of trouble: the right-hand side of (15) is a resonant forcing.
The solution of (15) subjectto x,(0)=0, x,(0)=0 is

x,(t)=—tsint, (16)

which is a secular term, i.e., a term that grows without bound as ¢ — oo .
In summary, the solution of (5), (6) according to perturbation theory is

x(z,€) =sint — etsint + O(e?). (17)

How does this compare with the exact solution (7)? In Exercise 7.6.1, you are
asked to show that the two formulas agree in the following sense: If (7) is ex-
panded as power series in £, the first two terms are given by (17). In fact, (1’7) is
the beginning of a convergent series expansion for the true solution. For any fixed
t, (17) provides a good approximation as long as € is small enough-—specifically,
we need £t << 1 so that the correction term (which is actually O(g*¢*) ) is negligi-
ble.

But normally we are interested in the behavior for fixed €, not fixed ¢. In that
case we can only expect the perturbation approximation to work for times
t << O(1/€). To illustrate this limitation, Figure 7.6.2 plots the exact solution (7)
and the perturbation series (17) for € =0.1. As expected, the perturbation series
works reasonably well if ¢ << 1 =10, but it breaks down after that.
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than regular perturbation theory. In fact, more than two times can be used, but
we’ll stick to the simplest case.

To apply two-timing to (1), let 7 =¢ denote the fast O(l) time, and let T = ¢
denote the slow time. We’ll treat these two times as if they were independent vari-
ables. In particular, functions of the slow time 7 will be regarded as constants on
the fast time scale 7 . It’s hard to justify this idea rigorously, but it works! (Here’s
an analogy: it’s like saying that your height is constant on the time scale of a day.
Of course, over many months or years your height can change dramatically, espe-
cially if you’re an infant or a pubescent teenager, but over one day your height
stays constant, to a good approximation.)

Now we turn to the mechanics of the method. We expand the solution of (1) as a
series

x(t,€) = x, (1, T) + £x,(7, T) + O(E”). (18)
The time derivatives in (1) are transformed using the chain rule:

._dx _OJx  dxdT dx Jx

X—E—E'l"a—TE:E'FEﬁ. (19)

A subscript notation for differentiation is more compact; thus we write (19) as
i=dx+edx. (20)

After substituting (18) into (20) and collecting powers of £, we find

X =0,xy+&(drx, +9,x,)+ O(E). (21)
Similarly,
X =0, xq+E(0 X, +207,x, )+ O(E). (22)

To illustrate the method, let’s apply it to our earlier test problem.

EXAMPLE 7.6.1:

Use two-timing to approximate the solution to the damped linear oscillator
X +2€ex+ x =0, with initial conditions x(0) =0, x(0)=1.
Solution: After substituting (21) and (22) for x and X, we get

0 Xo +€(0,x, +207,%, ) +280,% + Xy +Ex, +O(€*)=0. (23
Collecting powers of £ yields a pair of differential equations:

oQ): d,x,+x,=0 (24)
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and d;x,(0,0)+d,x,(0,0) = 0. Combining (26) and (30) we find B(0) =0; hence
B(T)=0. Similarly, (26) and (31) imply A(0)=1, so A(T)=e". Thus (26) be-
comes

x,(T,T)=e"sint. (32)
Hence

x=e TsinT +O0(€)
=¢e ' sint+O0(g) (33)

is the approximate solution predicted by two-timing. m

Figure 7.6.3 compares the two-timing solution (33) to the exact solution (7) for
£=0.1. The two curves are almost indistinguishable, even though £ is not terribly
small. This is a characteristic feature of the method—it often works better than it
has any right to.

1 ! T T I

—O0— exact
—>— (wo timing

0 10 20 30 40 50

Figure 7.6.3

If we wanted to go further with Example 7.6.1, we could either solve for x, and
higher-order corrections, or introduce a super-slow time 3 = £’ to investigate the
long-term phase shift caused by the O(¢”) error in frequency. But Figure 7.6.3

shows that we already have a good approximation.
OK, enough practice problems! Now that we have calibrated the method, let’s
unleash it on a genuine nonlinear problem.

EXAMPLE 7.6.2:

Use two-timing to show that the van der Pol oscillator (2) has a stable limit cycle
that is nearly circular, with a radius = 2+ O(¢) and a frequency @ =1+ o).
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x(¢) = 2cos(t + ¢, ) + O(e) : (43)

as f — oo . Thus x(¢) approaches a stable limit cycle of radius = 2 + O(¢).
To find the frequency implied by (43), let @ =+ ¢(T) denote the argument of
the cosine. Then the angular frequency @ is given by
d¢ dT
w=ﬁ=1+—¢d—=1+s¢’:1, (44)
dt dar dt
through first order in £ . Hence w =1+ O(g?); if we want an explicit formula for
this O(e?) correction term, we’d need to introduce a super-slow time 8 = £, or
we could use the Poincaré-Lindstedt method, as discussed in the exercises. m

Averaged Equations

The same steps occur again and again in problems about weakly nonlinear os-
cillators. We can save time by deriving some general formulas.
Consider the equation for a general weakly nonlinear oscillator:

X+x+&h(x,x)=0. (45)
The usual two-timing substitutions give
O): d,xy+x,=0 (46)
O(e): dx, +x,=-20 ;xy—h (47)
where now h=h(x,, d,x,). As in Example 7.6.2, the solution of the O(1) equa-
tion is
xo = r(T)cos(T+ ¢(T)). (48)
Our goal is to derive differential equations for »* and ¢’, analogous to (40) and
(41). We’ll find these equations by insisting, as usual, that there be no terms pro-

portional to cos(7 + ¢) and sin(7 +¢) on the right-hand side of (47). Substituting
(48) into (47), we see that this right-hand side is

27’ sin(z + @) + r¢’ cos(t + 9)| - h (49)

where now h=h(rcos(t+¢), —rsin(t +4¢)).

To extract the terms in /4 proportional to cos(T +¢) and sin(7 + ¢), we borrow
some ideas from Fourier analysis. (If you’re unfamiliar with Fourier analysis,
don’t worry—we’ll derive all that we need in Exercise 7.6.12.) Notice that h is a
2 -periodic function of 7+ ¢ . Let

0=1+¢.
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and

2r
=0.
0

<cos3 sin> = ﬁ_[)zc”os3 0 sin0dl = -4 [cos4 9]

EXAMPLE 7.6.3:

Consider the van der Pol equation % + x + £(x* —1)x = 0, subject to the initial
conditions x(0) =1, x(0) = 0. Find the averaged equations, and then solve them to
obtain an approximate formula for x(¢,£). Compare your result to a numerical so-
lution of the full equation, for £ =0.1.

Solution: The van der Pol equation has h = (x> —1)x = (r> cos® @ — 1)(=rsin ).
Hence (53) becomes

¥’ =(hsin @) = <(r2 cos? 8 —1)(—rsin0) sin 6>
= r<sin2 6> - r3<cos2 6 sin® 6>
3

— 4
r—gr

W=~

and
r¢’ =(hcos@) = <(r2 cos” @ —1)(~rsin ) cos 9>
= r(sin@ cos6)— r3<cos3 8 sin 6>
=0-0=0.
These equations match those found in Example 7.6.2, as they should.
The initial conditions x(0)=1 and x(0)=0 imply r(0) = +/x(0)* + x(0)* =1
and ¢(0) = tan’l()'c(O)/x(O)) —-7=0-0=0. Since ¢’ =0, we find ¢(T)=0. To

3

find ~(T), we solve r'=Lr—+%r subject to r(0)=1. The differential equation

separates to

fr—(éts‘_i—rrz—)zfdr

After integrating by partial fractions and using »(0) =1, we find
_ry\-l2
rTy=2(1+3¢7) . (55)

Hence
x(t,€) ~ x,(1,7)+ O0(¢)
= 2 cost+ O(g).

V1437

(56)
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w=1+g¢’=1+3ea’>+0(e). (57)

Now for the physical interpretation. The Duffing equation describes the un-
damped motion of a unit mass attached to a nonlinear spring with restoring force
F(x)=—x—~g€x". We can use our intuition about ordinary linear springs if we
write F(x)= —kx, where the spring stiffness is now dependent on x :

k=k(x)=1+¢ex".

Suppose € > 0. Then the spring gets stiffer as the displacement x increases—this
is called a hardening spring. On physical grounds we’d expect it to increase the
frequency of the oscillations, consistent with (57). For € <0 we have a softening
spring, exemplified by the pendulum (Exercise 7.6.15).

It also makes sense that #* = 0. The Duffing equation is a conservative system
and for all £ sufficiently small, it has a nonlinear center at the origin (Exercise
6.5.13). Since all orbits close to the origin are periodic, there can be no long-term
change in amplitude, consistent with ' =0.m

Validity of Two-Timing

We conclude with a few comments about the validity of the two-timing method.
The rule of thumb is that the one-term approximation x, will be within O(¢) of the
true solution x for all times up to and including # ~ O(1/g), assuming that both x
and x, start from the same initial condition. If x is a periodic solution, the situa-
tion is even better: x, remains within O(¢) of x for all t.

But for precise statements and rigorous results about these matters, and for dis-
cussions of the subtleties that can occur, you should consult more advanced treat-
ments, such as Guckenheimer and Holmes (1983) or Grimshaw (1990). Those
authors use the method of averaging, an alternative approach that yields the same
results as two-timing. See Exercise 7.6.25 for an introduction to this powerful
technique.

Also, we have been very loose about the sense in which our formulas approxi-
mate the true solutions. The relevant notion is that of asymptotic approximation.
For introductions to asymptotics, see Lin and Segel (1988) or Bender and Orszag
(1978).

EXERCISES FOR CHAPTER 7

7.1 Examples

Sketch the phase portrait for each of the following systems. (As usual, »,8 denote
polar coordinates.)
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d) Give an argument which shows that the limit cycle is unique, i.e., there are no
other periodic trajectories.

7.1.9  (Circular pursuit problem) A dog at the center of circular pond sees a
duck swimming along the edge. The dog chases the duck by always swimming
straight toward it. In other words, the dog’s velocity vector always lies along the
line connecting it to the duck. Meanwhile, the duck takes evasive action by swim-
ming around the circumference as fast as it can, always moving counterclockwise.
a) Assuming the pond has unit radius and both animals swim at the same constant
speed, derive a pair of differential equations for the path of the dog. (Hint: Use the
coordinate system shown in Figure 2 and

duck find equations for dR/d0 and d¢/d0.) An-
alyze the system. Can you solve it explic-
/ b itly? Does the dog ever catch the duck?
R b) Now: suppose the dog swims k times
faster than the duck. Derive the differen-
h dog tial equations for the dog’s path.

¢) If k=4, what does the dog end up doing
in the long run?

Note: This problem has a long and intrigu-
ing history, dating back to the mid-1800s at
least. It is much more difficult than similar
pursuit problems—there is no known solu-
tion for the path of the dog in part (a), in
terms of elementary functions. See Davis
(1962, pp. 113-125) for a nice analysis and a
guide to the literature.

Figure 2

7.2 Ruling Out Closed Orbits

Plot the phase portraits of the following gradient systems x = -VV.

720 V=x*+)y° 722 V=x"-y’ 7.2.3 V=e'siny

7.2.4 Show that all vector fields on the line are gradient systems. Is the same

true of vector fields on the circle?

7.2.5 Letx=f(x,y),y=g(x,y) beasmooth vector field defined on the phase
plane.

a) Show that if this is a gradient system, then 0 f/dy = dg/dx .

b) Is the condition in (a) also sufficient?

7.2.6 Given that a system is a gradient system, here’s how to find its potential
function V. Suppose that x= f(x,y), y=g(x,y). Then x=-VV implies
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b) By considering the three straight lines through pairs of fixed points, show that
there are no closed orbits.
c¢) Sketch the phase portrait.

7.2.15 Consider the system X = x(2—x— ), y = y(4x — x*> = 3). We know from
Example 7.2.4 that this system has no closed orbits.

a) Find the three fixed points and classify them.

b) Sketch the phase portrait.

7.2.16 If R is not simply connected, then the conclusion of Dulac’s criterion is
no longer valid. Find a counterexample.

7.2.17 Assume the hypotheses of Dulac’s criterion, except now suppose that R
is topologically equivalent to an annulus, i.e., it has exactly one hole in it. Using
Green’s theorem, show that there exists at most one closed orbit in R. (This result
can be useful sometimes as a way of proving that a closed orbit is unique.)

7.3 Poincaré-Bendixson Theorem
,[—-7.3.1 Consider x =x—y~x(x*>+5y%), y=x+y—y(x*+ y%).

a) Classify the fixed point at the origin.

b) Rewrite the system in polar coordinates, using rr=xx+yy and
6 = (xy—yd)/r’.

c¢) Determine the circle of maximum radius, r,, centered on the origin such that all
trajectories have a radially outward component on it.

d) Determine the circle of minimum radius, 7, , centered on the origin such that all
trajectories have a radially inward component on it.

e) Prove that the system has a limit cycle somewhere in the trapping region
HhEr<n.

¥7.3.2 Using numerical integration, compute the limit cycle of Exercise 7.3.1
and verify that it lies in the trapping region you constructed.

7.3.3  Show that the system x = x — y—x°, y = x+ y—y® has a periodic solution.

7.3.4 Consider the system

x=x(1-4x" —y*)—Ly(1+x), y=y(1-4x*~y*)+2x(1+x).

a) Show that the origin is an unstable fixed point.

b) By considering V , where V =(1-4x? —y?)*, show that all trajectories ap-
proach the ellipse 4x”> +y*> =1 as t — oo,

7.3.5 Show that the system % =—x—y+x(x>+2y%), y=x—y+ y(x> +2y%)
has at least one periodic solution.
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clockwise or counterclockwise). Cycle graphs are rare in practice; here’s a con-
trived but simple example.
a) Plot the phase portrait for the system

F=r(l—r )[r2 sin® @+ (r’ cos’ 6 — 1)2]

0 =r’sin? 0+ (r? cos? 6 — 1)
where r,8 are polar coordinates. (Hint: Note the common factor in the two
equations; examine where it vanishes.)

b) Sketch x vs. ¢ for a trajectory starting away from the unit circle. What happens
ast —oo?

7.4 Lliénard Systems
1 7.4.1  Show that the equation ¥ + t(x* — 1)x +tanh x = 0, for u >0, has exactly
one periodic solution, and classify its stability.

'[L 7.4.2 Consider the equation X + u(x* —Dx+x=0.
a) Prove that the system has a unique stable limit cycle if £ >0 .
b) Using a computer, plot the phase portrait for the case (@ =1.
¢) If 4 <0, does the system still have a limit cycle? If so, is it stable or unstable?

7.5 Relaxation Oscillations

7.5.1  For the van der Pol oscillator with g >> 1, show that the positive branch
of the cubic nullcline begins at x, =2 and ends at x, =1.

7.5.2 In Example 7.5.1, we used a tricky phase plane (often called the Liénard
plane) to analyze the van der Pol oscillator for ¢t >>1. Try to redo the analysis in
the standard phase plane where x =y, y = —x — (x> —1). What is the advantage
of the Liénard plane?

7.5.3 Estimate the period of the limit cycle of X + k(x* —4)x+x =1 for k >>1.

7.5.4 (Piecewise-linear nullclines) Consider the equation X+ puf(x)x+x=0,
where f(x)=—1 for |x|<1 and f(x)=1 for|x|>1.

a) Show that the system is equivalent to x = y(y— F(x)), y =—x /i, where F(x)
is the piecewise-linear function

x+2, x<£-1
F(x)=1-1x, [x]Sl

x—2, x21.
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(Calibrating regular perturbation theory) Consider the initial value prob-
lem X +x+¢ex =0, with x(0)=1, x(0)=0.
a) Obtain the exact solution to the problem.
b) Using regular perturbation theory, find x;, x,, and x, in the series expansion
x(1,€) = x, (1) + £x,(2) + 2 x, (1) + O(€’).
¢) Does the perturbation solution contain secular terms? Did you expect to see
any? Why?

=»7.6.3 (More calibration) Consider the initial value problem X+ x =g, with

x(0)=1, x(0)=0.

a) Solve the problem exactly.

b) Using regular perturbation theory, find x,, x;, and x, in the series expansion
x(, ) = x, () + £x, (1) + €7 x, (1) + O(”).

¢) Explain why the perturbation solution does or doesn’t contain secular terms.

For each of the following systems X + x + €A(x,x) =0, with 0 < € << 1, calculate
the averaged equations (7.6.53) and analyze the long-term behavior of the system.
Find the amplitude and frequency of any limit cycles for the original system. If
possible, solve the averaged equations explicitly for x(z, €) , given the initial condi-
tions x(0)=a, x(0)=0.

. 7.6.4  h(x,%)=x 7.6.5 h(x,x)=xx’
- 7.6.6  h(x,X)=xx 7.6.7 h(x,x)=(x"-1Dx
7.6.8  h(x,%)=(]x-1)x 7.6.9 h(x,x)=(x*-Dx’

7.6.10 Derive the identity sin@ cos’ 8= +[sin6+sin30] as follows: Use the
complex representations

) 0 -io
e’ te . e’ —e
cosf@ = ——-—, sinf=——,
2 2i
multiply everything out, and then collect terms. This is always the most straight-
forward method of deriving such identities, and you don’t have to remember any

others.

7.6.11 (Higher harmonics) Notice the third harmonic sin3(7 + ¢) in Equation
(7.6.39). The generation of higher harmonics is a characteristic feature of non-
linear systems. To find the effect of such terms, return to Example 7.6.2 and
solve for x,, assuming that the original system had initial conditions x(0)=2,
x(0)=0.

7.6.12 (Deriving the Fourier coefficients) This exercise leads you through the

derivation of the formulas (7.6.51) for the Fourier coefficients. For convenience,
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Pol oscillator ¥+ €x(x* —1)+ x =0, in the limit £ << 1. Assume that the limit cy-
cle is a circle of unknown radius a about the origin, and invoke the normal form of
Green’s theorem (i.e., the 2-D divergence theorem):

§v-nd€=JjV-vdA

C

where C is the cycle and A is the region enclosed. By substituting v =x = (x,y)
and evaluating the integrals, show that a =2 .

7.6.17 (Playing on a swing) A simple model for a child playing on a swing is
x+ (1+ gy+ €cos 2f)sinx=0

where € and y are parameters, and 0 < € <<1. The variable x measures the angle
between the swing and the downward vertical. The term 1+ £y + £cos2t models
the effects of gravity and the periodic pumping of the child’s legs at approximately
twice the natural frequency of the swing. The question is: Starting near the fixed
point x =0, x =0, can the child get the swing going by pumping her legs this
way, or does she need a push?

a) For small x, the equation may be replaced by x+(1+¢ey+éecos2f)x=0.

Show that the averaged equations (7.6.53) become

¥ =+rsin2¢, ¢’ =4(y+4cos29),

where x=rcos8 =r(T)cos(t+¢(T)), x =-rsinB=—r(T)sin(t +¢(T)), and
prime denotes differentiation with respect to slow time T = g¢. Hint: To aver-
age terms like cos2t cos8 sin8 over one cycle of 8, recall that t =0 —¢ and
use trig identities:

cos(260 —2¢) sin 29)

(cos26 cos2¢ +sin 26 sin2¢) sin26)

in2¢.

(cos2t cosB sinf ) =

1 B i

b) Show that the fixed point » =0 is unstable to exponentially growing oscilla-

T with k>0, if |y|<y, where ¥, is to be determined.

tions, i.e., H(T)=r,e

(Hint: For r near 0, ¢" >>r" so ¢ equilibrates relatively rapidly.)
¢) For |y|<7,, write a formula for the growth rate k in terms of .
d) How do the solutions to the averaged equations behave if |y| >v,.?

e) Interpret the results physically.

7.6.18 (Mathieu equation and a super-slow time scale) Consider the Mathieu
equation X+ (a+ecostyx =0 with a=1. Using two-timing with a slow time
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w=1-L%e +0(&).

7.6.22 (Asymmetric spring) Use the Poincaré-Lindstedt method to find the first
few terms in the expansion for the solution of %¥+x+€ex”> =0, with x(0)=a,
#(0) =0 . Show that the center of oscillation is at x = +€a”, approximately.

Find the approximate relation between amplitude and frequency for the
periodic solutions of X —€xx+x=0.

7.6.24 (Computer algebra) Using Mathematica, Maple, or some other computer
algebra package, apply the Poincaré-Lindstedt method to the problem
¥+x—ex’ =0, with x(0)=a, and %(0)=0. Find the frequency @ of periodic
solutions, up to and including the o(€?) term.

7.6.25 (The method of averaging) Consider the weakly nonlinear oscillator

X+x+eh(x,x,t)=0. Let x(f)=r{)cos(t+¢(t)), x=-r(t)sin(t+@(t)). This

change of variables should be regarded as a definition of r(¢) and ¢(z).

a) Show that 7= ghsin(t+¢), r¢ = chcos(t+¢). (Hence r and ¢ are slowly
varying for 0 < £ << 1, and thus x(#) is a sinusoidal oscillation modulated by a

slowly drifting amplitude and phase.)
T
b) Let (r)(t)=r(t) = -2]71 r(t)dt denote the running average of r over one cycle
of the sinusoidal oscillation. Show that d(r)/dt = (dr/dt), i.e., it doesn’t mat-

ter whether we differentiate or time-average first.

c) Show that d(r)/dt = €{ h[rcos(t + ¢), — rsin(t + ¢), t]sin(t +¢) ).

d) The result of part (c) is exact, but not helpful because the left-hand side in-
volves (r) whereas the right-hand side involves r. Now comes the key approx-
imation: replace r and ¢ by their averages over one cycle. Show that
r(t) = (1) + O(¢) and ¢(1) = 5 () + O(¢), and therefore

dr/dt = g( h[Fcos(t +@), —Fsin(t +), t]sin(t +9) ) + O(e”)
Fdg/dt=e(h[F cos(t+§), —Fsin(t +@), ] cos(t + ) ) + O(e”)
where the barred quantities are to be treated as constants inside the averages. These
equations are just the averaged equations (7.6.53), derived by a different approach

in the text. It is customary to drop the overbars; one usually doesn’t distinguish be-
tween slowly varying quantities and their averages.

7.6.26 (Calibrating the method of averaging) Consider the equation x = —£xsin” f,
withO<ée<<land x=x,att=0.
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BIFURCATIONS REVISITED

8.0 Introduction

This chapter extends our earlier work on bifurcations (Chapter 3). As we move up
from one-dimensional to two-dimensional systems, we still find that fixed points
can be created or destroyed or destabilized as parameters are varied—but now the
same is true of closed orbits as well. Thus we can begin to describe the ways in
which oscillations can be turned on or off.

In this broader context, what exactly do we mean by a bifurcation? The usual
definition involves the concept of “topological equivalence” (Section 6.3): if the
phase portrait changes its topological structure as a parameter is varied, we say that
a bifurcation has occurred. Examples include changes in the number or stability of
fixed points, closed orbits, or saddle connections as a parameter is varied.

This chapter is organized as follows: for each bifurcation, we start with a simple
prototypical example, and then graduate to more challenging examples, either
briefly or in separate sections. Models of genetic switches, chemical oscillators,
driven pendula and Josephson junctions are used to illustrate the theory.

8.1 Saddle-Node, Transcritical, and
Pitchfork Bifurcations

The bifurcations of fixed points discussed in Chapter 3 have analogs in two dimen-
sions (and indeed, in all dimensions). Yet it turns out that nothing really new hap-
pens when more dimensions are added—all the action is confined to a
one-dimensional subspace along which the bifurcations occur, while in the extra
dimensions the flow is either simple attraction or repulsion from that subspace, as
we'll see below.
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since x =0 and y = 0 simultaneously. Thus, to see how the fixed points move as u
changes, we just have to watch the intersections. Now suppose that the nullclines
pull away from each other as ¢ varies, becoming tangent at (£ = {i.. Then the fixed
points approach each other and collide when u = p_; after the nullclines pull apart,
there are no intersections and the fixed points disappear with a bang. The point is
that all saddle-node bifurcations have this character locally.

EXAMPLE 8.1.1:

The following system has been discussed by Griffith (1971) as a model for a ge-
netic control system. The activity of a certain gene is assumed to be directly in-
duced by two copies of the protein for which it codes. In other words, the gene is
stimulated by its own product, potentially leading to an autocatalytic feedback
process. In dimensionless form, the equations are

X=—ax+y
2
. x
= -b
Y 1+ x?2 Y

where x and y are proportional to the concentrations of the protein and the mes-
senger RNA from which it is translated, respectively, and a, b >0 are parameters
that govern the rate of degradation of x and y.

Show that the system has three fixed points when a < a, , where a_ is to be de-
termined. Show that two of these fixed points coalesce in a saddle-node bifurcation
when a = a,. Then sketch the phase portrait for a < a,, and give a biological inter-
pretation.

Solution: The nullclines are given by the line y = ax and the sigmoidal curve

2
X

Y T

as sketched in Figure 8.1.3. Now suppose we vary a while holding b fixed. This is
simple to visualize, since « is the slope of the line. For small a there are three in-
tersections, as in Figure 8.1.3. As

y y=ax a increases, the top two intersec-
2 tions approach each other and
Y= ba+x%) collide when the line intersects

the curve tangentially. For larger
values of a, those fixed points
disappear, leaving the origin as
x the only fixed point.
Figure 8.1.3 To find a,, we compute the
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(except in the degenerate case a = b, which we disregard). At the other two fixed
points, A looks messy but it can be simplified using (2). We find

. 2
A=ab- — 2" o ab{l— 2 2}: ab[("*) _21}
(1+%?) 1+ (x*) 1+(x*%)

So A <0 for the “middle” fixed point, which has 0 < x* < 1; this is a saddle point.
The fixed point with x* >1 is always a stable node, since A < ab and therefore
2 —4A>(a-b) >0.

The phase portrait is plotted in Figure 8.1.5. By looking back at Figure 8.1.4, we
can see that the unstable manifold of the saddle is necessarily trapped in the narrow

channel between the two nullclines. More importantly, the stable manifold sepa-
rates the plane into two regions, each a basin of attraction for a sink.

y

/\A

N

Figure 8.1.5

X

The biological interpretation is that the system can act like a biochemical
switch, but only if the mRNA and protein degrade slowly enough—specifically,
their decay rates must satisfy ab <1/2. In this case, there are two stable steady
states: one at the origin, meaning that the gene is silent and there is no protein
around to turn it on; and one where x and y are large, meaning that the gene is ac-
tive and sustained by the high level of protein. The stable manifold of the saddle
acts like a threshold; it determines whether the gene turns on or off, depending on
the initial values of x and y. m

As advertised, the flow in Figure 8.1.5 is qualitatively similar to that in the ide-
alized Figure 8.1.1. All trajectories relax rapidly onto the unstable manifold of the
saddle, which plays a completely analogous role to the x-axis in Figure 8.1.1.

Thus, in many respects, the bifurcation is a fundamentally one-dimensional
event, with the fixed points sliding toward each other along the unstable manifold
like beads on a string. This is why we spent so much time looking at bifurcations in
one-dimensional systems—they’re the building blocks of analogous bifurcations in
higher dimensions. (The fundamental role of one-dimensional systems can be jus-
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EXAMPLE 8.1.3:

Show that a supercritical pitchfork bifurcation occurs at the origin in the system

X=Mx+y+sinx
y=x-y
and determine the bifurcation value g . Plot the phase portrait near the origin for
U slightly greater than u. .
Solution: The system is invariant under the change of variables x — —x,
y — —V, so the phase portrait must be symmetric under reflection through the ori-
gin. The origin is a fixed point for all i, and its Jacobian is

A [u +1 1 j
I
which has 7=y and A=-(u+2). Hence the origin is a stable fixed point if
U <=2 and a saddle if ¢t >—2. This suggests that a pitchfork bifurcation occurs at
U, =—2. To confirm this, we seek a symmetric pair of fixed points close to the ori-
gin for u close to u,.. (Note that at this stage we don’t know whether the bifur-
cation is sub- or supercritical.) The fixed points satisfy y=x and hence

(4+1)x +sinx =0. One solution is x = 0, but we’ve found that already. Now sup-
pose x is small and nonzero, and expand the sine as a power series. Then

3
(y+nx+x—%T+0uﬂ=o.

After dividing through by x and neglecting higher-order terms, we get
U+2-x*/6=0. Hence there is a pair of fixed points with x* = £,/ 6(u+2) for
u slightly greater than -2. Thus a supercritical pitchfork bifurcation occurs at
. =-2. (If the bifurcation had been subcritical, the pair of fixed points would ex-
ist when the origin was stable, not after it has become a saddle.) Because the bifur-
cation is supercritical, we know the new fixed points are stable without even
checking.

To draw the phase portrait near (0,0) for g slightly greater than —2 , it’s helpful
to find the eigenvectors of the Jacobian at the origin. This can be done exactly, but
a simple approximation is that the Jacobian is close to that at the bifurcation. Thus

-1 1
A =
1 -1
which has eigenvectors (1,1) and (1,—1), with eigenvalues A=0 and A =-2, re-
spectively. For u slightly greater than —2 , the origin becomes a saddle and so the
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destabilize the fixed point, we need one or both of the eigenvalues to cross into the
right half-plane as g varies.

ImA ImA

Rel Red

(@ ()
Figure 8.2.1

In Section 8.1 we explored the cases in which a real eigenvalue passes through
A =0. These were just our old friends from Chapter 3, namely the saddle-node,
transcritical, and pitchfork bifurcations. Now we consider the other possible sce-
nario, in which two complex conjugate eigenvalues simultaneously cross the imag-
inary axis into the right half-plane.

Supercritical Hopf Bifurcation

Suppose we have a physical system that settles down to equilibrium through
exponentially damped oscillations. In other words, small disturbances decay after
“ringing” for a while (Figure 8.2.2a). Now suppose that the decay rate depends on
a control parameter p. If the decay becomes slower and slower and finally
changes to growth at a critical value f_, the equilibrium state will lose stability. In
many cases the resulting motion is a small-amplitude, sinusoidal, limit cycle oscil-
lation about the former steady state (Figure 8.2.2b). Then we say that the system
has undergone a supercritical Hopf bifurcation.

In terms of the flow in phase

N~ @ U<Y, space, a supercritical Hopf bifur-

cation occurs when a stable spiral

changes into an unstable spiral
/\WV\/V\/\ ) > p surrounded by a small, nearly el-
¢ liptical limit cycle. Hopf bifurca-

Figure 8.2.2 tions can occur in phase spaces of
any dimension n22, but as in
the rest of this chapter, we’ll restrict ourselves to two dimensions.
A simple example of a supercritical Hopf bifurcation is given by the following
system:
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which has eigenvalues
A=uztio.

As expected, the eigenvalues cross the imaginary axis from left to right as g in-
creases from negative to positive values.

Rules of Thumb

Our idealized case illustrates two rules that hold generically for supercritical
Hopf bifurcations:

1. The size of the limit cycle grows continuously from zero, and increases
proportional to /¢t — U, , for u closeto U, .

2. The frequency of the limit cycle is given approximately by @ =ImA,
evaluated at g = y_. This formula is exact at the birth of the limit cycle,
and correct within O(y — ) for u close to u, . The period is therefore
T=Qn/InA)+0W-4,)-

But our idealized example also has some artifactual properties. First, in Hopf
bifurcations encountered in practice, the limit cycle is elliptical, not circular, and
its shape becomes distorted as ¢ moves away from the bifurcation point. Our ex-
ample is only typical topologically, not geometrically. Second, in our idealized
case the eigenvalues move on horizontal lines as g varies, i.e., Im 4 is strictly in-
dependent of u. Normally, the eigenvalues would follow a curvy path and cross
the imaginary axis with nonzero slope (Figure 8.2.4).

ImA

Nf)\

ReA

__

Figure 8.2.4

Subcritical Hopf Bifurcation

Like pitchfork bifurcations, Hopf bifurcations come in both super- and subcritical
varieties. The subcritical case is always much more dramatic, and potentially danger-
ous in engineering applications. After the bifurcation, the trajectories must jump to a
distant attractor, which may be a fixed point, another limit cycle, infinity, or—in
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values moves from the left to the right half-plane.
An analytical criterion exists, but it can be difficult to use (see Exercises
8.2.12-15 for some tractable cases). A quick and dirty approach is to use the com-

puter. If a small, attracting limit cycle appears immediately after the fixed point.

goes unstable, and if its amplitude shrinks back to zero as the parameter is re-
versed, the bifurcation is supercritical; otherwise, it’s probably subcritical, in
which case the nearest attractor might be far from the fixed point, and the system
may exhibit hysteresis as the parameter is reversed. Of course, computer experi-
ments are not proofs and you should check the numerics carefully before making
any firm conclusions.

Finally, you should also be aware of a degenerate Hopf bifurcation. An ex-
ample is given by the damped pendulum X+ px+sinx=0. As we change the
damping u from positive to negative, the fixed point at the origin changes from
a stable to an unstable spiral. However at (=0 we do not have a true Hopf bi-
furcation because there are no limit cycles on either side of the bifurcation. In-
stead, at £ =0 we have a continuous band of closed orbits surrounding the
origin. These are not limit cycles! (Recall that a limit cycle is an isolated closed
orbit.)

This degenerate case typically arises when a nonconservative system suddenly
becomes conservative at the bifurcation point. Then the fixed point becomes a
nonlinear center, rather than the weak spiral required by a Hopf bifurcation. See
Exercise 8.2.11 for another example.

EXAMPLE 8.2.1:

Consider the system x = fix — y+ xy*, y = x+ iy +y’. Show that a Hopf bifur-
cation occurs at the origin as i varies. Is the bifurcation subcritical, supercritical,
or degenerate?

-1
Solution: The Jacobian at the origin is A:[!Il ,U)’ which has 7=2u,

A=p*+1>0, and A=pu=+i. Hence, as {4 increases through zero, the origin
changes from a stable spiral to an unstable spiral. This suggests that some kind of

Hopf bifurcation takes place at i =0.

To decide whether the bifurcation is subcritical, supercritical, or degenerate, we
use simple reasoning and numerical integration. If we transform the system to po-
lar coordinates, we find that

F=ur+ry’,

as you should check. Hence r 2 ur . This implies that for u> 0, r(¢) grows at least
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cells. When he mixed citric acid and bromate ions in a solution of sulfuric acid,
and in the presence of a cerium catalyst, he observed to his astonishment that the
mixture became yellow, then faded to colorless after about a minute, then returned
to yellow a minute later, then became colorless again, and continued to oscillate
dozens of times before finally reaching equilibrium after about an hour.

Today it comes as no surprise that chemical reactions can oscillate sponta-
neously—such reactions have become a standard demonstration in chemistry
classes, and you may have seen one yourself. (For recipes, see Winfree (1980).)
But in Belousov’s day, his discovery was so radical that he couldn’t get his work
published. It was thought that all solutions of chemical reagents must go monoton-
ically to equilibrium, because of the laws of thermodynamics. Belousov’s paper
was rejected by one journal after another. According to Winfree (1987b, p.161),
one editor even added a snide remark about Belousov’s “supposedly discovered
discovery” to the rejection letter.

Belousov finally managed to publish a brief abstract in the obscure proceed-
ings of a Russian medical meeting (Belousov 1959), although his colleagues
weren’t aware of it until years later. Nevertheless, word of his amazing reaction
circulated among Moscow chemists in the late 1950s, and in 1961 a graduate stu-
dent named Zhabotinsky was assigned by his adviser to look into it. Zhabotinsky
confirmed that Belousov was right all along, and brought this work to light at an
international conference in Prague in 1968, one of the few times that Western and
Soviet scientists were allowed to meet. At that time there was a great deal of in-
terest in biological and biochemical oscillations (Chance et al. 1973) and the BZ
reaction, as it came to be called, was seen as a manageable model of those more
complex systems.

The analogy to biology turned out to be surprisingly close: Zaikin and Zhabotinsky
(1970) and Winfree (1972) observed beautiful propagating waves of oxidation in thin
unstirred layers of BZ reagent, and found that these waves annihilate upon collision,
just like waves of excitation in neural or cardiac tissue. The waves always take the
shape of expanding concentric rings or spirals (Color plate 1). Spiral waves are now
recognized to be a ubiquitous feature of chemical, biological, and physical excitable
media; in particular, spiral waves and their three-dimensional analogs, “scroll waves”
(Front cover illustration) appear to be implicated in certain cardiac arrhythmias, a
problem of great medical importance (Winfree 1987b).

Boris Belousov would be pleased to see what he started.

In 1980, he and Zhabotinsky were awarded the Lenin Prize, the Soviet Union’s
highest medal, for their pioneering work on oscillating reactions. Unfortunately,
Belousov had passed away ten years earlier.

For more about the history of the BZ reaction, see Winfree (1984, 1987b). An
English translation of Belousov’s original paper from 1951 appears in Field and
Burger (1985).
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where x and y are the dimensionless concentrations of 1" and ClO,™. The para-
meters a,b >0 depend on the empirical rate constants and on the concentrations
assumed for the slow reactants.

We begin the analysis of (4), (5) by constructing a trapping region and applying
the Poincaré-~Bendixson theorem. Then we’ll show that the chemical oscillations
arise from a supercritical Hopf bifurcation.

EXAMPLE 8.3.1:

Prove that the system (4), (5) has a closed orbit in the positive quadrant x,y > 0
if @ and b satisfy certain constraints, to be determined.

Solution: Asin Example 7.3.2, the nullclines help us to construct a trapping re-
gion. Equation (4) shows that x =0 on the curve

_ (a—x)(1+x2)
r= 4x

(6)

and (5) shows that y =0 on the y-axis and on the parabola y = 1+ x*. These null-
clines are sketched in Figure 8.3.1, along with some representative vectors.

y 7=0
/ x<0
\ y>0
= ad \
\ Nt
x=0
Figure 8.3.1

(We’ve taken some pedagogical license with Figure 8.3.1; the curvature of the
nullcline (6) has been exaggerated to highlight its shape, and to give us more room
to draw the vectors.)

Now consider the dashed box shown in Figure 8.3.2. It’s a trapping region be-
cause all the vectors on the boundary point into the box.
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decide whether the bifurcation is sub- or supercritical.

Solution: The analytical results above show that as » decreases through b_, the
fixed point changes from a stable spiral to an unstable spiral; this is the signature
of a Hopf bifurcation. Figure 8.3.3 plots two typical phase portraits. (Here we have
chosen a =10 ; then (7) implies b, =3.5.) When b > b_, all trajectories spiral into
the stable fixed point (Figure 8.3.3a), while for b < b, they are attracted to a stable
limit cycle (Figure 8.3.3b).

y
y 10
(@) T (b)
8t
6t
a=10 I a=10
= b=2
b=4 41
2 stable
E limit cycle
x —— t t X
1 2 3 4

Figure 8.3.3

Hence the bifurcation is supercritical—after the fixed point loses stability, it is
surrounded by a stable limit cycle. Moreover, by plotting phase portraits as » — b,
from below, we could confirm that the limit cycle shrinks continuously to a point,
as required. m

Our results are summarized in the stability diagram in Figure 8.3.4. The boundary
between the two regions is given by the Hopf bifurcation locus b = 3a/5—25/a.

50|||||1|||77r1|]||||||||

40

' ATERE I

30 stable

fixed point
20

10

o~
LASCINE A N B et B R M B B

0 Ly ;!; :ZE‘:x C : RE B R i
10 20 30 40

o

Figure 8.3.4
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regions of the phase plane rather than just the neighborhood of a single fixed point.
Hence they are called global bifurcations. In this section we offer some prototypi-
cal examples of global bifurcations, and then compare them to one another and to
the Hopf bifurcation. A few of their scientific applications are discussed in Sec-
tions 8.5 and 8.6 and in the exercises.

Saddie-node Bifurcation of Cycles

A bifurcation in which two limit cycles coalesce and annihilate is called a fold
or saddle-node bifurcation of cycles, by analogy with the related bifurcation of
fixed points. An example occurs in the system

F=pr+r —r°

6=0w+br
studied in Section 8.2. There we were interested in the subcritical Hopf bifurcation
at i =0; now we concentrate on the dynamics for ¢ <0.

It is helpful to regard the radial equation 7= pr+r> —r° as a one-dimensional
system. As you should check, this system undergoes a saddle-node bifurcation of
fixed points at p =—1/4. Now returning to the two-dimensional system, these
fixed points correspond to circular limit cycles. Figure 8.4.1 plots the “radial phase

portraits” and the corresponding behavior in the phase plane.

e
9 &

Figure 8.4.1

At p. ahalf-stable cycle is born out of the clear blue sky. As gt increases it splits
into a pair of limit cycles, one stable, one unstable. Viewed in the other direction, a
stable and unstable cycle collide and disappear as @ decreases through g, . Notice
that the origin remains stable throughout; it does not participate in this bifurcation.
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bit. This is another kind of infinite-period bifurcation; to avoid confusion, we’ll
call it a saddle-loop or homoclinic bifurcation.

It is hard to find an analytically transparent example, so we resort to the com-
puter. Consider the system

x=y
y=pUy+x—x° +xy.

Figure 8.4.3 plots a series of phase portraits before, during, and after the bifurca-
tion; only the important features are shown.

Numerically, the bifurcation is found to occur at g, ~ —0.8645. For < u_, say
U =-0.92, a stable limit cycle passes close to a saddle point at the origin (Figure
8.4.3a). As u increases to y,, the limit cycle swells (Figure 8.4.3b) and bangs into
the saddle, creating a homoclinic orbit (Figure 8.4.3c). Once u >y, the saddle
connection breaks and the loop is destroyed (Figure 8.4.3d).

(a) ®)

)4
)4

© @

Figure 8.4.3

The key to this bifurcation is the behavior of the unstable manifold of the sad-
dle. Look at the branch of the unstable manifold that leaves the origin to the north-
east: after it loops around, it either hits the origin (Figure 8.4.3c) or veers off to one
side or the other (Figures 8.4.3a, d).
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i+u+utu—en=0.

Now the nonlinear term is not destroyed when the eigenvalues become pure imag-
inary. From Section 7.6 the limit cycle solution is x(¢,€) = 2cost for 0 < e << 1.1In
terms of u this becomes

u(t,e) = (2\/5)0051.

Hence the amplitude grows like £'"/?, just as expected for a Hopf bifurcation. m

The scaling laws given here were derived by thinking about prototypical exam-
ples in two-dimensional systems. In higher-dimensional phase spaces, the corre-
sponding bifurcations obey the same scaling laws, but with two caveats: (1) Many
additional bifurcations of limit cycles become possible; thus our table is no longer
exhaustive. (2) The homoclinic bifurcation becomes much more subtle to analyze.
It often creates chaotic dynamics in its aftermath (Guckenheimer and Holmes
1983, Wiggins 1990).

All of this begs the question: Why should you care about these scaling laws?
Suppose you’re an experimental scientist and the system you’re studying exhibits
a stable limit cycle oscillation. Now suppose you change a control parameter and
the oscillation stops. By examining the scaling of the period and amplitude near
this bifurcation, you can learn something about the system’s dynamics (which are
usually not known precisely, if at all). In this way, possible models can be elimi-
nated or supported. For an example in physical chemistry, see Gaspard (1990).

8.5 Hysteresis in the Driven Pendulum and
Josephson Junction

This section deals with a physical problem in which both homoclinic and infinite-
period bifurcations arise. The problem was introduced back in Sections 4.4 and
4.6. At that time we were studying the dynamics of a damped pendulum driven by
a constant torque, or equivalently, its high-tech analog, a superconducting Joseph-
son junction driven by a constant current. Because we weren’t ready for two-
dimensional systems, we reduced both problems to vector fields on the circle by
looking at the heavily overdamped limit of negligible mass (for the pendulum) or
negligible capacitance (for the Josephson junction).

Now we’re ready to tackle the full two-dimensional problem. As we claimed at
the end of Section 4.6, for sufficiently weak damping the pendulum and the
Josephson junction can exhibit intriguing hysteresis effects, thanks to the coexis-
tence of a stable limit cycle and a stable fixed point. In physical terms, the pendu-
lum can settle into either a rotating solution where it whirls over the top, or a stable
rest state where gravity balances the applied torque. The final state depends on the
initial conditions. Our goal now is to understand how this bistability comes about.
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7° —4A=a’ —4J1-TI* >0, i.e., if the damping is strong enough or if I is close

to 1; otherwise the sink is a stable spiral. At I =1 the stable node and the saddle
coalesce in a saddle-node bifurcation of fixed points.

Existence of a Closed Orbit

What happens when 7 > 17 There are no more fixed points available; something
new has to happen. We claim that all trajectories are attracted to a unique, stable
limit cycle.

The first step is to show that a periodic solution exists. The argument uses a
clever idea introduced by Poincaré long ago. Watch carefully—this idea will come
up frequently in our later work.

Consider the nullcline y = o' (I —sin$) where y’ =0. The flow is downward
above the nullcline and upward below it (Figure 8.5.1).

y

AR

y=0o"(I-sing)

o AN N

¢

Figure 8.5.1

In particular, all trajectories eventually enter the strip y, <y <y, (Figure 8.5.1),
and stay in there forever. (Here y, and y, are any fixed numbers such that
O<y <(U-D/a and y, >(I+1)/a .) Inside the strip, the flow is always to the
right, because y >0 implies ¢’ > 0.

Also, since ¢ =0 and ¢ =27 are equivalent
Y= \ on the cylinder, we may as well confine our atten-
Y ‘\_/\ P(y) tion to the rectangular box 0<¢<2r,
¥, £y <y,. This box contains all the information
/ about the long-term behavior of the flow (Figure
8.5.2).

Now consider a trajectory that starts at a
height y on the left side of the box, and follow it
Figure 8.5.2 until it intersects the right side of the box at some

new height P(y), as shown in Figure 8.5.2. The
mapping from y to P(y) is called the Poincaré map. It tells us how the height of a

trajectory changes after one lap around the cylinder (Figure 8.5.3).
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terval, in which case there would be a band of infinitely many closed orbits.

To nail down the uniqueness part of our claim, we recall from Section 6.7 that
there are two topologically different kinds of periodic orbits on a cylinder: libra-
tions and rotations (Figure 8.5.5).

libration rotation

Figure 8.5.5

For I>1, librations are impossible because any libration must encircle a fixed
point, by index theory—but there are no fixed points when 7 > 1. Hence we only
need to consider rotations.

Suppose there were two different rotations. The phase portrait on the cylinder
would have to look like Figure 8.5.6.

v
)
|= yL(9)

¢
Figure 8.5.6

One of the rotations would have to lie strictly above the other because trajectories
can’t cross. Let y, (¢) and y,(¢) denote the “upper” and “lower” rotations, where

Yy (9) >y, (¢) forall ¢.
The existence of two such rotations leads to a contradiction, as shown by the

following energy argument. Let
E=%y*—cos¢. (5)

After one circuit around any rotation y(¢), the change in energy AE must vanish.
Hence

2n
0=AE=| —d¢. (6)
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1
1
1 1
L T~ stable limit cycle

stable
manifold
of saddle

Figure 8.5.7

Keep your eye on the trajectory labeled U in Figure 8.5.7. It is a branch of the un-
stable manifold of the saddle. As ¢t — o, U asymptotically approaches the stable
limit cycle.

As I decreases, the stable limit cycle moves down and squeezes U closer to the
stable manifold of the saddle. When I = I, the limit cycle merges with U in a ho-
moclinic bifurcation. Now U is a homoclinic orbit—it joins the saddle to itself
(Figure 8.5.8).

U = homoclinic orbit

-

Figure 8.5.8

Finally, when 7 < I, the saddle connection breaks and U spirals into the sink (Fig-
ure 8.5.9).
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tion (thick line in Figure 8.5.10). Then the junction will be operating at the stable
fixed point, corresponding to the zero-voltage state. As / is increased, nothing
changes until / exceeds 1. Then the stable fixed point disappears in a saddle-node
bifurcation, and the junction jumps into a nonzero voltage state (the limit cycle).

If I is brought back down, the limit cycle persists below I =1 but its frequency
tends to zero continuously as /. is approached. Specifically, the frequency tends to
zero like [ln(I - IC)]fl , just as expected from the scaling law discussed in Section
8.4. Now recall from Section 4.6 that the junction’s dc-voltage is proportional to
its oscillation frequency. Hence, the voltage also returns to zero continuously as
I— 1" (Figure 8.5.11).

Figure 8.5.11

In practice, the voltage appears to jump discontinuously back to zero, but that is
to be expected because [ln(I— 1. )]_l has infinite derivatives of all orders at !
(See Exercise 8.5.1.) The steepness of the curve makes it impossible to resolve the
continuous return to zero. For instance, in experiments on pendula, Sullivan and
Zimmerman (1971) measured the mechanical analog of the I —V curve—namely,
the curve relating the rotation rate to the applied torque. Their data show a jump
back to zero rotation rate at the bifurcation.

8.6 Coupled Oscillators and Quasiperiodicity

Besides the plane and the cylinder, another important two-dimensional phase
space is the forus. It is the natural phase space for systems of the form

él = £,(6,.6,)
92 = f2(01’92)

where f, and f, are periodic in both arguments.
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Figure 8.6.3

Uncoupled System

Even the seemingly trivial case of uncoupled oscillators (K, K, =0) holds
some surprises. Then (1) reduces to 9 =w,, 9 = w, . The corresponding trajecto-
ries on the square are straight lines with constant slope d0,/d6, = @, /w, . There
are two qualitatively different cases, depending on whether the slope is a rational
or an irrational number.

If the slope is rational, then @, /w, = p/q for some integers p, ¢ with no com-
mon factors. In this case all trajectories are closed orbits on the torus, because 6,
completes p revolutions in the same time that 6, completes g revolutions. For ex-
ample, Figure 8.6.4 shows a trajectory on the square with p=3, g=2.

Figure 8.6.4

When plotted on the torus, the same trajectory gives . . . a trefoil knot! Figure 8.6.5
shows a trefoil, alongside a top view of a torus with a trefoil wound around it.

8.6 COUPLED OSCILLATORS AND QUASIPERIODICITY 275



dilISIATY SNOILVDUNIIG 9LT

spratk (1) uayl, - ‘9 — 'g = ¢ 2ouauaffip asvyd oy e 3unyoo] £q pasaydioop
2q ued SoTWRUAp 9y, |0 < &y 'Y a1aym oseo pardnod ayj ul () JOpISUOD MON

waysAg pajdnoy

“S$TI0] oY U0 Auo sInddo Ajrotpouradisenb ‘(sa[oAo pue siiq
-IO JTUI[O0I913Y PUB JTUI[I0WOY “}IQI0 paso[d ‘lutod pax1)) SOLua JITIES 9y} aNIun)
"I0TARYSq wW1l-3uo] Jo 9d£1 mau ' ST 11 9sneodq Jueolyuss st Ayorpouadiseng)
*(§'9'g 2s1019XH) 95010 AJ1renIqie sawoo Isnf 11 Syutod yoeo y3noay: sassed
A10100len) o1 Jey) Aes 01 Jou ST SIYJ, "SnIO} 9Y) UO
jutod usAIS Aue 03 3sO[d A[UenIqIe Sawod A10109(en)
[ora ‘SpIom JOYIO Ul :SNIO) Y] UO asuap st A10100fen
yora ‘[euonelr st ado[s oy} usym ‘srounIayung
‘uorn
-dunsse 03 AI1RIJU0Y ‘[RUOTIRI 9q O 3ARY pinom adors
oy} douay ‘g pue 'g yloq ul SUOHN[OAAI JO JaqUINU
Ia39)Ul ue soyew A[LIESS909U A10303[R1] PIsOd Auy
{2SO[0 19A3U $I110303(k1) Y} NS 3q IM URD MOH
"3uIsoo
a1nb 10A3u 194 pue J[osi FunoOISISIUI ISAJU ‘SNIO)
Yl UO A[SSI[PUS punoIe SpuIm AI10310ale1) A1oAq "orporiadisvnb 2q 01 pres St mofj
ayl uay ] (9'9°'§ 2In3ry) jpuonv.ir s1 odors sy 1eyy st Ajiqrssod puooss Y[,
“s1ouy sn403 b:d pa[[ed aIe $9AINO Junnsal oy,

9°9°g aunbiy

%

1T

*SI010RJ UOWIWIOD OU dARY 7 Z b ‘d J1 panouy sAem[e dIe sau103d3(er) ay) 1ov] Uy

7 =b ‘¢ =d 9ouay ‘uorIn[oaal aUo0 sayeW 'g opIym
UOTIN[OASI B JO SpAIYyI-0My SRW ‘g SNy, "STIO} S} pUnose Aem 3y JO SPL1yi-0Mm]
“Jorenbo 191no oyl uo sreaddear ual) pue ‘20BJINS W00Q Y} FJUOR S[RARI Q[0
a3 our saatp ‘doejans doj oyl ojuo sorow A10309fk1) 9 ‘103enbo 191N0 BY) UO Fur
-11e1S *opmISuo] SI ‘g pue apnine] s 'g aIoym ‘UOTIN[0AdI SUO sOYRW 'g 1BY) SWIN
oy Suninp ‘g £q opeul SUOIIN[OAD] JO JOqUINU Y} JUNOD pue ‘¢'g ] 2UnJr,] ur £1010a(
-BI] panouy oY) MO[[0] (7 =P ‘ ¢ =d 01 spuodsariod jouy sIy) Aym 09s nok o

$°9'g aunbyy

SNIO) S} PUNOIE UONN[OADI B 10U [10Jon)
JIorenbs 191M0 U0 O SPIT-0M)

‘a101] 1IBIS \ /‘emq pus

L)

%9



Plate 1: Spiral waves of chemical activity in a shallow dish of the Belousov—
Zhabotinsky reaction (Section 8.3). These snapshots read from left to right and
top to bottom. The complicated initial condition shown in the upper left was cre-
ated by touching the liquid with a hot wire, thereby inducing an expanding cir-
cular wave of oxidation, and then disrupting this wave by gently rocking the
dish. As time evolves, the blue waves propagate by diffusion through the
motionless reddish-orange liquid. Whenever two waves collide, they annihilate
each other, like grassfires rushing head on. Ultimately the system organizes itself
into a pair of counterrotating spirals. Reproduced from Winfree (1974).
Photographs by Fritz Goro.
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Plate 3: Fractal basin boundaries for the periodically forced double-well
oscillator
x'=y, y'=x-x-8y+Fcoswt,

with §=0.25, F=0.25, @=1 (Section 12.5). For these parameter values, the sys-
tem has two periodic attractors, corresponding to forced oscillations confined to
the left or right well.

[a) Color map: The square region -2.5< x,y<2.5 is subdivided into 900x900
cells, and each cell is colorcoded according to the x-position of its center point.

(b) Basins of aftraction: Each cell is color-coded according to its fate after
many drive cycles. Roughly speaking, if the trajectory ends up oscillating in the
right well, the original cell is colored red; if it ends up in the left well, it is col-
ored blue. More precisely, given an initial point (xq, yo) at the center of a cell,
the state (x(1), y(1) is computed at t=73x2x/w (that is, after 73 drive cycles),
and the original cell is color-coded by the value of x(1). The basins have a com-
plicated shape, and the boundary between them is fractal (Moon and Li 1985).
Near the boundary, slight variations in initial conditions can lead to totally dif-
ferent outcomes.

Computations by Thanos Siapas on a Thinking Machines CM-5 parallel com-
puter using a fifth-order Runge—Kutta-Fehlberg method.
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‘l') = él - éz
=0, -0, — (K, +K,)sin¢ , (2)
which is just the nonuniform oscillator studied in Section 4.3. By drawing the stan-
dard picture (Figure 8.6.7), we see that there are two fixed points for (2) if
|a)1 -, ‘ < K, + K, and none if |a)l -, | > K, + K, . A saddle-node bifurcation oc-

curs when |a)l -, | =K, +K,.

Figure 8.6.7

Suppose for now that there are two fixed points, defined implicitly by

sin ¢* = 2—;% .
As Figure 8.6.7 shows, all trajectories of (2) asymptotically approach the stable
fixed point. Therefore, back on the torus, the trajectories of (1) approach a stable
phase-locked solution in which the oscillators are separated by a constant phase
difference ¢ *. The phase-locked solution is periodic; in fact, both oscillators run
at a constant frequency given by o* = 91 = 92 = o, + K, sin¢ *. Substituting for
sing * yields

Ko, +K,m,
Tk 1K,

w*

This is called the compromise frequency because it lies between the natural fre-
quencies of the two oscillators (Figure 8.6.8).

Aw, Awy

Figure 8.6.8

The compromise is not generally halfway; instead the frequencies are shifted by an
amount proportional to the coupling strengths, as shown by the identity
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tersection, then the Poincaré map is defined by
X = P(X,).

Suppose that x * is a fixed point of P,i.e., P(x*)=x*. Then a trajectory starting
at X * returns to x * after some time 7', and is therefore a closed orbit for the orig-
inal system x = f(x). Moreover, by looking at the behavior of P near this fixed
point, we can determine the stability of the closed orbit.

Thus the Poincaré map converts problems about closed orbits (which are diffi-
cult) into problems about fixed points of a mapping (which are easier in principle,
though not always in practice). The snag is that it’s typically impossible to find a
formula for P. For the sake of illustration, we begin with two examples for which
P can be computed explicitly.

EXAMPLE 8.7.1:

Consider the vector field given in polar coordinates by 7 = r(1—r"), f=1.Let
S be the positive x-axis, and compute the Poincaré map. Show that the system has
a unique periodic orbit and classify its stability.

Solution: Let r, be an initial condition on S. Since 0= 1, the first return to S
occurs after a time of flight t = 2x. Then r, = P(r,), where r, satisfies

,I”—dr—2= dr =27,
n r(l=r") Jo

-1

Evaluation of the integral (Exercise 8.7.1) yields r = [1 +e (7 - 1)] ", Hence

P(ry=[1+e™ (r* =] The graph of P is plotted in Figure 8.7.2.

P(r)
n=PH)
n = P(n) A
T T T T r
oo ono re=l
Figure 8.7.2

A fixed point occurs at »* =1 where the graph intersects the 45° line. The cobweb
construction in Figure 8.7.2 enables us to iterate the map graphically. Given an in-
put r,, draw a vertical line until it intersects the graph of P ; that height is the out-
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P(x)

Figure 8.7.3

Since P has slope less than I, it intersects the diagonal at a unique point. Furthermore,
the cobweb shows that the deviation of x, from the fixed point is reduced by a con-
stant factor with each iteration. Hence the fixed point is unique and globally stable.

In physical terms, the circuit always settles into the same forced oscillation, re-
gardless of the initial conditions. This is a familiar result from elementary physics,
looked at in a new way. m

Linear Stability of Periodic Orbits

Now consider the general case: Given a system x =f(x) with a closed orbit,
how can we tell whether the orbit is stable is not? Equivalently, we ask whether
the corresponding fixed point x * of the Poincaré map is stable. Let v, be an infin-
itesimal perturbation such that x * +v, is in S. Then after the first return to S,

x¥+v = P(x*+v)

= Py + [Py, + OfJwff)

where DP(x*) is an (n—1)X (n—1) matrix called the linearized Poincaré map at
x *. Since x* = P(x*), we get

v, =[DP(x*)]v,
assuming that we can neglect the small O(HVOI[Q) terms.

The desired stability criterion is expressed in terms of the eigenvalues 4, of
DP(x*): The closed orbit is linearly stable if and only if |),j| <1 forall j=1,
., n—1L
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P'(r¥)=e™*", as expected from the general theory above.
Our final example comes from a recent analysis of coupled Josephson junc-
tions.

EXAMPLE 8.7.4:

The N-dimensional system

N
¢i=Q+asin¢i+%ZSin¢j, (1)

j=l

fori=1,..., N, describes the dynamics of a series array of overdamped Josephson
junctions in parallel with a resistive load (Tsang et al. 1991). For technological rea-
sons, there is great interest in the solution where all the junctions oscillate in phase.
This in-phase solution is given by ¢,(1) =@,(t) = ... =0, (t) = ¢ * (1), where ¢ * (¥)
denotes the common waveform. Find conditions under which the in-phase solution is
periodic, and calculate the characteristic multipliers of this solution.

Solution: For the in-phase solution, all N equations reduce to

dg*
dt

=Q+(a+1)sing™* . (2)

This has a periodic solution (on the circle) if and only if || >|a +1|. To determine
the stability of the in-phase solution, let ¢,(¢) = ¢ *(¢) +1,(¢), where the 77,(¢) are
infinitesimal perturbations. Then substituting ¢, into (1) and dropping quadratic
terms in 77 yields

N
ﬁi=[acos¢*(t)]n,.+[cos¢*(t)]#2771.. (3)
=

We don’t have ¢ *(¢) explicitly, but that doesn’t matter, thanks to two tricks. First,
the linear system decouples if we change variables to

N
.U=#2nj’
=
éi:niﬂ_ni’ l=1,N—1

Then & = [acos ¢ * (1)] & Separation of variables yields

[acosq) *]dq) *

déi - =
?_[GCOS¢*(Z)]dr_ Q+(a+l)Sin¢* ’

i
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8.1.6 Consider the system x =y—2x, y=u+x>—y.

a) Sketch the nullclines.

b) Find and classify the bifurcations that occur as y varies.
¢) Sketch the phase portrait as a function of u.

8.1.7 Find and classify all bifurcations for the system x=y—ax,
y=-by+x/(1+x).

8.1.8 (Bead on rotating hoop, revisited) In Section 3.5, we derived the follow-
ing dimensionless equation for the motion of a bead on a rotating hoop:

(Lo __do

= =_?d——sin¢+}’sin¢005¢-
T T

Here € > 0 is proportional to the mass of the bead, and y > O is related to the spin rate

of the hoop. Previously we restricted our attention to the overdamped limit € — 0.

a) Now allow any £ > 0. Find and classify all bifurcations that occur as € and y
vary.

b) Plot the stability diagram in the positive quadrant of the &£,7 plane.

8.1.9 Plot the stability diagram for the system ¥ +bx —kx+ x> =0, where b
and k can be positive, negative, or zero. Label the bifurcation curves in the (b, k)
plane.

8.1.10 (Budworms vs. the forest ) Ludwig et al. (1978) proposed a model for the
effects of spruce budworm on the balsam fir forest. In Section 3.7, we considered
the dynamics of the budworm population; now we turn to the dynamics of the for-
est. The condition of the forest is assumed to be characterized by S(¢), the average
size of the trees, and E(¢), the “energy reserve” (a generalized measure of the for-
est’s health). In the presence of a constant budworm population B, the forest dy-
namics are given by

S=rS _ 5 Ke ) E=rE - L |_pE,
K, E K, s

where rg, 1y, K, K, P >0 are parameters.

a) Interpret the terms in the model biologically.

b) Nondimensionalize the system.

c) Sketch the nuliclines. Show that there are two fixed points if B is small, and
none if B is large. What type of bifurcation occurs at the critical value of B?

d) Sketch the phase portrait for both large and small values of B.

8.1.11 In a study of isothermal autocatalytic reactions, Gray and Scott (1985) con-
sidered a hypothetical reaction whose kinetics are given in dimensionless form by

u=a(l—u)—uv?, v=uv’ —(a+k)v,
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a) Nondimensionalize the system.

b) Find and classify all the fixed points.

c) Sketch all the qualitatively different phase portraits that occur as the dimen-
sionless parameters are varied.

d) Plot the stability diagram for the system. What types of bifurcation occur?

8.2 Hopf Bifurcations
8.2.1 Consider the biased van der Pol oscillator X + ¢ (x* —1) ¥+ x = a. Find
the curves in (i, a) space at which Hopf bifurcations occur.

The next three exercises deal with the system Xx=-y+ tx+xy’,
y=x+uy-x=
8.2.2 By calculating the linearization at the origin, show that the system

¥ =—-y+px+xy’, y=x+uy—x has pure imaginary eigenvalues when u = 0.

8.2.3 (Computer work) By plotting phase portraits on the computer, show that
the system X =—y+ ux+xy’, y=x+puy—x’ undergoes a Hopf bifurcation at
4 =0. Is it subcritical, supercritical, or degenerate?

8.2.4 (A heuristic analysis) The system x = —y+ ux+xy’, y=x+ uy—x’ can

be analyzed in a rough, intuitive way as follows.

a) Rewrite the system in polar coordinates.

b) Show that if r <<1,then 8 =1 and 7 = dr++r' + .-, where the terms omitted
are oscillatory and have essentially zero time-average around one cycle.

¢) The formulas in part (b) suggest the presence of an unstable limit cycle of ra-
dius r = /-8y for u <0. Confirm that prediction numerically. (Since we as-

sumed that r << 1, the prediction is expected to hold only if || <<1.)
The reasoning above is shaky. See Drazin (1992, pp. 188-190) for a proper
analysis via the Poincaré-Lindstedt method.

For each of the following systems, a Hopf bifurcation occurs at the origin when
1 =0. Using a computer, plot the phase portrait and determine whether the bifur-
cation is subcritical or supercritical.

8.25 x=y+iux, y=-—-x+uy—x’y
826 i=pUx+y—x, y=-x+uy+2y
8.27 i=px+y—x', y=—x+uy+2x’

8.2.8 (Predator-prey model) Odell (1980) considered the system
)'c———x[x(l—x)—y], y=yx—a),

where x 2 0 is the dimensionless population of the prey, y 20 is the dimension-
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ately open-ended and could serve as a class project; see how far you can go.)

8.2.11 (Degenerate bifurcation, not Hopf) Consider the damped Duffing oscilla-

tor ¥+ ux+x—-x>=0.

a) Show that the origin changes from a stable to an unstable spiral as y decreases
though zero.

b) Plot the phase portraits for ¢ >0, ¢ =0, and u <0, and show that the bifurca-
tion at i = 0 is a degenerate version of the Hopf bifurcation.

8.2.12 (Analytical criterion to decide if a Hopf bifurcation is subcritical or super-
critical) Any system at a Hopf bifurcation can be put into the following form by
suitable changes of variables:

x=-oy+ f(x,y), y=wx+g(x,y),

where f and g contain only higher-order nonlinear terms that vanish at the origin.
As shown by Guckenheimer and Holmes (1983, pp. 152-156), one can decide
whether the bifurcation is subcritical or supercritical by calculating the Sign of the
following quantity:

16a = f;o:x +f:tyy +gxxy +gyyy

1
+— [fo U+ f) = 80 (8 +8) = FuBre + £y8, |

where the subscripts denote partial derivatives evaluated at (0,0). The criterion is:

If a <0, the bifurcation is supercritical; if a > 0, the bifurcation is subcritical.

a) Calculate a for the system x = —y + xy*, y = x — x°.

b) Use part (a) to decide which type of Hopf bifurcation occurs for
Xx=-y+pux+xy’, y=x+puy—x" at 4 =0. (Compare the results of Exercises
8.2.2-8.2.4.)

(You might be wondering what @ measures. Roughly speaking, a is the coeffi-
cient of the cubic term in the equation 7 = ar’ governing the radial dynamics at the
bifurcation. Here r is a slightly transformed version of the usual polar coordinate.
For details, see Guckenheimer and Holmes (1983) or Grimshaw (1990).)

For each of the following systems, a Hopf bifurcation occurs at the origin when
1 = 0. Use the analytical criterion of Exercise 8.2.12 to decide if the bifurcation is
sub- or supercritical. Confirm your conclusions on the computer.

8.2.13 i=y+ux, y=-x+uy—x’y
8.214 x=pUx+y—x’, y=—x+uy+2y’
8.2.15 i=px+y—x>, y=—x+uy+2x°

8.2.16 In Example 8.2.1, we argued that the system x=pux—y+xy’,
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a=4x*(1-(*?),  b=}x*(1+(x*?)

where x* > 0 is the x-coordinate of the fixed point. Then plot the bifurcation curve
from these parametric equations. This trick is discussed in Murray (1989).)

8.3.3 (Relaxation limit of a chemical oscillator) Analyze the model for the chlo-
rine dioxide—iodine—-malonic acid oscillator, (8.3.4), (8.3.5), in the limit 5 << 1.
Sketch the limit cycle in the phase plane and estimate its period.

8.4 Global Bifurcations of Cycles

8.4.1 Consider the system 7=r(1—r%), 6= u—sin@ for p slightly greater
than 1. Let x =rcos8 and y=rsinf. Sketch the waveforms of x(¢) and y(z).
(These are typical of what one might see experimentally for a system on the verge
of an infinite-period bifurcation.)

8.4.2 Discuss the bifurcations of the system r = r(i ~sinr), 6=1 as M varies.

8.4.3 (Homoclinic bifurcation) Using numerical integration, find the value of
U at which the system %= px+y—x*, y=—x+y+2x" undergoes a homo-
clinic bifurcation. Sketch the phase portrait just above and below the bifurcation.

8.4.4 (Second-order phase-locked loop) Using a computer, explore the phase
portrait of 6+(1- M cos 6)6 +sin6 =0 for 120, For some values of u, you
should find that the system has a stable limit cycle. Classify the bifurcations that
create and destroy the cycle as u increases from 0.

Exercises 8.4.5-8.4.11 deal with the forced Duffing oscillator in the limit
where the forcing, detuning, damping, and nonlinearity are all weak:

¥+x+ebx’+ki—ax—~Fcost)=0,

where 0 < £ <<1, b>0 is the nonlinearity, k > 0 is the damping, a is the detun-
ing, and F > 0 is the forcing strength. This system is a small perturbation of a har-
monic oscillator, and can therefore be handled with the methods of Section 7.6.
‘We have postponed the problem until now because saddle-node bifurcations of cy-
cles arise in its analysis.

8.4.5 (Averaged equations) Show that the averaged equations (7.6.53) for the
system are

r'=—L(kr+Fcosd), ¢ =-+(da—-3br’+%cos¢),

where x = rcos(z+ ¢), x =~—rsin(z + ¢), and prime denotes differentiation with re-
spect to slow time T = ¢, as usual. (If you skipped Section 7.6, accept these equa- -
tions on faith.)

EXERCISES 291



diliSIAIY SNOILVDOUNHIg (4.14

SSBAIOAP USY) pPUB ‘G=» O] [— =D WOI] A[MO[S Ssaseamdur v se (Hx jod
pue 11 911Ul A[[eourauuny "uonenbo Suyng peoIo} [BUISHIO AY) 0) Yorq 0D (2
‘sjurod poxIj 9[qrIS 0M) a1k 919U © §°7 = » 10J 1Byl moys (q

‘sanfeA 2ANIsod 01 9ANBIOU WOIJ FuIseAIOUT P PIMm
wasAs poferaae oyl 10 jrentod oseyd oy jo[d ‘voneidojur [eorrownu Juisy) (v
=4 ‘¥=q 1=y soweied oy) x1J (uoneio[dxe [eouownN) LL1'b°8

‘ure3e 9uo 0} Yoeq UAY) pur om}] 0] duo woj saFueyod syurod
Pax1y 2]gpis JO JI2QUINU 9Y) ‘SISEIIOUL ¥ SB JBY) MOUSs ‘’g < g 1oy Surunssy (q

"sanjea aanIsod

981e] 0} soN[BA 9ATIESOU WOIJ PISEIIOUI ST » Juruniap ay) st 9gurYd SUONDISII)
-UI 1Y) moy Apms pue ‘Quefd oseyd oy Ut (=, pue () =, SUIDNU Y} 0] (®
"wo)sAs padeIoAr 24} Jo sUONRIINYIq 1) dzA[eue :jIed pIey 2y) 10] MON OL°v'8

“(9"¢ uonOag [[Bo1) 908JIns aydonseied
dsno ® st ynsar oy ‘oueld (q‘v) oYy sA0qe doeJans e st panold st .« J1iey) moys (p
(j 9 pue p JO san[eA QWOS
10J $9[940 JIWI| 9911} JARY UBD IOIR[[IISO USALP Y} JRY} UOISnjoucd Jumsrnur
Ayl ureIqo M snyyl) “’g Ioj e[nuwioj jidxe ue puy pue ‘(*g<g) Ao
-urjuou 93re] 10§ panjea-o(din Ing ¢ ’g > g Kes ‘KJLILSUI[UOU [[RWIS JOJ Pan[eA-9[
-UIS ST QAINO ) JBY) MOUS *( 0 # g) JOIR[[IOSO JBIUIUOU U} I0] » 'SA . ydern (o
*9AIND 2OUBUOSII TeI[iuue] 9yl ST sIYY, "( O = g) 103e[[10
-SO IgoUl] oY} 10J » 'SA . ydeln) "paxij oIe J PUB ¥ JeY) QWNSSE ‘U0 MOU WOL] (q
o =[ (D= 1qF)+ Z)/] A AJsnes syutod pox1y oYy Jey) moys (B
‘s191oweIed 19130
) uo spuadop suone[[Ioso USALIP a1} Jo apnirjdwe wnriqiInbe 9y} Moy QUIULIAIIP
0] Pay[se 218 noA 9s1010x9 s1yy u] (eydoxnseles dsno pue SAAIND DUBUOSRY) 6°v'8

*91qrssod 21 S9[ppes pue sYUIS A[UO ¢$30In0S 9q Jouued sjutod paxiy oyl
Jey) MOys ¢ (l¢1)%€}+ ()% = X- A Sunemoreo Ag "I01ABY2q WIAI-3UO] SII SUTW
-1919p 0} WA)SAS paderoar 2y Jo syutod paxIy oy ApmIs 03 paau A[UO am JBY) SMOUS

9S1019%9 snolaaxd oy3 Jo Insar oyl (wd)sAs peferoae 10J s00Inos OoN)) 8’8

4

("uS1s Quo sey 11 181} AQYS pUR (4¢z'4)?eﬁT F(AF=(XDA
andwo) (,@P44)=,X 197 4=(¢4)F WIm UOLANID Ssov[N 9S[) :UIH)
"$]1QI0 PISO[D OU SeY WISAS pageraar oyl 1ey) moys -oue[d oseyd oyl ur sojeurp

-1000 1eJod se (¢ 4) pre3oy (wolsks pegeroae 10f suonnjos orpoirad oN)  £°t°8

"JOJB[[I9SO 2Y) 10
S9[0A2 JO SUONIBIINJIq dpou-J[ppes 0 puodsariod waisAs paderoae ayj 10J syutod
PaXIJ JO SUOTIEDINJIq IPOU-I[PPES 18y} IoYHN} MOYS *IOJB[[IOSO PadI0] [euISLIO o)
10j suonnjos otporrad payoor-eseyd o1 puodsariod ursAs pageroae ay 10j syurod
PoXIJ B} MOUS (SW)SAS [PULSLIO pUB PaSeIoAR Udomiaq doudpuodsario)) 9°v'g



slowly back to a=-1. You should see a dramatic hysteresis effect with the
limit cycle oscillation suddenly jumping up in amplitude at one value of a, and
then back down at another.

8.4.12 (Scaling near a homoclinic bifurcation) To find how the period of a closed
orbit scales as a homoclinic bifurcation is approached, we estimate the time it takes
for a trajectory to pass by a saddle point (this time is much longer than all others in
the problem). Suppose the system is given locally by x = A4 x, y=—A_y.Let atra-
jectory pass through the point (u,1), where u <<1 is the distance from the stable
manifold. How long does it take until the trajectory has escaped from the saddle,
say out to x(t) = 1?7 (See Gaspard (1990) for a detailed discussion.)

8.5 Hysteresis in the Driven Pendulum and
Josephson Junction

8.5.1 Show that [ln(l - I‘,)]41 has infinite derivatives of all orders at /, . (Hint:
Consider f(I)=(InI)" and try to derive a formula for f"*V(I) in terms of
£, where (1) denotes the nth derivative of f(1).)

8.5.2 Consider the driven pendulum ¢” + ¢’ + sin ¢ = I. By numerical compu-
tation of the phase portrait, verify that if o is fixed and sufficiently small, the sys-
tem’s stable limit cycle is destroyed in a homoclinic bifurcation as I decreases.
Show that if ¢ is too large, the bifurcation is an infinite-period bifurcation instead.

8.5.3 (Logistic equation with periodically varying carrying capacity) Consider

the logistic equation N = rN(1— N/K(t)), where the carrying capacity is positive,

smooth, and T-periodic in ¢.

a) Using a Poincaré map argument like that in the text, show that the system has at
least one stable limit cycle of period T, contained in the strip K, S N< K .

b) Is the cycle necessarily unique?

8.6 Coupled Oscillators and Quasiperiodicity

-+8.6.1  (“Oscillator death” and bifurcations on a torus) In a paper on systems of
neural oscillators, Ermentrout and Kopell (1990) illustrated the notion of “oscilla-
tor death” with the following model:

0, =w, +sinf, cosb,, 0, =w, +sin6, cos b,

where @, , @, 20.

a) Sketch all the qualitatively different phase portraits that arise as ®,, w, vary.

b) Find the curves in @,, @, parameter space along which bifurcations occur, and
classify the various bifurcations.

c) Plot the stability diagram in ®,, @, parameter space.
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The resulting curves are called Lissajous figures. In the old days they were dis-
played on oscilloscopes by using two ac signals of different frequencies as inputs.

8.6.6 (Explaining Lissajous figures) Lissajous figures are one way to visualize

the knots and quasiperiodicity discussed in the text. To see this, consider a pair of

uncoupled harmonic oscillators described by the four-dimensional system

¥+x=0, 53+a)2y=0.

a) Show that if x = A(¢)sin8(¢), y = B(¢t)sin¢(¢), then A=B=0 (so A,B are
constants) and 0= 1, ¢ =w.

b) Explain why (a) implies that trajectories are typically confined to two-dimen-
sional tori in a four-dimensional phase space.

¢) How are the Lissajous figures related to the trajectories of this system?

8.6.7 (Mechanical example of quasiperiodicity) The equations

2
mr = h3—k, g= hz
mr mr

govern the motion of a mass m subject to a central force of constant strength k£ > 0.
Here r,0 are polar coordinates and > 0 is a constant (the angular momentum of
the particle).

a) Show that the system has a solution r=r,, 0= ,, corresponding to uniform
circular motion at a radius r, and frequency @, . Find formulas for 7; and @,.

b) Find the frequency @, of small radial oscillations about the circular orbit.

¢) Show that these small radial oscillations correspond to quasiperiodic motion by
calculating the winding number o, /@, .

d) Show by a geometric argument that the motion is either periodic or quasiperi-
odic for any amplitude of radial oscillation. (To say it in a more interesting
way, the motion is never chaotic.)

¢) Can you think of a mechanical realization of this system?

8.6.8 Solve the equations of Exercise 8.6.7 on a computer, and plot the parti-
cle’s path in the plane with polar coordinates r, 6.

8.7 Poincaré Maps

8.7.1 Use partial fractions to evaluate the integral that arises in Ex-

o r(1=1r?)

4, -2 -2 .
ample 8.7.1, and show that 7 = [1 +e (- 1)] . Then confirm that
P’(r¥) = e™", as expected from Example 8.7.3.

-+ 8.7.2  Consider the vector field on the cylinder given by 6=1, y=ay. Define
an appropriate Poincaré map and find a formula for it. Show that the system has a
periodic orbit. Classify its stability for all real values of a.
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‘[’ 8.7.9 Consider the vector field given in polar coordinates by 7 =r—r?, 0=1.
a) Compute the Poincaré map from § to itself, where § is the positive x-axis.
b) Show that the system has a unique periodic orbit and classify its stability.
¢) Find the characteristic multiplier for the periodic orbit.

8.7.10 Explain how to find Floquet multipliers numerically, starting from pertur-
bations along the coordinate directions.

8.7.11 (Reversibility and the in-phase periodic state of a Josephson array) Use a
reversibility argument to prove that the in-phase periodic state of (8.7.1) is not at-
tracting, even if the nonlinear terms are kept.

—f-8.7.12 (Globally coupled oscillators) Consider the following system of N iden-
tical oscillators:

0,=FO)+% Y f®),fori=1,..,N,

Jj=

where K >0 and f(0) is smooth and 27-periodic. Assume that f(8) >0 for all 8
so that the in-phase solution is periodic. By calculating the linearized Poincaré
map as in Example 8.7.4, show that all the characteristic multipliers equal +1 .

Thus the neutral stability found in Example 8.7.4 holds for a broader class of os-
cillator arrays. In particular, the reversibility of the system is not essential. This ex-
ample is from Tsang et al. (1991).
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PART THREE

CHAOS




9

LORENZ EQUATIONS

9.0 Introduction

We begin our study of chaos with the Lorenz equations

x=0(y—x)
y=rx—y-—xz
z=xy—bz.

Here o, r, b >0 are parameters. Ed Lorenz (1963) derived this three-dimensional
system from a drastically simplified model of convection rolls in the atmosphere.
The same equations also arise in models of lasers and dynamos, and as we’ll see in
Section 9.1, they exactly describe the motion of a certain waterwheel (you might
like to build one yourself).

Lorenz discovered that this simple-looking deterministic system could have ex-
tremely erratic dynamics: over a wide range of parameters, the solutions oscillate
irregularly, never exactly repeating but always remaining in a bounded region of
phase space. When he plotted the trajectories in three dimensions, he discovered
that they settled onto a complicated set, now called a strange attractor. Unlike sta-
ble fixed points and limit cycles, the strange attractor is not a point or a curve or
even a surface—it’s a fractal, with a fractional dimension between 2 and 3.

In this chapter we’ll follow the beautiful chain of reasoning that led LLorenz to
his discoveries. Our goal is to get a feel for his strange attractor and the chaotic mo-
tion that occurs on it.

Lorenz’s paper (Lorenz 1963) is deep, prescient, and surprisingly readable—
look it up! It is also reprinted in Cvitanovic (1989a) and Hao (1990). For a capti-
vating history of Lorenz’s work and that of other chaotic heroes, see Gleick
(1987).

9.0 INTRODUCTION 301
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(top view)

manifold

(perforated hose)
water pumped
into manifold

waterwheel ( Si de VICW)

chamber

water

column screw to

adjust tilt

tand

Figure 9.1.2

The wheel sits on a table top. It rotates in a plane that is tilted slightly from the hor-
izontal (unlike an ordinary waterwheel, which rotates in a vertical plane). Water is
pumped up into an overhanging manifold and then sprayed out through dozens of
small nozzles. The nozzles direct the water into separate chambers around the rim
of the wheel. The chambers are transparent, and the water has food coloring in it,
so the distribution of water around the rim is easy to see. The water leaks out

9.1 A CHAOTIC WATERWHEEL 303
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w(?)= angular velocity of the wheel (increases counterclockwise, as does 8 )
m(0,t) = mass distribution of water around the rim of the wheel, defined

)
such that the mass between 6, and 8, is M(z) =J 2m(6, Hdo
6,

((0) =inflow (rate at which water is pumped in by the nozzles above po-
sition 8)

r =radius of the wheel

K =leakage rate

v =rotational damping rate

I =moment of inertia of the wheel

The unknowns are m(8,¢)and @(z). Our first task is to derive equations govern-
ing their evolution.

Conservation of Mass

To find the equation for conservation of mass, we use a standard argument. You
may have encountered it if you’ve studied fluids, electrostatics, or chemical engi-
neering. Consider any sector [6, , 62] fixed in space (Figure 9.1.5).

oAt
-

Figure 9.1.5

8,
The mass in that sector is M () = I m(0,1)d6. After an infinitesimal time Az, what
6

is the change in mass AM? There are four contributions:

6
1. The mass pumped in by the nozzles is [ 2Qde] At .
6

6,
2. The mass that leaks out is [— 2Km de} At . Notice the factor of m in the
6

integral; it implies that leakage occurs at a rate proportional to the mass
of water in the chamber—more water implies a larger pressure head and
therefore faster leakage. Although this is plausible physically, the fluid
mechanics of leakage is complicated, and other rules are conceivable as
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t, because the distribution of water does. But this complication disappears if we
wait long enough: as t — o, one can show that /() — constant (Exercise 9.1.1).
Hence, after the transients decay, the equation of motion is

Iw = damping torque + gravitational torque.

There are two sources of damping: viscous damping due to the heavy oil in the
brake, and a more subtle “inertial” damping caused by a spin-up effect—the water
enters the wheel at zero angular velocity but is spun up to angular velocity @ before
it leaks out. Both of these effects produce torques proportional to @, so we have

damping torque = —-vo,

where v > 0. The negative sign means that the damping opposes the motion.
The gravitational torque is like that of an inverted pendulum, since water is
pumped in at the top of wheel (Figure 9.1.6).

(top view)

Figure 9.1.6

In an infinitesimal sector d6, the mass dM = md6. This mass element produces a
torque

dt = (dM)grsin6 = mgrsin6d6.
To check that the sign is correct, observe that when sinf > 0 the torque tends to in-
crease M, just as in an inverted pendulum. Here g is the effective gravitational con-

stant, given by g = g, sin @ where g, is the usual gravitational constant and « is the
tilt of the wheel from horizontal (Figure 9.1.7).

wheel

80 (side view)

Figure 9.1.7

Integration over all mass elements yields

2
gravitational torque = gr | m(6,1)sin6d6 .
0
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Now carry out the differentiations on both sides, and collect terms. By orthogonal-
ity of the functions sinn8, cosn@, we can equate the coefficients of each harmonic
separately. For instance, the coefficient of sinn@ on the left-hand side is g, , and on
the right it is nwb, — Ka, . Hence

">

a, =nwb, —Ka, . (6)
Similarly, matching coefficients of cosn6 yields
5” =-nwa,— Kb, +q,. (7)

Both (6) and (7) hold forall n =0, 1, .. ..

Next we rewrite (3) in terms of Fourier series. Get ready for the miracle.
When we substitute (4) into (3), only one term survives in the integral, by or-
thogonality:

n=()

27 | e
o =—vo+ grj {z a, (t)sinn@+b (t)ycosnb |sin6@do
0

2r
=—vo +grjal sin® 0d6
0

=-vo+rgra,. (8)

Hence, only a, enters the differential equation for @. But then (6) and (7) imply
that a,, b,, and @ form a closed system—these three variables are decoupled from

all the other a,, b, , n #1! The resulting equations are
a, =wb —Ka,
b, = —wa, — Kb, +q, (9)

o=(-vo+rgra)/l.

(If you’re curious about the higher modes a,, b,, n #1, see Exercise 9.1.2.)
We’ve simplified our problem tremendously: the original pair of integro-partial
differential equations (2), (3) has boiled down to the three-dimensional system (9).
It turns out that (9) is equivalent to the Lorenz equations! (See Exercise 9.1.3.)
Before we turn to that more famous system, let’s try to understand a little about (9).
No one has ever fully understood it—its behavior is fantastically complex—but we

can say something.

ne

Fixed Points

We begin by finding the fixed points of (9). For notational convenience, the
usual asterisks will be omitted in the intermediate steps.
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heat is conducted vertically but the fluid remains motionless. When the Rayleigh
number increases past a critical value, an instability occurs—the hot fluid is less
dense and begins to rise, while the cold fluid on top begins to sink. This sets up a
pattern of convection rolls, completely analogous to the steady rotation of our wa-
terwheel. With further increases of the Rayleigh number, the rolls become wavy
and eventually chaotic.

The analogy to the waterwheel breaks down at still higher Rayleigh numbers,
when turbulence develops and the convective motion becomes complex in
space as well as time (Drazin and Reid 1981, Bergé et al. 1984, Manneville
1990). In contrast, the waterwheel settles into a pendulum-like pattern of rever-
sals, turning once to the left, then back to the right, and so on indefinitely (see
Example 9.5.2).

9.2 Simple Properties of the Lorenz Equations

In this section we’ll follow in Lorenz’s footsteps. He took the analysis as far as
possible using standard techniques, but at a certain stage he found himself con-
fronted with what seemed like a paradox. One by one he had eliminated all the
known possibilities for the long-term behavior of his system: he showed that in a
certain range of parameters, there could be no stable fixed points and no stable
limit cycles, yet he also proved that all trajectories remain confined to a bounded
region and are eventually attracted to a set of zero volume. What could that set be?
And how do the trajectories move on it? As we’ll see in the next section, that set is
the strange attractor, and the motion on it is chaotic.

But first we want to see how Lorenz ruled out the more traditional possibilities.
As Sherlock Holmes said in The Sign of Four, “When you have eliminated the im-
possible, whatever remains, however improbable, must be the truth.”

The Lorenz equations are

x=0(y—x)
y=rx—y—xz
z=xy—bz. (1)

Here o, r, b>0 are parameters. ¢ is the Prandtl number, r is the Rayleigh
number, and b has no name. (In the convection problem it is related to the aspect
ratio of the rolls.)

Nonlinearity

The system (1) has only two nonlinearities, the quadratic terms xy and xz . This
should remind you of the waterwheel equations (9.1.9), which had two nonlineari-
ties, wa, and wb,. See Exercise 9.1.3 for the change of variables that transforms
the waterwheel equations into the Lorenz equations.

9.2 SIMPLE PROPERTIES OF THE LORENZ EQUATIONS 311



SNOILVND3I ZNIFAO1 TlLE

T°T°6 aunbyy

"7 6 2ISL] UL UMOUS SB ‘ yp (Jpu - ) sawnjoa & Ino sdeoms yp eare jo yoed
B Jp QWD Ul 210J3I9Y ], "AIDO[3A JO Juduoduiod [BULIOU pIemIno 3yl S1 u- J ‘syutod
9 JO AIIO0[9A SNOJUBIURISUL 1) ST J OUIS °§ UO [BULIOU PIBAMINO 31} JJOUIP U 137

1°T'6 9anbyy

ON

(p+1s

“QUIN[OA ) JO MITA PIS B SMOYS ['76 2In3r]
{Gp+9A
QWIN[OA SI ST 1BYM (Jp +71)S 90BJINS M3U B OJUI SIAJOAd § USYJ, Jp Swn [ewl
-S)IULJUT UB JOJ 9AJOAD WY} 9] PUB ‘SaL10309[BT) J0J SUCTITPUOD [RTIUL SB & UO sjurod
oy Jo YuryJ, -ooeds oseyd ur ()4 swIN[oA Jo (1) 20BJINS PAsO[d AIBNIGIE UB YOI
(X)J = X W2)SAS [RUOTSUSWIP-92IY) AUE JOJ ‘TeIoudd ur uonsanb oY) Tomsue s 191
{9A[OAD SAWIN[OA OP MOY :YSE ISIIJ ISNUW M ‘STY) 39S O, "MO[]J
9y} 1opun Joenuod adeds aseyd Ur SOWIN[OA :242pdisSip ST WIISAS ZUAIOT Y],

UuoPBIUO) SWN|OA

‘1oulIed OLIQWIWIAS © QARY IO ‘SOA[QSWAY) JLIJoWl
-WAS IS 2Ie SUOHN[OS [[@ ‘SpIoMm IdYJ0 UJ '((1)2 €)1 —‘(J)X'—) ST OS ‘uonnjos e
ST ((1)2 ‘DL ‘(J)x) J1 “90udH . owres Y3 Avys suonenba ayy ‘() ur (d—‘x—) ¢« (£‘x)

ooefdor am JI ‘suonenba zuaio| oyl ur Agawmds jueyodwr ue ST Y],

ySTTITTITTY €3

B



Hence

V(t +dt)= V(1) + (volume swept out by tiny patches of surface,
integrated over all patches),

SO we obtain
Vit +di) = V(1) +J (€ ndndA.
S

Hence

,_Va+dn-V() _

% J‘f‘ndA.
dt s

Finally, we rewrite the integral above by the divergence theorem, and get
v=[vtav. (2)
Vv

For the Lorenz system,

V~f:%[G(y—x)]-i—o_%[rx—y—xz]-i-aiz[xy—bz]
=—0-1-b<0.

Since the divergence is constant, (2) reduces to V =—(o +1+b)V, which has solu-
tion V(1) = V(0)e "' Thus volumes in phase space shrink exponentially fast.

Hence, if we start with a enormous solid blob of initial conditions, it eventually
shrinks to a limiting set of zero volume, like a balloon with the air being sucked out
of it. All trajectories starting in the blob end up somewhere in this limiting set;
later we’ll see it consists of fixed points, limit cycles, or for some parameter val-
ues, a strange attractor.

Volume contraction imposes strong constraints on the possible solutions of the
Lorenz equations, as illustrated by the next two examples.

EXAMPLE 9.2.1:

Show that there are no quasiperiodic solutions of the Lorenz equations.

Solution: We give a proof by contradiction. If there were a quasiperiodic solu-
tion, it would have to lie on the surface of a torus, as discussed in Section 8.6, and
this torus would be invariant under the flow. Hence the volume inside the torus
would be constant in time. But this contradicts the fact that all volumes shrink ex-
ponentially fast. m
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Global Stability of the Origin

Actually, for r <1, we can show that every trajectory approaches the origin as
t — oo ; the origin is globally stable. Hence there can be no limit cycles or chaos
forr<l1.

The proof involves the construction of a Liapunov function, a smooth, positive
definite function that decreases along trajectories. As discussed in Section 7.2, a
Liapunov function is a generalization of an energy function for a classical mechan-
ical system—in the presence of friction or other dissipation, the energy decreases
monotonically. There is no systematic way to concoct Liapunov functions, but of-
ten it is wise to try expressions involving sums of squares.

Here, consider V(x,y,z)=4x’ +y° +z°. The surfaces of constant V are con-
centric ellipsoids about the origin (Figure 9.2.3).

z
V= const y

Figure 9.2.3

The idea is to show that if 7 <1 and (x, y,z) # (0,0,0), then V <0 along trajecto-
ries. This would imply that the trajectory keeps moving fo lower V, and hence pen-
etrates smaller and smaller ellipsoids as # — oo . But V is bounded below by 0, so
V(x(¢)) = 0 and hence x(#) — 0, as desired.

Now calculate:

FV=gxxtyy+zz

=(yx—x*) +(ryx = y* — xzy) +(zxy - bz*)
=7(r+1)xy—x2 ~-y*—bz".

Completing the square in the first two terms gives

[

V=tfx-gl =[] o

We claim that the right-hand side is strictly negative if » <1and (x,y, z) #(0,0,0). It
is certainly not positive, since it is a negative sum of squares. But could V = 0? That
would require each of the terms on the right to vanish separately. Hence y =0, z =0,
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a two-dimensional unstable manifold (the sheet in Figure 9.2.4), and a two-dimen-
sional stable manifold (not shown). As r — r, from below, the cycle shrinks down
around the fixed point. At the Hopf bifurcation, the fixed point absorbs the saddle cy-
cle and changes into a saddle point. For r > r,, there are no attractors in the neigh-
borhood.

So for r > r, trajectories must fly away to a distant attractor. But what can it
be? A partial bifurcation diagram for the system, based on the results so far, shows
no hint of any stable objects for r > r,, (Figure 9.2.5).

unstable
X cycle
0 e e e e - o e - - - — - - -
T T r
r=1 r=ry
Figure 9.2.5

Could it be that all trajectories are repelled out to infinity? No; we can prove that
all trajectories eventually enter and remain in a certain large ellipsoid (Exercise
9.2.2). Could there be some stable limit cycles that we’re unaware of? Pdssibly,
but Lorenz gave a persuasive argument that for r slightly greater than r, , any limit
cycles would have to be unstable (see Section 9.4).

So the trajectories must have a bizarre kind of long-term behavior. Like balls
in a pinball machine, they are repelled from one unstable object after another.
At the same time, they are confined to a bounded set of zero volume, yet
they manage to move on this set forever without intersecting themselves or
others.

In the next section we'll see how the trajectories get out of this conundrum.

9.3 Chaos on a Strange Attractor

Lorenz used numerical integration to see what the trajectories would do in the
long run. He studied the particular case 0 =10, b =%, r=28. This value of r is
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Figure 9.3.2

The trajectory appears to cross itself repeatedly, but that’s just an artifact of pro-
jecting the three-dimensional trajectory onto a two-dimensional plane. In three di-
mensions no self-intersections occur. ’

Let’s try to understand Figure 9.3.2 in detail. The trajectory starts near the ori-
gin, then swings to the right, and then dives into the center of a spiral on the left.
After a very slow spiral outward, the trajectory shoots back over to the right side,
spirals around a few times, shoots over to the left, spirals around, and so on indefi-
nitely. The number of circuits made on either side varies unpredictably from one
cycle to the next. In fact, the sequence of the number of circuits has many. of the
characteristics of a random sequence. Physically, the switches between left and
right correspond to the irregular reversals of the waterwheel that we observed in
Section 9.1.

When the trajectory is viewed in all three dimensions, rather than in a two-
dimensional projection, it appears to settle onto an exquisitely thin set that looks
like a pair of butterfly wings. Figure 9.3.3 shows a schematic of this strange at-
tractor (a term coined by Ruelle and Takens (1971)). This limiting set is the at-
tracting set of zero volume whose existence was deduced in Section 9.2.
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Let’s make these ideas more precise. Suppose that we let transients decay, so that
a trajectory is “on” the attractor. Suppose X(¢) is a point on the attractor at time ¢,
and consider a nearby point, say x(¢)+ &(¢), where 6 is a tiny separation vector of

initial length ||, | = 107", say (Figure 9.3.4).

x(¥)

(1)

x(1)+6(5)

Figure 9.3.4

Now watch how 8(¢) grows. In numerical studies of the Lorenz attractor, one finds

that
18] ~ 18, [l

where A = 0.9. Hence neighboring trajectories separate exponentially fast. Equiv-
alently, if we plot In||8(¢)|| versus ¢, we find a curve that is close to a straight line

with a positive slope of A (Figure 9.3.5).

slope= 4 :

In |3

Figure 9.3.5

We need to add some qualifications:

1. The curve is never exactly straight. It has wiggles because the strength
of the exponential divergence varies somewhat along the attractor.

2. The exponential divergence must stop when the separation is compara-
ble to the “diameter” of the attractor—the trajectories obviously can’t
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multiples of 1/A. The next example is intended to give you a quantitative feel for
this effect.

EXAMPLE 9.3.1:

Suppose we’re trying to predict the future state of a chaotic system to within a
tolerance of @ =107, Given that our estimate of the initial state is uncertain to
within ||8,[ =107, for about how long can we predict the state of the system, while
remaining within the tolerance? Now suppose we buy the finest instrumentation,
recruit the best graduate students, etc., and somehow manage to measure the initial
state a million times better, i.e., we improve our initial error to “50” =10"", How
much longer can we predict?

Solution: The original prediction has

1. 107 1 «. 41Inl0
t, . =—In—s=—1In(10")= .
horizon /l 1077 /l ( ) /l
The improved prediction has
1, 107 1 0. 10110
t, o o=—In——e=—In(l0")=——.
horizon /l 10_13 /l ( ) /l

Thus, after a millionfold improvement in our initial uncertainty, we can predict
only 10/4 =2.5 times longer! m

Such calculations demonstrate the futility of trying to predict the detailed long-
term behavior of a chaotic system. Lorenz suggested that this is what makes long-
term weather prediction so difficult.

Defining Chaos

No definition of the term chaos is universally accepted yet, but almost everyone
would agree on the three ingredients used in the following working definition:

Chaos is aperiodic long-term behavior in a deterministic system
that exhibits sensitive dependence on initial conditions.

1. “Aperiodic long-term behavior” means that there are trajectories which
do not settle down to fixed points, periodic orbits, or quasiperiodic or-
bits as t — o . For practical reasons, we should require that such trajec-
tories are not too rare. For instance, we could insist that there be an
open set of initial conditions leading to aperiodic trajectories, or per-
haps that such trajectories should occur with nonzero probability, given
a random initial condition.
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y=0.1Is I an invariant set? Does it attract an open set of initial conditions? Is it an
attractor?

Solution: The phase portrait is shown in Figure 9.3.7. There are stable fixed
points at the endpoints (£1,0) of / and a saddle point at the origin. Figure 9.3.7
shows that / is an invariant set; any trajectory that starts in I stays in I forever.
(In fact the whole x-axis is an invariant set;-since if y(0) =0, then y(¢r)=0 for all
t.) So condition 1 is satisfied.

V)
/N

)

Figure 9.3.7

Moreover, I certainly attracts an open set of initial conditions—it attracts all
trajectories in the xy plane. So condition 2 is also satisfied.

But I is not an attractor because it is not minimal. The stable fixed points
(£1,0) are proper subsets of I that also satisfy properties 1 and 2. These points are
the only attractors for the system. m

There is an important moral to Example 9.3.3. Even if a certain set attracts all
trajectories, it may fail to be an attractor because it may not be minimal—it may
contain one or more smaller attractors.

The same could be true for the Lorenz equations. Although all trajectories are
attracted to a bounded set of zero volume, that set is not necessarily an attractor,
since it might not be minimal. To this day, no one has managed to prove that the
Lorenz attractor seen in computer experiments is truly an attractor in this technical
sense. But everyone believes it is, except for a few purists.

Finally, we define a strange attractor to be an attractor that exhibits sensitive
dependence on initial conditions. Strange attractors were originally called strange
because they are often fractal sets. Nowadays this geometric property is regarded
as less important than the dynamical property of sensitive dependence on initial
conditions. The terms chaotic attractor and fractal attractor are used when one
wishes to emphasize one or the other of those aspects.
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Zn+l

Figure 9.4.2

Lorenz’s idea is that z, should predict z,,,. To check this, he numerically integrated
the equations for a long time, then measured the local maxima of z(¢), and finally
plotted z,,, vs. z,. As shown in Figure 9.4.3, the data from the chaotic time series
appear to fall neatly on a curve—there is almost no “thickness” to the graph!

50 T T I |

45 | : N
40 Y -
Zn+1 s

35 " _

30 | i

75 ! 1 | I
25 30 35 40 45 50

Zn
Figure 9.4.3

By this ingenious trick, Lorenz was able to ektract order from chaos. The func-
tion z,,, = f(z,) shown in Figure 9.4.3 is now called the Lorenz map. It tells us a
lot about the dynamics on the attractor: given z,,, we can predict z; by z, = f(z,),
and then use that information to predict z, = f(z;), and so on, bootstrapping our
way forward in time by iteration. The analysis of this iterated map is going to lead
us to a striking conclusion, but first we should make a few clarifications.

First, the graph in Figure 9.4.3 is not actually a curve. It does have some thick-
ness. So strictly speaking, f(z) is not a well-defined function, because there can be
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Figure 9.4.4

To show that this closed orbit is unstable, consider a slightly perturbed trajectory

that has z, =z*+ 1,, where 1, is small. After linearization as usual, we find

n?

N = f(z¥)7,. Since | f(z*)] > 1, by the key property (1), we get

InrH—l | > lnu | .

Hence the deviation 77, grows with each iteration, and so the original closed orbit
is unstable.
Now we generalize the argument slightly to show that a/l closed orbits are unstable.

EXAMPLE 9.4.1:

Given the Lorenz map approximation z,,, = f(z,), with | f'()|>1 for all z,
show that all closed orbits are unstable.

Solution: Think about the sequence {z,} corresponding to an arbitrary closed
orbit. It might be a complicated sequence, but since we know that the orbit eventu-

ally closes, the sequence must eventually repeat. Hence z,, , = z,, for some integer

n+p

p=1.(Here pis the period of the sequence, and z, is a period-p point.)
Now to prove that the corresponding closed orbit is unstable, consider the fate

of a small deviation 7, and look at it after p iterations, when the cycle is com-

n?

plete. We’ll show that ‘n

iy | > |n” I which implies that the deviation has grown and
the closed orbit is unstable.
To estimate 17,,,,, g0 one step at a time. After one iteration, 1,,, = f'(z,)1,, by

linearization about z, . Similarly, after two iterations,

nn+2 = f/(zlr+])n11+l
= f,(ZrH—l ) [f,(zn ) nn]
=[f G f @), -
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of attracting fixed points is born (in our schematic, only one of the pair is shown).
At r, =24.74 the fixed points lose stability by absorbing an unstable limit cycle in
a subcritical Hopf bifurcation.

Now for the new results. As we decrease r from 7, , the unstable limit cycles
expand and pass precariously close to the saddle point at the origin. At
r=13.926 the cycles touch the saddle point and become homoclinic orbits;
hence we have a homoclinic bifurcation. (See Section 8.4 for the much simpler
homoclinic bifurcations that occur in two-dimensional systems.) Below
r=13.926 there are no limit cycles. Viewed in the other direction, we could
say that a pair of unstable limit cycles are created as r increases through
r=13.926.

This homoclinic bifurcation has many ramifications for the dynamics, but its
analysis is too advanced for us—see Sparrow’s (1982) discussion of “homoclinic
explosions.” The main conclusion is that an amazingly complicated invariant set
is born at r =13.926, along with the unstable limit cycles. This set is a thicket of
infinitely many saddle-cycles and aperiodic orbits. It is not an attractor and is not
observable directly, but it generates sensitive dependence on initial conditions in
its neighborhood. Trajectories can get hung up near this set, somewhat like wan-
dering in a maze. Then they rattle around chaotically for a while, but eventually
escape and settle down to C* or C". The time spent wandering near the set gets
longer and longer as r increases. Finally, at » =24.06 the time spent wandering
becomes infinite and the set becomes a strange attractor (Yorke and Yorke
1979).

EXAMPLE 9.5.1:

Show numerically that the Lorenz equations can exhibit transient chaos when
r=21 (with 6 =10 and b =% as usual).

Solution: After experimenting with a few different initial conditions, it is easy
to find solutions like that shown in Figure 9.5.2.

9.5 EXPLORING PARAMETER SPACE 331
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Other names used for transient chaos are metastable chaos (Kaplan and Yorke
1979) or pre-turbulence (Yorke and Yorke 1979, Sparrow 1982). m

By our definition, the dynamics in Example 9.5.1 are not “chaotic,” because
the long-term behavior is not aperiodic. On the other hand, the dynamics do ex-
hibit sensitive dependence on initial conditions—if we had chosen a slightly dif-
ferent initial condition, the trajectory could easily have ended up at C~ instead
of C*. Thus the system’s behavior is unpredictable, at least for certain initial
conditions.

Transient chaos shows that a deterministic system can be unpredictable, even
if its final states are very simple. In particular, you don’t need strange attractors
to generate effectively random behavior. Of course, this is familiar from every-
day experience—many games of “chance” used in gambling are essentially
demonstrations of transient chaos. For instance, think about rolling dice. A
crazily-rolling die always stops in one of six stable equilibrium positions. The
problem with predicting the ontcome is that the final position depends sensi-
tively on the initial orientation and velocity (assuming the initial velocity is large
enough).

Before we leave the regime of small r, we note one other interesting implica-
tion of Figure 9.5.1: for 24.06 < r < 24.74 , there are two types of attractors: fixed
points and a strange attractor. This coexistence means that we can have hystere-
sis between chaos and equilibrium by varying r slowly back and forth past these
two endpoints (Exercise 9.5.4). It also means that a large enough perturbation
can knock a steadily rotating waterwheel into permanent chaos; this is reminis-
cent (in spirit, though not detail) of fluid flows that mysteriously become turbu-
lent even though the basic laminar flow is still linearly stable (Drazin and Reid
1981).

The next example shows that the dynamics become simple again when r is suf-
ficiently large.

EXAMPLE 9.5.2:

Describe the long-term dynamics for large values of r, for 0 =10, & =3 . Inter-
pret the results in terms of the motion of the waterwheel of Section 9.1.

Solution: Numerical simulations indicate that the system has a globally attract-
ing limit cycle for all r > 313 (Sparrow 1982). In Figures 9.5.4 and 9.5.5 we plot a
typical solution for r = 350; note the approach to the limit cycle.
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In the limit » = oo one can obtain many analytical results about the Lorenz
equations. For instance, Robbins (1979) used perturbation methods to characterize
the limit cycle at large r. For the first steps in her calculation, see Exercise 9.5.5.
For more details, see Chapter 7 in Sparrow (1982).

The story is much more complicated for r between 28 and 313. For most
values of r one finds chaos, but there are also small windows of periodic behavior
interspersed. The three largest windows are 99.524...<r<100.795.. .;
145<r<166; and r>214.4. The alternating pattern of chaotic and periodic
regimes resembles that seen in the logistic map (Chapter 10), and so we will defer
further discussion until then.

9.6 Using Chaos to Send Secret Messages

One of the most exciting recent developments in nonlinear dynamics is the realiza-
tion that chaos can be useful. Normally one thinks of chaos as a fascinating curios-
ity at best, and a nuisance at worst, something to be avoided or engineered away.
But since about 1990, people have found ways to exploit chaos to do some mar-
velous and practical things. For an introduction to this new subject, see Vohra et al.
(1992).

One application involves “private communications.” Suppose you want to send
a secret message to a friend or business partner. Naturally you should use a code,
so that even if an enemy is eavesdropping, he will have trouble making sense of the
message. This is an old problem—people have been making (and breaking) codes
for as long as there have been secrets worth keeping.

Kevin Cuomo and Alan Oppenheim (1992, 1993) have implemented a
new approach to this problem, building on Pecora and Carroll’s (1990) discov-
ety of synchronized chaos. Here’s the strategy: When you transmit the
message to your friend, you also “mask” it with much louder chaos. An
outside listener only hears the chaos, which sounds like meaningless noise.
But now suppose that your friend has a magic receiver that perfectly repro-
duces the chaos—then he can subtract off the chaotic mask and listen to the
message!

Cuomo’s Demonstration

Kevin Cuomo was a student in my course on nonlinear dynamics, and at the end
of the semester he treated our class to a live demonstration of his approach. First he
showed us how to make the chaotic mask, using an electronic implementation of
the Lorenz equations (Figure 9.6.1). The circuit involves resistors, capacitors, op-
erational amplifiers, and analog multiplier chips.

9.6 USING CHAOS TO SEND SECRET MESSAGES 335
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The 45° trace on the oscilloscope indicates that the synchronization is nearly per-
fect, despite the fact that both circuits are running chaotically. The synchronization
is also quite stable: the data in Figure 9.6.2 reflect a time span of several minutes,
whereas without the drive the circuits would decorrelate in about 1 millisecond.

Cuomo brought the house down when he showed us how to use the circuits to
mask a message, which he chose to be a recording of the hit song “Emotions” by
Mariah Carey. (One student, apparently with different taste in music, asked “Is that
the signal or the noise?”) After playing the original version of the song, Cuomo
played the masked version. Listening to the hiss, one had absolutely no sense that
there was a song buried underneath. Yet when this masked message was sent to the
receiver, its output synchronized almost perfectly to the original chaos, and after
instant electronic subtraction, we heard Mariah Carey again! The song sounded
fuzzy, but easily understandable.

Figures 9.6.3 and 9.6.4 illustrate the system’s performance more quantitatively.
Figure 9.6.3a is a segment of speech from the sentence “He has the bluest eyes,” ob-
tained by sampling the speech waveform at a 48 kHz rate and with 16-bit resolution.
This signal was then masked by much louder chaos. The power spectra in Figure
9.6.4 show that the chaos is about 20 decibels louder than the message, with cover-
age over its whole frequency range. Finally, the unmasked message at the receiver

1is shown in Figure 9.6.3b. The original speech is recovered with only a tiny amount

of distortion (most visible as the increased noise on the flat parts of the record).

05 .
0 e X il
1 vl ’ ‘:”:” 1
-05F .
0 0.2 0.4 0.6 0.8 1 12 14 1.6 18 2

TIME (sec)

Figure 9.6.3 Cuomo and Oppenheim (1993), p. 67
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what effect this has on the dynamics, we write down the governing equations for
both the transmitter and the receiver. Using Kirchhoff’s laws and appropriate
nondimensionalizations (Cuomo and Oppenheim 1992), we get

u=oc(v—u)
v=ru—v—20uw (1)
w=5uv —bw

as the dynamics of the transmitter. These are just the Lorenz equations, written in
terms of scaled variables

— -1 =L
U=1x, V=10Ys W=%%2-

(This scaling is irrelevant mathematically, but it keeps the variables in a more fa-
vorable range for electronic implementation, if one unit is supposed to correspond
to one volt. Otherwise the wide dynamic range of the solutions exceeds typical
power supply limits.)

The receiver variables evolve according to

u =0, —u,)
v, = rut)—v, —20u(t)w, (2)
w, =5u(f)v, —bw,

where we have written u(#) to emphasize that the receiver is driven by the chaotic
signal u(¢#) coming from the transmitter.

The astonishing result is that the receiver asymptotically approaches perfect syn-
chrony with the transmitter, starting from any initial conditions! To be precise, let

d = (u,v,w) = state of the transmitter or “driver”
r=(u,,v,,w,) = state of the receiver
e=d—r = error signal

The claim is that e(r) > 0 as t — o, for all initial conditions.

Why is this astonishing? Because at each instant the receiver has only partial
information about the state of the transmitter—it is driven solely by u(¢), yet some-
how it manages to reconstruct the other two transmitter variables v(¢) and w(¢) as
well.

The proof is given in the following example.

EXAMPLE 9.6.1:

By defining an appropriate Liapunov function, show that e(f) > 0 as t > e,
Solution: First we write the equations governing the error dynamics. Subtract-
ing (2) from (1) yields ’
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u(t) >> m(r) is the mask. We have no proof that the receiver will regenerate u(z)
precisely. In fact, it doesn’t—that’s why Mariah Carey sounded a little fuzzy. So
it’s still something of a mathematical mystery as to why the approach works as
well as it does. But the proof is in the listening!

EXERCISES FOR CHAPTER 9

9.1 A Chaotic Waterwheel

9.1.1 (Waterwheel’s moment of inertia approaches a constant) For the water-
wheel of Section 9.1, show that /() — constant as ¢ — oo, as follows:

where [

wheel

a) The total moment of inertiaisasum I =1, +1

water ?

depends only
on the apparatus itself, and not on the distribution of water around the rim. Ex-

27
press [ in terms of M = Im(@, 1Hdo.
0

water

. 27
b) Show that M satisfies M = Q,,, — KM, where Q, ., =I 0(08)d6.
0
¢) Show that I(¢) — constant as ¢ — oo, and find the value of the constant.

9.1.2 (Behavior of higher modes) In the text, we showed that three of the water-
wheel equations decoupled from all the rest. How do the remaining modes behave?
a) If Q(8)=gq,cosB, the answer is simple: show that for n=1, all modes

a,, b, =0 ast—oco.

no

b) What do you think happens for a more general Q(6)= Z g,cosnf?
n=0
Part (b) is challenging; see how far you can get. For the state of current knowl-

edge, see Kolar and Gumbs (1992).

9.1.3  (Deriving the Lorenz equations from the waterwheel) Find a change of
variables that converts the waterwheel equations

a, =wb, —Ka,
l;l =—wa, +q,— Kb,
v gr

0=——0+"—qg,
I I

into the Lorenz equations

x=0(y—x)

Yy=rx—xz—y
z=xy—bz

EXERCISES 341
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~+4-9.2.2 (An ellipsoidal trapping region for the Lorenz equations) Show that there
is a certain ellipsoidal region E of the form rx’ + oy” + 6(z —2r)> < C such that
all trajectories of the Lorenz equations eventually enter E and stay in there for-
ever. For a much stiffer challenge, try to obtain the smallest possible value of C
with this property.

9.2.3 (A spherical trapping region) Show that all trajectories eventually enter
and remain inside a large sphere S of the form x* +y*> +(z—r—-0)’ =C, for C
sufficiently large. (Hint: Show that x* + y* +(z — r — )* decreases along trajecto-
ries for all (x, y,7z) outside a certain fixed ellipsoid. Then pick C large enough so
that the sphere S encloses this ellipsoid.)

9.2.4 (z-axis is invariant) Show that the z-axis is an invariant line for the
Lorenz equations. In other words, a trajectory that starts on the z-axis stays on it
forever.

9.2.5 (Stability diagram) Using the analytical results obtained about bifurca-
tions in the Lorenz equations, give a partial sketch of the stability diagram. Specif-
ically, assume b =1 as in the waterwheel, and then plot the pitchfork and Hopf
bifurcation curves in the (o, r) parameter plane. As always, assume o,r 20 . (For
a numerical computation of the stability diagram, including chaotic regions, see
Kolar and Gumbs (1992).)

9.2.6 (Rikitake model of geomagnetic reversals) Consider the system

X=-vx+zy
y=—vy+{(z—-a)x
z=1-xy

where a,v > 0 are parameters.

a) Show that the system is dissipative.

b) Show that the fixed points may be written in parametric form as x*=xk,
y*=xk™, z*=vk®, where v(k* -k *)=aq.

¢) Classify the fixed points.

These equations were proposed by Rikitake (1958) as a model for the self-
generation of the Earth’s magnetic field by large current-carrying eddies in the
core. Computer experiments show that the model exhibits chaotic solutions for
some parameter values. These solutions are loosely analogous to the irregular re-
versals of the Earth’s magnetic field inferred from geological data. See Cox (1982)
for the geophysical background.

9.3 Chaos on a Strange Atiractor

V9.3.I (Quasiperiodicity # chaos) The trajectories of the quasiperiodic system
0, =w,, 9, =w,, (w, /o, irrational) are not periodic.
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d) Can you find any period-3 points? How about period-4? If so, are the corre-
sponding periodic orbits stable or unstable?

9.5 Exploring Parameter Space

(Numerical experiments) For each of the values of r given below, use a computer
to explore the dynamics of the Lorenz system, assuming ¢ =10 and b =8/3 as
usual. In each case, plot x(¢), y(¢), and x vs. z.

9.5.1 r=166.3 (intermittent chaos)
9.5.2 r =212 (noisy periodicity)
9.5.3 theinterval 145 < r <166 (period-doubling)

9.5.4 (Hysteresis between a fixed point and a strange attractor) Consider the
Lorenz equations with o =10 and b =8/3. Suppose that we slowly “turn the r
knob” up and down. Specifically, let r = 24.4 + sin wt, where @ is small compared
to typical orbital frequencies on the attractor. Numerically integrate the equations,
and plot the solutions in whatever way seems most revealing. You should see a
striking hysteresis effect between an equilibrium and a chaotic state.

9.5.5 (Lorenz equations for large r ) Consider the Lorenz equations in the limit

r — oo. By taking the limit in a certain way, all the dissipative terms in the equa-

tions can be removed (Robbins 1979, Sparrow 1982).

a) Let £=r"""?, so that r — o corresponds to &€ — 0. Find a change of variables
involving € such that as € — 0, the equations become

X' =Y
Y'=-XZ
Z'=XY.

b) Find two conserved quantities (i.e., constants of the motion) for the new system.

¢) Show that the new system is volume-preserving (i.e., the volume of an arbitrary
blob of “phase fluid” is conserved by the time-evolution of the system, even
though the shape of the blob may change dramatically.)

d) Explain physically why the Lorenz equations might be expected to show some
conservative features in the limit r — oo.

e) Solve the system in part (a) numerically. What is the long-term behavior? Does
it agree with the behavior seen in the Lorenz equations for large r?

9.5.6 (Transient chaos) Example 9.5.1 shows that the Lorenz system can exhibit
transient chaos for r =21, 0 =10, b =§. However, not all trajectories behave this
way. Using numerical integration, find three different initial conditions for which
there is transient chaos, and three others for which there isn’t. Give a rule of thumb
which predicts whether an initial condition will lead to transient chaos or not.
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ceiver equations, and watch how x, and y, evolve.
a) Show numerically that the receiver does not synchronize in this case.
b) What if y(r) were the drive?

9.6.5 (Masking) In their signal-masking approach, Cuomo and Oppenheim
(1992, 1993) use the following receiver dynamics:

'x.:r= 0-( yr _xr)
y,=rs(t)-y —s(0z,
z,=s()y,—bz,

where s(t) = x(¢t) + m(t), and m(¢) is the low-power message added to the much
stronger chaotic mask x(¢). If the receiver has synchronized with the drive, then
x,(f) = x(t) and so m(r) may be recovered as (r)=s(t)~ x,(f). Test this ap-
proach numerically, using a sine wave for m(r) . How close is the estimate m(¢) to
the actual message m(f)? How does the error depend on the frequency of the sine
wave?

9.6.6 (Lorenz circuit) Derive the circuit equations for the transmitter circuit
shown in Figures 9.6.1.
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of much wilder behavior than differential equations because the points
x, hop along their orbits rather than flow continuously (Figure 10.0.1).

xO .XQ\// X1

Figure 10.0.1

The study of maps is still in its infancy, but exciting progress has been made in
the last twenty years, thanks to the growing availability of calculators, then com-
puters, and now computer graphics. Maps are easy and fast to simulate on digital
computers where time is inherently discrete. Such computer experiments have re-
vealed a number of unexpected and beautiful patterns, which in turn have stimu-
lated new theoretical developments. Most surprisingly, maps have generated a
number of successful predictions about the routes to chaos in semiconductors, con-
vecting fluids, heart cells, lasers, and chemical oscillators.

We discuss some of the properties of maps and the techniques for analyzing
them in Sections 10.1-10.5. The emphasis is on period-doubling and chaos in the
logistic map. Section 10.6 introduces the amazing idea of universality, and sum-
marizes experimental tests of the theory. Section 10.7 is an attempt to convey the
basic ideas of Feigenbaum’s renormalization technique.

As usual, our approach will be intuitive. For rigorous treatments of one-dimen-
sional maps, see Devaney (1989) and Collet and Eckmann (1980).

10.1 Fixed Points and Cobwebs

In this section we develop some tools for analyzing one-dimensional maps of the
form x,,, = f(x,), where f is a smooth function from the real line to itself.

A Pedantic Point

When we say “map,” do we mean the function f or the difference equation
X, = f(x,)? Following common usage, we’ll call both of them maps. If you're
disturbed by this, you must be a pure mathematician . . . or should consider becom-
ing one!

Fixed Points and Linear Stability

Suppose x * satisfies f(x*)=x*.Then x* is a fixed point, for if x, = x * then
w0 = J(x,)= f(x*)=x*; hence the orbit remains at x* for all future iterations.
To determine the stability of x*, we consider a nearby orbit x, = x*+n, and
ask whether the orbit is attracted to or repelled from x *. That is, does the devfa—

X

10.1 FIXED POINTS AND COBWEBS 349
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% A_T/
X1

Xn = Xy

Xo Xy X2

Figure 10.1.1

Given x,,, = f(x,) and an initial condition x,, draw a vertical line until it inter-
sects the graph of f ; that height is the output x, . At this stage we could return to the
horizontal axis and repeat the procedure to get x, from x,, but it is more convenient

simply to trace a horizontal line till it intersects the diagonal line x ,, = x,, and then

n+l
move vertically to the curve again. Repeat the process n times to generate the first
r points in the orbit.

Cobwebs are useful because they allow us to see global behavior at a glance,
thereby supplementing the local information available from the linearization.
Cobwebs become even more valuable when linear analysis fails, as in the next

example.

EXAMPLE 10.1.2:

Consider the map x,,, = sin x, . Show that the stability of the fixed point x* =0
is not determined by the linearization. Then use a cobweb to show that x*=0 is
stable—in fact, globally stable.

Solution: The multiplier at x*=0 is f’(0)=cos(0) =1, which is a marginal
case where linear analysis is inconclusive. However, the cobweb of Figure 10.1.2
shows that x* =0 is locally stable; the orbit slowly rattles down the narrow chan-
nel, and heads monotonically for the fixed point. (A similar picture is obtained for
X, <0.)

To see that the stability is global, we have to show that a// orbits satisfy x, — 0.
But for any x,, the first iterate is sent immediately to the interval —1 < x, <1 since
|sinx|<1. The cobweb in that interval looks qualitatively like Figure 10.1.2, so

convergence is assured. m
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10.2 Logistic Map: Numerics

In a fascinating and influential review article, Robert May (1976) emphasized that
even simple nonlinear maps could have very complicated dynamics. The article
ends memorably with “an evangelical plea for the introduction of these difference
equations into elementary mathematics courses, so that students’ intuition may be
enriched by seeing the wild things that simple nonlinear equations can do.”

May illustrated his point with the logistic map

xn+l = r‘xn(l _‘xn)’ (1)

a discrete-time analog of the logistic equation for population growth (Section 2.3).
Here x, 20 is a dimensionless measure of the population in the nth generation
and » 20 is the intrinsic growth rate. As shown in Figure 10.2.1, the graph of (1) is
a parabola with a maximum value of r/4 at x = 4. We restrict the control parame-
ter r to the range 0 <r <4 so that (1) maps the interval 0 < x <1 into itself. (The
behavior is much less interesting for other values of x and r—see Exercise
10.2.1.)

]

Xn4

Figure 10.2.1

Period-Doubling

Suppose we fix r, choose some initial population x,, and then use (1) to gener-
ate the subsequent x, . What happens?

For small growth rate r <1, the population always goes extinct: x, — 0 as
n — oo . This gloomy result can be proven by cobwebbing (Exercise 10.2.2).

For 1< r <3 the population grows and eventually reaches a nonzero steady
state (Figure 10.2.2). The results are plotted here as a time series of x, vs. n.
To make the sequence clearer, we have connected the discrete points (n,x,) by
line segments, but remember that only the corners of the jagged curves are
meaningful.
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Further period-doublings to cycles of period 8, 16, 32, ..., occur as r in-
creases. Specifically, let r, denote the value of r where a 2"-cycle first appears.
Then computer experiments reveal that

=3 (period 2 is born)
r, =3.449.. 4
ry = 3.54409... 8
r, =3.5644... 16
r; =3.568759... 32
1., = 3.569946... oo

Note that the successive bifurcations come faster and faster. Ultimately the r, con-
verge to a limiting value r, . The convergence is essentially geometric: in the limit
of large n , the distance between successive transitions shrinks by a constant factor

§=1lim 2Tt —4669. ...

noyee rn+1 - rn

We’ll have a lot more to say about this number in Section 10.6.

Chaos and Periodic Windows

According to Gleick (1987, p. 69), May wrote the logistic map on a corridor
blackboard as a problem for his graduate students and asked, “What the Christ
happens for r > r, 7’ The answer turns out to be complicated: For many values of
r, the sequence {x"} never settles down to a fixed point or a periodic orbit—
instead the long-term behavior is aperiodic, as in Figure 10.2.5. This is a discrete-
time version of the chaos we encountered earlier in our study of the Lorenz
equations (Chapter 9).

=39
1.0+ §

057

10 20 30 40 50

Figure 10.2.5

The corresponding cobweb diagram is impressively complex (Figure 10.2.6).
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Figure 10.2.7 Campbell (1979), p. 35, courtesy of Roger Eckhardt

10.3 Logistic Map: Analysis

The numerical results of the last section raise many tantalizing questions. Let’s try
to answer a few of the more straightforward ones.

EXAMPLE 10.3.1:

Consider the logistic map x,,, =rx,(1-x,) for 0<x, <1 and 0<r<4. Find
all the fixed points and determine their stability.

Solution: The fixed points satisfy x* = f(x*)=rx*(1 - x*). Hence x*=0 or

=r(l-x*), ie, x¥=1-1. The origin is a fixed point for all r, whereas

x*=1-1 isin the range of allowable x onlyif r>1.

Stability depends on the multiplier f’(x*)=r—2rx* Since f’(0)= r, the ori-
gin is stable for r<! and unstable for r>1. At the other fixed point,
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fA(x)= f(f(x)). Since f(x) is a quadratic polynomial, f>(x) is a quartic polyno-
mial. Its graph for r >3 is shown in Figure 10.3.2.

A (x)

Figure 10.3.2

To find p and g, we need to solve for the pbints where the graph intersects the
diagonal, i.e., we need to solve the fourth-degree equation f z (x) = x. That sounds
hard until you realize that the fixed points x* =0 and x*=1-1 are trivial solu-
tions of this equation. (They satisfy f(x*)=x*, so f>(x*)=x* automatically.)
After factoring out the fixed points, the problem reduces to solving a quadratic
equation.

We outline the algebra involved in the rest of the solution. Expansion of the
equation f*(x)—x=0 gives r’x(1—x)[1—rx(1—x)]~x =0. After factoring out
x and x — (1 —+) by long division, and solving the resulting quadratic equation, we
obtain a pair of roots

r+l1x\(r=3)r+1)
p.q= ,
2r

which are real for » > 3. Thus a 2-cycle exists for all r > 3, as claimed. At r = 3, the
roots coincide and equal x* =1—1 =%, which shows that the 2-cycle bifurcates

continuously from x *. For r <3 the roots are complex, which means that a 2-cy-
cle doesn’t exist. m

A cobweb diagram reveals how flip bifurcations can give rise to period-
doubling. Consider any map f,.and look at the local picture near a fixed point
where f'(x*) =~—1 (Figure 10.3.3).
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After carrying out the differentiations and substituting for p and g, we obtain
A=r(1-2g) r(1-2p)
=r’[1-2(p+q)+4pq|
=r[1-20+D/r+4(r+1)/F | \
=442r—r".
Therefore the 2-cycle is linearly stable for )4 +2r—r’ } <l,ie,for3<r<1++6.m

Figure 10.3.4 shows a partial bifurcation diagram for the logistic map, based
on our results so far. Bifurcation diagrams are different from orbit diagrams in that
unstable objects are shown as well; orbit diagrams show only the attractors.

Figure 10.3.4

Our analytical methods are becoming unwieldy. A few more exact results can
be obtained (see the exercises), but such results are hard to come by. To elucidate
the behavior in the interesting region where r > r,, we are going to rely mainly on
graphical and numerical arguments.

10.4 Periodic Windows

One of the most intriguing features of the orbit diagram (Figure 10.2.7) is the oc-
currence of periodic windows for r > r, . The period-3 window that occurs near
3.8284...<r<3.8415. .. is the most conspicuous. Suddenly, against a backdrop
of chaos, a stable 3-cycle appears out of the blue. Our first goal in this section is to
understand how this 3-cycle is created. (The same mechanism accounts for the cre-
ation of all the other windows, so it suffices to consider this simplest case.)

First, some notation. Let f(x) = rx(l — x)so that the logistic map is x,,, = f(x,).
Then x,,, = f(f(x,)) or more simply, x, , = £ (x,). Similarly, x,,, = f'(x,).
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Figure 10.4.2

One can show analytically that the value of r at the tangent bifurcation is
1++/8 =3.8284. . . (Myrberg 1958). This beautiful result is often mentioned in
textbooks and articles—but always without proof. Given the resemblance of this
result to the 1++/6 encountered in Example 10.3.3, I'd always assumed it should
be comparably easy to derive, and once assigned it as a routine homework prob-
lem. Oops! It turns out to be a bear. See Exercise 10.4.10 for hints, and Saha and
Strogatz (1994) for Partha Saha’s solution, the most elementary one my class
could find. Maybe you can do better; if so, let me know!

Intermittency

For r just below the period-3 window, the system exhibits an interesting kind
of chaos. Figure 10.4.3 shows a typical orbit for r =3.8282.

nearly
period-3 chaos 7=13.8282

Figure 10.4.3

Part of the orbit looks like a stable 3-cycle, as indicated by the black dots. But this
is spooky since the 3-cycle no longer exists! We’re seeing the ghost of the 3-cycle.
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Figure 10.4.5 shows an experimental example of the intermittency route to
chaos in a laser.

A AR
0 s 10
Time (ps)

Figure 10.4.5 Harrison and Biswas {1984), p. 396

The intensity of the emitted laser light is plotted as a function of time. In the lowest
panel of Figure 10.4.5, the laser is pulsing periodically. A bifurcation to intermit-
tency occurs as the system’s control parameter (the tilt of the mirror in the laser
cavity) is varied. Moving from bottom to top of Figure 10.4.5, we see that the
chaotic bursts occur increasingly often.

For a nice review of intermittency in fluids and chemical reactions, see Bergé et
al. (1984). Those authors also review two other types of intermittency (the kind
considered here is Type I intermittency) and give a much more detailed treatment
of intermittency in general.

Period-Doubling in the Window

We commented at the end of Section 10.2 that a copy of the orbit diagram ap-
pears in miniature in the period-3 window. The explanation has to do with hills and
valleys again. Just after the stable 3-cycle is created in the tangent bifurcation, the
slope at the black dots in Figure 10.4.1 is close to +1. As we increase r, the hills
rise and the valleys sink. The slope of f*(x) at the black dots decreases steadily
from +1 and eventually reaches —1. When this occurs, a flip bifurcation causes

10.4 PERIODIC WINDOWS 365
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If this expression has a limit as n — oo, we define that limit to be the Liapunov ex-
ponent for the orbit starting at x,:

—hm{ 21n|f (x; )|}

Note that A depends on x,. However, it is the same for all x, in the basin of at-
traction of a given attractor. For stable fixed points and cycles, A is negative; for
chaotic attractors, A is positive.

The next two examples deal with special cases where A can be found analytically.

EXAMPLE 10.5.1:

Suppose that f has a stable p-cycle containing the point x,,. Show that the Lia-
punov exponent A < 0. If the cycle is superstable, show that A = —

Solution: As usual, we convert questions about p-cycles of f into questions
about fixed points of f”. Since x, is an element of a p-cycle, x, is a fixed point of
f7. By assumption, the cycle is stable; hence the multiplier |( f7 )’(xo)l < 1. There-
fore ln((f”)’(xo)' <In(I) =0, a result that we’ll use in a moment.

Next observe that for a p-cycle,

—hm{ ZIn‘f(x){}
=121n|f’(xi)|
P35

since the same p terms keep appearing in the infinite sum. Finally, using the chain
rule in reverse, we obtain

L& (o 1 :
— Y In[f ()| =—In|(f")(x,)[ <0,
p“ p
as delsired. If the cycle is superstable, then ‘( fr )’(xo)‘ =0 by definition, and thus
A==1n(0)=—c.u
p

The second example concerns the tent map, defined by

o) rx,. 0<x<4
x:
r—rx, $<x<1

for0<r<2 and 0<x <1 (Figure 10.5.1).
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Figure 10.5.2 Olsen and Degn {1985}, p. 175

Comparing this graph to the orbit diagram (Figure 10.2.7), we notice that A re-
mains negative for r < r_ = 3.57, and approaches zero at the period-doubling bifur-
cations. The negative spikes correspond to the 2"-cycles. The onset of chaos is
visible near r ~ 3.57, where A first becomes positive. For r >3.57 the Liapunov
exponent generally increases, except for the dips caused by the windows of peri-
odic behavior. Note the large dip due to the period-3 window near r =3.83. m

Actually, all the dips in Figure 10.5.2 should drop down to A = —eo, because a
superstable cycle is guaranteed to occur somewhere near the middle of each dip,
and such cycles have A = —oo, by Example 10.5.1. This part of the spike is too nar-
row to be resolved in Figure 10.5.2.

10.6 Universality and Experiments

This section deals with some of the most astonishing results in all of nonlinear dy-
namics. The ideas are best introduced by way of an example.

EXAMPLE 10.6.1:

Plot the graph of the sine map x,,, = rsinzx, for 0<r<1 and 0<x<1I, and
compare it to the logistic map. Then plot the orbit diagrams for both maps, and list
some similarities and differences.

Solution: The graph of the sine map is shown in Figure 10.6.1.
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e
Figure 10.6.2 Courtesy of Andy Christian

The beginning of this sequence is familiar: periods 1, 2, and 2X2 are the first
stages in the period-doubling scenario. (The later period-doublings give periods
greater than 6, so they are omitted here.) Next, periods 6, 5, 3 correspond to the
large windows mentioned in the discussion of Figure 10.6.2. Period 2x3 is the
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In fact, the same convergence rate appears no maiter whar unimodal map is iter-
ated! In this sense, the number

§=1lim =l — 4669, ..

n—es —
,;H-! ,;1

is universal. It is a new mathematical constant, as basic to period-doubling as 7 is

to circles.
Figure 10.6.3 schematically illustrates the meaning of . Let A =r, —r,_, de-

n=l

note the distance between consecutive bifurcation values. Then A /A ., — & as

e+l
n—> oo,

There is also universal scaling in the x-direction. It is harder to state precisely
because the pitchforks have varying widths, even at the same value of r. (Look
back at the orbit diagrams in Figure 10.6.2 to confirm this.) To take account of this
nonuniformity, we define a standard x-scale as follows: Let x,, denote the maxi-
mum of £, and let d, denote the distance from x,, to the nearest point in a 2"-cycle

(Figure 10.6.3).

X
d,
X, 1
! dn+1
T T T r
An An+1

Figure 10.6.3

Then the ratio d,, /d,,, tends to a universal limit as n — oo :

n+

i—>oc:~2.5029. C

n+l
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then the roll structure could be stabilized by applying a dc magnetic field to the
whole system. Mercury has a high electrical conductivity, so there is a strong ten-
dency for the rolls to align with the field, thereby retaining their spatial organiza-
tion. There are further niceties in the experimental design, but they need not
concern us; see Libchaber et al. (1982) or Bergé et al. (1984).

Now for the experimental results. Figure 10.6.5 shows that this system under-
goes a sequence of period-doublings as the Rayleigh number is increased.

oo

3.47

3.52 Nﬂwﬂ
3.62 W

3.65

) ! \ 1
[} 50 100 150 200
T(s)

Figure 10.6.5 Libchaber et al. (1982}, p. 213

Each time series shows the temperature variations at one point in the fluid. For
R/R. =3.47, the temperature varies periodically. This may be regarded as the basic
period-1 state. When R is increased to R/R =3.52, the successive temperature
maxima are no longer equal; the odd peaks are a little higher than before, and the
even peaks are a little lower. This is the period-2 state. Further increases in R gen-
erate additional period-doublings, as shown in the lower two time series in Figure
10.6.5.

By carefully measuring the values of R at the period-doubling bifurcations,
Libchaber et al. (1982) arrived at a value of 8 = 4.4 + 0.1, in reasonable agreement
with the theoretical result & = 4.699.
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X=-y—2z
y=x+ay
z=b+z(x—0¢)

where a, b, and ¢ are parameters. This system contains only one nonlinear term,
zx, and is even simpler than the Lorenz system (Chapter 9), which has two nonlin-
earities.

Figure 10.6.6 shows two-dimensional projections of the system’s attractor for
different values of ¢ (with @ =& = 0.2 held fixed).

+14 +14
C=25 c=35
> >
—14 -14
-14 ¥ +14 -14 x +14
+14 +14
C=4 C=5
>~ >
-14 14
-14 x +14 14 x +14

Figure 10.6.6 Olsen and Degn {1985), p. 185

At ¢ =2.5 the attractor is a simple limit cycle. As ¢ is increased to 3.5, the limit
cycle goes around twice before closing, and its period is approximately twice that
of the original cycle. This is what period-doubling looks like in a continuous-time
system! In fact, somewhere between ¢ =2.5 and 3.5, a period-doubling bifurca-
tion of cycles must have occurred. (As Figure 10.6.6 suggests, such a bifurcation
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xmax

0
25 C 6-0

Figure 10.6.8 Olsen and Degn {1985), p. 186

This orbit diagram allows us to keep track of the bifurcations in the Rossler sys-
tem. We see the period-doubling route to chaos and the large period-3 window—
all our old friends are here.

Now we can see why certain physical systems are governed by Feigenbaum’s
universality theory—if the system’s Lorenz map is nearly one-dimensional and
unimodal, then the theory applies. This is certainly the case for the Rossler system,
and probably for Libchaber’s convecting mercury. But not all systems have one-
dimensional Lorenz maps. For the Lorenz map to be almost one-dimensional, the
strange attractor has to be very flat, i.e., only slightly more than two-dimensional.
This requires that the system be highly dissipative; only two or three degrees of
freedom are truly active, and the rest follow along slavishly. (Incidentally, that’s
another reason why Libchaber et al. (1982) applied a magnetic field; it increases
the damping in the system, and thereby favors a low-dimensional brand of chaos.)

So while the theory works for some mildly chaotic systems, it does not apply to
fully turbulent fluids or fibrillating hearts, where there are many active degrees of
freedom corresponding to complicated behavior in space as well as time. We are
still a long way from understanding such systems.

10.7 Renormalization

In this section we give an intuitive introduction to Feigenbaum’s (1979) renormal-
ization theory. for period-doubling. For nice expositions at a higher mathematical
level than that presented here, see Feigenbaum (1980), Collet and Eckmann
(1980), Schuster (1989), Drazin (1992), and Cvitanovic (1989b).
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Figure 10.7.1
f(xRy) AR
(©
o o
@ (b)
Figure 10.7.2

This is a fair comparison because the maps have the same stability properties: x,,
is a superstable fixed point for both of them. Please notice that to obtain Figure
10.7.2b, we took the second iterate of f and increased r from R, to R,. This
r-shifting is a basic part of the renormalization procedure.

The small box of Figure 10.7.2b is reproduced in Figure 10.7.2c. The key point
is that Figure 10.7.2c looks practically identical to Figure 10.7.2a, except for a
change of scale and a reversal of both axes. From the point of view of dynamics,
the two maps are very similar—cobweb diagrams starting from corresponding
points would look almost the same.

Now we need to convert these qualitative observations into formulas. A helpful

first step is to translate the origin of x to x, , by redefining x as x —x,, . This rede-

m?’
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Feigenbaum found numerically that

lim a"f“”(—o%, an=go<x>, (1)
where g,(x) is a universal function with a superstable fixed point. The limiting
function exists only if & is chosen correctly, specifically, o« =-2.5029. . ..

Here “universal” means that the limiting function g,(x) is independent of the
original f (almost). This seems incredible at first, but the form of (1) suggests the
explanation: g,(x) depends on f only through'its behavior near x = 0, since that’s
all that survives in the argument x /" as n— oo . With each renormalization,
we're blowing up a smaller and smaller neighborhood of the maximum of f, so
practically all information about the global shape of f is lost.

One caveat: The order of the maximum is never forgotten. Hence a more pre-
cise statement is that g,(x) is universal for all f with a quadratic maximum (the
generic case). A different g,(x) is found for f’s with a fourth-degree maximum,
etc.

To obtain other universal functions g,(x), start with f(x,R) instead of

S, Ry):

gi(x) = 11_1;2 anf(zn)((‘xxn ’ Rl1+ij‘

Here g,(x) is a universal function with superstable 2'-cycle. The case where we
start with R, = R_ (at the onset of chaos) is the most interesting and important,
since then

f(x,Rm)zafz(—x—, ij.
o

For once, we don’t have to shift » when we renormalize! The limiting function
g..(x), usually called g(x), satisfies

g(x) = ocgz(—)i j 2)
o

This is a functional equation for g(x) and the universal scale factor «. It is self-
referential: g(x) is defined in terms of itself.

The functional equation is not complete until we specify boundary conditions
on g(x). After the shift of origin, all our unimodal f ’s have a maximum at x =0,
so we require g’(0) = 0. Also, we can set g(0) =1 without loss of generality. (This
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the dynamics of f* near p will necessarily be approximated by a map with the
same algebraic form as (3), since all maps have this form near a period-doubling
bifurcation. Our strategy is to calculate the map governing the dynamics of f~ near
p, and renormalize it to look like (3). This defines a renormalization iteration,
which in turn leads to a prediction of & and &.

First, we find p and g. By definition of period-2, p is mapped to ¢ and g to p.
Hence (3) yields '

p=—-(1+wWg+q°, qg=-(1+wp+p*.

By subtracting one of these equations from the other, and factoring out p—g, we
find that p+g¢g =g . Then multiplying the equations together and simplifying
yields pg =—u . Hence

O T ok T

2 2

Now shift the origin to p and look at the local dynamics. Let
fx)=—(+wx+x".

= f*(p+n,) in powers of the small
deviation 77, . After some algebra (Exercise 10.7.10) and neglecting higher order

Then p is a fixed point of f*. Expand p+17

n+l
terms as usual, we get

nrH—l :(1_4:‘1_.112)77:; +Cn7;: t+ ... (4)

where

C=adpu+p” =3y’ +4u . (5)

As promised, the n-map (4) has the same algebraic form as the original map
(3)! We can renormalize (4) into (3) by rescaling 17 and by defining a new .
(Note: The need for both of these steps was anticipated in the abstract version of
renormalization discussed earlier. We have to rescale the state variable 7 and shift
the bifurcation parameter (! .)

To rescale 71, let x, = Cnp, . Then (4) becomes

%, =(—dpu—p%, +30+.. .. (6)
This matches (3) almost perfectly. All that remains is to define a new parameter [
by —(1+ fi) =(1— 44 — u*). Then (6) achieves the desired form
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Exercise 10.7.11 asks you to give a cobweb analysis of (10), starting from the ini-
tial condition g, =0. Youw’ll find that y, — u*, where pu* >0 is a stable fixed
point corresponding to the onset of chaos.

EXAMPLE 10.7.3:

Find p*.

Solution: 1t is slightly easier to work with (9). The fixed point satisfies
w* = (u*)* +4u* -2, and is given by

wr=4(-3++17)=056. (11)

Incidentally, this gives a remarkably accurate prediction of r, for the logistic map.
Recall that (=0 corresponds to the birth of period-2, which occurs at r =3 for
the logistic map. Thus p * corresponds to r, = 3.56 whereas the actual numerical
resultis r, =3.57 ! m

Finally we get to see how § and @ make their entry. For k >>1, the y, should
converge geometrically to u * at a rate given by the universal constant §. Hence
O =(U,_, — ¥/ (U, ~ u*). As k — oo, this ratio tends to 0/0 and therefore may be
evaluated by L’Hdpital’s rule. The result is

S~ ap,.,
d:uk =%
=2Uu*+ 4

where we have used (9) in calculating the derivative. Finally, we substitute for p *
using (11) and obtain

§=1++17 =5.12.

This estimate is about 10 percent larger than the true & = 4.67, which is not bad
considering our approximations.

To find the approximate ¢, note that we used C as a rescaling parameter when
we defined X, = Cn,. Hence C plays the role of «. Substitution of u* into (5)
yields

_ 14417

2

C 3 ~-2.24,

1+\/ﬁ 2
2

which is also within 10 percent of the actual value o = —2.50.
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lows. Show that (under appropriate circumstances, to be stated) the roots of an
equation g(x) =0 always correspond to superstable fixed points of the Newton
map x,,, = f(x,), where f(x,)=x,—g(x,)/g’(x,). (This explains why Newton’s
method converges so fast—if it converges at all.)

10.1.14 Prove that x*=0 is a globally stable fixed point for the map

X —sinx, . (Hint: Draw the line x,,, = —x, on your cobweb diagram, in addi-

el T

tion to the usual line x,,, = x,.)

10.2 Logistic Map: Numerics

10.2.1 Consider the logistic map for all real x and for any r >1.

a) Show that if x, >1 for some 7, then subsequent iterations diverge toward —eo .
(For the application to population biology, this means the population goes ex-
tinct.)

b) Given the result of part (a), explain why it is sensible to restrict r and x to the
intervals r €[0,4] and x €[0,1].

10.2.2 Use a cobweb to show that x* =0 is globally stable for 0 <r <1 in the
logistic map.

10.2.3 Compute the orbit diagram for the logistic map.

Plot the orbit diagram for each of the following maps. Be sure to use a large

enough range for both r and x to include the main features of interest. Also, try
different initial conditions, just in case it matters.

10.2.4 x,, =x,e "™ (Standard period-doubling route to chaos)
10.2.5 x,,, =€ " (One period-doubling bifurcation and the show is over)
10.2.6 x,, =rcosx, (Period-doubling and chaos galore)

10.2.7 x,, =rtanx, (Nasty mess)

10.2.8 x,, =rx, —x, (Attractors sometimes come in symmetric pairs)

10.3 Logistic Map: Analysis
10.3.1 (Superstable fixed point) Find the value of r at which the logistic map
has a superstable fixed point.

10.3.2 (Superstable 2-cycle) Let p and g be points in a 2-cycle for the logistic

map.

a) Show that if the cycle is superstable, then either p=4 or g=+%. (In other
words, the point where the map takes on its maximum must be one of the points
in the 2-cycle.)

b) Find the value of r at which the logistic map has a superstable 2-cycle.
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e) By considering the rate of separation between two nearby orbits, show that the
map has sensitive dependence on initial conditions.

10.3.8 (Dense orbit for the decimal shift map) Consider a map of the unit inter-
val into itself. An orbit {xn} is said to be “dense” if it eventually gets arbitrarily
close to every point in the interval. Such an orbit has to hop around rather crazily!
More precisely, given any € >0 and any point p €[0,1], the orbit {xn} is dense if
there is some finite n such that lxn - p‘ <E.

Explicitly construct a dense orbit for the decimal shift map x,,, =10x, (mod1).

10.3.9 (Binary shift map) Show that the binary shift map x,,, = 2x, (mod1) has
sensitive dependence on initial conditions, infinitely many periodic and aperiodic
orbits, and a dense orbit. (Hint: Redo Exercises 10.3.7 and 10.3.8, but write x, as a
binary number, not a decimal.)

10.3.10 (Exact solutions for the logistic map with » =4) The previous exercise
shows that the orbits of the binary shift map can be wild. Now we are going to see
that this same wildness occurs in the logistic map when » = 4.

a) Let {6,} be an orbit of the binary shift map 6,,, =26, (mod1), and define a new
sequence {x”} by x, =sin’*(x6,). Show that x,,, = 4x,(1 - x,), no matter what
8, we started with. Hence any such orbit is an exact solution of the logistic map

with r =41
b) Graph the time series x, vs. n, for various choices of 8,.

10.3.11 (Subcritical flip) Let x,,, = f(x,), where f(x)=—-(1+r)x— x?=2x°

a) Classify the linear stability of the fixed point x* =0.

b) Show that a flip bifurcation occurs at x* =0 when r =0.

¢) By considering the first few terms in the Taylor series for f>(x) or otherwise,
show that there is an unstable 2-cycle for r < 0, and that this cycle coalesces
with x*=0 as r — 0 from below.

d) What is the long-term behavior of orbits that start near x* = 0, both for r<0
and r>07?

10.3.12 (Numerics of superstable cycles) Let R, denote the value of r at which

the logistic map has a superstable cycle of period 2" .

a) Write an implicit but exact formula for R, in terms of the point x =4 and the
function f(x,r)=rx(1-x).

b) Using a computer and the result of part (a), find R,,R,,. .., R, to five signifi-
cant figures.
R6 — Rs

¢) Evalunate
;— R
10.3.13 (Tantalizing patterns) The orbit diagram of the logistic map (Figure

10.2.7) exhibits some striking features that are rarely discussed in books.
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both the xz projection of the cycle, and the time series x(z).

b) Show that if r =166.2 , the trajectory looks like the old limit cycle for much of
the time, but occasionally it is interrupted by chaotic bursts. This is the signa-
ture of intermittency.

¢) Show that as r increases, the bursts become more frequent and last longer.

10.4.9 (Period-doubling in the Lorenz equations) Solve the Lorenz equations nu-
merically for 6 =10, b=4%, and r=148.5. You should find a stable limit cycle.
Then repeat the experiment for r =147.5 to see a period-doubled version of this
cycle. (When plotting your results, discard the initial transient, and use the xy pro-
jections of the attractors.)

10.4.10 (The birth of period 3) This is a hard exercise. The goal is to show that
the period-3 cycle of the logistic map is born in a tangent bifurcation at
r=1++/8 =3.8284. ... Here are a few vague hints. There are four unknowns: the
three period-3 points a,b,c¢ and the bifurcation value r. There are also four equa-
tions: f(a)=»b, f(b)=c, f(c)=a, and the tangent bifurcation condition. Try to
eliminate a,b,c (which we don’t care about anyway) and get an equation for r
alone. It may help to shift coordinates so that the map has its maximum at x =0
rather than x =%. Also, you may want to change variables again to symmetric
polynomials involving sums of products of a,b,c. See Saha and Strogatz (1994)
for one solution, probably not the most elegant one!

10.5 Liapunov Exponent

10.5.1 Calculate the Liapunov exponent for the linear map x, ,, = rx

et T T

10.5.2 Calculate the Liapunov exponent for the decimal shift map
x,,, =10x, (modl).

10.5.3 Analyze the dynamics of the tent map for r < 1.

10.5.4 (No windows for the tent map) Prove that, in contrast to the logistic map,
the tent map does not have periodic windows interspersed with chaos.

10.5.5 Plot the orbit diagram for the tent map.

10.5.6 Using a computer, compute and plot the Liapunov exponent as a function
of r for the sine map x,,, =rsinzx, , for0<x, <l and0<r<1].

n+l

10.5.7 The graph in Figure 10.5.2 suggests that A =0 at each period-doubling
bifurcation value r,. Show analytically that this is correct.

10.6 Universality and Experiments
The first two exercises deal with the sine map x,,, = rsinzx, , where 0<r <1 and
x €[0,1]. The goal is to learn about some of the practical problems that come up
when one tries to estimate § numerically.
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3.9057065, 3.9375364, 3.9602701, 3.9777664, 3.9902670, 3.9975831 (Metrop-

olis et al. 1973). Notice that they’re all near the end of the orbit diagram. They

have tiny windows around them and tend to be overlooked.

a) Plot the cobwebs for these cycles.

b) Did you find it hard to obtain the cycles of periods 5 and 6? If so, can you ex-
plain why this trouble occurred?

10.6.6 (A trick for locating superstable cycles) Hao and Zheng (1989) give an

amusing algorithm for finding a superstable cycle with a specified iteration pat-

tern. The idea works for any unimodal map, but for convenience, consider the map

x,,, =r—x_,for 0<r<2.Define two functions R(y)=+/r—y, L(y)=—+/r—y.

These are the right and left branches of the inverse map.

a) For instance, suppose we want to find the r corresponding to the superstable 5-
cycle with pattern RLLR. Then Hao and Zheng show that this amounts to solv-
ing the equation r= RLLR(0). Show that when this equation is written out

explicitly, it becomes

b) Solve this equation numerically by the iterating the map

rn+l=\/rn+ rn+\rn_\/rn’

starting from any reasonable guess, e.g., 7, =2 . Show numerically that », con-
verges rapidly to 1.860782522 .. ..
¢) Verify that the answer to (b) yields a cycle with the desired pattern.

10.7 Renormalization

10.7.1 (Hands on the functional equation) The functional equation

g(x) = ag”(x/a) arose in our renormalization analysis of period-doubling. Let’s

approximate its solution by brute force, assuming that g(x) is even and has a qua-

dratic maximum at x = 0.

a) Suppose g(x)=1+c,x” for small x. Solve for ¢, and o . (Neglect O(x*)
terms.)

b) Now assume g(x)=1+c,x* +c,x*, and use Mathematica, Maple, Macsyma
(or hand calculation) to solve for &, c,, ¢, . Compare your approximate results
to the “exact” values a = -2.5029. .., ¢, =~1.527..., ¢, =0.1048....

10.7.2 Given amap y,,, = f(»,), rewrite the map in terms of arescaled variable
x, =ay,. Use this to show that rescaling and inversion converts f’(x,R,) into

af?(x/er, R,), as claimed in the text.
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+N(r)y= N(4r).

e) Show that the equation in (d) has solutions N(r)= ar’ and solve for b.

10.7.9 (Renormalization approach to intermittency: functional version) Show
that if the renormalization procedure in Exercise 10.7.8 is done exactly, we are led
to the functional equation

g(x)=ag*(x/a)

(just as in the case of period-doubling!) but with new boundary conditions appro-
priate to the tangent bifurcation:

g0)=0,  g'0)=1.

Unlike the period-doubling case, this functional equation can be solved explicitly

(Hirsch et al. 1982).

a) Verify that a solution is & =2, g(x) = x/(1+ ax), with g arbitrary.

b) Explain why a =2 is almost obvious, in retrospect. (Hint: Draw cobwebs for
both g and g* for an orbit passing through the bottleneck. Both cobwebs look
like staircases; compare the lengths of their steps.)

10.7.10 Fill in the missing algebraic steps in the concrete renormalization calcula-
tion for period-doubling. Let f(x)=—(1+ u)x +x*. Expand p+1n,,, = f>(p+1,)
in powers of the small deviation 7, , using the fact that p is a fixed point of f~.
Thereby confirm that (10.7.4) and (10.7.5) are correct.

10.7.11 Give a cobweb analysis of (10.7.10), starting from the initial condition

4, =0. Show that y, - u*, where u*>0 is a stable fixed point corresponding
to the onset of chaos.
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11.1 Countable and Uncountable Sets

This section reviews the parts of set theory that we’ll need in later discussions of
fractals. You may be familiar with this material already; if not, read on.

Are some infinities larger than others? Surprisingly, the answer is yes. In the
late 1800s, Georg Cantor invented a clever way to compare different infinite sets.
Two sets X and Y are said to have the same cardinality (or number of elements) if
there is an invertible mapping that pairs each element x € X with precisely one
y €Y. Such a mapping is called a one-to-one correspondence; it’s like a buddy
system, where every x has a buddy y, and no one in either set is left out or
counted twice.

A familiar infinite set is the set of natural numbers N = {1,2,3, 4,...}. This set
provides a basis for comparison—if another set X can be put into one-to-one cor-
respondence with the natural numbers, then X is said to be countable. Otherwise
X is uncountable. '

These definitions lead to some surprising conclusions, as the following exam-
ples show.

EXAMPLE 11.1.1:

Show that the set of even natural numbers F = {2,4,6,...} is countable.

Solution: We need to find a one-to-one correspondence between £ and N.
Such a correspondence is given by the invertible mapping that pairs each natural
number n with the even number 2n;thus 1< 2,2 4,3 ¢ 6, and soon.

Hence there are exactly as many even numbers as natural numbers. You might
have thought that there would be only half as many, since all the odd numbers are
missing! w

There is an equivalent characterization of countable sets which is frequently
useful. A set X is countable if it can be written as a list {xl,xz,x3,...}, with every
x € X appearing somewhere in the list. In other words, given any x, there is some
finite » such that x, = x.

A convenient way to exhibit such a list is to give an algorithm that systemati-
cally counts the elements of X. This strategy is used in the next two examples.

EXAMPLE 11.1.2:

Show that the integers are countable.

Solution: Here’s an algorithm for listing all the integers: We start with 0 and
then work in order of increasing absolute value. Thus the list is
{0,1,-1,2,-2,3,-3,...} . Any particular integer appears eventually, so the integers
are countable. m

11.1 COUNTABLE AND UNCOUNTABLE SETS 399
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of x,. Similarly, its second digit is anything other than the second digit of x,. In

general, the nth digit of r is X, , defined as any digit other than x_, . Then we claim

that the number r = X, X,,X;; --+ is not on the list. Why not? It can’t be equal to x,,

nn?

because it differs from x, in the first decimal place. Similarly, » differs from x, in
the second decimal place, from x, in the third decimal place, and so on. Hence r is
not on the list, and thus X is uncountable. m

This argument (devised by Cantor) is called the diagonal argument, because r
is constructed by changing the diagonal entries x,, in the matrix of digits [x,j] .

11.2 Cantor Set

Now we turn to another of Cantor’s creations, a fractal known as the Cantor set. It
is simple and therefore pedagogically useful, but it is also much more than that—
as we’ll see in Chapter 12, the Cantor set is intimately related to the geometry of
strange attractors.

Figure 11.2.1 shows how to construct the Cantor set.

o
W
Wi

—

Cantor Set C Seo

Figure 11.2.1

We start with the closed interval S, =[0,1] and remove its open middle third, i.e.,
we delete the interval (% , %) and leave the endpoints behind. This produces the pair
of closed intervals shown as S, . Then we remove the open middle thirds of those
two intervals to produce S, , and so on. The limiting set C = S_ is the Cantor set. It
is difficult to visualize, but Figure 11.2.1 suggests that it consists of an infinite

number of infinitesimal pieces, separated by gaps of various sizes.

Fractal Properties of the Cantor Set

The Cantor set C has several properties that are typical of fractals more generally:

11.2 CANTOR SET 401
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Example 11.2.1 suggests that the Cantor set is “small” in some sense. On the
other hand, it contains tremendously many points—uncountably many, in fact. To
see this, we first develop an elegant characterization of the Cantor set.

EXAMPLE 11.2.2:

Show that the Cantor set C consists of all points ¢ € [0,1] that have no 1’s in
their base-3 expansion.

Solution: The idea of expanding numbers in different bases may be unfamiliar,
unless you were one of those children who was taught “New Math” in elementary
school. Now you finally get to see why base-3 is useful!

First let’s remember how to write an arbitrary number x € [0,1] in base-3. We

. . a, a, a .

expand in powers of 1/3: thus if x = ?+3—2+3—5+ -+, then x=.q,0,a, ... in
base-3, where the digits a, are 0, 1, or 2. This expansion has a nice geometric

interpretation (Figure 11.2.2).

.00...  .0L.. .02.. 20, 21, 22..

Figure 11.2.2

If we imagine that [0,1] is divided into three equal pieces, then the first digit ,
tells us whether x is in the left, middle, or right piece. For instance, all numbers
with g, =0 are in the left piece. (Ordinary base-10 works the same way, except
that we divide [0,1] into ten pieces instead of three.) The second digit a, provides
more refined information: it tells us whether x is in the left, middle, or right third
of a given piece. For instance, points of the form x =.01. .. are in the middle part
of the left third of [0,1], as shown in Figure 11.2.2.

Now think about the base-3 expansion of points in the Cantor set C. We deleted
the middle third of [0,1] at the first stage of constructing C; this removed all points
whose first digit is 1. So those points can’t be in C. The points left over (the only
ones with a chance of ultimately being in C ) must have 0 or 2 as their first digit.
Similarly, points whose second digit is 1 were deleted at the next stage in the
construction. By repeating this argument, we see that C consists of all points

11.2 CANTOR SET 403
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von Koch curve K
Figure 11.3.1

We start with a line segment S, . To generate S, , we delete the middle third of §
and replace it with the other two sides of an equilateral triangle. Subsequent stages
are generated recursively by the same rule: S, is obtained by replacing the middle
third of each line segment in S, ; by the other two sides of an equilateral triangle.
The limiting set K =S, is the von Koch curve.

A Paradox
What is the dimension of the von Koch curve? Since it’s a curve, you might be
tempted to say it’s one-dimensional. But the trouble is that K has infinite arc length!
To see this, observe that if the length of S, is L, then the length of S, is L, =4 L,
because S, contains four segments, each of length § L,. The length increases by a
factor of 4 at each stage of the construction, so L =(4)" L~ asn— .
Moreover, the arc length between any two points on K is infinite, by similar

reasoning. Hence points on K aren’t determined by their arc length from a partic-
ular point, because every point is infinitely far from every other!
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This formula is easy to use, since m and r are usually clear from inspection.

EXAMPLE 11.3.1:

Find the similarity dimension of the Cantor set C.
Solution: As shown in Figure 11.3.3, C is composed of two copies of itself,
each scaled down by a factor of 3.

[ —+ — t [0, 1]

C

The left half of the Cantor set
is the original Cantor set,
scaled down by a factor of 3

Figure 11.3.3
So m=2 when r=3. Therefore d =In2/In3~0.63 . m

In the next example we confirm our earlier intuition that the von Koch curve
should have a dimension between 1 and 2.

EXAMPLE 11.3.2:

Show that the von Koch curve has a similarity dimension of In4/In3 ~1.26.

Solution: The curve is made up of four equal pieces, each of which is similar to
the original curve but is scaled down by a factor of 3 in both directions. One of
these pieces is indicated by the arrows in Figure 11.3.4.

-—
Figure 11.3.4

Hence m =4 when r=3, and therefore d =In4/In3. m

More General Cantor Sets

Other self-similar fractals can be generated by changing the recursive proce-
dure. For instance, to obtain a new kind of Cantor set, divide an interval into five
equal pieces, delete the second and fourth subintervals, and then repeat this
process indefinitely (Figure 11.3.5).

11.3 DIMENSION OF SELF-SIMILAR FRACTALS 407
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11.4 Box Dimens".ion

To deal with fractals that are not self-similar, we need to generalize our notion of
dimension still further. Various definitions have been proposed; see Falconer
(1990) for a lucid discussion. All the definitions share the idea of “measurement at
ascale £ "—roughly speaking, we measure the set in a way that ignores irregulari-
ties of size less than g, and then study how the measurements vary as € — 0.

Definition of Box Dimension

One kind of measurement involves covering the set with boxes of size £ (Fig-
ure 11.4.1).

L A

oc — N(€)oc—

N(¢g) . (€) 22
Figure 11.4.1

Let S be a subset of D-dimensional Euclidean space, and let N(¢) be the mini-
mum number of D-dimensional cubes of side € needed to cover S. How does N(g)
depend on £? To get some intuition, consider the classical sets shown in Figure
11.4.1. For a smooth curve of length L, N(€) o< L/¢; for a planar region of area A
bounded by a smooth curve, N(g) = A/e>. The key observation is that the dimen-

sion of the set equals the exponent ¢ in the power law N(g) =< 1/&”.

This power law also holds for most fractal sets S, except that d is no longer an
integer. By analogy with the classical case, we interpret d as a dimension, usually
called the capacity or box dimension of S. An equivalent definition is

- In N(¢g)
" es0 In(l/e)

, if the limit exists.

EXAMPLE 11.4.1:

Find the box dimension of the Cantor set.

Solution: Recall that the Cantor set is covered by each of the sets S, used in its
construction (Figure 11.2.1). Each S, consists of 2" intervals of length (1/3)", so if
we pick € =(1/3)", we need all 2" of these intervals to cover the Cantor set. Hence
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types of fractal dimension (see below). The box dimension also suffers from some
mathematical drawbacks. For example, its value is not always what it should be: the
set of rational numbers between 0 and 1 can be proven to have a box dimension of 1
(Falconer 1990, p. 44), even though the set has only countably many points.
Falconer (1990) discusses other fractal dimensions, the most important of which
is the Hausdor{ff dimension. It is more subtle than the box dimension. The main con-
ceptual difference is that the Hausdorff dimension uses coverings by small sets of
varying sizes, not just boxes of fixed size &. It has nicer mathematical properties
than the box dimension, but unfortunately it is even harder to compute numerically.

11.5 Pointwise and Correlation Dimensions

Now it’s time to return to dynamics. Suppose that we’re studying a chaotic system
that settles down to a strange attractor in phase space. Given that strange attractors
typically have fractal microstructure (as we’ll see in Chapter 12), how could we es-
timate the fractal dimension?

First we generate a set of very many points {xi ,i=1,..., n} on the attractor by
letting the system evolve for a long time (after taking care to discard the initial
transient, as usual). To get better statistics, we could repeat this procedure for sev-
eral different trajectories. In practice, however, almost all trajectories on a strange
attractor have the same long-term statistics so it’s sufficient to run one trajectory
for an extremely long time. Now that we have many points on the attractor, we
could try computing the box dimension, but that approach is impractical, as men-
tioned earlier.

Grassberger and Procaccia (1983) proposed a more efficient approach that has
become standard. Fix a point X on the attractor A. Let N, (g) denote the number of
points on A inside a ball of radius £ about x (Figure 11.5.1).

Ball of radius &

Figure 11.5.1
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EXAMPLE 11.5.1:

Estimate the correlation dimension of the Lorenz attractor, for the standard pa-
rameter values r=28, 0 =10, b=%.

Solution: Figure 11.5.3 shows the results of Grassberger and Procaccia (1983).
(Note that in their notation, the radius of the balls is ¢ and the correlation dimen-
sion is v.) A line of slope d_, =2.05+0.01 gives an excellent fit to the data, ex-

cept for large €, where the expected saturation occurs.

[ T T

Lorenz eqs
5 v=205%.01

log, Cl1}

| ! 1
Q 5 10 15

loga (1716} (lg arbitrary)

Figure 11.5.3 Grassberger and Procaccia {1983), p. 196

These results were obtained by numerically integrating the system with a
Runge—Kutta method. The time step was 0.25, and 15,000 points were computed.
Grassberger and Procaccia also report that the convergence was rapid; the correla-
tion dimension could be estimated to within £5 percent using only a few thousand
points. m

EXAMPLE 11.5.2:

Consider the logistic map x,,, =rx,(1-x,) at the parameter value

r=r, =3.5699456..., corresponding to the onset of chaos. Show that the attractor

n+l
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This is smaller than the box dimension d,
pected. m

= (.538 (Grassberger 1981), as ex-

box

For very small &, the data in Figure 11.5.5 deviate from a straight line. Grass-
berger and Procaccia (1983) attribute this deviation to residual correlations among
the x,’s on their single trajectory. These correlations would be negligible if the
map were strongly chaotic, but for a system at the onset of chaos (like this one), the
correlations are visible at small scales. To extend the scaling region, one could use
a larger number of points or more than one trajectory.

Multifractals

We conclude by mentioning a recent development, although we cannot go into
details. In the logistic attractor of Example 11.5.2, the scaling varies from place to
place, unlike in the middle-thirds Cantor set, where there is a uniform scaling by 4
everywhere. Thus we cannot completely characterize the logistic attractor by its
dimension, or any other single number—we need some kind of distribution func-
tion that tells us how the dimension varies across the attractor. Sets of this type are
called multifractals.

The notion of pointwise dimension allows us to quantify the local variations in
scaling. Given a multifractal A, let S, be the subset of A consisting of all points
with pointwise dimension a. If & is a typical scaling factor on A, then it will be
represented often, so S, will be arelatively large set; if o is unusual, then S, will
be a small set. To be more quantitative, we note that each S, is itself a fractal, so it
makes sense to measure its “size” by its fractal dimension. Thus, let f(«) denote
the dimension of S, . Then f(«) is called the multifractal spectrum of A or the
spectrum of scaling indices (Halsey et al. 1986).

Roughly speaking, you can think of the multifractal as an interwoven set of
fractals of different dimensions ¢, where f(c) measures their relative weights.
Since very large and very small ¢ are unlikely, the shape of f(c) typically looks
like Figure 11.5.6. The maximum value of f(c) turns out to be the box dimension
(Halsey et al. 1986).

f(@)

Figure 11.5.6

For systems at the onset of chaos, multifractals lead to a more powerful version
of the universality theory mentioned in Section 10.6. The universal quantity is now
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moved two intervals, each of length ¢ . By summing an appropriate infinite series,
show that the total length of all the intervals removed is 1, and hence the leftovers
(the Cantor set) must have length zero.

11.2.2 Show that the rational numbers have zero measure. (Hint: Make a list of
the rationals. Cover the first number with an interval of length g, cover the second
with an interval of length 4 £. Now take it from there.)

11.2.3 Show that any countable subset of the real line has zero measure. (This
generalizes the result of the previous question.)

11.2.4 Consider the set of irrational numbers between 0 and 1.
a) What is the measure of the set?

b) Is it countable or uncountable?

¢) Is it totally disconnected?

d) Does it contain any isolated points?

11.2.5 (Base-3 and the Cantor set)

a) Find the base-3 expansion of 1/2.

b) Find a one-to-one correspondence between the Cantor set C and the interval
[0,1]. In other words, find an invertible mapping that pairs each point c € C
with precisely one x €[0,1].

¢) Some of my students have thought that the Cantor set is “all endpoints”—they
claimed that any point in the set is the endpoint of some sub-interval involved
in the construction of the set. Show that this is false by explicitly identifying a
point in C that is not an endpoint.

11.2.6 (Devil’s staircase) Suppose that we pick a point at random from the Can-
tor set. What’s the probability that this point lies to the left of x, where 0 < x <1 is
some fixed number? The answer is given by a function P(x) called the devil’s
staircase.

a) It is easiest to visualize P(x) by building it up in stages. First consider the set
S, in Figure 11.2.1. Let F,(x) denote the probability that a randomly chosen
point in S, lies to the left of x. Show that £, (x) = x.

b) Now consider S, and define F,(x) analogously. Draw the graph of A (x). (Hint:
It should have a plateau in the middle.)

¢) Draw the graphs of P (x), for n=2,3,4. Be careful about the widths and
heights of the plateaus.

d) The limiting function P_(x) is the devil’s staircase. Is it continuous? What
would a graph of its derivative look like?

Like other fractal concepts, the devil’s staircase was long regarded as a mathe-
matical curiosity. But recently it has arisen in physics, in connection with mode-
locking of nonlinear oscillators. See Bak (1986) for an entertaining introduction.

EXERCISES 417



STvidvyd 8Ly

*t¢ 93e1s XU oy Yo1oys (v

‘ ‘soge)s 0Mm] 1SI1J 2U) SMOYS | aIn

-31] "Uo 0s pue ‘s9x0q-qns Jururewal Y313 ay) Jo Yoro 10j pareadal s1 ssadoxd siy)
usy [, "paIalep SI xoq [enuad uado ay) pue ‘saxoq [enba sutu ojul papIAIp ST Xoq 1un
Pasord ay ], [ 2Ind1g ur umoys ssasoid oyl 1opisuo) (3odres pysurdiorg) g'g°lLl

j..s1ou100 [1®,, ST ‘Sul

-yeads A[9S00—9[qRIUSIDMIIP SI9YMOU JNQ SHONUNTOD ST JAIND IYBR[JMOUS Y],
"' JO uolsuawIp AIIR[IwIs oY) puld (o
‘§ Aq pasorous uoi3al ay} Jo vare ay) pulj (p
‘ISu9 oxe AULIUI Sey N 1BY) MOUS 7S = § 9AIND JUUTWI| 2y} ST aje[Imous oy, (0
"t pue fg meiq (q
‘p1ag( jJo Jeis e ayI] sj00[ ' 1) moys (v
"SOPIS 93111 9] JO Yoro UO ['¢"[ [ 2InJrg Jo 21ap
-9001d 203 uoa oy} op uay], - °¢ 1oj o[Sueln [eioe[inbo ue asn ‘aaino ayvyfmous
o0y uod ) Se UMOUY [RIOBIf SNOWRJ 9 1ONNSU0d 0] (dyejmous) L°€'LL

"Pa1RIOSI S1 39S 3y} ul Jutod ou Jey) moys
ose Ing "S[BAIOIUT OU SUILIUOD oS JOJue)) SPIIYI-9[PPIUl oyl JByl MOUS ©o°'¢°Ll

‘uorsuedxa [euwIroop
Ty} ur araymAue Juueadde ¢ 1SIp oY) INOYIIM USNILIM 9q UED By} SIoquINU oI
Jo Sunsisuod [{°g] 0 12sqns ay1 Jo uotsUAWIP AJLIRIIUIS 3U) PuLy (S,3ON) §'€°L1

‘uorsurdxs [RWIAP J1oU} ur SIFIP UsAd ATUO UIm SIoquinu [BaJ Jo Junsis
-u0d [1°0] JO 195qns Y} JO UOISUSWIP AILIL[IWIS 3Y) PUL] (SISIP PpO ON) t'€°LL

"J9S JOJURD) PAZI[BIauaF SIY} JO UOISUIWIP AJLIR[IWIS 9Y) PUL] "PaI[p
S2UO USAD 1) Yim ‘sodald Jo soquinu ppo Aue 0] UOIONIISUOD Y} AZI[BIdUAL) (q
"19S 9] JO uolsudwip AjLe[Iuirs o) purd (e
"S[RAIIUI-QNS UO Jeadal pue (g pue ‘§
‘7 $99391d 91919p ‘s90atd [enba uaaas oyun [0} SpIAID :SMO[[O] SB PIIONIISUOD ST 39S
Iojue)) SYIUSADS-UDIAD,, U], (1S Jojue)) SUIIJ-USAD JO UONBZI[RISUID)) €°€°LL

"19s SunIuiy| 9Y) JO UOISUIWIP A}
-IB[IWIS 9y} PUL] "UO OS PUB ‘S[RAINUI JUTUTBWIAI 3Y) JO YOBS WOIJ ( ¥ UOIIRIJ SWIES
oy} ST ISu9| 9s0yM) [BAIUI 9[ppr uado UB JAOWAI am ‘so3e)s juanbasqns 1y
“[1°01 J0 o[ppIut 21 wWoIj | > p > () YI3uo[ Jo [eAldjuT uado ue Juraowar Aq uroq
M YOTYM UT 135 JOIUB)) PIZI[eIdudd © JopIsuo)) (19s Iojue)) pazijeisusn)) g 'e'll

"195 oY) JO 2Inseaul o) pur (q

*19S 91} JO UOTSUIWIP AJLIB[IUIS 3Y) puL] (B

"PIIY) S[PPIW Y} UBY) JoYIBI ‘[BAIUI-GNS YOI JO J[eY S[ppul 3yl Sul

-AOWOI AQ 198 J0JUED) JO PUIY MaU B 10NISUC)) (195 J0JURD) SIA[RY-I[PPIIAD) L €'LL

S|RJIDI4 ID|IWIS-J|SS jO uoisuawd €°11



b) Find the similarity dimension of the limiting fractal, known as the Sierpinski
carpet. -
¢) Show that the Sierpinski carpet has zero area.

S Sy

Figure 1

11.3.9 (Sponges) Generalize the previous exercise to three dimensions—start
with a solid cube, and divide it into 27 equal sub-cubes. Delete the central cube on
each face, along with the central cube. (If you prefer, you could imagine drilling
three mutually orthogonal square holes through the centers of the faces.) Infinite
iteration of this process yields a fractal called the Menger sponge. Find its similar-
ity dimension. Repeat for the Menger hypersponge in N dimensions, if you dare.

11.3.10 (Fat fractal) A fat fractal is a fractal with a nonzero measure. Here’s a

simple example: start with the unit interval [0,1] and delete the open middle 1/2,

1/4,1/8, etc., of each remaining sub-interval. (Thus a smaller and smaller fraction

is removed at each stage, in contrast to the middle-thirds Cantor set, where we al-

ways remove 1/3 of what’s left.)

a) Show that the limiting set is a topological Cantor set.

b) Show that the measure of the limiting set is greater than zero. Find its exact
value if you can, or else just find a lower bound for it.

Fat fractals answer a fascinating question about the logistic map. Farmer (1985)
has shown numerically that the set of parameter values for which chaos occurs is a
fat fractal. In particular, if r is chosen at random between r, and r =4, there is
about an 89% chance that the map will be chaotic. Farmer’s analysis also suggests
that the odds of making a mistake (calling an orbit chaotic when it’s actually peri-
odic) are about one in a million, if we use double precision arithmetic!

11.4 Box Dimension

Fihd the box dimension of the following sets.
11.4.1 von Kocﬁ snowflake (see Exercise 11.3.7)
11.4.2 Sierpinski carpet (see Exercise 11.3.8)
11.4.3 Menger sponge (see Exercise 11.3.9)

11.4.4 The Cartesian product of the middle-thirds Cantor set with itself.

EXERCISES 419
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peated for each remaining square (side = 1/p ). Assuming that this process is re-
peated indefinitely, find the box dimension of the resulting fractal. (Notice that the
resulting fractal may or may not be self-similar, depending on which squares are
removed at each stage. Nevertheless, we are still able to calculate the box dimen-
sion.)

11.4.10 (Fat fractal) Show that the fat fractal constructed in Exercise 11.3.10 has
box dimension equal to 1.

11.5 Pointwise and Correlation Dimensions

11.5.1 (Project) Write a program to compute the correlation dimension of the
Lorenz attractor. Reproduce the results in Figure 11.5.3. Then try other values of r.
How does the dimension depend on r?

EXERCISES 421



12

STRANGE ATTRACTORS

12.0 Introduction

Our work in the previous three chapters has revealed quite a bit about chaotic sys-
tems, but something important is missing: intuition. We know what happens but
not why it happens. For instance, we don’t know what causes sensitive dependence
on initial conditions, nor how a differential equation can generate a fractal attrac-
tor. Our first goal is to understand such things in a simple, geometric way.

These same issues confronted scientists in the mid-1970s. At the time, the only
known examples of strange attractors were the Lorenz attractor (1963) and some
mathematical constructions of Smale (1967). Thus there was a need for other con-
crete examples, preferably as transparent as possible. These were supplied by
Hénon (1976) and Réssler (1976), using the intuitive concepts of stretching and
folding. These topics are discussed in Sections 12.1-12.3. The chapter concludes
with experimental examples of strange attractors from chemistry and mechanics.
In addition to their inherent interest, these examples illustrate the techniques of at-
tractor reconstruction and Poincaré sections, two standard methods for analyzing
experimental data from chaotic systems.

12.1 The Simplest Examples

Strange attractors have two properties that seem hard to reconcile. Trajectories on
the attractor remain confined to a bounded region of phase space, yet they separate
from their neighbors exponentially fast (at least initially). How can trajectories di-
verge endlessly and yet stay bounded?

The basic mechanism involves repeated stretching and folding. Consider a
small blob of initial conditions in phase space (Figure 12.1.1).

12.1 THE SIMPLEST EXAMPLES 423
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5) 5,

Figure 12.1.3

The rectangle abcd is flattened, stretched, and folded into the horseshoe ab'c'd,
also shown as ;. In the same way, S is itself flattened, stretched, and folded into
S, , and so on. As we go from one stage to the next, the layers become thinner and
there are twice as many of them.

Now try to picture the limiting set S__ . It consists of infinitely many smooth lay-
ers, separated by gaps of various sizes. In fact, a vertical cross section through the
middle of S, would resemble a Cantor set! Thus S is (locally) the product of a
smooth curve with a Cantor set. The fractal structure of the attractor is a conse-
quence of the stretching and folding that created S_ in the first place.

Terminology

The transformation shown in Figure 12.1.3 is normally called a horseshoe
map, but we have avoided that name because it encourages confusion with an-
other horseshoe map (the Smale horseshoe), which has very different properties.
In particular, Smale’s horseshoe map does not have a strange attractor; its invari-
ant set is more like a strange saddle. The Smale horseshoe is fundamental to rig-
orous discussions of chaos, but its analysis and significance are best deferred to a
more advanced course. See Exercise 12.1.7 for an introduction, and Gucken-
heimer and Holmes (1983) or Arrowsmith and Place (1990) for detailed treat-
ments. .

Because we want to reserve the word horseshoe for Smale’s mapping, we
have used the name pastry map for the mapping above. A better name would be
“the baker’s map” but that name is already taken by the map in the following ex-
ample.

12.1 THE SIMPLEST EXAMPLES 425
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The next example shows that, like the pastry map, the baker’s map has a strange
attractor with a Cantor-like cross section.

EXAMPLE 12.1.2:

Show that for a <+, the baker’s map has a fractal attractor A that attracts all
orbits. More precisely, show that there is a set A such that for any initial condition
(%, ¥, ) » the distance from B"(x,,y,) to A converges to zero as n — o .

Solution: First we construct the attractor. Let S denote the square 0 < x <1,
0 < y <£1; this includes all possible initial conditions. The first three images of S
under the map B are shown as shaded regions in Figure 12.1.5.

Figure 12.1.5

The first image B(S) consists of two strips of height a, as we know from Example
12.1.1. Then B(S) is flattened, stretched, cut, and stacked to yield B*(S). Now we
have four strips of height ¢*. Continuing in this way, we see that B"(S) consists of
2" horizontal strips of height a”. The limiting set A = B”(S) is a fractal. Topolog-
ically, it is a Cantor set of line segments.

A technical point: How we can be sure that there actually is a “limiting set”?
We invoke a standard theorem from point-set topology. Observe that the succes-
sive images of the square are nested inside each other like Chinese boxes:
B"™'(S)< B"(S) for all n. Moreover each B"(S) is a compact set. The theorem
(Munkres 1975) assures us that the countable intersection of a nested family of
compact sets is a non-empty compact set—this set is our A. Furthermore,
A c B*(S) forall n.

The nesting property also helps us to show that A attracts all orbits. The point
B"(x,,y,) lies somewhere in one of the strips of B"(S), and all points in these
strips are within a distance a" of A, because A is contained in B"(S). Since
a" — 0 as n — oo, the distance from B"(x,,y,) to A tends to zero as n — o0, as
required. m

12.1 THE SIMPLEST EXAMPLES 427
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tween the strips. The map has qualitatively different dynamics in this case. Tran-
sients never decay—the orbits shuffle around endlessly in the square but never set-
tle down to a lower-dimensional attractor. This is a kind of chaos that we have not
seen before!

This distinction between a < 4+ and a =+ exemplifies a broader theme in non-
linear dynamics. In general, if a map or flow contracts volumes in phase space, it is
called dissipative. Dissipative systems commonly arise as models of physical situ-
ations involving friction, viscosity, or some other process that dissipates energy. In
contrast, area-preserving maps are associated with conservative systems, particu-
larly with the Hamiltonian systems of classical mechanics.

The distinction is crucial because area-preserving maps cannot have attractors
(strange or otherwise). As defined in Section 9.3, an “attractor” should attract all
orbits starting in a sufficiently small open set containing it; that requirement is in-
compatible with area-preservation.

Several of the exercises give a taste of the new phenomena that arise in area-
preserving maps. To learn more about the fascinating world of Hamiltonian chaos,
see the review articles by Jensen (1987) or Hénon (1983), or the books by Tabor
(1989) or Lichtenberg and Lieberman (1992).

12.2 Hénon Map

In this section we discuss another two-dimensional map with a strange attractor. It
was devised by the theoretical astronomer Michel Hénon (1976) to illuminate the
microstructure of strange attractors.

According to Gleick (1987, p. 149), Hénon became interested in the problem af-
ter hearing a lecture by the physicist Yves Pomeau, in which Pomeau described the
numerical difficulties he had encountered in trying to resolve the tightly packed
sheets of the Lorenz attractor. The difficulties stem from the rapid volume contrac-
tion in the Lorenz system: after one circuit around the attractor, a volume in phase
space is typically squashed by a factor of about 14,000 (Lorenz 1963).

Hénon had a clever idea. Instead of tackling the Lorenz system directly, he
sought a mapping that captured its essential features but which also had an ad-
justable amount of dissipation. Hénon chose to study mappings rather than differ-
ential equations because maps are faster to simulate and their solutions can be
followed more accurately and for a longer time.

The Hénon map is given by

X = Vu +1_ax3 » Yan =bX”, (1)

where g and b are adjustable parameters. Hénon (1976) arrived at this map by an el-
egant line of reasoning. To simulate the stretching and folding that occurs in the
Lorenz system, he considered the following chain of transformations (Figure 12.2.1).
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3. For certain parameter values, the Hénon map has a trapping region. In
other words, there is a region R that gets mapped inside itself (Figure
12.2.2). As in the Lorenz system, the strange attractor is enclosed in the
trapping region.

0.6

04

-1.5 -1 -0.5 0 0.5 1 1.5

Figure 12.2.2

The next property highlights an important difference between the
Hénon map and the Lorenz system.

4. Some trajectories of the Hénon map escape to infinity. In contrast, all
trajectories of the Lorenz system are bounded; they all eventually en-
ter and stay inside a certain large ellipsoid (Exercise 9.2.2). But it is
not surprising that the Hénon map has some unbounded trajectories;
far from the origin, the quadratic term in (1) dominates and repels or-
bits to infinity. Similar behavior occurs in the logistic map—recall
that orbits starting outside the unit interval eventually become un-
bounded.

Now we verify properties 1 and 2. For 3 and 4, see Exercises 12.2.9 and 12.2.10.

EXAMPLE 12.2.1:
Show that the Hénon map 7 is invertible if » # 0, and find the inverse T,
Solution: We solve (1) for x, and y,, given x,,, and y,,, . Algebra yields
x,=b7y, ., v, =%, —1+ab?(y,,)". Thus T" exists forall b#0.m

EXAMPLE 12.2.2:

Show that the Hénon map contracts areas if -1 <b < 1.

12.2 HENON MAP 431
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tractor by computing ten thousand successive iterates of (1), starting from the ori-
gin. You really must try this for yourself on a computer. The effect is eerie—the
points (x,,y,) hop around erratically, but soon the attractor begins to take form,
“like a ghost out of the mist” (Gleick 1987, p.150).

The attractor is bent like a boomerang and is made of many parallel curves (Fig-
ure 12.2.3a).

0.3} @

]

-1.§ -1.0 -0.5 1} 0.5 1.0 1.5

0.21 T T T T 0,191

0,180

0,189

0.188}

0.187F

0,186

, . 0 , L
L 0.50 .68 T.70 0.185 0.625 0,630 0.635 640

Figure 12.2.3 Hénon (1976), pp 74-76

Figure 12.2.3b is an enlargement of the small square of Figure 12.2.3a. The char-
acteristic fine structure of the attractor begins to emerge. There seem to be six par-
allel curves: a lone curve near the middle of the frame, then two closely spaced
curves above it, and then three more. If we zoom in on those three curves (Figure
12.2.3¢), it becomes clear that they are actually six curves, grouped one, two,
three, exactly as before! And those curves are themselves made of thinner curves
in the same pattern, and so on. The self-similarity continues to arbitrarily small
scales.
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We first met this system in Section 10.6, where we saw that it undergoes a period-
doubling route to chaos as ¢ is increased.

Numerical integration shows that
this system has a strange attractor for
a=b=02, ¢=5.7 (Figure 12.3.1).
A schematic version of the attractor
is shown in Figure 12.3.2. Neighbor-
ing trajectories separate by spiraling
out (“stretching”), then cross with-
out intersecting by going into the

X third dimension (“folding”) and then
circulate back near their starting
places (“re-injection”). We can now
see why three dimensions are needed
for a flow to be chaotic.

Let’s consider the schematic pic-
ture in more detail, following the vi-
sual approach of Abraham and Shaw

Figure 12.3.1 (1983). Our goal is to construct a

geometric model of the Rossler at-
tractor, guided by the stretching, folding, and re-injection seen in numerical inte-
grations of the system.

Figure 12.3.3a shows the flow near a typical trajectory. In one direc-
tion there’s compression to-
ward the attractor, and in the
other direction there’s diver-
gence along the attractor. Fig-
ure 12.3.3b highlights the sheet
on which there’s sensitive de-
pendence on initial conditions.
These are the expanding di-
rections along which stretch-
ing takes place. Next the flow
folds the wide part of the sheet
in two and then bends it around
so that it nearly joins the nar-
row part (Figure 12.3.4a).
Figure 12.3.2 Abroham and Shaw (1983), p. 121 Overall, the flow has taken the

single sheet and produced two
sheets after one circuit. Repeating the process, those two sheets produce
four (Figure 12.3.4b) and then those produce eight (Figure 12.3.4c), and

SO on.
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12.4 Chemical Chaos and Attractor Reconstruction

In this section we describe some beautiful experiments on the Belousov—Zhabotin-
sky chemical reaction. The results show that strange attractors really do occur in
nature, not just in mathematics. For more about chemical chaos, see Argoul et al.
(1987).

In the BZ reaction, malonic acid is oxidized in an acidic medium by bromate
ions, with or without a catalyst (usually cerous or ferrous ions). It has been known
since the 1950s that this reaction can exhibit limit-cycle oscillations, as discussed
in Section 8.3. By the 1970s, it became natural to inquire whether the BZ reaction
could also become chaotic under appropriate conditions. Chemical chaos was first
reported by Schmitz, Graziani, and Hudson (1977), but their results left room for
skepticism—some chemists suspected that the observed complex dynamics might
be due instead to uncontrolled fluctuations in experimental control parameters.
What was needed was some demonstration that the dynamics obeyed the newly
emerging laws of chaos.

The elegant work of Roux, Simoyi, Wolf, and Swinney established the reality
of chemical chaos (Simoyi et al. 1982, Roux et al. 1983). They conducted an ex-
periment on the BZ reaction in a “continuous flow stirred tank reactor.” In this
standard set-up, fresh chemicals are pumped through the reactor at a constant rate
to replenish the reactants and to keep the system far from equilibrium. The flow
rate acts as a control parameter. The reaction is also stirred continuously to mix the
chemicals. This enforces spatial homogeneity, thereby reducing the effective num-
ber of degrees of freedom. The behavior of the reaction is monitored by measuring
B(t), the concentration of bromide ions.

Figure 12.4.1 shows a time series measured by Roux et al. (1983). At first
glance the behavior looks periodic, but it really isn’t—the amplitude is erratic.
Roux et al. (1983) argued that this aperiodicity corresponds to chaotic motion on a
strange attractor, and is not merely random behavior caused by imperfect experi-
mental control.

185

~
o
T,

BROMIDE ION POTENTIAL (mV)

Fl L L ) A Il 4 L

18 24
TIME (MINUTES)

Figure 12.4.1 Roux et al. {1983}, p. 258
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Figure 12.4.3 Roux et al. {1983), p. 262

Furthermore, the map is unimodal, like the logistic map. This suggests that the
chaotic state shown in Figure 12.4.1 may be reached by a period-doubling sce-
nario. Indeed such period-doublings were found experimentally (Coffman et al.
1987), as shown in Figure 12.4.4.

The final nail in the coffin was
the demonstration that the chemi-
cal system obeys the U-sequence
> *  expected for unimodal maps (Sec-
tion 10.6). In the regime past the
onset of chaos, Roux et al. (1983)
observed many distinct periodic
windows. As the flow rate was
varied, the periodic states oc-
curred in precisely the order pre-
dicted by universality theory.

Taken together, these results

TR - demonstrate that deterministic
minutes

1o e 0000 00 2 [} [} °

(e} )

chaos can occur in a nonequilib-
Figure 12.4.4 Coffmon et al. (1987), p. 123 rium chemical system. The most
. remarkable thing is. that the re-
sults can be understood (to a large extent) in terms of one-dimensional maps, even
though the chemical kinetics are at least twenty-dimensional. Such is the power of
universality theory.
But let’s not get carried away. The universality theory works only because the
attractor is nearly a two-dimensional surface. This low dimensionality results from
the continuous stirring of the reaction, along with strong dissipation in the kinetics
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T =rl6 T=x/2 T =5n/6

x@+t) r F

Figure 12.4.5

Note that in each case the method gives a closed curve, which is a topologically
faithful reconstruction of the system’s underlying attractor (a limit cycle).

For this system the optimum delay is 7 =%, i.e., one-quarter of the natural or-
bital period, since the reconstructed attractor is then as “open” as possible. Nar-
rower cigar-shaped attractors would be more easily blurred by noise. m

In the exercises, you’re asked to do similar calibrations of the method using quasi-
periodic data as well as time series from the Lorenz and Rossler attractors.

Many people find it mysterious that information about the attractor can be ex-
tracted from a single time series. Even Ed Lorenz is impressed by the method.
When my dynamics class asked him to name the development in nonlinear dynam-
ics that surprised him the most, he cited attractor reconstruction.

In principle, attractor reconstruction can distinguish low-dimensional chaos
from noise: as we increase the embedding dimension, the computed correlation di-
mension levels off for chaos, but keeps increasing for noise (see Eckmann and
Ruelle (1985) for examples). Armed with this technique, many optimists have
asked questions like, Is there any evidence for deterministic chaos in stock market
prices, brain waves, heart rhythms, or sunspots? If so, there may be simple laws
waiting to be discovered (and in the case of the stock market, fortunes to be made).
Beware: Much of this research is dubious. For a sensible discussion, along with a
state-of-the-art method for distinguishing chaos from noise, see Kaplan and Glass
(1993).

12.5 Forced Double-Well Oscillator

So far, all of our examples of strange attractors have come from autonomous sys-
tems, in which the governing equations have no explicit time-dependence. As soon
as we consider forced oscillators and other nonautonomous systems, strange at-
tractors start turning up everywhere. That is why we have ignored driven systems
until now—we simply didn’t have the tools to deal with them.

This section provides a glimpse of some of the phenomena that arise in a partic-
ular forced oscillator, the driven double-well oscillator studied by Francis Moon
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periodic
forcing
-

Figure 12.5.2

Suppose the well is shaken periodically from side to side. On physical grounds, what
might we expect? If the shaking is weak, the particle should stay near the bottom of a
well, jiggling slightly. For stronger shaking, the particle’s excursions become larger. We
can imagine that there are (at least) two types of stable oscillation: a small-amplitude,
low-energy oscillation about the bottom of a well; and a large-amplitude, high-energy
oscillation in which the particle goes back and forth over the hump, sampling one well
and then the other. The choice between these oscillations probably depends on the initial
conditions. Finally, when the shaking is extremely strong, the particle is always flung
back and forth across the hump, for any initial conditions.

We can also anticipate an intermediate case that seems complicated. If the particle has
barely enough energy to climb to the top of the hump, and if the forcing and damping are
balanced in a way that keeps the system in this precarious state, then the particle may
sometimes fall one way, sometimes the other, depending on the precise timing of the
forcing. This case seems potentially chaotic.

Model and Simulations

Moon and Holmes (1979) modeled their system with the dimensionless equation
¥4+8x—x+x =Fcosmt (1)

where § > 0 is the damping constant, F is the forcing strength, and @ is the forcing fre-
quency. Equation (1) can also be viewed as Newton’s law for a particle in a double-well
potential of the form V(x)=+x* —4x*. In both cases, the force Fcosw? is an inertial
force that arises from the oscillation of the coordinate system; recall that x is defined as
the displacement relative to the moving frame, not the lab frame.

The mathematical analysis of (1) requires some advanced techniques from global bi-
furcation theory; see Holmes (1979) or Section 2.2 of Guckenheimer and Holmes (1983).
Our more modest goal is to gain some insight into (1) through numerical simulations.
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Figure 12.5.4
The plot of x(¢) vs. y(r) is messy and hard to interpret (Figure 12.5.5). m
y

g

/’\\—-—'I(
| ) \\\

S A

Figure 12.5.5

Note that Figure 12.5.5 is not a true phase portrait, because the system is nonau-
tonomous. As we mentioned in Section 1.2, the state of the system is given by
(x,y,1), not (x,y) alone, since all three variables are needed to compute the sys-
tem’s subsequent evolution. Figure 12.5.5 should be regarded as a two-dimen-
sional projection of a three-dimensional trajectory. The tangled appearance of the
projection is typical for nonautonomous systems.

Much more insight ¢an be gained from a Poincaré section, obtained by plotting
(x(t), y(t)) whenever ¢ is an integer multiple of 27 . In physical terms, we “strobe”
the system at the same phase in each drive cycle. Figure 12.5.6 shows the Poincaré
section for the system of Example 12.5.1.
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Figure 12.5.8

After a chaotic transient, the solution approaches a periodic state with x > 0. Phys-
ically, this solution describes a particle that goes back and forth over the hump a
few times before settling into small oscillations at the bottom of the well on the
right. But if we change x, slightly to x, = 0.195, the particle eventually oscillates
in the lefr well (Figure 12.5.8b). m

Fractal Basin Boundaries

Example 12.5.3 shows that it can be hard to predict the final state of the system,
even when that state is simple. This sensitivity to initial conditions is conveyed
more vividly by the following graphical method. Each initial condition in a
900 x 900 grid is color-coded according to its fate. If the trajectory starting at
(x,.¥,) ends up in the left well, we place a blue dot at (x,,y,); if the trajectory
ends up in the right well, we place a red dot.

Color plate 3 shows the computer-generated result for (1). The blue and red re-
gions are essentially cross sections of the basins of attraction for the two attractors,
to the accuracy of the grid. Color plate 3 shows large patches in which all the
points are colored red, and others in which all the points are colored blue. In be-
tween, however, the slightest change in initial conditions leads to alternations in
the final state reached. In fact, if we magnify these regions, we see further inter-
mingling of red and blue, down to arbitrarily small scales. Thus the boundary be-
tween the basins is a fractal. Near the basin boundary, long-term prediction
becomes essentially impossible, because the final state of the system is exquisitely
sensitive to tiny changes in initial condition (Color plate 4).
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a b a b
Figure 1

Notice the crucial difference between this map and that shown in Figure 12.1.3:
here the horseshoe hangs over the edge of the original square. The overhanging
parts are lopped off before the next iteration proceeds.

a) The square at the lower left of Figure 1 contains two shaded horizontal strips.
Find the points in the original square that map to these strips. (These are the
points that survive one iteration, in the sense that they still remain in the
square.)

b) Show that after the next round of the mapping, the square on the lower left con-
tains four horizontal strips. Find where they came from in the original square.
(These are the points that survive two iterations.)

c) Describe the set of points in the original square that survive forever.

The horseshoe arises naturally in the analysis of transient chaos in differential
equations. Roughly speaking, the Poincaré map of such systems can often be ap-
proximated by the horseshoe. During the time the orbit remains in a certain region
corresponding to the square above, the stretching and folding of the map causes
chaos. However, almost all orbits get mapped out of this region eventually (into
the “overhang”), and then they escape to some distant part of phase space; this is
why the chaos is only transient. See Guckenheimer and Holmes (1983) or Arrow-
smith and Place (1990) for introductions to the mathematics of horseshoes.

12.1.8 (Hénon’s area-preserving quadratic map) The map

= 2y
X, =X, cos0—(y, —x;)sine

n+l

. 2
Vo1 =X, SINCC+ (Y, — x,)COS QX
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The next three exercises deal with the fixed points of the Hénon map.

12.2.4 Find all the fixed points of the Hénon map and show that they exist only if
a > a,, where a, is to be determined.

12.2.5 Calculate the Jacobian matrix of the Hénon map and find its eigenvalues.

12.2.6 A fixed point of a map is linearly stable if and only if all eigenvalues of
the Jacobian satisfy |l|< 1. Determine the stability of the fixed points of the
Hénon map, as a function of @ and b. Show that one fixed point is always unstable,
while the other is stable for a slightly larger than a,. Show that this fixed point
loses stability in a flip bifurcation (1 =—1) at a, = 2(1 - b)".

12.2.7 (2-cycle) Consider the Hénon map with —1<b <. Show that the map
has a 2-cycle for a > a, = 2(1—b)’. For which values of a is the 2-cycle stable?

12.2.8 (Numerical experiments) Explore numerically what happens in the
Hénon map for other values of q, still keeping 5 =0.3.

a) Show that period-doubling can occur, leading to the onset of chaos at a =1.06.
b) Describe the attractor for a=1.3.

12.2.9 (Invariant set for the Hénon map) Consider the Hénon map T with the

standard parameter values a=1.4, b=0.3. Let Q denote the quadrilateral with

vertices (—1.33,0.42), (1.32,0.133), (1.245,-0.14), (-1.06,-0.5).

a) Plot O andits image 7(Q). (Hint: Represent the edges of O using the parametric
equations for a line segment. These segments are mapped to arcs of parabolas.)

b) Prove T(Q) is contained in Q.

12.2.10 Some orbits of the Hénon map escape to infinity. Find one that you can
prove diverges.

12.2.11 Show that for a certain choice of parameters, the Hénon map reduces to an
effectively one-dimensional map.

12.212 Suppose we change the sign of b. Is there any difference in the dynamics?
12.2.13 (Computer project) Explore the area-preserving Hénon map (b =1).

The following exercises deal with the Lozi map

X,y =1+y, - alx” l s Yo =bx,,
where a,b are real parameters, with —1 <b <1 (Lozi 1978). Note its similarity to
the Hénon map. The Lozi map is notable for being one of the first systems proven
to have a strange attractor (Misiurewicz 1980). This has only recently been
achieved for the Hénon map (Benedicks and Carleson 1991) and is still an un-
solved problem for the Lorenz equations.
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12.5 Forced Double-Well Oscillator

12.5.1 (Basins for the unforced oscillator) Sketch the basins for the weakly
damped double-well oscillator (12.5.1) in the unforced case when F=0. How
does their shape depend on the size of the damping? What happens to the basins as
the damping tends to zero? What implications does this have for the predictability
of the unforced system?

12.5.2 (Coexisting chaos and limit cycle) Consider the double-well oscillator
(12.5.1) with parameters 6 = 0.15, F =0.3, and @ = 1. Show numerically that the
system has at least two coexisting attractors: a large limit cycle and a smaller
strange attractor. Plot both in a Poincaré section.

12.5.3 (Ueda attractor) Consider the system X+ ki +x" = Bcost, with k= 0.1,
B =12. Show numerically that the system has a strange attractor, and plot its Poin-
caré section.

12.5.4 (Chaos in the damped driven pendulum) Consider the forced pendulum

6 +b0 +sinf = Fcost, with b=0.22, F = 2.7 (Grebogi et al. 1987).

a) Starting from any reasonable initial condition, use numerical integration to
compute (2). Show that the time series has an erratic appearance, and interpret
it in terms of the pendulum’s motion.

b) Plot the Poincaré section by strobing the system whenever ¢ = 21k, where & is
an integer.

¢) Zoom in on part of the strange attractor found in part (b). Enlarge a region that
reveals the Cantor-like cross section of the attractor.

12.5.5 (Fractal basin boundaries in the damped driven pendulum) Consider the
pendulum of the previous exercise, but now let b=0.2, F =2 (Grebogi et al.
1987).

a) Show that there are two stable fixed points in the Poincaré section. Describe the
corresponding motion of the pendulum in each case.

b) Compute the basins for each fixed point. Use a reasonably fine grid of initial
conditions, and then integrate from each one until the trajectory has settled
down to one of the fixed points. (You’ll need to establish a criterion to decide
whether convergence has occurred.) Show that the boundary between the
basins looks like a fractal.
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ANSWERS TO
SELECTED EXERCISES

Chapter 2

2.1.1  sinx=0 at x* =nr, forinteger n
2.1.3 (a) x=4(x)=4(sinx)=(cosx)x=cosx sinx =+4sin2x
2.2.1 x*=2, unstable; x* =-2, stable

2.2.10 (a) x=0 (b) x=sin7wx (¢) impossible: between any two stable fixed
points, there must be an unstable one (assuming that the vector field is smooth).

dx=1
2.2.13 (a)v:l”(fnii,), where r=.gk/m. (b) mg/k (@) V=

k \e"+ e
29,300/116 = 253 ft/s = 172 mph (e) V = 265 ft/s
2.3.2 x*=0,unstable; x*=ka/k_,, stable
2.4.5 x*=0, f'(x*)=0, half-stable by graphical analysis
2.4.6 x*=1, f’(x*)=1, unstable
251 (-0
2.5.6 (a) Conservation of mass—the volume of water flowing through the hole
equals the volume of water lost from the bucket. Equating the time derivatives
of these two volumes yields av(s)= Ah(t) . (b) Change in P.E. = [Am]gh =
[pA(AR)]gh = change in K.E. =4 (Am)v® =+ (pAAR)v’. Hence v’ =2gh.

t+T x(1+T)
2.6.2 On the one hand, J. fx)&dr = I f(x)dx = 0. The first equality fol-
t x(r) :

lows from the chain rule, and the second from the assumption that x(z) = x(¢ + T).
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3.7.4 (d) transcritical (¢) saddle-node

375 (b) =

=4 (d)  saddle-node curves at 1, =2x/(1+x%)*, s, =
K21-xD)/A+ 2

Chapter 4

4.1.1 a-=integer. For a well-defined vector field on the circle, we need
sin(a(B + 27z:k)) =sin(aB) for all integer k . Hence 2mwka = 2zn, for some integer
n. Thus ka = integer, for all integer & . This is possible only if a is itself an inte-

ger.
4.1.3 Unstable fixed points: 8* = 0,7 . Stable fixed points: 6* =£7/2 .
4.2.1 12 seconds

4.2.3 12/11 hours later, i.e., at approximately 1:05 and 27 seconds. This prob-
lem can be solved in many ways. One method is based on Example 4.2.1. It takes
the minute hand 7, =1 hr and the hour hand 7, =12 hrs to complete one revolution
around the clockface. Hence the time required for the minute hand to lap the hour
handis 7= (1~ )" =4 hrs.

432 (a) d0=2du/d+u’) ) T= ZJ. ——du—— &) x=u—-a/w,
—~ ou’ —2au+o
r=1—a2/w2,T=3J.m dxzz 27 _ 2
0w r+x’ oNr  Je?-g
8310 b=g-1,c=[ LT
Jd- I+u™  nsin(n/2n)

4.4.1 b’ >>m’gl’, approximation valid after an initial transient

451 (b)|w-Q|<zA

464 (I, =1+I1,(0)V,= -2’1@
e

4.6.5 Let Ry=R/N.Then Q=1,R,/Ir, a=—(R,+r)/r, T=|2elr [h(R, +
r)]t.

aQ

¢" +1 s1n¢k+—a— L, k=1,

4.6.6 Kirchhoff’s current law gives — 3
er

N, and Kirchhoff’s voltage law gives
[0 Rd0 O - do;

>+ R .
dt dt C 2e dt

=1
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6.5.1 (a) center at (0,0), saddles at (+1,0) (b) + 2> +4x>—1x*=C
652 (c)y'=x"-%x

6.5.6 (e) Epidemic occurs if x, > ¢/k.

6.6.1 Reversible, since equations invariant under t - —¢, y — —y.

6.6.10 Yes. The linearization predicts a center and the system is reversible:
t > —t, x— —x. A variant of Theorem 6.6.1 shows the system has a nonlinear
center.

6.7.2 (e) Small oscillations have angular frequency (1-72)"* for -1<y <1.
6.8.2 fixed point at (0,0), index I=0.

6.8.7 (2,0) and (0,0), saddles; (1,3), stable spiral; (—2,0), stable node. Coor-
dinate axes are invariant. A closed orbit would have to encircle the node or the spi-
ral. But such a cycle can’t encircle the node (cycle would cross the x-axis:
forbidden). Similarly, cycle can’t encircle the spiral, since spiral is joined to saddle
at (2,0) by a branch of saddle’s unstable manifold, and cycle can’t cross this tra-
jectory.

6.8.9 False. Counterexample: use polar coordinates and consider
F=r(r’ =1)(r’ =9), 8 =r" — 4. This has all the required properties but there are
no fixed points between the cycles r =1 and r =3, since 7 # 0 in that region.

6.8.11 (c) For z=2z" the origin has index k. To see this, let z =re. Then

7* =r*e™. Hence ¢ = k6 and the result follows. Similarly, the origin has index

—k for z=(2)".
Chapter 7
7.1.8 (b)Period T =2m (c) stable

7.1.9 (b) Rp’=cos¢p—R, R =sind—k, where prime denotes differentiation

with respect to the central angle 6. (c) The dog asymptotically approaches a circle
for which R=+1-k* = /2.

7.2.5 (b) Yes, as long as the vector field is smooth everywhere, i.e., there are no
singularities.

729 (@© V=", equipotentials are circles x> +y* = C.
7.2.10 Any a,b>0 with a =b suffices.
7212 a=1,m=2,n=4

7.3.1 (a) unstable spiral (b) F=r(1=r*—r’sin*20) (c) = % 707
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8.1.13 (a) One nondimensionalization is dx/dT =x(y—1), dy/dT=—xy—ay+b,
where T =kt, x = Gn/k, y=GN/k, a= f/k, b= pG/k*(d) Transcritical bifurca-

tion whena=~5.

8.2.3  subcritical

8.2.5 supercritical

8.2.8 (d) supercritical

8.2.12 (a) a=+4 (b) subcritical

8.3.1 (a) x*=1, y*=b/a, T=b—(1+a), A=a>0. Fixed point is stable if
b<l+a, unstable if #>1+a, and linear center if b=1+a. (c) b, =1+a
() b>b, (e)T=21/a

8.4.3 1 =0.066x0.001

8.4.4 Cycle created by supercritical Hopf bifurcation at it =1, destroyed by ho-
moclinic bifurcation at ¢ =3.72+0.01.

3243 K
27 F?
8.4.12 1~ O(A, ' In(l/w)).

849 (c)b =

8.6.2 (d) If [I-w|>|2a|, then lim6,(7)/0, (1) =(1+0+,)/(1+0—-0,),

) s\1/2 .
where @, =((1-®)* —4a”) " . On the other hand, if |1 - 0| <|2a

, phase-locking
occurs and 1lim 6,(7)/0, (1) =1.

8.6.6 (c) Lissajous figures are planar projections of the motion. The motion in
the four-dimensional space (x,x,y,y) is projected onto the plane (x,y) . The para-
meter @ is a winding number, since it is a ratio of two frequencies. For rational
winding numbers, the trajectories on the torus are knotted. When projected onto
the xy plane they appear as closed curves with self-crossings (like a shadow of a
knot).

8.6.7 (a)r,=(h*/mk)"”, w, = h/mr} (c) w,/®w, =+/3, which is irrational. (e)
Two masses are connected by a string of fixed length. The first mass plays the role
of the particle; it moves on a frictionless, horizontal “air table.” It is connected to
the second mass by a string that passes through a hole in the center of the table.
This second mass hangs below the table, bobbing up and down and supplying the
constant force of its weight. This mechanical system obeys the equations given in
the text, after some rescaling.

8.7.2 a<0,stable; a=0, neutral; a >0, unstable

8.7.4 A<O0
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10.1.10 Yes

10.1.13 Differentiation yields A = f/(x*) = g(x*) g”(x*)/g’(x*)>. Hence g(x*) =0
implies 4 =0 (unless g’(x*) = 0 too; this nongeneric case requires separate treat-

ment).
10.3.2 (b) 1++/5

10.3.7 (d) Any orbit starting at an irrational number x, will be aperiodic, since
the decimal expansion of an irrational number never repeats.

10.3.12 (a) The maximum of the map occurs at x = +. A superstable cycle of pe-
riod 2" occurs when this point is an element of a 2"-cycle, or equivalently, a fixed
point of f(zn)(x, r) . Hence the desired formula for R, is ]"(2”)(7l JRY=1.

10.3.13 (a) The curves are f*(4,7) vs. r, for k=1,2,... Intuitively, points near
x,, =+ get mapped to almost the same value, since the slope equals zero at x,, . So
there is a high density of points near the iterates f*(4) of the maximum. (b) The

corner of the big wedge occurs when f°(4) = f*(4), as is clear from the graphs of

part (a). Hence f(u)=u, where u= f>({). So u must equal the fixed point

1—1 . The solution of f°(4,r)=1-21 can be obtained exactly as r=%+%(19+

¥

V297 )+ 3 (1944297 ) = 3.67857. .
10.4.4 3.8318741. ..
10.4.7 (b) RLRR

10.5.3 The origin is globally stable for » <1, by cobwebbing. There is an inter-
val of marginally stable fixed points for r=1.

10.5.4 The Liapunov exponent is necessarily negative in a periodic window. But
since A =Inr >0 for all r > 1, there can be ne periodic windows after the onset of
chaos.

10.6.1 (b) 1, =0.71994, r, ~0.83326, r, ~ 0.85861, r, ~ 0.86408, r, ~ 0.86526 ,
r, ~ 0.86551.

1071 () 0=—1-+3=-2732..., c,=a/2=—1366... (b) Solve ax=(1+
c,+e) e, =20 —ta-2, ¢, =1+La-a” simultaneously. Relevant root is
oa=-2.53403. .., ¢, =-1.52224. .., ¢, =0.12761. ..

10.7.8 (e) b=~1/2

10.7.9 (b) The steps in the cobweb staircase for g” are twice as long, so ¢ = 2.
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