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CHAPTER I
INTRODUCTION

§ 1. Historical Background of Non-Equilibvium Thermodynamics

Thermodynamic considerations were first applied to the treatment
of irreversible processes by W. Thomson* in 1854. He analysed the
various thermo-electric phenomena and established the famous two
relations which bear his name. The first of these relations follows from
conservation of energy. The second relation, which relates the thermo-
electric potential of a thermocouple to its Peltier heat, was obtained
from the two laws of thermodynamics, and an additional assumption
about the so-called ‘“‘reversible” contributions to the process. Later
Boltzmann** attempted without success to justify the Thomson hypo-
thesis. We now know that no basis exists for this hypothesis. Thomson’s
second relation was finally derived correctly by Onsager who showed
that this relation was a consequence of the invariance of the microscopic
equations of motion under time reversal. Thomson’s method was
applied with varying success to a number of other irreversible phe-
nomena, but a coherent scheme for the macroscopic description of
irreversible processes could not be developed in this way.

Independently of the theoretical development described above, a
number of physicists undertook, at the turn of the century, to give
more refined formulations of the second law of thermodynamics for
non-equilibrium situations. As early as 1850 Clausiusintroduced the con-
cept of “non-compensated heat” as a measure of irreversibility (in sys-
tems which need not be thermally insulated from their surroundings).
Duhem, Natanson, Jaumann and Lohr and later Eckartt attempted to

* W. Thomson (Lord Kelvin) Proc. roy. Soc. Edinburgh 3 (1854) 225; Ibid.
Trans. 21 I (1857) 123; Math. phys. Papers 1 (1882) 232.

** 1,. Boltzmann, Sitz. ber. Akad. Wiss. Wien, Math.-Naturw. Kl. Abt. II 96
(1887) 1258; Wiss. Abh. 3 (1909) 321.

t+ P. Duhem, Energétique (2 vol.) (Gauthier-Villars, Paris, 1911).

L. Natanson, Z. phys. Chem. 21 (1896) 193.

G. Jaumann, Sitz. ber. Akad. Wiss. Wien, Math.-Naturw. Kl. Abt. IT A 120
(1911) 385; Denkschr. Akad. Wiss. Wien, Math.-Naturw. Kl. 95 (1918) 461.

1



2 INTRODUCTION CH.I1, §1

obtain expressions for the rate of change of the local entropy in non-
uniform systems by combining the second law of thermodynamics
with the macroscopic laws of conservation of mass, momentum and
energy. In this way they derived formulae which related irreversibility
to the non-uniformity of the system. Similarly De Donder* was able
to relate the ‘“non-compensated heat” in a chemical reaction to the
affinity, a thermodynamic variable characterizing the state of the
system. The systematic discussion of irreversible processes along these
lines however was not completed until much later.

In the meantime, in 1931, Onsager** established his celebrated
“reciprocal relations” connecting the coefficients, which .occur in the
linear phenomenological laws that describe the irreversible processes.
These reciprocal relations, of which Thomson’s second relation is an
example, reflect on the macroscopiclevel the time reversal invariance of
the microscopic equations of motion. In 1945 Casimir*** reformulated
the reciprocal relations, so that they would be valid for a larger class of
irreversible phenomena than had been previously considered by
Onsager. .

Finally Meixnert in 1941 and the following years, and somewhat
later Prigoginett, set up a consistent phenomenological theory of
irreversible processes, incorporating both Onsager’s reciprocity theorem
and the explicit calculation for a certain number of physical situations
of the so-called entropy source strength (which is in fact the non-
compensated heat of Clausius). In this way a new field of “thermo-
dynamics of irreversible processes’ was born. It developed rapidly in
various directions.

Coupled with the recent growing interest in the statistical mechanical
theory of irreversible processes are some significant studies on the
statistical basis of the thermodynamics of irreversible processes. Thus
special attention is paid to the validity on one hand of thermodynamic

E. Lohr, Denkschr. Akad. Wiss. Wien, Math.-Naturw. Kl. 93 (1916) 339;
99 (1924) 11, 59; Festschr. Techn. Hochsch. Brinn (1924) 176.

C. Eckart, Phys. Rev. 58 (1940) 267, 269, 919, 924.

* Th. De'Donder, L’affinité (Gauthier-Villars, Paris, 1927).

** L. Onsager, Phys. Rev. 37 (1931) 405; 38 (1931) 2265.

*** H. B. G. Casimir, Rev. mod. Phys. 17 (1945) 343; or Philips Res. Rep. 1
(1945) 185. o

t J. Meixner, Ann. Physik [5] 39 (1941) 333; 41 (1942) 409; 43 (1943) 244; Z.
phys. Chem. B 53 (1943) 235.

++ I. Prigogine, Etude thermodynamique des phénoménes irréversibles
(Dunod, Paris and Desoer, Liége, 1947).
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relations outside equilibrium and, on the other hand, to the Onsager
reciprocal relations. Many of these studies have employed methods and
concepts borrowed from the theory of stochastic processes.

§ 2. Systematic Development of the Theory

The field of non-equilibrium thermodynamics provides us with a
general framework for the macroscopic description of irreversible
processes. As such it is a branch of macroscopic physics, which has
connexions with other macroscopic disciplines such as fluid dynamics
and electromagnetic theory, insofar as the latter fields are also con-
cerned with non-equilibrium situations. Thus the thermodynamics of
irreversible processes should be set up from the start as a continuum
theory, treating the state parameters of the theory as field variables,
i.e., as continuous functions of space coordinates and time. Moreover
one would like to formulate the basic equations of the theory in such a
way that they only contain quantities referring to a single point in space
at one time, 7.e. in the form of local equations. This is also the way in
which fluid dynamics and the Maxwell theory are formulated. In
equilibrium thermodynamics such a local formulation is generally not
needed, since the state variables are usually independent of the space
coordinates.

In non-equilibrium thermodynamics the so-called balance equation
for the entropy plays a central role. This equation expresses the fact
that the entropy of a volume element changes with time for two
reasons. First it changes because entropy flows into the volume
element, second because there is an entropy source due to irreversible
phenomena inside the volume element. The entropy source is always a
non-negative quantity, since entropy can only be created, never
destroyed. For reversible transformations the entropy source vanishes.
This is the local formulation of the second law of thermodynamics. The
main aim is to relate the entropy source explicitly to the various
irreversible processes that occur in a system. To this end one needs the
macroscopic conservation laws of mass, momentum and energy, in
local, i.e. differential form. These conservation laws contain a number
of quantities such as the diffusion flows, the heat flow and the pressure
tensor, which are related to the transport of mass, energy and momen-
tum. The entropy source may then be calculated if one makes use of
the thermodynamic Gibbs relation which connects, in an isotropic
multi-component fluid for instance, the rate of change of entropy in
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each mass element, to the rate of change of energy and the rates of
change in composition. It turns out that the entropy source has a very
simple appearance: it is a sum of terms each being a product of a flux
characterizing an irreversible process, and a quantity, called thermo-
dynamic force, which is related to the non-uniformity of the system
(the gradient of the temperature for instance) or to the deviations of
some internal state variables from their equilibrium values (the chemical
affinity for instance). The entropy source strength can thus serve as a
basis for the systematic description of the irreversible processes
occurring in a system.

As yet the set of conservation laws, together with the entropy
balance equation and the equations of state is to a certain extent
empty, since this set of equations contains the irreversible fluxes as
unknown parameters and can therefore not be solved with given
initial and boundary conditions for the state of the system. At this
point we must therefore supplement our equations by an additional
set of phenomenological equations which relate the irreversible fluxes
and the thermodynamic forces appearing in the entropy source
strength. In first approximation the fluxes are linear functions of the
thermodynamic forces. Fick’s law of diffusion, Fourier’s law of heat
conduction, and Ohm’s law of electric conduction, for instance, belong
to this class of linear phenomenological laws. It also contains in addition
possible cross-effects between various phenomena, since each flux may
in principle be a linear function of all the thermodynamic forces which
are needed to characterize the entropy source strength. The Soret
effect, which results from diffusion in a temperature gradient is an
example of such a cross-effect. Many others exist such as the thermo-
electric effects, the group of thermomagnetic and galvanomagnetic
effects, and also the electrokinetic effects. Non-equilibrium thermo-
dynamics, in its present form, is mainly restricted to the study of such
linear phenomena. Very little of a sufficiently general nature is known
outside thislinear domain. Thisis not a very serious restriction however,
since even in rather extreme physical situations, transport processes,
for example, are still described by linear laws. Together with the
phenomenological equations the original set of conservation laws may
be said to be complete in the sense that one now has at one’s disposal
a consistent set of partial differential equations for the state para-
meters of a material system, which may be solved with the proper
initial and boundary conditions.
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Some rather important statements of a macroscopic nature may be
made concerning the matrix of phenomenological coefficients which
relate the fluxes and the thermodynamic forces, appearing in the entropy
source strength. In the first place the Onsager—Casimir reciprocity
theorem gives rise to a number of relations amongst these coefficients,
thus reducing the number of independent quantities and relating
distinct physical effects to each other. It is one of the aims of non-
equilibrium thermodynamics to study the physical consequences of
the reciprocal relations in applications of the theory to various physical
situations. Apart from the reciprocity theorem, which is based on the
time reversal invariance of the microscopic equations of motion,
possible spatial symmetries of a material system may further simplify
the scheme of phenomenological coefficients. Thus in an isotropic fluid
a scalar phenomenon like a chemical reaction cannot be coupled to a
vectorial phenomenon like heat conduction. This reduction of the
scheme of phenomenological coefficients, which results from invariance
of the phenomenological equations under special orthogonal trans-
formations, goes under the name of the Curie principle, but should more
appropriately be called Curie’s theorem.

The reciprocal relations have transformation properties which have
been studied extensively. Thus Meixner showed that the Onsager
relations are invariant under certain transformations of the fluxes and
the thermodynamic forces. There exist a number of other general
theorems, which are of use in non-equilibrium thermodynamics: one
can show that at mechanical equilibrium the entropy production has
some additional invariance properties. It can also be shown that
stationary non-equilibrium states are characterized by a minimum
property: under certain restrictive conditions the entropy production
has, in the stationary state, a minimum value compatible with given
boundary conditions. Both of these theorems have first been obtained
by Prigogine.

Just as the principles of equilibrium thermodynamics must be
justified by means of statistical mechanical methods, so the principles
of thermodynamics of irreversible processes require a discussion of
their microscopic basis. In the present state of theoretical development
a microscopic discussion of irreversibility itself from first principles
would lie outside the scope of this treatise. However, even if the
irreversible behaviour of macroscopic systems is taken for granted,
one still has the problem of discussing the remaining foundations of
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the theory. On these premises Onsager’s reciprocity theorem can indeed
be derived from microscopic properties of a mechanical many-particle
system. Concepts of fluctuation theory and the theory of stochastic
processes play an essential role in such a discussion of the foundations,
to which Onsager and Machlup have contributed by using a Brownian
motion type model for the regression of fluctuations. Such a model can
also serve for a justification of the use of thermodynamic relations
outside equilibrium. Furthermore the methods of the theory of
stochastic processes are used in relating the spontaneous fluctuations
in equilibrium to the macroscopic response of a system under external
driving forces. The relation thus obtained is known as the fluctuation-
dissipation theorem and is due to Callen, Greene and Welton. It re-
presents in fact a generalization of the famous Nyquist formula in the
theory of electric noise.

The problem of justifying the principles of non-equilibrium thermo-
dynamics can alternatively be approached from the viewpoint of the
kinetic theory of gases. Such a method is more limited since it only
applies to gaseous systems at low density, however it permits one to
express those macroscopic quantities which pertain to irreversible
processes in terms of molecular parameters. The irreversibility itself
is already contained in the fundamental equation of the kinetic theory
of gases, the Boltzmann integro-differential equation. One may then
justify the use of thermodynamic relations for gases outside equil-
ibrium (as was first done by Prigogine), and derive the Onsager
reciprocal relations.

The theory of non-equilibrium thermodynamics has found a great
variety of applications in physics and chemistry. FFor a systematic
classification of these applications one may group the various irre-
versible phenomena according to their “tensorial character”.

First one has “‘scalar phenomena’. These include chemical reactions
and structural relaxation phenomena. Onsager relations are of help
in this case in solving the set of ordinary differential equations which
describe the simultaneous relaxation of a great number of internal
variables.

A second group of phenomena is formed by ‘vectorial processes”
such as diffusion, heat conduction, and their cross-effects.

Viscous phenomena can be considered as a third group to which
methods of non-equilibrium thermodynamics have been applied. In
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particular the theory of acoustical relaxation has been consistently
developed within this framework by Meixner.

Altogether new aspects arise when an electromagnetic field acts on a
material system. Then the continuity laws for electromagnetic energy
and momentum which follow from the Maxwell equations must also be
taken into account. One must therefore reformulate the theory to
suit the need of this case with its numerous applications to both
polarized and unpolarized media.






PART A

GENERAL THEORY






CHAPTER I1

CONSERVATION LAWS

§ 1. Introduction

Thermodynamics is based on two fundamental laws: the first law of
thermodynamics or law of conservation of energy, and the second law
of thermodynamics or entropy law. A systematic macroscopic scheme
for the description of non-equilibrium processes (z.e. the scheme of
thermodymnamics of irreversible processes) must also be built upon these
two laws. However, it is necessary to formulate these laws in a way
suitable for the purpose at hand.

In this chapter we shall be concerned with the first law of thermo-
dynamics. Since we wish to develop a theory applicable to systems of
which the properties are continuous functions of space coordinates and
time, we shall give a local formulation of the law of conservation of
energy. As the local momentum and mass densities may change in time,
we shall also need local formulations of the laws of conservation of
momentum and mass.

In the following sections these conservation laws will be written
down for a multi-component system in which chemical reactions may
occur and on which conservative external forces are exerted.

It may be remarked that the macroscopic conservation laws of
matter, momentum and energy are, from a microscopic point of view,
consequences of the mechanical laws governing the motions of the
constituent particles of the system.

§ 2. Conservation of Mass

Let us consider a system consisting of # components amongst which
chemical reactions are possible.

The rate of change of the miass of component %2 within a given
volume V is

v v

d _ | 9es

5 | pedV = f—a-t-dV. (1)
11
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where p, is the density (mass per unit volume) of k.. This quantity is
equal to the sum of the material flow of component % into the volume V
through its surface £ and the total production of % in chemical reactions
which occur inside V

| 4 2 | 4

f Pay = - f pocd® + 3| vV, @)
J=

where df2 is a vector with magnitude df2 normal to the surface and
counted positive from the inside to the outside. Furthermore v, is the
velocity of %, and »,;J; the production of £ per unit volume in the ;"
chemical reaction. The quantity »,; divided by the molecular mass M,
of component % is proportional to the stoichiometric coefficient with
which % appears in the chemical reaction j. The coefficients »,; are
counted positive when components %2 appear in the second, negative
when they appear in the first member of the reaction equation. The
quantity [J; is called the chemical reaction rate of reaction j. It re-
presents a mass per unit volume and unit time. The quantities p,, v,
and [ ; occurring in (2) are all functions of time and of space coordinates.

Applying Gauss’ theorem to the surface integral occurring in (2),
we obtain

d . 4
a’;":-dlvpkvk—{-kaj]j, (k=1,2;--'»n): (3)
Jj=1

since (2) is valid for an arbitrary volume V. This equation has the form
of a so-called balance equation: the local change of the left-hand side
is equal to the negative divergence of the flow of % and a source term
giving the production (or destruction) of substance k.

Since mass is conserved in each separate chemical reaction we have

k21vkj=0’ G=1,2,...,7). (4)

Summing equation (3) over all substances % one obtains then the
law of conservation of mass:

op .
fa'z = — div PV, (5)
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where p is the total density

and v the centre of mass (“barycentric”) velocity

v= ) pvlp. (7)
k=1
Equation (5) expresses the fact that the total mass is conserved, i.e.
that the total mass in any volume element of the system can only
change if matter flows into (or out of) the volume element.
The mass equations can be written in an alternative form by intro-
ducing the (barycentric) substantial time derivative

d o

=7 + w-grad (8)
and the ‘“diffusion flow” of substance %2 defined with respect to the
barycentric motion

Jo = (v — v). (9)

With the help of (8) and (9), equations (3) become

d 3 . 0
—(;%:-—pkdlvv—'leJk‘l' Zlvkj]j:« (k=1»2"'°»n) (10)
J=
and equation (5)
dp .
=" divoe. (11)

If mass fractions ¢, :

¢ = plp, (Z Ck=1) (12)
k=1
are employed, equations (10) take the simple form

de . .
p-a——f-=—le.’k+ ka_,']_,': (k=1,2,...,%), (13)
Jj=1

where (11) has been used also.
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With the specific volume v = p-! formula (11) may also be written as

dv .
Py = divo. (14)
We note that it follows from (7) and (9) that

Z = (15)

which means that only #~1 of the » diffusion flows are independent.
Similarly only #—1 of the # equations (13) are independent. In fact by
summing (13) over all Z, both members vanish identically as a result

f (4), (12) and (15). The »'™ independent equation describing the
change of mass density within the system is now equation (14).

We note finally that the following relation, valid for an arbitrary
local property a, (which may be a scalar or a component of a vector or
tensor, etc.):

da  dap
p-£ gt + div apv (16)

is a consequence of the mass equation (5) and of (8).

§ 3. The Equation of Motion
The equation of motion of the system is

dv, ;
i Z Pt Lo, @=123, ()

where v, (¢ = 1,2,3) is a Cartesian component of v, and where x,
(¢ = 1,2,3) are the Cartesian coordinates. The derivative dv,/d¢ is a
component of the acceleration of the centre of gravity motion.

The quantities P,y (o, = 1,2,3) and F,, (« = 1,2,3) are the Cartesian
components of the pressure (or stress) tensor P of the medium and of the
force per unit mass F, exerted on the chemical component % respectively.
We shall assume here* that the pressure tensor P is symmetric,

* This assumption is usually made in hydrodynamics, but is rigorously only
justified for systems consisting of spherical molecules or at very low densities. For
other systems however the pressure tensor may contain an antisymmetric part.



CH.1I, § 3 THE EQUATION OF MOTION 15
Py =Py, (@,8=1273). (18)
In tensor notation equations (17) are written as

k

From a microscopic point of view one can say that the pressure tensor P
results from the short-range interactions between the particles of the
system, whereas F, contains the external forces as well as a possible
contribution from long-range interactions in the system.

For the moment we shall restrict the discussion to the consideration
of conservative forces which can be derived from a potential ¥, in-
dependent of time

oy,
F, = — grad y, , —;—l’iﬁ=o. (20)

Using relation (16), the equation of motion (19) can also be written as

Opv
5 = ~ DIV (pov + ) + 5 niF, (21)

where vv is an ordered (dyadic) product, (¢f. Appendix I on matrix and
tensor notation). This equatjon has the form of a balance equation for
the momentum density pv. In fact it is seen that one can interpret the
quantity pvv + P as a momentum flow, with a convective part pvv,
and the quantity ) ,p.F) as a source of momentum.

It is possible to derive from (17) a balance equation for the kinetic
energy of the centre of gravity motion by multiplying both members
with the component v, of the barycentric velocity and summing over «

div 0 0
P %115 o (Ppa? Va) + zpﬁa Va +ZPkaa > (22)
a,ﬂ 8 oxp

Inclusion of such terms into the general formalism gives rise to a slight modifica-
tion of the hydrodynamics of the systems: v. J. Frenkel, Kinetic Theory of
Liquids (Oxford University Press, 1946) Ch.V, § 7; H. Grad, Comm. pure and
appl. Math. (New-York) 5 (1952) 455; C. F. Curtiss, J. chem. Phys. 24 (1956) 225;
¢f. also Chapter XII, § 1 of this book.
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or, in tensor notation,

div? . :
Pq =~ div (P-v) 4+ P:Grad v + zk:kak-v , (23)
where '
P:Gradv =Y Py-v,=Y Ppm (24)
urad v = a,zﬂ apaxp = = ﬂaaxﬁ

With the help of (16), equation (23) becomes

94 pv* : 2

—— = — div (4pv°v + P-v) + P: Grad v + ) pF,-v. (25)
k

We wish to establish now an equation for the rate of change of the
potential energy density py = Y ;. In fact it follows from (3), (9)
and (20) that

a . n B
2% _ _ giv (Yo + Y ) — Y pFyv
3t k=1 k=1

- Z JoF. + Z Z Y- (26)

k=1 k=1 j=1

The last term vanishes if the potential energy is conserved in a
chemical reaction

;t//kyk,=0, G=12...,7). 27)

This is the case if the property of the particles, which is responsible
for the interaction with a field of force, is itself conserved. Examples
for this case are the mass in a gravitational field and the charge in an
electric field. Equation (26) then reduces to

0 . )
W= —div (o + T - TaFeo - YRR @)

Let us now add the two equations (25) and (28) for the rate of change
of the kinetic energy ipv? and the potential energy py:
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(%”at“*' 'l’) — div { p(—L‘v + 'l’)” 4+ Pv 4+ Z l//ka}

+ P:Gradv — Y J-F,. (29)
x

This equation shows that the sum of kinetic and potential energy is
not conserved, since a source term appears at the right-hand side.

§ 4. Conservation of Energy

According to the principle of conservation of energy the total energy
content within an arbitrary volume ¥V in the system can only change if
energy flows into (or out of) the volume considered through its
boundary 2

| 4

gz pedV = a”"

av = j J,-dQ (30)

Here ¢ is the energy per unit mass, and J, the energy flux per unit
surface and unit time. We shall refer to ¢ as the total specific energy,
because it includes all forms of energy in the system. Similarly we shall
call J, the total energy flux. With the help of Gauss’ theorem we obtain
the differential or local form of the law of conservation of energy

dpe
- =" div J,. (31)

In order to relate this equation to the previously obtained result (29)
for the kinetic and potential energy, we must specify which are the
various contributions to the energy e and the flux J,.

The total specific energy e includes the specific kinetic energy iv?,
the specific potential energy { and the specific internal energy u:

e=%0 + ¢y +u. (32)

From a macroscopic point of view this relation can be considered as
the definition of internal energy #. From a microscopic point of view »
represents the energy of thermal agitation as well as the energy due
to the short-range molecular interactions. Similarly the total energy
flux includes a convective term pev, an energy flux P.-v due to the
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mechanical work performed on the system, a potential energy flux
Y Wi due to the diffusion of the various components in the field of
force, and finally a “heat flow” J,:

Je=Pe’v+P"v+Z!//ka+Jq- (33)
k

This relation may be considered as defining the heat flow J,. If we
subtract equation (29) from equation (31), we obtain, using also (32)
and (33), the balance equation for the internal energy u:

= — div(puv + J) — P:grad v + ) Ji°F,. (34)
3

It is apparent from this equation that the internal energy = is not
conserved. In fact a source terms appears, which is equal but of
opposite sign to the source term of the balance equation (29) for kinetic
and potential energy.

The equation (34) may be written in an alternative form. We can
split the total pressure tensor into a scalar* hydrostatic part p and a
tensor [1:

P=pU~+ 11, (35)

where U is the unit matrix with elements 8,5 (8,5 = 11f o = §,4,, = 0
if o # B). With this relation and (16), equation (34) becomes

du ] .
Py = divJ, — pdive — [1:Grad v + ;J,;Fk
dg ) , .
k

where use has been made of the equality

3 9 3 9
U:Gradv = ) b7, = ) —9,=dive (37)
a,p=1 axﬂ a=1 axa
* In assuming that the equilibrium part of the total tensor is a scalar we
restrict the discussion to non-elastic fluids. For an elastic medium the equilibrium
‘“pressure’’ tensor is the elastic stress temsor.
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and where d )
W 0 a-?t- = —divJ, (38)

defines dg, the “heat” added per unit of mass.
With (14) equation (36), the “first law of thermodynamics”, can
finally be written in the form

%=%§-—-p%——vﬂ:Gradv—}-v;JkoFk, (39)
where v = p~!is the specific volume.

As stated in the preceding section we have restricted ourselves in
this chapter to the consideration of conservative forces F, of the type
(20). The more general case, which arises for instance when electro-
magnetic forces are considered, will be treated in Chapter XIII.



CHAPTER III
ENTROPY LAW AND ENTROPY BALANCE

§ 1. The Second Law of Thermodynamics

According to the principles of thermodynamics one can introduce for
any macroscopic system a state function S, the entropy of the system,
which has the following properties.

The variation of the entropy dS may be written as the sum of two
terms

dS =d.S + 4;S, . (1)

where d.S is the entropy supplied to the system byits surroundings, and
d;S the entropy produced inside the system. The second law of thermo-
dynamics states that d;S must be zero for reversible (or equilibrium)
transformations and positive for irreversible transformations of the
system:

d;S >0. 2)

The entropy supplied, d.S, on the other hand may be positive, zero or
negative, depending on the interaction of the system with its sur-
roundings. Thus for an adiabatically insulated system (z.e. a system
which can exchange neither heat nor matter with its surroundings)
d.S is equal to zero, and it follows from (1) and (2) that

dS > 0 for an adiabatically insulated system. (3

This is a well-known form of the second law of thermodynamics.
For a so-called closed system, which may only exchange heat with
its surroundings, we have according to the theorem of Carnot-Clausius:

_ 4o
deS = '—T' ’ (4)

where d() is the heat supplied to the system by its surroundings and T
20
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the absolute temperature at which heat is received by the system.
From (1) and (2) it follows for this case that

ds > %g for a closed system , ®)

which is also a well-known form of the second law of thermodynamics.

For open systems, z.e. systems which may exchange heat as well as
matter with their surroundings d.S contains also a term connected
with the transfer of matter (cf. also § 2 of this chapter). The theorem of
Carnot-Clausius, which is contained in formulae (1), (2) and (4), does
not apply to such systems. However the very general statements
contained in (1) and (2) alone remain valid.

We may remark at this point that thermodynamics in the customary
sense is concerned with the study of the reversible transformations for
which the equality in (2) holds. In thermodynamics of irreversible
processes, however, one of the important objectives is to relate the
quantity d,S, the entropy production, to the various irreversible
phenomena which may occur inside the system. Before calculating the
entropy production in terms of the quantities which characterize the
irreversible phenomena, we shall rewrite (1) and (2) in a form which is
more suitable for the description of systems in which the densities of
the extensive properties (such as mass and energy, considéred in the
previous chapter) are continuous functions of space coordinates. Let
us write

| 4
S = f psdV | (6)
ds  ®
dz - - J"’s,(o(ds2 ’ (7)
| 4
d.S
s f o dV, (8)

where s is the entropy per unit mass, Jg,, the total entropy flow per
unit area and unit time, and ¢ the entropy source strength or entropy
production per unit volume and unit time.

With (6), (7) and (8), formula (1) may be rewritten, using also Gauss’
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theorem, in the form

1 4
dps

f (_d—t— + div Jg, o — 0) dV =0. (9)

From this relation it follows, since (1) and (2) must hold for an arbitrary
volume V, that

— = = div Jj 0 + T, (10)
c>0. (11)

These two formulae are the local forms of (1) and (2), z.e. the local
mathematical expression for the second law of thermodynamics.
Equation (10) is formally a balance equation for the entropy density
ps, with a source term ¢ which satisfies the important inequality (11).
With the help of relation (I1.16), equation (10) can be rewritten in a
slightly different form,

(12)

where the entropy flux J; is the difference between the total entropy
flux J;, .o« and a convective term psv

Js = Js,tot — pSv. (13)

In obtaining (10) and (11) we have assumed that the statements (1)
and (2) also hold for infinitesimally small parts of the system, or in
other words, that the laws which are valid for macroscopic systems
remain valid for infinitesimally small parts of it. This is in agreement
with the point of view currently adopted in a macroscopic description
of a continuous system. It implies, on a microscopic model, that the
local macroscopic measurements performed on the system, are really
measurements of the properties of small parts of the system, which
still contain a large number of the constituting particles. Such small
parts of the system one might call physically infinitesimal. With this
in mind it still makes sense to speak about the local values of such
fundamentally macroscopic concepts as entropy and entropy pro-
duction.
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§ 2. The Entropy Balance Equation

We must now relate the variations in the properties of systems
studied in Chapter II to the rate of change of the entropy. This will
enable us to obtain more explicit expressions for the entropy flux J,
and the entropy source strength ¢ which appear in (12).

From thermodynamics we know that the entropy per unit mass s is,
for a system in equilibrium, a well-defined function of the various
parameters which are necessary to define the macroscopic state of the
system completely. For the systems considered in Chapter II these
are the internal energy u, the specific volume », and the mass frac-
tions ¢, :

s=s(u0v0¢). (14)

This is also expressed by the fact that, in equilibrium, the total differ-
ential of s is given by the Gibbs relation (¢f. Appendix II):

Tds = du + pdv — . wde,, (15)
k=1

where p is the equilibrium pressure, and y, the thermodynamic or
chemical potential of component % (partial specific Gibbs function).

It will now be assumed that, although the total system is not in
equilibrium, there exists within small mass elements a state of “local”
equilibrium, for which the local entropy s is the same function (14) of
u, v and ¢, as in real equilibrium. In particular we assume that formula
(15) remains valid for a mass element followed along its centre of
gravity motion:

ds du dv “ de,
Ta—t—-a'z“l'i’az“‘k;lﬂk'at—» (16)

where the time derivatives are given by (II.8). This hypothesis of
“local” equilibrium can, from a macroscopic point of view, only be
justified by virtue of the validity of the conclusions derived from it.
For special microscopic models it can indeed be shown that the relation
(16) 1s valid for deviations from equilibrium which are not “too large”.
Criteria specifying how far from equilibrium (16) can be used may also
be derived from these microscopic considerations We shall come back
to this point in Chapters VII and IX. It may already be stated here
that for most familiar transport phenomena the use of (16) is justified.
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In order to find the explicit form of the entropy balance equation
(12) we have to insert the expressions (I1.39), with (I1.38), for du/d?
and (II.13) for dc,/d¢ into formula (16). This gives

_______.___—ﬂ Gradv+—~z~’k

1 & )
+Tk§1,ukdlek T Z Jid;, (17)
where we have introduced the so-called chemical affinities of the
reactions j (=1, 2, ..., 7) defined by

dj= Y v, (=L2,...,7). (18)

k=1

It is easy to cast equation (17) into the form (12) of a balance equation:

ds . o - ;uk]k
PR = dw( T > Tz‘, -grad T
1 & M 1 <
— =Y J-\Tgrad == — F, ———rl Gradv — — ) J;4 (19)
Ik=1 1 TJ—1

From comparison with (12) it follows that the expressions for the
entropy flux and the entropy production are given by

1 n
Js == <Jq - Z llk-,k> ’ (20)
T k=1

o= ———-J -grad T — 1 z Jk-(Tgrad%,"——Fk>

T =
1 1 ¢
_Tn.Gradv-—-]—,j;]]jAj>0. (21)
The way in which the separation of the right-hand side of (17) into the

divergence of a flux and a source tern1 has been achieved may at first
sight seem to be to some extent arbitrary. The two parts of (19) must,
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however, satisfy a number of requirements which determine this
separation uniquely. Thus we know that the entropy source strength o
must be zero if the thermodynamic equilibrium conditions are satisfied
within the system. Another requirement which (21) must satisfy is
that it be invariant under a Galilei transformation, since the notions
of reversible and irreversible behaviour must be invariant under such a
transformation. It is seen that (21) satisfies automatically this require-
ment. Finally it may be noted that by integrating (19) over the volume
V of a closed system one obtains, with the inequality of (21),

ds 27,

which is equivalent with the Carnot—Clausius theorem (5) as it should be.

Let us consider in more detail the expressions (20) and (21) for the
entropy flow J; and the entropy production ¢. The first formula shows
that for open systems the entropy flow consists of two parts: one is the
“reduced” heat flow J [T, the other is connected with the diffusion
flows of matter J,. The second formula demonstrates that the entropy
production contains four different contributions. The first term at the
right-hand side of (21) arises from heat conduction, the second from
diffusion, the third is connected to the gradients of the velocity field,
giving rise to viscous flow, and the fourth is due to chemical reactions.
The structure of the expression for ¢ is that of a bilinear form: it
consists of a sum of products of two factors. One of these factors in
each term is a flow quantity (heat flow J, diffusion flow J,, momentum
flows or viscous pressure tensor [1, and chemical reaction rate J;)
already introduced in the conservation laws of Chapter II. The other
factor in each term is related to a gradient of an intensive state variable
(gradients of temperature, chemical potential and velocity) and may
contain the external force F,; it can also be a difference of thermo-
dynamic state variables, viz. the chemical affinity A .. These quantities
which multiply the fluxes in the expression for the entropy production
are called “thermodynamic forces” or “affinities”.

§ 3. Alternative Expressions for the Entropy Production; on different
Definitions of the Heat Flow

It is convenient for a number of applications to write the entropy
production (21) in a different form. The thermodynamic force which
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multiplies the diffusion flow J, includes a part which is proportional
to the gradient of the temperature. By using the thermodynamlc
relation

Td (%) = ([dmdr — 4T, (23)

where the index T indicates that the differential has to be taken at
constant temperature, and where /%, is the partial specific enthalpy of
component %, and by introducing a new flux, defined as

Jl; = Jq - kgl hk*’k ) (24)

the entropy production (21) can be written as

| - 13
a=—-]—,5Jq-gradT ZJk { (grad p)r — Fy }

T &z
1 d1 & .
———f'l:Gradv--—?Zj.A.. (25)
T T &I

In this way the thermodynamic force conjugate to the diffusion flow
J, does not contain a term in grad 7. However, the flow which is
conjugate to the temperature gradient is now J, of formula (24)
instead of J,. From (24) it is clear that the difference between J, and J,
represents a transfer of heat due to diffusion. Therefore the quantity J;
also represents an irreversible heat flow. In fact in diffusing mixtures
the concept of heat flow can be defined in different ways. Obviously a
different definition of the notion of heat flux leaves all physical results
unchanged. But to any particular choice corresponds a special form
of the entropy production.c. It is a matter of expediency which choice is
the most suitable in a particular application of the theory. The freedom
of defining the heat flow in various ways, of which the possibility was
indicated here in the framework of a macroscopic treatment, exists
also in the microscopic theories of transport phenomena in mixtures.
With the definition (24) the entropy flow gets the form

J, = % + z sy (26)
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where s, = — (u, — 4,)/T is the partial specific entropy of component Z.
Written in this way the entropy flux contains the heat flow J; and a
transport of partial entropies with respect to the barycentric velocity v.

Still a different form of the entropy production can be obtained by
using the equality

T grad (%) = grad p, — <—HT5) grad T (27)
and the definition (20) of the entropy flow:

To = — J-grad T — ), Jy~(grad p — F))
k=1

— :Gradv — ) J;A;. (28)
=1

It is seen that in this way the force conjugate to the diffusion flow J,
contains simply a gradient of the chemical potential y,. Since [¢f.(11.20)]

F, = —grady,, (29)
we may write, by introducing the quantity

e =t + Y, (30)
instead of (28)

To = — J,gradT — ¥ Jo-grad fi, — M:Gradv — ¥ J;4,. (31)
k=1 ji=1

In the case of an electrostatic potential energy, ¥, is equal to z,¢ with
2z, the charge per unit mass of component %, and ¢ the electrostatic
potential, and f, is then the electrochemical potential. Quite in general
it can be said that in the form (28) of the entropy production ¢, where
the entropy flow J, is employed, the thermodynamic force conjugate
to the diffusion flow can be written as the gradient of a single quantity,
if the force F, is conservative (e.g. an electrostatic or a gravitational
force). This is the reason why the form (28) is of special advantage in
applications, dealing with electric processes.
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§ 4. Kinetic Energy of Diffusion

In Chapter II, § 4, we have defined the internal energy « by equation
(I1.32), i.e. by subtracting from the total energy e the potential energies
of all components ¥ = Y ¢y, and the barycentric kinetic energy }v2.
This means that the internal energy # still contains the macroscopic
kinetic energy of the components with respect to the centre of gravity
motion. It is possible to define a different internal energy per unit
mass #°, by subtracting from the total energy e, the potential energies
aud the kinetic energies of all components

k

u =e— 2 oW — Z%Ckvlf
k

=u =) (v, — v)?, (32)

k

where (I1.7) and (I1.32) have been used. Since the internal energy
should only contain contributions from the thermal agitation and the
short-range molecular interactions, the quantity »* has perhaps more
right to this name than the quantity #. In equilibrium the Gibbs
relation (15) is in fact a relation between the entropy s and the
quantities #*, v and ¢,, since in equilibrium diffusion fluxes must
vanish. Therefore (15) should read

Tds=du+ pdv — 3 pdc, (33)
k=1

where we have introduced the chemical potential u, related to #* by

Sow =u" —Ts + pv. (34)
k

In agreemert with the hypothesis of local equilibrium one should
therefore assume (33) to hold outside equilibrium in the form

ds du’ dv & .de

Ta=atta— 2 M a: (33)

instead of (16).
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Introducing into this equation the relation (32), one obtains, with
(1I1.9)

ds d’u " -1 ( "'”)
TH=d pdt z""“"” ZJ" ""d‘t_“"’ (36)

where y, is related to u, by

W=y + 3v, — v)? (37)

and to # by the relation analogous to (34)

Yo =u—Ts + pv. (38)
k

It is seen that (36) and (16) are identical if d(v, — v)/d¢ vanishes, 7.e.
if the substantial time derivative of the velocities of the various com-
ponents with respect to the barycentric motion may be neglected. We
shall see later that frequently this may indeed be done. The use of (16)
is then justified.

From (36) one obtains, using (I1.39), (I1.38) and (II1.13), the entropy
balance equation, which reads now

J, - leka
ds ) o 1
= = = div ( ]'f ) - ﬁJq-gradfl‘

d(v, — v)

1
Y -—]:n.Gradv

Y J, :Tgrad%%—Fk +
P

N =

Z (39)

~al

This equation is identical with (19) except for the inclusion of an
“inertia term” in the thermodynamic force of diffusion. Examples in
which such “inertia terms” must be retained will be considered later.



CHAPTER IV
THE PHENOMENOLOGICAL EQUATIONS

§ 1. The Linear Laws

In the preceding chapter it has already been mentioned that the
expression for the entropy production ¢ vanishes, when the thermo-
dynamic equilibrium conditions are satisfied, 7.¢. when the (independent)
thermodynamic forces are zero. In conformity with the concept of
equilibrium we also require that all fluxes in ¢ vanish simultaneously
with the thermodynamic forces.

It is known empirically that for a large class of irreversible pheno-
mena and under a wide range of experimental conditions, the irre-
versible flows are linear functions of the thermodynamic forces, as
expressed by the phenomenological laws which are introduced ad hoc
in the purely phenomenological theories of irreversible processes. Thus,
e.g. Fourier’s law for heat conduction expresses that the components
of the heat flow are linear functions of the components of the tempera-
ture gradient, and Fick’s law establishes a linear relation between the
diffusion flow of matter and the concentration gradient. Also included
in this kind of description are the laws for such cross-phenomena as
thermal diffusion, in which the diffusion flow depends linearly on both
the concentration and temperature gradients. If we restrict ourselves
to this linear region we may write quite generally

]i =};,Lika: (])

where J;and X; are any of the Cartesian components of the independent
fluxes and thermodynamic forces appearing in the expression for the
entropy production [c¢f. e.g. (IT1.21)], which is of the form o =), J; X ;.
The quantities L, are called the phenomenological coefficients and the
relations (1) will be referred to as the phenomenological equations. It is
clear that this scheme includes the examples mentioned above.

If one introduces the phenomenological equations into the expression

30
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for the entropy production o, one gets a quadratic expression in the
thermodynamic forces of the form ) ; L, XX, which, since one has
o >0, must be positive definite or at least non-negative definite.
A sufficient condition for this is that all principal co-factors of the
symmetric matrix with elements L; + L,; are positive (or at least
non-negative). This implies that all diagonal elements are positive
whereas the off-diagonal elements must satisfy, for instance, conditions
of the form L;;L,, > % (L, + L)%

With the help of the relations (1) it is now possible, using the con-
servation laws and balance equations of Chapters ITand I11, to determine
in principle the evolution in time of all local thermodynamic state
variables of the system. This is one of the advantages of the systematic
formulation of thermodynamics of irreversible processes. On the other
hand this formulation will also enable us to derive some important rela-
tionships which exist between the phenomenological coefficients (cf. § 3).

It is very well possible that some irreversible processes must be
described by non-linear phenomenological laws. Such processes lie out-
side the scope of the present theory. However, even for such processes
one may assume the linear relations to be valid within a very limited
range close to equilibrium. Thus ordinary transport phenomena like
heat conduction and electric conduction are linear even under rather
extreme experimental conditions, whereas chemical reactions must
nearly always be described by non-linear laws.

In the following sections the linear laws (1) will be given in explicit
form for the systems studied in the preceding chapters, and the general
properties of the matrix L, of phenomenological coefficients will be
studied.

§ 2. Influence of Symmetry Properties of Matter on the Linear Laws;
Curie Principle

Before stating in this section the influence of the symmetry pro-
perties of matter on the phenomenological equations (1), we wish to
write the entropy production (II1.21), (IIL.25) or (II1.31) in a slightly
different form.

Let us split up the symmetric viscous pressure tensor 1 and the
tensor Grad v in the following way

n=nu+n, (2)
Grad v = 4 (divo)U + Grad v, (3)
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where the quantity /7 is given by

3
n=inv=1%y m,, (4)
a=1
that is, as one third of the trace of the viscous pressure tensor.
Similarly div v is the trace of Grad v [¢f. (11.37)]:

3 v,

=1 axa

dive = (Gradv) : U = &)

The tensors /1 and Grad v defined by (2) and (3) have zero trace
according to (4) and (5):

nu=7y m,=0, (6)
a=1
wdo)U e 3 (e Ly2m) _
(Gradv).U = agl <3xa_ 3;—3_;;) =0. (7)

For the scalar product of (2) and (3), one finds with the help of (6)
and (7)

M:Gradv = 1: Grad v + M divo. (8)

The tensor Grad v can be split into a symmetric and an anti-
symmetric part

Grad v = (Grad v)* + (Grad v)*, 9)
with
e s L fovg v, 3, v, B
(Grad v)aﬂ = —2" (—a;; + —a'x—ﬁ) - é‘ 5«[3 ?;1 a—x‘-; , (a, ﬁ = 1, 2, 3) N (10)
o a __ l 31)3 31)“
(Grad v)a’, = E (’é'x—a - a;) . (11)

Using (9) the result (8) becomes
M:Gradv = [1:(Grad v)® + I divw, (12)

since the doubly contracted product of a symmetric and an anti-
symmetric tensor vanishes.
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If one introduces (12) into the form (II1.25) of the entropy produc-
tion and eliminates J, with the help of (II.15), one obtains

1., . - .
a=—;2-Jq°grad7 Z ‘[{grad ( — ) }r — F, + F, ]

1

R -
— = I (Grad v) —-—:,—,Hdlvv—-~Tj§=:1]jAj>O. (13)

The total contribution of viscous phenomena to the entropy production
has thus been split up into two parts. The second part, — (1/7) 17 div v,
is related to the rate of change of specific volume. This is the part
which is due to bulk viscosity.

We shall now establish the phenomenological equations (1) between
the independent fluxes and thermodynamic forces of this expression.
In principle any Cartesian component of a flux can be a linear function
of the Cartesian components of all thermodynamic forces. We note,
however, that the fluxes and the thermodynamic forces of (13) do not
all have the same tensorial character: some are scalars, some are
vectors and one is a tensor (of second rank). This means that under
rotations and reflections the Cartesian components of these quantities
transform in different ways. As a consequence symmetry properties
of the material system considered may have the effect that the com-
ponents of the fluxes do not depend on all components of the thermo-
dynamic forces. This fact is often referred to as the Curie symmetry
principle. Thus, in particular for an isotropic system (z.e. a system of
which the properties at equilibrium atre the same in all directions) it
can be shown that fluxes and thermodynamic forces of different
tensorial character do not couple. The proof of this statement will be
given in Chapter VI, where we shall study in a more formal way the
influence of symmetry elements on the coupling of fluxes and thermo-
dynamic forces. For anisotropic system the phenomenological equations
read

J,=— L, (gradT)/T? — Zqu[{grad( ) dr—F+ FT, (14

n—1

Ji = — L, (gradT)/T* — Z Ly i{grad @y — p,) }r — B+ FJ/T,  (15)
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M, = __:f:(Gr"ad v)%, L (d”” P _

2T \? oxﬂ

aﬂz > (Xﬂ--123) (16)

II = — lvv ((ilV v)/T - z lvam/T ’ (17)
m=1

Ji=—=l,@ve)T - Y 1,4,/T, (i=12...,7. (18)
m=1

Equations (14) and (15) describe the vectorial phenomena of heat
conduction, diffusion and their cross-effects. The coefficients L, L,,,
Ly and Ly (s, k= 1,2,...,n) are scalar quantities. This is also a

consequence of the isotropy of the system. Equations (16) relate the

Cartesian components of the pressure tensor M to the components of
the symmetric tensor (Grad v)®. Due to the isotropy of the system only
corresponding tensor components «, f are linearly related with each
other by means of the same coefficient L. Finally equations (17) and
(18) describe the scalar processes of bulk viscosity and chemistry and
their possible cross-phenomena.

Another consequence of the fact that in isotropic media fluxes and
thermodynamic forces of different tensorial character do not interfere,
is that the entropy production (13) falls apart into three contributions,
which are separately positive definite

0o = — 7 Mdive — o 2 14,20 (19)

ln 1
o= =T gradT — 7 3 Jy- [{grad (= ) }r = Fe + F,1 >0, 0
o, = —%ﬁ:(Grhdv)”}O. 21)

This can be concluded when the phenomenological equations (14)—(18)
are substituted into (13).

We shall also write down the general form of the phenomenological
equations in anisotropic crystals in which no chemical reactions occur.
Since in such systems no viscous flows exist, we are left with the
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phenomena of heat conduction, diffusion and their cross-effects. The
phenomenological equations corresponding to this case are

Jy=— Ly, (gradT)/T? — Z’-qk [{grad (u — pa) }r — F + F, [T, (22)

Ji = L * (grad T') /T2 Z Ly - [{grad (u — ) }r — F + F, /T,
t=12...,n=1). (23

The quantities L, L, L;, and L, are tensors. For instance L, is related
to the heat conduction tensor. The form of these tensors depends on
the symmetry elements of the system. We have seen above that in
isotropic media all tensors in (22) and (23) reduce to scalar multiples
of the unit tensor. This is also the case in crystals with cubic symmetry.

Since the isotrapic fluid and the anisotropic crystal are in actual
physical applications the two most frequently encountered types of
systems, we have confined the discussion of the influence of symmetry
properties of matter on the phenomenological laws to these two cases.

§ 3. The Onsager Reciprocal Relations

In the preceding section we have considered the influence of spatial
symmetry on the phenomenological equations. In this section we shall
discuss the influence of the property of ‘‘time reversal invariance” of
the equations of motion of the individual particles, of which the system
consists, on the phenomenological equations. This property oi ‘“‘time
reversal invariance” expresses the fact that the mechanical equations
of motion (classical as well as quantum mechanical) of the particles
are symmetric with respect to the time. It implies that the particles
retrace their former paths if all velocities are reversed.

From this microscopic property one may conclude to a macroscopic
theorem, due to Onsager. In this section we shall state the content of
this theorem. In Chapter VII the derivation of this theorem is discussed.

Let us consider an adiabatically insulated system. We shall first
take the case that no external magnetic field acts on the system. The
state of the system can be described by a number of independent para-
meters. These parameters may be of two types. Some of these are even
functions of the particle velocities (one may think, for instance, of
local energies, concentrations, etc.). Thesearedenotedby 4 ,, 4,,..., 4,.
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The other parameters are odd functions of the particle velocities (e.g.

momentum densities), and are denoted by B,,B,,...,B,. The
equilibrium values of these variables are 49, 49,..., A% and B¢,
B?,...,B% The deviations of all these parameters from their

equilibrium values are given by
o, =4, — A2, ((=1,2,...,n), (24)
Bi=B,—B®, (i=1,2...,m). (25)
At equilibrium the entropy has a maximum, and the state variables
Ay, 0y, ...,0, and By, B,,..., B, are zero by definition; this means

that for a non-equilibrium state one can write for the deviation AS of
the entropy from its equilibrium value, as a first approximation, a

quadratic expression in the state variables «y, «,,...,«, and B,
Bas--)Bm:

AS = — % kZ_l Bt — % . kZ_l huBiBi » (26)
where g, (¢, 2=1,2,...,#%n) and h, (¢, k=1,2,...,m), the second

derivatives of AS with respect to the &~ and f-variables, are positive
definite matrices. In the absence of an external magnetic field no
cross-terms between «- and f-type variables occur in (26) since AS
must be an even function of the particle velocities.

It is assumed that the time behaviour of the state parameters can
be described by linear phenomenological equations of the type

do;

d; — Z M o, Z MEB , (=12...,%), (27)

dg; S 780 « 1768 :

=~ L MPu— Y M{PB, (i=12...,m, (28
k=1 k=1

where the M§®, MGP, M®2 and M$P are the phenomenological
coefficients. Onsager’s theorem establishes a number of relations
between these coefficients, v:z.,

ZMWW AMWQ,QFLLWM, (29)
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> MEPmt=— Y ME9ei', (=1,2,...,n57=1,2,...,m), (30)
k=1 k=1

m m

> MEPhi =Y MEPhi', (G,i=12,...,m), (31)
k=1 k=1

where the g;! and 4;! are the reciprocal matrices of the g, and %,

These relatlons Wthh express the content of Onsager’s theorem, can
be written in a somewhat more transparant form, by writing the
phenomenological equations (27) and (28) in a different fashion. To this

purpose let us introduce the following linear combinations of the state
parameters

Xi=_"—=_zgikak’ (i=1,2,...,%). (32)
oo k=1

Y, = Y hB, G=1,2...,m. (33)
aﬁl k=1

Solving for the «; and 8; we obtain

“i=_zg;k Xk: (7;=1’2’°"’"): (34)
k=1

Bi=— > mx'Y,, (¢=12,...,m). (35)

Introducing (34) and (35) into (27) and (28), these relations become

do, & m ..

9% _ YILOX + Y LY, (=1,2...,%), (36)

L z X, + 3 IPY,, G=12...,m, (37
k=1

where the coefficients are given by

nga) — Z M(aa) ng , (1,, k=12,..., n) , (38)

=1

LGP = ZM‘“‘”%,} , e=12,....n;, k=12,...,m), (39)
j:
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Lg,f:@.:‘legg“’g,.;‘, G=1,2,...,mk=12...,n), (40)

J:

LED — -Zl My, Gk=12...,m. (41)
J:

With the help of these quantities, the Onsager relations (29)-(31) become

L';Z“) —_ Lg(o‘sa) , (t,k=1,2,...,n), (42)
P = - L§, G=12...,mk=12...,m),  (43)
L8P — 169 G hk=1,2,...,m). (44)

In this ssmple form they ave usually referved to as Onsager’s veciprocal
rvelations.

To summarize the results i1t can be said that the Onsager relations
(42)-(44) are valid for the coefficients of the phenomenological equations,
if the independent “‘fluxes™ J, and I;

do

]iE—(_lz_’ (t=12,...,n), (45)
_dg
Ii:dt’ t=12,...,m), (46)

are written as linear functions of the independent “thermodynamic forces”
X;and Y ; which are the derivatives of the entropy with respect to o; and p;
respectively

. OAS :

Ai—————aai, t=12,...,m), (47)
0AS .

Yi——a‘B:, (Z=1,2,...,M). (48)

The Onsager relations hold in the form (42)-(44) if no external
magnetic field B is present. In the presence of an external magnetic
field the property of ‘‘time reversal invariance” implies that the
particles retrace their former paths only if both the particle velocities
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and the magnetic field are reversed. This follows from the form of the
expression for the Lorentz force, which is proportional to the vector
product of the particle velocity and the magnetic field. A similar
situation arises in rotating systems. Then the particles retrace their
former paths if both their velocities and the angular velocity o are
reversed, since the particles are then subjected to the so-called coriolis
force which is proportional to the vector product of the particle
velocity and the angular velocity. As a consequence the Onsager
relations (42)—(44) must be modified to read*

L (B,w) =L (-B, —w), (,k=12,...,%), (49)
L‘i,f’” (B, w) = — Lff,?“’ (— B, — o, (t=12,...,mk=1,2,...,m), (50)
LE,{’”’ (B, o) = Lg{.’”’ (— B, — o), (i)k =1,2,...,m). (51)

It is interesting to write down the time derivative of the entropy

(26), z.e. the entropy production, due to the irreversible processes
occurring in the system:

¢ do “ dg;
G - T z gikak’(“ﬂ - i,kz--'l hikﬂk"&?’ (52)

and therefore with (32), (33) and (45), (46):

dAS c ,
o = 2Kt

=1 i=1

M=

LY, . (53)

The entropy production is therefore a bilinear expression in the fluxes
and thermodynamic forces appearing in the phenomenological equations
for which the Onsager relations hold. The calculations of the entropy
production therefore affords a means of finding the proper “conjugate”
irreversible fluxes and thermodynamic forces necessary for the
establishment of phenomenological equations of which the coefficients
obey the Onsager relations (42)-(44) or {49)—(51).

* It should be noted that in the presence of a magnetic field the thermodynamic
forces (47) and (48) are not given by the last members of (32) and (33) since the
entropy AS may then contain cross-terms between a- and g-variables (theentropy
must be invariant for a reversal of both the particle velocities and the magnetic
field, ¢f. Chapter VII).
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Although the fluxes in the local entropy production o, calculated
in the preceding chapter and used in § 2 of this chapter, are not
necessarily time derivatives of state variables as the fluxes (45) and
(46) in (53), or in other words, although the local entropy production ¢
is not a total time derivative such as (52) is, it can be shown that the
phenomenological coefficients appearing in the linear laws established
between fluxes and thermodynamic forces of the Jocal entropy production
also obey the reciprocal relations (42)—(44) or (49)-(51). The formal
proof of this statement-will be given in Chapter VI.

Thus the following relations exist amongst the coefficients of the

phenomenological laws (14)—(18) of the isotropic fluid (in the absence
of a magnetic field)

L,=L,, t=12,...,n—1), | (54)
L,=1L,, (Lk=1,2,...,n—1), (55)
lj = =1y, G=12,...,7), (56)
Lim = lmj» (jobm=1,2,...,7). (57)

Relation (56) is an example of (43) since it describes a cross-effect
between an «- and a f-type variable; the chemical affinity A and the
divergence of the velocity v respectively. The symmetry relations
(54)—(57) establish a number of connections between otherwise in-
dependent irreversible processes. One of the objectives of non-equi-
librium thermodynamics is to study the physical consequences of such
relations (see part B).

For the coefficients of the phenomenological laws (22) and (23) of

the anisotropic crystal the reciprocal relations, in the presence of a
magnetic field, are

qu(B) = qu(_ B) ’ (58)
LyB) =L (-B), ((=12...,n—1), (59)
L,B) =L, (-B), (Gk=12...,n—1), (60)

where the tildas mean transposing of Cartesian components x and »
of a tensor, for instance

Liyw®B) =Ly, (B, (uv=1213). (61)

iq, pv
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We note that for the anisotropic case, the Onsager relations, in the
absence of a magnetic field (B = 0), have as a consequence that the
tensors L, and L;; (z =1,2,...,#n — 1) are symmetric. In the pre-
sence of a magnetic field the relations (58)—(60) yield also some informa-
tion about the parity of certain coefficients with respect to reversal of
the magnetic field.

The Onsager relations have been written down here for the pheno-
menological equations involving the fluxes and thermodynamic forces
occurring in the form (13) of the entropy production. Any of the alter-
native forms of the entropy production derived in Chapter III involving
other fluxes and thermodynamic forces would have led to phenomeno-
logical laws with other coefficients for which, however, reciprocal
relations still hold. In fact it can easily be seen that the transformations
of Chapter III, from the description with one set of fluxes and thermo-
dynamic forces to another, preserve the validity of the Onsager rela-
tions (cf. also Chapter VI, § 5).

§ 4. The Differential Equations

If one substitutes the phenomenological equations (14)—(18) into the
conservation laws for matter (II.13), the momentum equation (II1.19)
and the balance equation of internal energy (II.36), one obtains with
(IL.5) a set of » + 4 partial differential equations for the » + 4 in-
depcndent variables: the density p, the # — 1 concentrations cy,
C3,-+.,Ch—y, the three Cartesian components v,, v, and v, of the
velocity v, and the temperature 7. The equations of state of the system
allow to express the energy w, the equilibrium pressure p and the
chemical potentials p,, occurring in the partial differential equations,
in terms of those independent variables.

For a one-component isotropic fluid these partial differential equ-
ations are (in the absence of external forces):

o0
i div pv, (62)

d :
pa§=-gradﬁ+nAv+(%n+m)graddwv, (63)
P %tzf = AAT — pdiv o + 25 (Grad v)* : (Grad v)* + 7, (dive)?. (64)

The first of these equations is simply the equation of conservation of
mass (II.5). The second is found by substituting (2), (16) and (17)
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(without chemical terms) into (I1.9) with (II.35). The coefficients %
and #,, defined as n = L/2T and 9, =1,,/T, ate called the shear
viscosity and the bulk viscosity respectively. It has been assumed here
that the viscosity coefficients are constants. The third equation follows
from (I1.36) with (14) (without diffusion terms), (16) and (17). The
coefficient 1, defined as L,,/T?, is called the heat conductivity, and has
also been assumed to be a constant. The symbol A stands for the
Laplace operator. These equations must be supplemented by the equa-

tions of state p=p(pT), (65)
w=mupT). (66)

Equations (62)—(66) describe completely the time behaviour of the one-
component isotropic fluid for specified initial and boundary conditions.
It is customary to limit the field of hydrodynamics to equations (62),
(63) and (65) alone, by assuming that either isothermal or isentropic
conditions are fulfilled. In both cases pressure is a function of density
only, so that the hydrodynamic behaviour is completely described by
(62) and (63). In the more general case the complete set of equations
(62)—(66) is necessary to describe the behaviour of the system. One
might call the theory based on this complete set of equations ‘‘thermo-
hydrodynamics” which is thus found to be part of the more general
theory of non-equilibrium thermodynamics. On the other hand the
theory of heat conduction is also contained in these equations.

We note that (63) is the well-known Navier-Stokes equation. The last
two terms of (64) represent the Rayleigh dissipation function. Equation
(64) becomes Fourier’s differential equation for heat conduction

oT
v ot

pc =AAT (67)
for a medium in which the velocity v is zero; (cy» = (0#/0T), is the
specific heat at constant volume per unit mass).

For more general cases, for instance in a multi-component system
where diffusion occurs, the set of simultaneous differential equations
becomes more complicated. It may be said that non-equilibrium
thermodynamics has the purpose te study various irreversible pro-
cesses as heat conduction, diffusion and viscous flow from a single
point of view. It englobes a number of phenomenological theories such
as the hydrodynamics of viscous fluids, the theory of diffusion and the
theory of heat conduction.



CHAPTER V
THE STATIONARY STATES

§ 1. Introduction

Stationary states, z.e. states in which the state parameters are in-
dependent of time, play an important role in the applications of non-
equilibrium thermodynamics. These stationary states can be either
equilibrium or non-equilibrium states depending on the boundary con-
ditions, which are imposed on the system.

Before the stationary states are studied some properties of the state
of mechanical equilibrium will be discussed in this chapter. We shall
then prove that under certain conditions, of which the most important
are the supposition of constancy of the phenomenological coefficients
and the validity of the Onsager reciprocal relations, the stationary
states are also states of minimum entropy production compatible with
the external constraints. If the conditions referred to are not fulfilled a
theorem of a more general character can still be derived. This theorem is
discussed in the last section of this chapter.

It will also be shown that stationary non-equilibrium states are
stable with respect to perturbations. This fact constitutes a generaliza-
tion of the Le Chatelier-Braun principle for equilibrium states.

§ 2. Mechanical Equilibrium

For the state of mechanical equilibrium a theorem can be derived
which may simpiify the description of some irreversible processes, in
particular of diffusion phenomena.

The mechanical equilibrium state is the state in which the accelera-
tion dv/d¢ vanishes. We shall be interested more specifically in such
mechanical equilibrium states in which not only the acceleration
vanishes, but in which velocity gradients and therefore also the viscous
pressure tensor /1 may be neglected. For such states the equation of
motion (II.19) gets the form

0= -gradp+;kak. (1)
43
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In a number of important cases the mechanical equilibrium state
described by (1) is indeed established very quickly in comparison with
the thermodynamical processes. Then virtually at the beginning of the
irreversible process studied such a state is reached. In the most general
case this needs certainly not always be true; it depends entirely on the
particular physical situation. One can imagine oscillating systems in
which acceleration terms subsist in the course of time. But, for instance,
in the cases of diffusion or thermal diffusion phenomena in closed
vessels one can safely assume that a state of mechanical equilibrium
obeying (1) is quickly realized to a sufficient approximation. It is true
that in diffusion experiments the acceleration dv/df may be somewhat
different from zero, for instance if the molecular masses of the com-
ponents differ. This acceleration is however very small and the resulting
pressure gradients (assuming no external forces to be present) are
completely negligible. An initially imposed pressure difference would
also cause acceleration phenomena, which would be damped out by
viscosity, long before the diffusion phenomena reach stationary states.
Thus, again supposing vanishing external forces F,, the pressure
gradients would become negligible almost at the beginning of the
diffusion process.

For mechanical equilibrium (1) Prigogine* has proved the theorem
that in the entropy production, written in the form (IV.13), the bary-
centric velocity v, occurring in the definition of the diffusion flow J,
(IL.9), can be replaced by an arbitrary other velocity v

The proof of this theorem is based on the validity of the following
equality:

12:'1 pi { (grad )y — F } = 0. (2)

This equality is most easily derived by noting first that for the specific
Gibbs function g,

n

g = kz,l Crly (3)
one has
0g = — s6T + vép + Y. wdcy . (4)
k=1

* 1. Prigogine, Etude thermodynamique des phénoménes irréversibles (Desoer,
Liege, 1947).
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From (3) and (4) follows the Gibbs—Duhem relation

k_Zl POty = — psoT + Op (%)

or

M:

pe (grad p)r = grad p . (6)

k=1

Introduction of grad p from the equation of motion for the case of
mechanical equilibrium (1) into the last relation yields (2).

Prigogine’s theorem, as stated above, follows now quite easily. In
fact the diffusion term o[ of (III 25y with the explicit form (II1.9)
of J, is

- Z pi(v ~{(grad w)r — F }. (7)

k=1

This expression is equal to
Z, {(grad w)r — F }, (8)

where v® is an arbitrary reference velocity, since the difference of (7) and
(8) vanishes according to (2). The equality of (7) and (8) proves
Prigogine’s theorem. We shall need this theorem for the discussion of a
great variety of phenomena connected with diffusion processes.

Finally we remark that the external force F, was supposed to be a
conservative force of the form (I1.20). The case of velocity dependent
external forces will be treated in Chapters XI and XIII.

§ 3. Stationary States with Minimum Entropy Production

Stationary non-equilibrium states have the important property that,
under certain conditions, they are characterized by a minzmaum of the
entropy production, compatible with the external constraints imposed
on the system. This property is valid only if the phenomenological
coefficients are supposed to be constants. Since in real systems this is not
true in general, it means that overall gradients of the thermodynamic
parameters over the complete system have to be small enough so that
the assumption of constancy of the phenomenological coefficients holds
approximately. (In the next section the case in which this condition
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is not fulfilled will be studied). For the derivation of the property
stated above one needs furthermore the linear phenomenological
equations and the Onsager reciprocal relations. It will be supposed
that the system is subject to external constraints at its surface, which
fix some physical parameters in such a way that they are ¢ime in-
dependent. The property of minimum entropy production was first
derived* for the so-called “discontinuous systems” (cf. Chapter XV),
but will be obtained** here for continuous systems, such as considered
in the preceding chapters. Two examples will be worked out: (i)
thermal conduction. In this case of one irreversible process Onsager
relations play no role. (ii) thermal conduction, diffusion and chemical
reactions.

In both cases not only the property of miniranum entropy production
in stationary states will be proved, but also the tact that thes¢ states
have a stable character with respect to perturbations of local state
variables. This last property constitutes a generalization of the Le
Chatelier-Braun principle for the stability of equilibrium states to
stationary states.

(1) Thermal conduction

Let us consider a one-component isotropic system of which the
temperatures have fixed time independent non-uniform values at the
walls of the vessel in which the system is enclosed. It will be assumed
that no viscous phenomena take place inside the system. The local
entropy production is then according to (III.21)

1

o = qul'ad?:, (9)

where J, is the heat flow and T the temperature. The phenomenological
equation is [c¢f. (IV.14)]

1
Jy = Ly grad =, (10)
where L_,, which is connected with the heat conductivity coefficient 4
by L,, = AT?, will be supposed to be approximately constant over the
system, and a function only of the overall equilibrium temperature.

* 1. Prigogine, Etude thermodynamique des phénoménes irréversibles (Desoer,
Liége, 1947).
** P, Mazur, Bull. Acad. roy. Belgique Cl. Sc. 38 (1952) 182.
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If we suppose for simplicity that our system is a solid of which the
thermal expansion may be neglected, the energy equation (II.36)
can be written in the form

on oT .
p-—a—t—=pcv—a-t—=—-dlvjq, (1

where c, is the specific heat at constant volume.
The total entropy production P in the system is the volume integral
of (9):

| 4 | 4

V.
: g ’
P = fadv = qu-gradeP’= quq <grad—;—,) ar, (12)

where (10) has been introduced. We now wish to find the temperature
distribution for which the total entropy production has a minimum

value, z.e. for which
1 4

f(grad%)de} =0. (13)

The solution of this variational problem, for which the variations 6T
are zero at the boundary, is given by the Euler equation

5P=5{qu

®

div grad—:}: =0. (14)

With the phenomenological equation (10) this can be written as
divJ, =0. (15)
From (11) it then follows that (15) corresponds to a stationary state

oT
= =0. (16)

This completes the proof of the theorem that the stationary state is
characterized by a minimum of the entropy production, compatible
with the imposed temperature distribution at the walls of the system.
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We now wish to show that this state is stable with respect to local
perturbations of the temperature. If we differentiate (12) with respect
to time we obtain

| 4

0 0
&f = 2 f L, grad% - grad <8—t lT) dr, (17)

or, with (10), and after partial integration
V 2 | 4
oP Jd 1 . J 1 g1} ..
(18)

The surface integral in this expression vanishes since the temperature
is constant at the walls. With (11) formula (18) becomes

14

oP [ ¢, {0T\? ..
=2 ”F(«%) v=o )

Since ¢, is positive, expression (19) is negative, ¢.e. the entropy pro-
duction P diminishes in the course of time, or, in other words, the
stationary state (of minimum entropy production) is indeed a stable
state.

(i1) Thermal conduction, diffusion, chemical reactions and cross-effects

In this second example, where cross-effects between irreversible
phenomena occur, the Onsager reciprocal relations are required for the
derivation of the theorem of minimum entropy production in stationary
states. We consider an isotropic mixture of # chemical components £
(¢ =1,2,...,n) amongst which » chemical reactions j (j = 1,2,...,7)
are possible. We shall assume that the system is in mechanical equi-
librium (dv/d? ~ 0) and also that the barycentric velocity v is ap-
proximately zero. This implies that changes of the total density p
are small and negligible in the course of time. (Viscous phenomena
and the effect of external forces could easily be accounted for in the
derivations, but they are not considered here).

The mass equations (II.13), the equation of motion (II.19) and the
energy equation (II.36) now have the forms
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0 ) l
p-a“t&=-dw1k+zlvk,.]j, B=1,2...,%), (20)
J:
0 =grad p, (21)
o .
p—67= —leJq. (22)

The entropy balance equation (III.12) reads here

0s

p_8?=—de‘+o’ (23)
with the entropy flow (II1.20)
1 n
Js = "f (Jq - Z luk',k) (24)
k=1

and the entropy source strength [cf. (I11.21)]

n—1

1 B = P 4
o=J, grad—]—,- ZJkgrad kT -——]—,;]1 i (25)

where the identity Y *_. J, = 0 has been used.
The phenomenological equations, written as linear relations between
the independent fluxes and forces occurring in (25), are

1 g Hy — Hy

J, =L, grad-T« ~ Y, L, grad 7 (26)

K=1

- W — M
J; = L,-qgradT- -y L,kgrad—"-T P (=12...,n—1), (27)

k=1
r A r n—1 - u,

== B - BB B =02 o

where (II1.18) and (I1.4) have been introduced.
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The Onsager reciprocal relations are

Ly=Ly,, (k=12...,n-1), (29)
Lik =Lki’ (i,k'—-_ 1,2,...,” - 1), (30)
ljm = lmj' (]’m = 1’2" “’r) . (31)

The total entropy production P is
" 2 i
1 " - Uy 1
p= fadv = f {qu (gradT> = ¥ (Lo + L) grad BB - grad =

g Wi — M — - m | 4
+ L, grad —=———— - grad —=———— + biy =32 } dar, (32
P :2 . ik gr T 8T T j,;: . j T T ( )

according to (25) with (26), (27) and (28). The integrand of this ex-
pression is a function of T and u, — u,, or, more conveniently, of 1/T
and (uy — u,)/T. The state of minimum entropy production follows
from the condition

3P =0 (33)

for arbitrary variations 6(1/7) and é{(u, — p,)/T}. (The pressure cannot
be varied independently and is determined by the condition (21) of
mechanical equilibrium.) The Euler equations of this variational
problem are

2L, div grad o - z JdivgradB—Fr —0, (34
(L + Ly div grad—— - Z (L, + L) div grad & T“
- (A7) - A 9(4,/T)
+ l,,, o + bim—m d =0,
j';-?-l" Td{( _.un)/T} ]mll Ta{( _,'ln)/T}

G=1,2...,n—1). (35
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With the help of the Onsager relations (29), (30) and (31), and with

: oA T) o(d 1T)
,"?:1""'1 R —u,.)/ff}”‘,,,,.zll""ra{<--~u,,>/T}

=y lj x,j, (36)

Jjom=1
equations (34) and (35) may be written as
L, div grad o — \;“ L, divgrad®—# _ g (37)
qq T R qk T ’
. l n ! : Hi - Mn c —
Lgdivgrad = — Y Lgdivgrad ="+ ) l,,,, ~v;; =0. (38)
1 k=1 1 jom=1

These equations become with the phenomenological equations (26), (27)

and (28) .
divJ, =0, (39)

r

diVJ,'_ Z Vij]j=0' (40)

i=1

With these results we can conclude from the conservation laws (20)
and (22),
ocjot =0, (t=1,2,...,n), (41)

ot = 0. (42)

Thus again the state of minimum entropy production turns out to be a
stationary state.

We may remark that in general the specific volume v (or the density
p = v~ 1) should also be considered as an independent variable. But in
the example treated above the barycentric velocity v was supposed to
vanish, which implied that the specific volume was kept constant. If
the phenomenon of viscous flow had been iricluded we would also have
obtained a condition for this additional variable.

Another remark is that the Onsager relations had to be used in their
form (29)—(31), ¢.e. in the absence of a magnetic field. Otherwise the
Onsager relations would have been of the type (IV.49) and the theorem
proved above would not have been valid.
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Let us prove, as in the first example, that this stationary state is
stable. Differentiation of expression (32) for the total entropy pro-

duction P gives, using the phenomenological equations (26), (27) and
(28), and the Onsager relations (29), (30) and (31),

- a”k—un
2.[ ( gnuié;?f —-:z;.hfgradzﬁ__,77_~

T)

2;: ) dv . (43)

Partial integration of the first two terms on the right-hand side and
introduction of (III.18) for the affinity and of (II.4) leads to

(7]
oP nl 3yk
"52'-2“ HT " L N5 )d"

| 4
n—

._2“(dw1 —j—-]—, h (divJ,‘...jK; kj],) aukTu }dV' (@)

Owing to the boundary conditions (e.g., T independent of time and
J, = 0) the surface integrals vanish, so that

| 4
r

opr . o1 "Il ) L,
—-—a-t-—z ~2f{(leJq)é?T* Z (leJk—' Z ij]J) B = T }dV (45)

k=1 j=1

From the energy law (22) and the fact that the pressure is independent
of time in the present problem and also because the velocity v has been
assumed to vanish, we obtain the following balance equation for the
specific enthalpy 2 = u + pv:

%ﬁ = —divJ,. (46)

With this equation and the mass law (20) the expression (45) can be

written as
| 4

opP oh o1 "Il o 3yk—y)
= = - ~ ") av . 47
o Zf(PatatT k;”at % T v 1)
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Since the pressure is constant, the specific enthalpy depends only on
the temperature T"and # — 1 of the mass fractions ¢;, say ¢y, ¢5,...,64_1.
Therefore we have

n_ () () 2
o oT P> Clseees Cn ot i= dC, Py T,C1,€2,0005Ctm1,Ci415000yCn=1 ot

e 80
[) at + lzl —d—i- ] (48)

where ¢, is the specific heat at constant pressure and where 4, is the
partial specific enthalpy of chemical component z (¢f. Appendix II).
Furthermore we have the thermodynamic relation [¢f. (II1.23)]:

Ol =T} =y 0T — Hn) ¢;
ot T o Z aci at (49)

Introducing (48) and (49) into (47), we find that

| 4
oP pfec, (6T\* | " o(w — u,) o, Bck}
’5?_"2[7{?(&) +,.,,(Z=l o, ot ot . 50

This expression is negative because ¢, is positive and because

n—1

[l,,) 30 dck
kz.: dci ot ot =0 1)

This thermodynamic stability condition is proved in Appendix II.
The fact that (50) is negative proves again the stability of the
stationary state.
Finally it may be remarked that thermodynamic equilibrium isa
special case of a stationary state which is reached if the boundary
conditions are compatible with the equilibrium conditions.

§ 4. Stationary States without Minimum Entropy Production

If the conditions, necessary to derive the theorem of the preceding
section, are not fulfilled one can still derive a theorem of a more general
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where (53), (54) and the theorem (55) have been used. Thus with con-
ditions (i), (ii) and (iii) the results of this section agree with those of
§ 3 and the stationary state corresponds to a minimum of the entropy
production.

However, even under the more general conditions of this section
(e.g. if the phenomenological equations are non-linear as in chemical
reactions), the entropy production will decrease in the course of time
until the stationary state is reached, if independently of (55),

This may be the case for special kinetic laws*.

* H. C. Mel, Bull. Acad. roy. Belgique Cl. Sc. 40 (1954) 834.



CHAPTER VI

PROPERTIES OF THE PHENOMENOLOGICAL
EQUATIONS AND THE ONSAGER RELATIONS

§ 1. Introduction

In Chapter IV we have stated some properties of the scheme of pheno-
menological coefficients occurring in the linear laws without actual proof.

Thus we have mentioned in Chapter IV, § 2 the influence of symmetry
properties of matter on the linear laws (Curie principle).

In § 3 of Chapter IV a statement is given of Onsager’s theorem of
reciprocity. The theorem in this form strictly applies only to the
coefficients of linear laws of which the fluxes are time derivatives of
thermodynamic state variables. We mentioned, however, that the
reciprocal relations also hold for the coefficients occurring in laws of
vectorial or tensorial character where the fluxes are not time derivatives
of state variables. In Chapter IX, § 7 this fact is directly established for
a special system on the basis of the kinetic theory of gases. In general,
however, one must start from the original formulation of Onsager’s
theorem (cf. also Chapter VII) and deduce from it the more general
validity of the reciprocal relations for vectorial and tensorial phenomena.

In the present chapter this proof will be given as well as a formal
discussion of the Curie principle. In addition we shall be concerned with
general transformation properties of the Onsager relations.

§ 2. The Curie Principle

Asalready stated in Chapter IV, § 2, the existence of spatial symmetry
properties in a system may simplify the form of the phenomenological
equations in such a way, that the Cartesian components of the fluxes
do not depend on all the Cartesian components of the thermodynamic
forces. This statement is called the Curie principle*.

We shall study in this section the influence of the spatial symmetry
properties of the system on the scheme of phenomenological coefficients.

* P. Curie, Oeuvres (Paris, 1908) p. 118.
57
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Amongst other things we shall show that in an isotropic system fluxes
and thermodynamic forces of different tensorial character do not couple.

In the macroscopic expressions which were derived in Chapter TII
for the entropy source strength, no fluxes and thermodynamic forces
occurred of tensorial order higher than the second. We shall therefore
restrict the following-considerations to an entropy production of the
form

mo my m2
o = iZ]iXi + Zl Ji.Xi + iX ji . Xi ’ (l)
=1 i= =1

which contains fluxes and thermodynamic forces of the zeroth, first and
second-tensorial order' (scalars J; and X, vectors J; and X, and tensors
Jiand X;). If we split a tensor (of the second order).in the following way

T=4UTrT + T® + T®, 2)

where U is the unit tensor, Tr T the trace of T, T®its antisymmetric part
and T® the symmetric part of T — JUTrT, then scalar products of
tensors T and V, such as occur in the last sum of (1) can be written as

T:V=3(IrT) (Tr V) + T®- V@ 4 FO, O o)

The first term on the right-hand side is a product of scalars. The second
term can alternatively be written as the scalar product of two axial
vectors. So finally from (3) it is clear that four typesof termsoccurin (1):
products of scalars J* and X5, products of (polar) vectors J¥ and XV,
products of axial vectors J* and X® and products of symmetric tensors
with zero trace which we shall denote by J* and X*. If for conveniency
we take one single term of each category only, we have for the entropy
production

c=X+J-X"+J-X"+ J'": X". (4)
The phenomenological equations will in general have the form
JP=L"X* + I X" + I*X* + *: X',
T = L"X® 4+ XY + L%X* + L™ X,
J*= L¥X® + L™-X" + L™ X* 41X

jt — LtsXs + Ltv_Xv + Lta.xa + Lttzxt.
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The phenomenological coefficients occurring in these equations have
apparently tensorial order and polar or axial character as marked in
the following table:

tensorial order 0 1 2 3 4
polar tensors Lss Lsv, LS Lvy, [2a [st [ts Lve Lty Lt
axial tensors — Ls3, 38 Lva, [av L3t [ta —

Since X!'is a symmetric tensor with zero trace the tensors L%, L%,
[ and L'* must be symmetric and have zero trace with respect to their
last pair of Cartesian indices. Thus for L™ we have

;;9)' = L?yﬂ ’ (a’. ﬂ’ ')’ = l»~2’ 3) (6)
and
3 .
,,Z' LYy =0, (@=1,23). (7)

The tensors L's L, L** and L" must have the same properties with
respect to their first pair of Cartesian indices because J'is a symmetric
tensor with zero trace.

Each quantity T of tensorial order # transforms in the following way
under an orthogonal transformation A (with determinant value
lAl=+1)

ALl . [
Ti,iz...i.. = I A I . Z Aiu’x Aizjz e Ainfnlej2---.in’ (8)
J15J2see0sin
where ¢,,¢,,...,2, and 7,,4,,...,7, are indices for the Cartesian

components of T and A, and where

¢ = 0 for polartensors,

¢ = 1 foraxialtensors.

Formula (8) will be written in a symbolic form as

T'=]A"A()T. )
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If the system has no symmetry properties whatsoever, then under
orthogonal transformations, the transformed phenomenological tensors
of order 1 and higher will in general be different from the untransformed
ones:

L' #L. (10)

If, however, the system has a symmetry property, this means that a
transformation A corresponding to this symmetry property leaves the
phenomenological tensors unaltered, z.e.

=1L, (11)

or with (9)
|APPA"()L=L. (12)

For any symmetry property conclusions on the form of the tensor L
can be drawn from (12).

The isotropic system. Let us consider an isotropic system with an
entropy production of the form (4). One of the symmetry properties
which has such a system is invariance under an inversion /[:

-1 0 0
I=¢ 0 —1 0}, |I|l=—-1. (13)
0 0 -1

From (12) with A = [, we obtain

[P L=1L, (14)

which gives with (13)
(_ l)8+n L — L. (15)

We can immediately conclude that all coefficients with odd ¢ + » must
vanish since then (15) yields

L=0. (16)

This eliminates the polar tensors (¢ = 0) L, L** (v = 1), L'', LY (n = 3),
and the axial tensors (¢ = 1) [* and L* (n = 2) from the coefficient
scheme.
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Furthermore the properties of the isotropic system are also invariant
under an arbitrary rotation R, (|R| = 1). For the scalar coefficient
L* equation (12) is satisfied in a trivial way. For the vectors L** and
L*® we have from (12) with A =R

R_LaS —_ LaS’ R.Lsa —_ Lsa (17)
This relation can clearly only be satisfied if
L*=0, L*=0. (18)

In order to draw conclusions on the remaining phenomenological
tensors, we use the fact that a scalar is invariant under an arbitrary
rotation. Thus, for instance, with the tensor LY we can construct the
scalar quantity

LY :ab =L":a'b’, (19)

where @ and b are arbitrary vectors. Since in the isotropic system L*
is invariant under an arbitrary rotation

[ :ab =L":a'b". (20)

This relation shows that a bilinear expression in @ and b becomes after
transformation a bilinear form in @’ and b’ with the same coefficients
L. The expression (20) is therefore linear in the bilinear invariants of
a and b. Since the only invariant of this kind is (e- b), we can conclude
that (20) is equal to L' (a-b), where L' is a scalar. Then, however,
LY must have the form

LVV — LVV U. ( 1)
Similarly we have
*=1*U, (22)
and
*=L"U, L*=L"V. (23)

Since the last two tensors L[** and L* have zero trace, it follows that

=0, L*=0. (24)
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For the third order tensors L** (and L*') we can write analogous to (20)

3 3
ta N ta 1oy
Z Laﬂv “?7 pa — Z Laﬂv awTﬁa ’ (25)
a, B, =1 a, B, y=1

where @ is an arbitrary axial vector and T an arbitrary tensor. The
expression (25) must now be proportional to the only invariant (of
third degree) of @ and T, viz. } cye1. 4,15y, in which case (25) has the
form ¢ ) eyer. a,T§), where ¢ isa scalar constant and T® jis the anti-

symmetric part of the tensor T. Then L* must have components
L?zl = Lt1a32 = Lt2a13 =4, L3, = Ltzan = Ltfz:« = — ¢, (26)

and the others zero, since only then (25) has the form ¢ Y cyei. aaT},‘;’
as can easily be checked. Since furthermore L3 is symmetricin « and g,

it must vanish:
=0, [*=0. (27)

In the scheme of tensors all those connecting fluxes and forces of
different character (L*, L*®, L**, L%, L*?, L%, L, [*Y, [**, L**, LY and L")
have disappeared now.This proves our previous statement for the
isotropic systems.

We still wish to discuss the form of L'. To that purpose we write

3 3
. Z" . I‘gﬂvéTév "ba = Z LgﬂvéTé’vVﬂ’a ) (28)
a.u,y,0=

a,pB,y,6=1

where T and V are arbitrary tensors. The form (28) must be a linear
combination of the invariants (of the fourth degree) of the ordered
product TV and thus equal to

LUTO: VO 4 o TOy® 4 o (Tr T) (Tr V), (29)

where L', ¢, and ¢, are scalar constants, and the index (s) denotes a
symmetric tensor, the index (a) an antisymmetric tensor, the symbol O
a tensor with zero trace, and Tr the trace. Then the fourth order tensor
L** must have the components

L:ﬂyé = L“ {%(60166[1? + 6176[36) - %6aﬂ6y6 }

+ 61 (30us0py — $05y0ps) + C2 Ogglys. (8,70 = 1,2,3), (30)
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since only with this form inserted into (28) one obtains (29). Since L"
must be symmetric and have zero trace in its first two and in its last
two components

L:ﬂ'yé Lﬁa}’6 = LaBJ‘V ’ (3 1)
Z aayd — 0, Z L “aByy = (32)

a

the constants ¢; and ¢, in (30) must vanish. So the form of L** is finally

Laﬁv& = L“ { i‘(‘sadaﬂy + 6ay5ﬂ6) - a;aaﬂayé } ’ (a: ﬂ’ 7‘» 0= 1:2’.3) ’ (33)

containing one single scalar constant L*..
Of the 81 components 21 are different from zero.

tt — Tt — Tt - tt
1111 — L2222 - L3333 - %L ’

tt _ Tt Tt Tt Tt 7t _ tt
1122 — L2233 - L3311 - L2211 - L3'322 _"L1133 - - i‘L ’
(34)
tt Tt Tt Tt Tt Tt 1Tt
L1212 - I’2323 = L3131 - L2121 - L3232 - L1313 - %L ’

1t _ Tt - tt Tt
L1221 - L2332 = L 3113 = L2112 = L3223 = L1351 = L ‘

The phenomenological equation (5) for J* reads with the results (16),
(24) and (27)

L% X', (,p=1,23). (35)

1

t
ef =

e

¥s

With (33) inserted, this becomes simply
L =L'XY, (,f=1273). (36)

We can, with all the results obtained ahove, write, instead of (5) as
phenomenological equations

]s = LssXs,
J'=L"X",

(37)
J* = L2Xx® ,

]t — Lttxt ,
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where L%, LY, L*® and L't are all scalars. If more than one vectorial
phenom :non exists, as in the first example of Chapter IV, § 2, we have
cross-coefficients which couple the various vectorial processes, but
which have, according to the theory outlined here, also scalar character.
The form of the phenomenological equations written down in the first
example of Chapter IV, § 2, is thus completely justified.

We may finally remark that in cases with lower symmetry than the
isotropic system, formula (12) will always lead to the properties of the
phenomenological coefficient scheme, if as transformations A the
symmetries of the system are inserted. Thus, for instance, in a cubic
system we have the following symmetries: inversion, rotation of 90°
around, say, the x,-axis and rotation of 120° around a body diagonal.
One can then check in this case that e.g. L' and L** again reduce to
scalar multiples of the unit tensor, but that L'* contains now two
essentially different coefficients instead of a single one in the isotropic
case. (The result is that in the first two lines of (34) a new constant
appears which is different from the L' of the last line.)

§ 3. Dependent Fluxes and Thermodynamic Forces

Let us now consider another property of the scheme of phenomeno-
logical coefficients.

In Chapter IV, § 3 it was stated that the Onsager relations (IV.49),
(IV.50) and (IV.51) were valid if in the phenomenological equations
(IV.36) and (IV.37) independent fluxes (IV.45) and (IV.46) and in-
dependent thermodynamic forces (IV.47) and (IV.48) were employed.

In this section we wish to investigate the influence of linear depend-
encies between the fluxes or between the thermodynamic forces on the
phenomenological coefficients and the Onsager reciprocal relations*.
Such cases are frequently dealt with in the applications of thermo-
dynamics of irreversible processes. We shall prove two theorems, the
first (i) referring to the case where a dependency exists amongst the
fluxes only, and the second (ii) referring to the case where both fluxes
and thermodynamic forces are dependent. These theorems will be
formulated for the case that the system is described by a-type variables
only, and that no external magnetic field is present. They may, however,
be generalized to include the case where also g-variables are needed
and an external magnetic field is applied. The formalism is written

* G. J. Hooyman and S. R. de Groot, Physica 21 (1955) 73.
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down for scalar irreversible processes, but il i1s equally valid for
vectorial and tensorial processes.

(i) THEOREM 1. A linear homogeneous dependency amongst the fluxes
leaves the validity of the Onsager reciprocal relations unimpaired.

Proof: Let us write the entropy production as

i=1
As stated in the introductory paragraph of this section the phenomeno-
logical equations, which connect the fluxes J; (# =1,2,...,n) and
the thermodynamic forces X;(z =1, 2,..., n),
]i=kZILika’ G=1 ,...,m), (39)

contain a set of #2 phenomenological coefficients L,;, which obey the
Onsager reciprocal relations

Lik=Lki' (’l:,k==1,2,...,'n~), (40)

if both the fluxes and the thermodynamic forces constitute sets of
independent variables. We wish to show here that the relations (40)
remain valid, even if a dependency between the fluxes exists. Let us
suppose that the fluxes are connected in the following homogeneous
linear way

éam =0, (41)

where the coefficients a; may still be functions of the (local) equilibrium
state variables. Using this relation the flow J, can be eliminated from
(38), when a, # 0. This gives

n—1
o= i§1 Ji{X; — (a)/a,) X, }, (42)

so that we are now left with » — 1 independent fluxes and thermo-
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dynamic forces. With the use of these quantities the phenomenological
equations will have the form

n—1
]i=k§11m{Xk— (@fa,) X}, (0=12,...,n-1), (43)

where now the reciprocal relations
lik=lki’ (i,k=1,2,...,n—l) (44)

are valid according to the Onsager theorem. If we solve J, from (41)
and insert (43) for the fluxes J; (¢ =1,2,...,#n — 1) we obtain
(changing the notation of some dummy indices)

n—1

Jn= — Z { (@)a,) X, — (a@]a’) 1, X, } . (45)

i, k=1

From comparison of the coefficients in (39) and those in (43) and
(45) it follows that

Lik=lik: (i,k=1,2,...,n,-—1), (46)
n—-1

Lin=_2(ak/an)lik! C=12...,n-1), (47)
k=1
n—-1

Ly=— Y @fa) by, E=1,2,...,2-1), (48)
k=1

L,= z “i“k/“ (49)

From these relations by which the phénomenological coefficients
Ly (i,k=1,2,...,n) are expressed in terms of the coefficients I,
(¢, k=12,...,n — 1)it follows that

n

Y Ly =0, (t=1,2,...,n), (50)

Z aiLik =0.’ (k= 1’ 2:--.-:”)- (51)
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These relations between the coefficients L,, (4,2 = 1,2,...,n) are
a consequence of the connection (41). We note that only 2» — 1 of the
relations are independent, because from (50) as well as from (51) it can
be concluded that

Y, aaly =0. (52)
k=1
Finally it is seen that the Onsager relations (44) imply, according to

formulae (46)-(49), the validity of the reciprocal relations (40), as
stated in the theorem.

(ii) TeEOREM II. If linear homogencous relationships exist between the
fluxes and also between the thermodynamic forces, them the phemomeno-
logical coefficients are mot uniquely defined, and the Onsager relations are
not necessarily fulfilled. It can, however, be shown that the coefficients can
always be chosen in such a way that the Onsager relations hold.

Proof: In additien to (41) we shall assume the linear relation

Y bX, =0 (53)
=1

to hold between the thermodynamic forces, with &, # 0. Eliminating
both J, and X, from (38) we obtain

o= i; Ji{X; + (aj/a,) Z (b;/6,)X; } - (54)
The phenomenological equations can therefore be written as
n~-1 n~

or, interchanging dummy indices,

n—1 -

Ji=Y {y + (Bt Z (@;a)l; } X, G=1,2,...,m—1).  (56)

k=1 Jj=1

From this expression and (41) it follows that

m—-1

n—1
Jn=—= Y (@la) {ln + (buiby) j>=:1 (@5/80)bu } X - (57)

ik=1
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On the other hand, we can eliminate X, from (39) with the help of
(53). The flows are then expressed in terms of independent thermo-
dynamic forces:

Z{L bl } Xe, G=1,2,...,%). (58)

Comparison of (56) and (57) with (58) gives

n—1
Lic = (0/buLin = by + (b4iby) Y (ajla)lyy, (L k=12,...,n—1), (59
j=1
- n—1
Ln (bk/b Z l/a {llk + bk/bn) Z j/a u}

(k=1,2,...,n=1), (60)

a set of » (n — 1) relations for the #? coefficients L, (5, £ = 1, 2,...,%).
It is clear that one is therefore left with an n-fold arbitrariness, and
that consequently the scheme of coefficients L ;, need not be symmetric.
On the other hand it is also seen that a possible solution of (59) and (60)
is given by the formulae (46)-(49), which, as we saw above, ensured
the symmetry of the L,-scheme, since the coefficients /; are subject
to the Onsager relations (44). In other words it is always possible to
dispose in such a way of the liberty which is left in the definition of the
phenomenological coefficients, that the latter fulfill the Onsager
relations in the form (40). This completes the proof of the statements of
theorem II.

Finally a few additional remarks can be made. From the relations
(59) and (60), or from (58) with the conditions (41), a number of » — 1
relations

Za{L k/bn)Lin}=0’ (k=1,2,...,n-—1) (61)

is seen to exist between the phenomenological coefficients. These n — 1
relations and the n-fold arbitrariness show again that one is left with a
sensible set of (# — 1)2 coefficients L;, only. This is also the number of
independent coefficients Z,;, (1, A =1,2,...,n — 1).

One can dispose in an elegant way of the n-fold arbitrariness by
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choosing a certain arbitrary value of L,, and by imposing the # — 1
diti

conditions Ly=L,, G=1,2...,n—1). (62)

Then a general symmetric solution of (59) and (60) can be obtained:

n—1

Ly = Ly = ly + (0 /b%) { L, — Z 1 (apaq/ai)lpq },
p’q=
(thk=1,2,...,n—=1), (63)

where use has been made of the symmetry (44) of the ,,-scheme.

The two theorems derived show that in applications of the pheno-
menological theory one may use the Onsager relations even when
linear relationships exist between the fluxes and between the thermo-
dynamic forces.

§ 4. Onsager Relations for Vectorial (and Tensorial) Phenomena

In Chapter IV, § 3, Onsager reciprocal relations have been written
down for the phenomenological coefficients, occurring in the phenomeno-
logical equations which connect fluxes and thermodynamic forces in a
linear way. These fluxes and forces were taken from the local entropy
production. In doing so a difficulty may arise, which requires special
attention in a number of cases*. The point is that in the derivation of
Chapter VII of Onsager’s relations the fluxes are required to be time
derivatives of state variables. This is, however, not the case for the
vectorial fluxes (heat flow, diffusion flow) and neither for the tensorial
fluxes (viscous pressure tensor) which were employed in our phenomeno-
logical laws, valid in ‘“‘continuous systems” (i.e. with state variables
which are continuous functions of space coordinates and time). It will
be shown here that the Onsager relations must remain valid in the usual
form for measurable phenomenological coefficients of vectorial or
tensorial laws. (On the basis of the kinetic theory of gases and therefore
for a special class of systems this fact will be established independently
in Chapter IX, § 7.)

We shall prove this for two examples: (i) heat conduction in an
anisotropic solid (of which the thermal expansion may be neglected),
under the influence of an external magnetic field B, {ii) heat conduction,
diffusion and cross-effects in an isotropic fluid in the absence of a
magnetic field.

* H. B. G. Casimir, Rev. mod. Phys. 17 (1945) 343; or Philips Res. Rep. 1
(1946) 18S5.
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(i) Heat conduction tn an anisotropic solid

In order to find the fluxes and thermodynamic forces to which the
Onsager theorem, as stated in Chapter IV, § 3, applies we write down
the total entropy production of an adiabatically insulated solid system
in which only heat conduction occurs

v

| 4
dsS 1
—217 = JadV = Jq'grad—T‘dV) (64)

where (V.9) has been inserted. After partial integration, this gives

v
ds | . .
E;=_deIVJqu. (65)

Neglecting thermal expansion this becomes with the help of (V.11)

v

dsS 1 ou
_a?=pf—f—a—de, (66)

where p is the (constant, uniform) density and # the specific energy.
Owing to the fact that the energy of an adiabatically insulated system
of constant volume and shape is constant, we also have

v
ou
f 'éZdV =0. (67)

As a consequence of this relation we may rewrite (66) in the form

| 4
ds 1 ou
= Pf%“azd"' (68)

where AT™! = T™Y(r) — T;!, where T, is the temperature at an
arbitrary point r,. Up to second order in AT = T(r) — T, and « (68)

becomes
|4

ds ) ou
7——}—gJATEZdV. (69)
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We have herea bilinear expression in the fluxes ou/é¢ and the thermo-
dynamic forces — pT 52 AT of the form (IV.53). The fluxes are here
indeed proper time derivatives of thermodynamic state wvariables,
while the thermodynamic forces are related to the entropy in the manner
of (IV.47).

The phenomenological equations (IV.36) between the fluxes and
thermodynamic forces of (69) may be written here in the form

v

=g | ke By aTE ar (70

where for the differential of the volume element the notation dr’ has
been employed. Equation (70) is valid at all points in the system except
the arbitrary point r,. The phenomenological coefficients K(r,r'; { B })
are functions of the two positions r and r’ and may be functionals of
the external magnetic field B, which may be non-uniform in the system.
The Onsager relations )

K(r,r';{B})=K({',r;{-B}) (71)

are valid for these coefficients at all points r and r’ excepting r = r,
and r’ = r,.

We must investigate which consequences these reciprocal relations
have for the heat conductivity tensor L(r;B) which appears in the
ordinary Fourier law for anisotropic crystals:

J,(r) = — L(r; B)-grad AT . (72)

Again AT = T(r) — T,, while the equation is valid at all points except
at the arbitrary chosen point r,. If this expression for the heat flow
is inserted into the energy equation (V.11), one obtains, neglecting
thermal expansion
ou(r)
P ot

= div L-grad AT(r), (73)

or, using the nabla notation,

ou(r)
P~

= V-L-VAT(r). (74)
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It is easy to cast this equation into the form (70) by writing first

- f (V/-L'-V' AT") 8(r — ') dr, (75)

where dashes indicate dependency on r’, and where 6(r — r’) is a three-
dimensional delta-function, and by performing two successive partial
integrations

pa’ua(tr)= _ f(L"V'AT')'V'5(r—- r/)dr/

= J [VALV' 6(r — 7)) }]AT dr', (76)

where L is the transposed matrix of L. Since this has indeed the form
(70), the coefficients obey the Onsager relations (71)

VALB)V6r—r)}=V{L(-B)-Vér—r)} (77)

for all r and r’, excepting r = ry and r’ = r,. However, since r, is an
arbitrary point, this result holds everywhere. Applying the rule

gV or—r)=gVér—r)— (Vg ér-—r), (78)

(where g is an arbitrary function of r), to the left-hand -side, and
performing the differentiation at the right-hand side, relation (77)
becomes

L(B) : VVo(r — r') + { V-L(B) }- Vo(r — )
= L(=B):VVé(r — r) + {V-[(— B) }-Vo(r — 7). (79)

Eliminating the J-functions (by multiplying both members with an
arbitrary function f(r’) and integrating over r’) this relation gets the
form

L(B): VVf+ {V-L(B)}-Vf = L(— B) : VV/ + {V-L(— B)}-V/.  (80)

In the first terms of both sides of (79) and (80) only the symmetric part
L* = (L + [) of the tensor L remains because L is multiplied by the
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symmetric tensor VV (a dyadic product). Since the first and second
derivatives of f(r) may be chosen in an arbitrary way, we can now
conclude from (80) that

1%(B) = I*(— B), (81)

V-L(B) = V-L(— B), (82)
or, if the first relation is used in the second,

(B) = I’(— B), (83)

V-l*B) = — V-I*(— B), | (84)

where [* = 4(L — Z) is the antisymmetric part of the tensor L. These
relations are not equivalent to the reciprocal relations

L(B) = L(— B) (85)

as given in Chapter IV, § 3, because a nabla-operator appears in (82)
and (84). The reason for this is the following. If we split L into its
symmetric and antisymmetric part also in equation (74), we obtain

p%=-@wh=mvwwwvw+enwv. (86)
Since only the divergence of the heat flow has physical meaning, in
macroscopic theory, itisclear from (86) that observable results can be
obtained for the symmetric part itself, because L* appears also without
differential operator, but only for the divergence of the antisymmetric
part of the heat conduction tensor, since L* appears only preceded by a
differential operator.
Rewriting (84) in the form

V-{PB)+L(-B)}=0 (87)

it is seen that the divergence of the part of [*(B), which is an even
function of the magnetic field B, vanishes. In view of the preceding
statements it follows then that the even part of [*(B) cannot be related
to an observable quantity. One may for convenience therefore put it






