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NOTATION

VecToR suffixes are denoted by Latin letters /, k£, ... Spin indices are denoted by
Greek letters «, 3, ... Summation is implied over all repeated indices.

“4-vectors” (see the footnote to equation (13.8)) are denoted by capital letters
X,P, ...

Volume element dV or d3x.

Limit on tending to zero from above or below +0 or —O0.

Operators are denoted by a c1rcumﬂex

Hamiltonian A, &’ = H - /AN

Perturbation operator V.

Y operators in the Schrodinger representation ¢, %*; in the Heisenberg represen-
tation ¥, ¥*; in the Matsubara representaion ¥'M, 1278

Green’s functions G, D.

Temperature Green’s functions &, 7.

Thermodynamic quantities are denoted as in Part 1, for example 7 temperature,
V volume, P pressure, u chemical potential.

Magpnetic field H; magnetic induction B; external magnetic field §.

References to earlier volumes in the Course of Theoretical Physics:

Mechanics = Vol. 1 (Mechanics, third English edition, 1976).

Fields = Vol. 2 (The Classical Theory of Fields, fourth English edition, 1975).

QM = Vol. 3 (Quantum Mechanics, third English edition, 1977).

ROT = Vol. 4 (Relativistic Quantum Theory, first English edition, Part 1, 1971;
Part 2, 1974).

Part 1 = Vol. 5 (Statistical Physics, Part 1, third English edition, 1980).

FM = Vol. 6 (Fluid Mechanics, first English edition, 1959).

ECM = Vol. 8 (Electrodynamics of Continuous Media, first English edition, 1960).

All are published by Pergamon Press.



PREFACE

As A brief characterization of its content, this ninth volume in the Course of
Theoretical Physics may be said to deal with the quantum theory of the con-
densed state of matter. It opens with a detailed exposition of the theory of
Bose and Fermi quantum liquids. This theory, set up by L. D. Landau follow-
ing the experimental discoveries by P. L. Kapitza, is now an independent
branch of theoretical physics. Its importance is in fact measured not so much by
even the remarkable phenomena that occur in the liquid isotopes of helium as by
the fact that the concepts of a quantum liquid and its spectrum are essentially
the foundation for the quantum description of macroscopic bodies.

For example, a thorough understanding of the properties of metals involves
treating the electrons in them as a Fermi liquid. The properties of the electron
liquid are, however, complicated by the presence of the crystal lattice, and a
study of the simpler case of a homogeneous isotropic liquid is a necessary pre-
liminary step in the construction of the theory. Similarly, superconductivity in
metals, which may be regarded as superfluidity of the electron liquid, is difficult
to understand clearly without a previous knowledge of the simpler theory
of superfluidity in a Bose liquid.

The Green’s function approach is an indispensable part of the mathematical
formalism of modern statistical physics. This is not only because of the con-
venience of calculation of Green’s functions by the diagram technique, but
particularly because the Green’s functions directly determine the spectrum of
elementary excitations in the body, and therefore constitute the language that
affords the most natural description of the properties of these excitations. In
the present volume, therefore, considerable attention is paid to methodologi-
cal problems in the theory of Green’s functions of macroscopic bodies.
Although the basic ideas of the method are the same for all systems, the specific
form of the diagram technique is different in different cases. It is consequently
natural to develop these methods for the isotropic quantum liquids, where the
essence of the procedure is seen in its purest form, without the complications
arising from spatial inhomogeneity, the presence of more than one kind of
particle, and so on.

For similar reasons, the microscopic theory of superconductivity is described
with the simple model of an isotropic Fermi gas with weak interaction, dis-
regarding the complications due to the presence of the crystal lattice and the
Coulomb interaction.

In respect of the chapters dealing with electrons in the crystal lattice and

ix



X Preface

with the theory of magnetism, we must again stress that this book is part of a
course of theoretical physics and in no way attempts to be a textbook of solid
state theory. Accordingly, only the most general topics are discussed here, and
no reference is made to problems that involve the use of specific experimental
results, nor to methods of calculation that have no evident theoretical basis.
Moreover, this volume does not include the transport properties of solids,
with which we intend to deal in the next and final volume of the Course.

Finally, this book also discusses the theory of electromagnetic fluctuations
in material media and the theory of hydrodynamic fluctuations. The former was
previously included in Volume 8, Electrodynamics of Continuous Media. Its
transfer to the present volume is a consequence of the need to make use of
Green'’s functions, whereby the entire theory can be simplified and made more
convenient for application. It is also more reasonable to treat electromagnetic
and hydrodynamic fluctuations in the same volume.

This is Volume 9 of the Course of Theoretical Physics (Part 1 of Statis-
tical Physics being Volume 5). The logic of the arrangement is that the
topics dealt with here are closely akin also to those in fluid mechanics
(Volume 6) and macroscopic electrodynamics (Volume 8).

L. D. Landau is not among those who have actually written this book.
But the reader will quickly observe how often his name occurs in it: a consid-
erable part of the results given here are due to him, alone or with his pupils
and colleagues. Our many years’ association with him enables us to hope that
we have accurately reflected his views on these subjects—while at the same
time, of course, having regard to developments in the fifteen years since his
work was so tragically terminated.

We should like to express here our thanks to A. F. Andreev, I. E. Dzyalo-
shinskii and I. M. Lifshitz for many discussions of topics in this book. We
have had great benefit from the well-known book Quantum Field Theoretical
Methods in Statistical Physics (Pergamon, Oxford, 1965) by A. A. Abrikosov,
L. P. Gor’kov and I. E. Dzyaloshinskil, one of the first books in the literature
of physics to deal with the new methods of statistical physics. Lastly, we are
grateful to L. P. Gor’kov and Yu. L. Klimontovich for reading the book in
manuscript and making a number of comments.

April 1977 E. M. LirsHITZ
L. P. PITAEVSKI1



CHAPTER1

THE NORMAL FERMI LIQUID

§ 1. Elementary excitations in a quantum Fermi liquid

AT TEMPERATURES so low that the de Broglie wavelength corresponding to
the thermal motion of the atoms in a liquid becomes comparable with the
distances between the atoms, the macroscopic properties of the liquid are de-
termined by quantum effects. The theory of such quantum liquids is of consid-
erable fundamental interest, although there exist in Nature only two such
that are literally liquids, the liquid isotopes of helium He?® and He* at tempera-
tures ~ 1-2°K. All other substances solidify well before quantum effects
become important in them. In this connection, it may be recalled that according
to classical mechanics all bodies should be solid at absolute zero (see Part 1,
§64). Helium, however, because of the peculiarly weak interaction between
its atoms, remains liquid down to temperatures where quantum phenomena
come into effect, whereupon it need not solidify.

The calculation of the thermodynamic quantities for a macroscopic body
requires a knowledge of its energy level spectrum. In a system of strongly
interacting particles such as a quantum liquid, we can refer, of course, only to
levels that correspond to quantum-mechanical stationary states of the whole
liquid, not to states of the individual atoms. In calculating the partition func-
tion at sufficiently low temperatures, we are to take account only of the weakly
excited energy levels of the liquid, lying fairly close to the ground state.

The following point is of fundamental importance for the whole theory.
Any weakly excited state of a macroscopic body may be regarded, in quantum
mechanics, as an assembly of separate elementary excitations. These behave
like guasi-particles moving in the volume occupied by the body and possessing
definite energies ¢ and momenta p. The form of the function &(p), the disper-
sion relation for the elementary excitations, is an important characteristic of
the energy spectrum of the body. It must again be emphasized that the con-
cept of elementary excitations arises as a means of quantum-mechanical
description of the collective motion of the atoms in a body, and the quasi-
particles cannot be identified with the individual atoms or molecules.

There are various types of energy spectrum that can in principle occur in
quantum liquids. There will be completely different macroscopic properties
also, depending on the type of spectrum. We shall begin by considering a liquid
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2 The Normal Fermi Liquid

with what may be called a Fermi spectrum. The theory of such a Fermi liquid
is due to L. D. Landau (1956-1958); he derived the results given in §§1-4.1
The energy spectrum of a Fermi quantum liquid has a structure which is to
some extent similar to that of an ideal Fermi gas (of particles with spin 3).
The ground state of the latter corresponds to the occupation by particles of all
the states within the Fermi sphere, a sphere in momentum space whose radius
pris related to the gas density N/V (number of particles per unit volume) by

N/V = 2.47p¥/3(2nh)?
= p3/3m2#3, (1.1)

see Part 1, §57. The excited states of the gas occur when the particles pass from
states of the occupied sphere to some states with p > pp.

In a liquid, of course, there are no quantum states for individual particles,
but to construct the spectrum of a Fermi liquid we start from the assumption
that the classification of energy levels remains unchanged when the interaction
between the atoms is gradually “switched on”, i.e. as we go from the gas to the
liquid. In this classification the role of the gas particles is taken by the elemen-
tary excitations (quasi-particles), whose number is equal to the number of
atoms and which obey Fermi statistics.

It is evident that such a spectrum can occur only for a liquid of particles
with half-integral spin: the state of a system of bosons (particles with integral
spin) cannot be described in terms of quasi-particles obeying Fermi statistics.
At the same time it must be emphasized that a spectrum of this type cannot be
a universal property of all such liquids. The type of spectrum depends also on
the specific nature of the interaction between atoms. This is clear from the
following simple consideration: if the interaction is such that it causes the
atoms to tend to associate in pairs, then in the limit we obtain a molecular
liquid consisting of particles (molecules) with integral spin, for which the
spectrum under consideration is certainly impossible.

Each of the quasi-particles has a definite momentum p (we shall return later
to the question of the validity of this assertion). Let n(p) be the momentum
distribution function of the quasi-particles, normalized by the condition

[nde =NV, dr=dp/Q2nhi);

this condition will later be made more precise. The classification principle
mentioned above consists in supposing that, if this function is specified, the
energy E of the liquid is uniquely determined and that the ground state cor-
responds to a distribution function in which all states are occupied within the
Fermi sphere, whose radius py is related to the density of the liquid by the
same formula (1.1) as for an ideal gas.

 To anticipate, we may mention here for the avoidance of misunderstanding that we are
referring to a non-superfluid (normal) Fermi liquid, such as is the liquid isotope He?, with
the reservation made in the third footnote to §54.



§1 Elementary Excitations in a Quantum Fermi Liquid 3

It is important to emphasize that the total energy E of the liquid is not simply
the sum of the energies ¢ of the quasi-particles. In other words, E is a functional
of the distribution function that does not reduce to the integral [ ne dr (as it
does for an ideal gas, where the quasi-particles are the same as the actual
particles and do not interact). Since the primary concept is E, the question
arises how the energy of the quasi-particles is to be defined, with allowance for
their interaction.

For this purpose, let us consider the change of £ due to an infinitesimal
change in the distribution function. It can manifestly be defined as the integral
of an expression linear in the variation dn, i.e. it has the form

8EIV = [ &(p)én dr.

The quantity ¢ is the functional derivative of the energy E with respect to the
distribution function. It corresponds to the change in the energy of the system
when a single quasi-particle with momentum p is added. This quantity plays
the role of the Hamiltonian function of a quasi-particle in the field of the other
particles. It is also a functional of the distribution function, i.e. the form of the
function &(p) depends on the distribution of all the particles in the liquid.

In this connection it may be noted that an elementary excitation in the type
of spectrum considered may in a certain sense be treated like an atom in the
self-consistent field of the other atoms. This self-consistency is, of course, not
to be understood in the sense usual in quantum mechanics. Here its nature is
more profound; in the Hamiltonian of the atom, not only is allowance made for
the effect of the surrounding particles on the potential energy, but the depend-
ence of the kinetic-energy operator on the momentum operator is also modified.

Hitherto we have ignored the possible spin of the quasi-particles. Since spin
is a quantum-mechanical quantity, it cannot be treated classically, and we must
therefore regard the distribution function as a statistical matrix with respect
to the spin. The energy e of an elementary excitation is in general not only a
function of the momentum but also an operator with respect to the spin
variables, which may be expressed in terms of the quasi-particle spin operator
§. In a homogeneous isotropic liquid (not in a magnetic field and not ferromag-
netic) the operator § can appear in the scalar function ¢ only in the form of the
scalars §% and (8.p)?; the first power of the product §.p is inadmissible, since the
spin vector is an axial vector and this product is therefore a pseudoscalar. The
square §* = s(s+ 1), and for spin s = 5 thescalar (3.p)> = + p? also reduces to
a constant independent of §. Thus in this case the energy of a quasi-particle
is independent of the spin operator, and all the energy levels of the quasi-
particles are doubly degenerate.

The statement that a quasi-particle has spin essentially expresses the fact
that this degeneracy exists. In this sense we can say that the spin of the quasi-
particles in a spectrum of the type considered is always 1, whatever the spin
of the actual particles in the liquid. For with any spin s other than 4 the terms



4 The Normal Fermi Liquid

of the form (8.p)? would give a splitting of the (2s+1)-fold degenerate levels
into %(2s+1) doubly degenerate levels. In other words, 3(2s+1) different
branches of the function e(p) would appear, each corresponding to “quasi-
particles with spin 5.

As already mentioned, when the spin of the quasi-particles is taken into
account the distribution function becomes a matrix or an operator 7(p) with
respect to the spin variables. This operator may be explicitly written as an
Hermitian statistical matrix n,,(p), where « and § are spin matrix indices taking
the two values +%. The diagonal matrix elements determine the numbers of
quasi-particles in particular spin states. The normalization condition for the
quasi-particle distribution function must therefore now be written

tr ffdr = [n. dv= NIV, dv= d/Qnhy, (1.2)

where tr denotes the trace of the matrix with respect to the spin indices.
The quasi-particle energy & is in general also an operator (a matrix with
respect to the spin variables). It must be defined by

SEIV =tr [ 6hdr = [ e, dnp, dr. (1.3)

If there is no spin dependence of the distribution function and the energy,
so that 1., and e, reduce to unit matrices:

Nap = nauﬁ’ Eup = 36«5’ (1'4)

then the taking of the trace in (1.2) and (1.3) amounts to simply multiplying
by 2:

2 (ndv =NV, OE[V=2[edndr. 1.5)

It is easy to see that in statistical equilibrium the quasi-particle distribution

function is an ordinary Fermi distribution, the energy being represented by the

quantity ¢ defined in (1.3). For, because the energy levels of the liquid and of

the ideal Fermi gas are classified in the same manner, the entropy § of the
liquid is determined by a similar combinatorial expression

S|V = —tr [{ilog i—(1—#)log (1—A)} dr (1.6)

to that for a gas (Part 1, §55). Varying this expression with the additional con-
ditions of constant total number of particles and constant total energy,

SN/V =tr [dide =0, SE/V =tr[&drdr =0,
we obtain the required distribution:
A = [eG=mIT+1]7, 1.7)

where u is the chemical potential of the liquid.

t Here and throughout, summation is as usual implied over repeated indices.



§1 Elementary Excitations in a Quantum Fermi Liguid 5

When the quasi-particle energy is independent of the spin, formula (1.7)
signifies a similar relation between » and «:

n = [ec—HT+1]71, (1.8)

At T = 0, the chemical potential is equal to the limiting energy on the surface
of the Fermi sphere:

[plr=o = eF = &(pF). (1.9)
It must be emphasized that, despite the formal analogy between the expression
(1.8) and the ordinary Fermi distribution, it is not identical with the latter:
since ¢ itself is a functional of #, formula (1.8) is strictly speaking a complicated
implicit expression for n.

Let us now return to the assumption that a definite momentum can be
assigned to each quasi-particle. The condition for this assumption to be valid
is that the uncertainty in the momentum (due to the finite mean free path of the
quasi-particle) should be small not only in comparison with the momentum
itself but also in comparison with the width 4p of the “transitional zone” of
the distribution, over which it differs appreciably from a step function:'

6p=60(p)=1 for p < pr, (1.10)
=0 for p=>pr.

It is easy to see that this condition is satisfied if the distribution n(p) differs
from (1.10) only in a small region near the surface of the Fermi sphere. For,
by the Pauli principle, only quasi-particles in the transitional zone of the distri-
bution can undergo mutual scattering, and as a result of this scattering they
must enter free states in that zone. Hence the collision probability is propor-
tional to the square of the width of the zone. Accordingly, the uncertainty in the
energy and hence that in the momentum of the quasi-particle are both propor-
tional to (4p)2. It is therefore clear that, when Jp is sufficiently small, the un-
certainty in the momentum will be small in comparison not only with p, but
also with Ap.

Thus the method described is valid only for excited states of the liquid which
are described by a quasi-particle distribution function differing from a step
function in just a narrow region near the Fermi surface. In particular, for
thermodynamic equilibrium distributions only sufficiently low temperatures are
permissible. The (energy) width of the transitional zone of the equilibrium
distribution is of the order of T. The quantum uncertainty in the energy of a
quasi-particle, due to collisions, is of the order of #/z, where 7 is the mean free
time of the quasi-particle. The condition for the theory to be applicable is

therefore
fijt «< T. (1.11)

t For future reference, it may be noted that the derivative 6'(p) = — 8(p— pp), since both
sides give unity on integration over any range of p that includes the point p = pg.



6 The Normal Fermi Liquid

According to the preceding discussion, the time 7 is inversely proportional to
the squared width of the transitional zone:

Toc T2

so that (1.11) is certainly satisfied as T - 0. For a liquid in which the inter-
action between particles is not weak, all the energy parameters are of the same
order as the limiting energy &5; in this sense, the condition (1.11) is equivalent
to T « | &zt

For almost step-function distributions (i.e. those close to the distribution
for T = 0), as a first approximation we can replace the functional ¢ by its value
calculated with n(p) = 6(p). Then ¢ becomes a definite function of the magni-
tude of the momentum, and (1.7) becomes the ordinary Fermi distribution.

Near the surface of the Fermi sphere, where alone the function &(p) has a
direct physical significance, it can then be expanded in powers of the differ-
ence p—pp. We have

e—¢ep ~ Vp(p—pr), (1.12)

vr = [0¢/0plp = p, (1.13)

is the “velocity” of the quasi-particles on the Fermi surface. In anideal Fermi
gas, where the quasi-particles are identical with the actual particles, we have
& = p*[2m, and so v, = pg/m. By analogy we can define for a Fermi liquid
the quantity

where

m* = pr/vr, (114

called the effective mass of the quasi-particle; it is positive (see the end of
§2).

In terms of the quantities thus defined, the condition for the theory to be
applicable may be written T’ <« vgpy, and only quasi-particles with momenta
p such that | p—pg| <« pp have any real meaning. This important fact, in
particular, makes the relation (1.1) between pr and the density of the liquid
non-trivial, since its intuitive derivation (for a Fermi gas) is based on the
concept of particles in states occupying the whole Fermi sphere, not just the
neighbourhood of its surface.?

The effective mass determines, in particular, the entropy S and the specific
heat C of the liquid at low temperatures. These are given by the same formula
as for an ideal gas (Part 1,§58), in which we need only replace the particle mass
m by the effective mass m":

S=Cx=VyT, y=m'ps/3t® = (a3 (m* /B (NIV)3;  (1.15)

t For liquid He?, however, the range of quantitative applicability of the theory is shown
by experiment to be in fact limited to 7 S 0.1 °K (whereas | ep| =~ 2.5 °K).

¥ The proof of (1.1) involves the use of more complicated mathematical methods, and is
given in §20 below.
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because of the linear dependence on T, S and C are the same. This follows
because the expression (1.6) for the entropy in terms of the distribution func-
tion is the same for a liquid and for a gas, and in the calculation of this integral
only the range of momenta near pg is important, in which the quasi-particle
distribution function in the liquid and the particle distribution function in the
gas are given by the same expression (1.8)."

Before the theory is further developed, the following remark should be made.
Although this method of defining the quasi-particles in a Fermi liquid by
exact analogy with the particles in a gas is the most convenient in systematically
deriving the theory, the corresponding physical picture has the disadvantage of
involving the unobservable filled Fermi sphere of quasi-particles. This could be
eliminated by a formulation in which the elementary excitations occur only
when T > 0. In such a picture, the elementary excitations are represented by
quasi-particles outside the Fermi sphere and “holes” within it; the former are
to be assigned, in the approximation corresponding to (1.12), the energy
¢ = vg(p—pp), and the latter the energy & = vg(py—p). The statistical distri-
bution of each is given by the Fermi distribution formula with zero chemical
potential (in accordance with the fact that the number of elementary excitations
is here not constant, but is itself determined by the temperature)*

n = [esT+1]1, (1.16)

The elementary excitations in this picture appear or disappear only in pairs,
and so the total numbers of excitations with p = pp and p < pp are always
the same.

With this definition of the elementary excitations, their energy is certainly
positive, being the excess of the energy of the excited level over that of the
ground level of the system. The energy of the quasi-particles defined by (1.3)
may be either positive or negative.

Moreover, for a liquid at zero temperature and zero pressure, the quantity
¢r = p is certainly negative, and the values of & close to e are therefore
negative also. This is clear, since, when T = 0 and P = 0, —u is a positive
quantity, the limiting value of the heat of evaporation of the liquid per particle.

t For liquid He? at zero pressure, pg/# = 0.8X108cm™!; m* = 3.1 m (He?); p; is found
from the density of the liquid, and m* from its specific heat.

* 1t will be recalled (cf. Part 1, §63) that under such conditions the number of quasi-parti-
cles N, is determined by the condition for thermodynamic equilibrium: the free energy Fis a
minimum as a function of N,, for given temperature and volume: (0F/0N,p) 7, y = 0. This
derivative is, however, just the “chemical potential of the quasi-particles”; it should not be
confused with the chemical potential x of the liquid, which is determined by the derivative
of Fwith respect to the number of actual particles V.
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§ 2. Interaction of quasi-particles

The energy of the quasi-particles, being a functional of their distribution
function, varies with that function. The change of energy for a small deviation
dn of the distribution function from the step function (1.10) must be

8e.6(p) = [ Sy po(D, P') Omer(p') dt’ Q.1
or, in a more symbolic form,
8(p) = tr’ [ 7 (p, p') SR(p") dr’,

where tr’ denotes the trace with respect to the pair of spin indices that cor-
respond to the momentum p’. The function f may be called the interaction
function of the quasi-particles; in a Fermi gas, f = 0. By definition, it represents
the second variational derivative of the total energy E of the liquid, and is
therefore symmetrical in the variables p, p’ and the corresponding pairs of
spin indices:

Jay,56(0s P') = fre, 06D’ P)- 2.2)

With the change (2.1), the energy of the quasi-particles near the surface of
the Fermi sphere is given by the sum

ép)—er = vr(p—pr)+tr [ 1 (p, p") 8A(p') dv'. 2.3)

In particular, for thermodynamic equilibrium distributions, the second term
in (2.3) gives the temperature dependence of the quasi-particle energy. The
deviation A’ is appreciably different from zero only in a narrow band of p’
values near the surface of the Fermi sphere, and this contains the momenta
p of actual quasi-particles. The function f(p, p’) in (2.1) and (2.3) can therefore
be replaced in practice by its value on that surface, putting p = p’ = pp,
so that f'will depend only on the directions of the vectors p and p’.

The spin dependence of the function f is due both to relativistic effects
(spin-spin and spin-orbit interaction) and to the exchange interaction. The
latter is the most important. When it is taken into account, the quasi-particle
interaction function has (on the Fermi surface) the form

(pem® 723 £ (p, D) = F(9)+6.0'G(D), 2.4y

where o and o’ are the Pauli matrices acting on the corresponding spin indices
(i.e. corresponding to the variables p and p’), and F and G are two functions
of the angle # between p and p’." The form of this expression arises from a
characteristic property of the exchange interaction, which is independent of the
spatial orientation of the total angular momentum of the system, so that the

T Inexplicit matrix form,

(P [725) fuy, s = FO,p0,8-+ G- Gya. (2.4a)
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two spin operators can appear in it only as a scalar product. The functions
F and G as defined by (2.4) are dimensionless. The factor separated for this
purpose on the left of (2.4) is the number of quasi-particle states on the Fermi
surface per unit energy interval:

Wer) = [2dt/delomey = Sk ( dp )

@nip \),

or
vp = py[n*hPvp = prm’*[nh3. (2.5)

Since the trace of a Pauli matrix is zero, the second term in (2.4) vanishes
when the trace tr’ is taken, and tr’ fis independent of ¢ also. This in fact also
happens when the spin-orbit and spin-spin interactions are taken into account.
The reason is that the scalar function tr’ f could contain the spin operator only
as the product §-p xXp’ of the two axial vectors § and p Xp'; expressions quad-
ratic in the components of § need not be considered, since for spin 3 they reduce
to terms linear in § or independent of 8. But this product is not invariant under
time reversal, and therefore cannot appear in the invariant quantity tr’ f.

The following notation will be convenient:

for6s(Bs P) = 8pf (0, D), [ = Ftrtr' . (2.6)
From the expression (2.4), we have
(prm* [7*°%) f(8) = 2F(9). 27

The quasi-particle interaction function satisfies a certain integral relation
which follows from Galileo’s principle of relativity. A direct consequence of
this principle is that the momentum of the liquid per unit volume is equal to
its mass flux density. The velocity of a quasi-particle is 0¢/0p, so that the quasi-

particle flux is
tr | 7(8é/0p) dr.

Since the number of quasi-particles in the liquid is the same as the number of
actual particles, it is clear that the total mass transfer by quasi-particles is
found by multiplying their number flux by the actual particle mass m. Thus we

obtain the equation
tr | pidr = tr [ m(8%/0p)A dr. (2.8)

Putting n,, = nd,s, €, = €8,5, we vary both sides of (2.8), use (2.1), and
take f from (2.6):

Jp ondr=m j%éndr%-mf?j—r%”?&n on' dv dv',

O¢ . on' ,
-_mfé;éndt—mff(p,p)a—ﬁéndtdr,
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where n’ = n(p’); in the second integral, we have renamed the variables, and
integrated by parts. Since én is arbitrary, this gives the required relation:

p/m = 0¢/0p— [ f(p, P') [On(p’)/0p] dr'. 2.9)

For a step function n(p’) = 6(p’), the derivative on’/dp’ reduces to a delta
function:
o0(p)iop = —(p/p) 8(p—pr). (2.10)

Substituting the function &(p) from (1.12) in (2.9), and then replacing the
momentum p = pn everywhere by the value pp = p/n on the Fermi surface,
and multiplying both sides of the equation by pg, we get the following relation
between the mass m of the actual particles and the effective mass of the quasi-

particles:

1
~ = (Znh)aff(ﬁ) cos 4 do’, (2.11)

where do’ is the element of solid angle in the direction of p’. If we substitute
here the expression (2.7) for f(#), this equation becomes

m*/m = 14 F(J3) cos 9, (2.12)

where the bar denotes averaging over directions, i.e. integration over do’ /4w =
= } sin # db.

Let us also calculate the compressibility of a Fermi liquid at absolute zero,
i.e. the quantity u*> = 0P/0p." The density of the liquid is 0 = mN/V, so that

u* = —(V?/mN) oP/oV.

To calculate this derivative, itis convenient to express it in terms of the deriv-
ative of the chemical potential. Since the latter depends on N and ¥V only
through the ratio N/V, and for T = constant = O the differential dpu = VdP/N,
we have

o ¥ ou_ 1 OP
oN~ N oV~ N oV’
and hence
N ou
2 — Y Y8
W= — (2.13)

Since it = epfor T = 0, the change éu when the number of particles changes
by dN is
du = [f(pr, P") ' dv'+(Der/Opr) dpr - (2.14)

t When T = 0, S = 0 also. and so there is no need to distinguish the isothermal and adia-
batic compressibilities. The quantity u is defined by the usual expression for the velocity of
sound in the liquid. It must be borne in mind, however, that at T = 0 ordinary sound in fact
cannot be propagated in a Fermi liquid; see §4.
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The first term here is the change of &(p;) due to the change in the distribution
function. The second term occurs because a change in the total number of
particles also affects the value of the limiting momentum: from (1.1), 6N =
= Vpidpp/n?#3. Since dn’ is appreciably different from zero only when p’ = pp,
we can write, replacing f'in the integral by its value on the Fermi surface,

o { 2d¢ 1, . 8N
"f&ndf ~55‘fd0‘6n—4;t——§'4nf—4—'-n—l7.

Substituting this expression in (2.14) and putting 8e;/0pr = prm*, we obtain

ou _f a3
N EI-’_[_—_ppm*V . (2.15)

Finally, with 1/m" from (2.11) and again using (1.1), we have

welE L (ﬁ)s [ /(8 (1-cos 8)dor. (2.16)
J

With f(#) from (2.7), and using (2.12), we can put this expression in the form

Pk 114 FO)L. (2.17)

2
U =
3mm*

The function f must satisfy certain conditions that result from the require-
ment of stability of the ground state of the liquid. This state corresponds to
occupation of all quasi-particle states within the Fermi sphere, and its energy
must be a minimum with respect to any small deformation of the sphere. We
shall not give the calculations in full, but only the final result,’ which may be
conveniently expressed by expanding the functions F(#) and G(#) from (2.4) in
Legendre polynomials:

F(#) = ¥ (21+1) FiPi(cos #), G(8) = Y (21+1)GPi(cos B); (2.18)

1 1
with this definition, the coefficients F,and G, are the mean values of the prod-
ucts FP, and GP,. Then the stability conditions are the inequalities
Fi+1 =0, (2.19)
Gi+1 = 0. (2.20)

A comparison of (2.19) for / = 1 with the expression (2.12) for the effective
mass shows that the latter is positive. The condition (2.19) for / = 0 ensures
that (2.17) is positive.}

t See I. Ya. Pomeranchuk, Soviet Physics JETP 8, 361, 1959.

* For I = 1, we also have the inequality Fy > G,, as shown by A. J. Leggett, Annals of
Physics 46, 76, 1968.
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§ 3. Magnetic susceptibility of a Fermi liquid

A quasi-particle with non-zero spin has in general a magnetic moment also.
For spin 5, the operator of this moment is fo (the z-component of the magnetic
momentis +8). The constant 23/# which gives the ratio of the magnetic moment
of the quasi-particle to its angular momentum %7 is equal to the corresponding
constant for actual particles; clearly the value of this ratio is unchanged, which-
ever way the particle spins are added to the quasi-particle spin.

The existence of the magnetic moment of a quasi-particle leads in turn to
to a paramagnetism of the liquid. The corresponding magnetic susceptibility
may be calculated as follows. _

For a “free” quasi-particle, the operator of its additional energy in a mag-
netic field H would be —f¢.H. In a Fermi liquid, however, we must take it
into accountthat the interaction of the quasi-particles causes the energy of
each of them to change, because of the changed distribution function in the
magnetic field. In calculating the magnetic susceptibility, we must therefore
write the quasi-particle energy change operator as

88 = —foH+tr' [ o dv. (3.1)

The change in the distribution function is given in terms of 82 by 6A = (0n/0¢)
82;" we thus have

8&(p) = —Po.H+tr' | f(p, p') (dn'/de’) 5(p") dv'. 3.2

We shall need the solution of this equation only on the surface of the Fermi
sphere, and seek it in the form

0t = —%fga.H, 3.3)

where g is a constant. For a step function n(p’) = 6(p"), we have
dn'jde’ = —08(e' — ¢r),
so that the integration over dp’ = d¢’[v, reduces to taking the value of the
integrand on the Fermi surface. Substituting f from (2.4) and noting that the
Pauli matrices satisfy
tre =0, tr(e.c’)e’ = Latr .6’ =26,
we find
g = 2—-gG(d),

or

g = 2/[1+G()], (24)
where the bar again denotes averaging over directions, as in (2.12).

+ In calculating the field-dependent increment 8n, we may neglect the change in the chemi-
cal potential. The change in the macroscopic quantity 4 in an isotropic liquid can only be
quadratic in the field H (which is assumed to be small in the calculation of the susceptibility),
whereas 02 is of the first order in the field. Since the magnetic susceptibility of the liquid is
small, we need not distinguish between the field and the induction in it.
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The susceptibility y is determined from the expression for the magnetic
moment per unit volume of the liquid:

yH =ptr [ dhdr=ptr | ab&(8n/oe) dv

or, after integration with the step function n(p),

-
H=-5 g;;s tr 6dé( pr).

Finally, substituting (3.3) and (3.4), and noting that tr(c.H)e = 2H, we find

_ Pprm* 3P
2= 2p1+G) . 2(1+0)’ (3:5)

where  is the coefficient in the linear specific heat law (1.15). The expression
4 = 3yp?/n? gives the susceptibility of a denegerate Fermi gas of particles with
magnetic moment f; see Part 1, (59.5). The factor 1/(1+G) represents the
difference between a Fermi liquid and a Fermi gas.

The stability condition (2.20) with / = 0 is the same as the ¢ondition y > 0.

§ 4. Zero sound

Non-equilibrium states of a Fermi liquid are described by quasi-particle
distribution functions that depend not only on the momenta but also on the
coordinates and time. These functions A(p,r, f) satisfy a transport equation

dn/dt = I(n), 4.1

where I(A) is the collision integral, giving the change in the number of quasi-
particles in a given element of phase volume because of collisions between
them.*

The total time derivative in (4.1) includes both the explicit dependence of
7 on t and the implicit dependence due to the change in the coordinates, mo-
mentum and spin variables of the quasi-particle in accordance with its equations
of motion. The distinctive feature of the Fermi liquid is that, since the quasi-
particle energy is a functional of the distribution function, in an inhomoge-
neous liquid, & as well as 7 depends on the coordinates.

For distributions 7 that differ only slightly from the equilibrium distribution
no, we write

A(p, ¥, 1) = no(p)+ oA(p, 1, ). 4.2)

¥ ForHe?, G ~ —2/3.

* This section assumes familiarity with the transport equation and in that respect goes
outside the scope of the book. However, the theory of Fermi liquids would be incompletely
formulated without the tranisport equation (and its application in §84 and 5). We shall here
need only the equation without the collision integral ; problems involving the specific form of
that integral will be discussed in another volume which deals with physical kinetics.
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The quasi-particle energy is then £ = o+ 8¢, where &, is the energy correspond-
ing to the equilibrium distribution, and 64 is given by (2.1), so that
08¢ 08¢ , aén(p
ad-a " ff ®.
If there is no external magnetic field, o and no are independent of the spin.
The explicit time-dependence of A gives a term in dA/dt
OR/0t = 0oR/0tL.
The dependence through the coordinates and momentum gives terms
an > an ~

E or g‘p‘ . p.
The quasi-particle energy & plays the role of the Hamiltonian. From Hamilton’s
equations,

001(P) e (4.3)

= os/0p, b= —o%/er.
Hence we have, as far as the terms of the first order in 67,

00h 0Ogo ©Ono 00E

or'op op or
Finally, the time variation of the function 7 as an operator with regard to the
spin variables is given, according to the general rules of quantum mechanics,
by the commutator

(ih) [¢, A]. (4-4)

However, when no and o are independent of the spin, there are no terms of
the first order in 67 in this commutator.
Collecting the various terms, we obtain the equation

66n 680 66n 006é 6no
or opor or op
Before going on to apply the transport equation, let us discuss the conditions
for it to be valid. By using the equations classical with regard to coordinates
and momentum, we have assumed the motion of the quasi-particles to be quasi-
classical; essentially the same assumption already underlies the description of
the liquid by a distribution function that depends on both the coordinates and
the momenta of the quasi-particles. The condition for quasi-classical motion is
that the quasi-particle de Broglie wavelength #i/p, be small compared with the
characteristic length L over which » varies considerably. Using instead of L
the “wave number” of the inhomogeneity, k ~ 1/L, we can write this condition
as’

= I(4). 45)

fik << pr. (4.6)

' According to the definition (1.1), #/py is of the order of the interatomic distances, so that
the condition (4.6) is very weak.
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The frequency o of the distribution function variation that is established for
a given k is of the order of vk, and automatically satisfies the condition

fiw << eF. 4.7

There may be any relation between fiw and the temperature T. If fiw > T,
the width of the transitional zone of the distribution function is fiw; then
(4.7) is the condition necessary for the entire theory to be valid, ensuring that
the quantum uncertainty in the quasi-particle energy (due to their collisions)
is small compared with #w.

Let us now apply the transport equation to investigate vibrational motion in
a Fermi liquid.

At low (but non-zero) temperatures, collisions occur between quasi-particles
in a Fermi liquid, and the mean free time 7 oc T2, The nature of the waves
propagated in the liquid essentially depends on the value of w.

When wt < 1 (which is effectively the condition for the quasi-particle mean
free path / to be small compared with the wavelength 1), the collisions are able
to bring about thermodynamic equilibrium in each volume element (small
compared with 1) in the liquid. This means that we have ordinary hydrodynam-
ical sound waves propagated with velocity u = 1/(6P/0g). The absorption of
sound waves is small when wr < 1, but increases with wr, and for wt ~ 1
becomes very strong, so that the propagation of sound waves becomes im-
possible.t

When w7t increases further to w7 > 1, wave propagation again becomes
possible in the Fermi liquid, but the waves have a different physical character.
In these vibrations, collisions of quasi-particles are unimportant, and thermo-
dynamic equilibrium is not established in each volume element. The process
may be regarded as occurring at absolute zero of temperature. These waves
are called zero sound.

According to the above discussion, the collision integral in the transport
equation can be omitted when w7 > 1; then

b 00A Bno 08¢

—Et—“i‘v.—gr———a;-—a-— 0, (4'8)

where v = 0¢/0p is the quasi-particle velocity calculated from the unperturbed
energy €(v = vgn, where m is a unit vector in the direction of p); the suffix
"0 is omitted from ¢ here and henceforward.

When T = 0, the equilibrium distribution function 7o is a step function
0(p) cut off at the limiting momentum p = pj. Its derivative is

Ono/Op = —nd(p—pr) = —vd(e—¢r).

T When w7 < 1, the sound absorption coefficient y ~ w’n/ou’, where 7 is the viscosity of
the liquid. In order of magnitude, u ~ vg, /0 ~ vgl ~ vi7, where vy is the quasi-particle
velocity (independent of the temperature), so that 7 oc 7-* (1. Ya. Pomeranchuk 1950). Then
Yufo ~ ot o¢ wT?.
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Assuming that the time and coordinate dependence of 67 in the wave is
given by the factor exp[i(k.r—wf)], we shall seek the solution of the transport
equation in the form

8A = 8(e— er)(n) ekr—on 4.9)

Then (4.8), with 06¢/cr from (4.3), becomes

(0 — vrnk) %(n) = n.k (Zfz—ih)-" tr’ f f(a, n")3(n’) do, (4.10)

where n and n’ are unit vectors in the directions of p and p’, and the integration
is over the directions of n".

Let us consider (zero sound) vibrations which do not affect the spin prop-
erties of the liquid. This means that both the equilibrium distribution func-
tion and also its “perturbation” ér are independent of the spin variables.
In such a wave, the change in the distribution function during the vibrations
amounts to a deformation of the limiting Fermi surface (a sphere in the un-
perturbed distribution), which remains a sharp boundary between the occupied
and unoccupied quasi-particle states. The function »(n) is the displacement
(in units of energy) of this surface in a given direction n.

Since »(n’) is independent of the spin variables, the operation tr’ in (4.10)
applies only to /. Writing f in the form (2.4), we have tr’ f = (2n%#3/p,m") F(9).
Thus the operator 6 no longer appears in the equation, which now becomes

(0—k¥)¥(n) = kv | F(8) »(n') do' 4. (a.11)

We take the direction of k as the polar axis, and define the direction of n
by angles 8 and ¢. Introducing the wave propagation velocity uo = w/k and
the notation s = uo/vy, we can write the equation in the final form

(s—cos 6) u(0, ¢) = cos 8 [ F(H) (8", ¢) do’[4x. (4.12)

This integral equation determines, in principle, the wave propagation veloci-
ty and the function #»(n’) in the waves. We see at once that, for undamped
vibrations (the only ones considered here), s must exceed unity, i.e.

Uo = Uf. (4.13)
The origin of this inequality can be understood if we rewrite (4.12) as

w6, ¢) do’

5(0, ¢) = COS 6 “F(ﬁ);:_c—os—o; Ij;,

where v has been replaced by another unknown function # = (s—cos O)».
When s = w/kv, < 1, the integrand has a pole at cos & = s, and in order
to make the integral meaningful this pole in the plane of the complex variable
cos " must be avoided by some definite rule. This adds an imaginary part to
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the integral; the frequency « therefore also acquires an imaginary part (for
a given real k), and the wave is damped. The physical significance of the equa-
tion cos @ = wu,/vg, corresponding to the pole, is that this is the condition for
the quasi-particles to emit Cherenkov waves of zero sound.!

As an example, let us consider the case where F(#) is a constant Fo. The in-
tegral on the right of (4.12) is then independent of the angles 6 and ¢, and the
required function » is therefore

v = constant X - cos 0 (4.14)

s—cos 0’
The Fermi surface thus becomes a surface of revolution elongated in the for-
ward direction of wave propagation and flattened in the opposite direction.
This anisotropy is a consequence of the non-equilibrium state of the liquid in
each of its volume elements: in equilibrium, all properties of the liquid must be
isotropic, and the Fermi surface must therefore be spherical. For comparison,
it may be mentioned that an ordinary sound wave corresponds to a spherical
Fermi surface with oscillating radius (the limiting momentum pyvaries with
the density of the liquid), shifted as a whole by an amount depending on the
velocity of the liquid in the wave; the corresponding function v is ¥ = dpp+
+ constant X cos 6.

To find the zero sound wave propagation velocity o, we substitute (4.14)
in (4.12):

1.

¢ cosf 2nsinfd)
s—cos 0 4n -

0

On integrating, we get an equation which implicitly determines uo for a given
value of Fy:

1 s+1

The function on the left decreases from infinity to zero when s varies from 1 to
=, and is always positive. Hence it follows that the waves concerned can exist
only when Fo > 0. It should be emphasized that the possibility of propagation
of zero sound thus depends on the properties of the interaction of the quasi-
particles in the Fermi liquid.

When Fo — 0, (4.15) shows that s tends to unity:

s—1 = —;2—2-e‘2”’°. (4.16)

t This is called Landau damping; it will be discussed in detail in connection with plasma os-
cillations, in the last volume of the course. The rule for avoiding the pole in the integral is given
by replacing @ by w+10 (i.e. s - s+ /0); this signifies that the perturbation is made finite at all
previous times (including 1 —+ — oo).
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This case has more general significance than (4.15) (in which it is assumed that
Fis a constant = Fy): it corresponds to zero sound in an almost ideal Fermi
gas for any function F(#). An almost ideal gas has F(#) small in magnitude.
It is seen from (4.12) that s is then close to 1, and v is appreciably different
from zero only for small angles 6. Hence, considering only the range of small
angles, we can replace F(#) on the right of (4.12) by its value when 4 = 0
(which corresponds to 6 = 6" = 0). We then return to (4.14) and (4.16), with
the constant Fo replaced by F(0)." In a slightly non-ideal gas, the velocity of
zero sound exceeds that of ordinarysound by a factor 4/3: for the former
uo ~ Vg, and for the latter (2.17) gives (with F neglected and m ~ m*)u? ~
~ p3/3m*2 = v}/3.

In the general case of an arbitrary function F(#), the solution of (4.12) is
not unique. The equation, in principle, allows the existence of various types
of zero sound differing in the angular dependence of the amplitude »(6, ¢) and
propagated at various velocities. As well as the axially symmetrical solutions
v(6), there can also exist asymmetric solutions in which v contains azimuthat
factors e*™ with integral m (see Problem). For all such solutions, the inte-
gral f vdo = 0,1.e. the volume within the Fermi surface is fixed. This means
that the vibrations do not alter the density of the liquid.

The possibility of wave propagation in a Fermi liquid at absolute zero im-
plies that its energy spectrum may contain a branch corresponding to elemen-
tary excitations with momentum p = 7k and energy ¢ = fiw = uop, which are
“quanta of zero sound”. The fact that zero sound (with any k) can have an
arbitrary (small) intensity means, in terms of the elementary excitations, that
these can occupy their quantum states in any numbers; that is, they obey
Bose statistics and form what is called the Bose branch of the spectrum of the
Fermi liquid. It must be stressed, however, that in the Landau theory it would
be improper to apply the corrections, corresponding to this branch, to the
thermodynamic quantities for the Fermi liquid, since these contain higher
powers of the temperature (7% in the specific heat) than even the first corrections
to the approximate theory given above.

The problem of the absorption of zero sound requires a consideration of the
collisions of quasi-particles, and is outside the scope of this book.

PROBLEM
Find the velocity of propagation of asymmetric waves of zeto sound when F= F, + F; cos .

SoLuTION. When

F = Fy-- Fy[cos 6 cos 0 +sin 6 sin 0 cos(¢’ — )1,

t Vibrations corresponding to zero sound in a slightly non-ideal Fermi gas were first
discussed by Yu. L. Klimontovich and V. P. Silin (1952).
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there can exist solutions with vecce:™: putting v = f(0)e'%, substituting in (4.12) and integrating
over ¢, we obtain
T
(s—cos ) f = L F, cos Osin Gj‘ sin? 8A(9) dY’.
0
Hence
sinfcosf .,
— e,

» = constantX
s—cos 0

Substituting this expression back into the equation, we get

b
J' sin® 6 cos #

s—cos 6 d6 = 4/F,,

L]
which gives the dependence of the velocity of propagation on F;. The integral on the left is
a monotonically decreasing function of s. Its greatest value therefore occurs when s = 1. Cal-

culating the integral for s = 1, we find that an asymmetric wave of the type considered can be
propagated if Fy > 6.1

§ 5. Spin waves in a Fermi liquid

As well as the spin-independent solutions »(n) considered in §4, (4.10) has so-
lutions of the form
P = e.u(n), G

in which the variation of the quasi-particle distribution function depends on
the spin component. These may be called spin waves.

Substituting (5.1) in (4.10), again taking f in the form (2.4), and noting that
tr' o’(c.06’) = 20, we get (after cancelling o)

(s—cos 0) w(0, @) = cos 6 f G(®) u(0', ¢") do’ (4. (5.2)

Thus, for each component of the vector w, we get an equation that differs
from (4.12) only in that F is replaced by G. Hence the subsequent calculations
in §4 are applicable to spin waves also.*

Spin waves of another kind can be propagated in a Fermi liquid when a
magnetic field is present (V. P. Silin 1958). Here we shall consider only vibra-
tions with k = 0, in which 7 is independent of the coordinates.

When a magnetic field H is present, even the quasi-particle energy and distri-
bution function “unperturbed” by the vibrations are spin-dependent. These
dependences are interrelated, and are given by (see §3)

g0 = eo(p)—p16.H, B1 = B/(1+G), (5.3)
Ro = no(p)— (dno/de) ﬁ]_C.H
= no(p)+ 6(e— ¢r) f10.H, (5.4

T For liquid He?, F, and F; can be calculated from the known values of m* and u? by means
of (2.12) and (2.17): F, = 10.8, F; = 6.3 (at zero pressure).

* Inliquid He?, G, = G(#) <0; see the second footnote to §3. Such waves therefore cannot
be propagated in it.
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where eo(p) is the energy in the absence of the field; the suffix 0 again indi-
cates that these expressions relate to the equilibrium liquid.
We again seek the small variable part of the distribution function in the
wave in the form
On = 8(e—eF) G.u(m)e~ e,

The corresponding change in the quasi-particle energy is
0 = a. j w(n) G(H) % eTier,

In the transport equation, we must now take into account the term (4.4)
containing the commutator [, A]; for distributions independent of the coor-

dinates, it becomes

oon i . .
—-a—t—+7[8, ﬁ] =0. (5'5)

As far as terms linear in 472 we have
[6, A] = —pilo.H, dA]+B10(e—er) [6¢, 0. H].
The commutators are given by the formula

[c.a, 6.b] = 2ic.a Xb,

where a and b are any vectors; see QM (55.10). The transport equation thus
becomes

iop(n) = (28:/%) H x p(n), (5.6
p(n) = w(n)+ [ () G(H) do’/4=. (5.7

In the general case, the solution of (5.6) can be expanded as a series of spher-
ical harmonics Y,,(0, ¢), with the polar axis along H. Each term in the expan-
sion represents a particular type of vibration with its frequency w,,,.

The first frequency woo corresponds to vibrations with . = constant; then
e = (1 +G), and (5.6) becomes

iwoop = (2B/A)H X p;

where

the vibrations are transverse to the field (w_ L H). Writing the equation in
components in the plane perpendicular to H and taking the determinant, we

find the frequency
oo = ZﬂH/ﬁ. } (5.8)

Here 8 is the magnetic moment of a particle (actual) in the liquid. Thus woo is
independent of the specific properties of the liquid. The values of all the other
frequencies w,,,, however, depend on the specific form of the function G(#).
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§ 6. A degenerate almost ideal Fermi gas with repulsion between
the particles

The problem of the thermodynamic properties of an “almostideal” degenerate
gas has no direct physical significance, since the gases that actually exist in
Nature condense at temperatures near absolute zero. Nevertheless, in view of
the considerable methodological interest of this problem, there is value in
discussing it for a hypothetical mode! of a gas whose particles interact in such
a way that the gas cannot condense.

The condition for the gas to be almost ideal is that the range o of the molec-
ular forces be small compared with the mean distance / ~(V/N)V3 between
the particles. As well as the condition ro < I, the inequality

projfi <1 6.1

is valid for the particle momenta p: in a degenerate Fermi gas, the limiting
momentum pj is estimated from (1.1), which gives pg/h ~ (N/V)® < 1/ro.

We shall consider here only a pair interaction between particles, and assume
for simplicity that the interaction U(r) is independent of the particle spins.
Our aim is to calculate the leading terms in the expansion of the thermody-
namic quantities in powers of the ratio ro//, by means of quantum-mechanical
perturbation theory. The difficulty is that, because of the rapid increase of the
interaction energy at small distances between the particles, perturbation theory
(the “Born approximation”) is in fact not applicable to particle collisions.
This difficulty can, however, be circumvented in the following way.

In the limiting case of “slow” collisions (as for instance when the condition
(6.1) holds), the mutual scattering amplitude of particles with mass m tends to
a constant limit —a, which in the Born approximation (see QM, (126.13)) is

—a = —mUo/4nt?, Uo= [U(r) &x; 6.2)

this limit corresponds to the s state of the pair of particles (with spin ). The
constant a is called the scattering length.! Since this quantity entirely deter-
mines the properties of the collisions, it must also determine the thermodynamic
properties of the gas.

This leads to the possibility of applying a procedure known as renormalization.
We formally replace the true energy U(r) by a different function having the
same value of a but such that perturbation theory can be used. So long as
(i.e. in an approximation such that) the final result of the calculations contains
U only in the scattering amplitude, it will be the same as the result that would
be given by the actual interaction.

t The expression (6.2) takes no account of the quantum-mechanical identity of the particles.
In the limit of slow collisions of identical spin-1 particles, scattering occurs only for anti-
parallel spins, and the differential cross-section for scattering into the solid angle do (in the
centre-of-mass system) is do = 4a® do; the total cross-section is obtained by integrating do
over a hemisphere, and iso = 8mwa® (see QM, §137).
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The range of the actual interaction is in general the same in order of magni-
tude as the scattering length a. For the fictitious field U(r) which serves an auxi-
liary purpose, the condition for the Born approximation to be valid is @ < ro.
The actual small expansion parameter in this theory is, of course, apy/#.

We shall need the relation between Uo and a not only in the first approxi-
mation (6.2), but also in the second Born approximation. To find this, we re-
call that, if the transition probability of the system under the action of a con-
stant perturbation P is given in the first approximation by the matrix element
V00, then in the second approximation Voo is replaced by

where the summation is over the states (with n > 0) of the unperturbed system
(see OM, §43). In the present case we have a system of two colliding particles,
and the perturbation is their interaction U(r). The perturbation matrix ele-
ments for transitions in which the particle momenta p; and p, become p,
and p, (With p1+p2 = p;+Pp,) are

(P11, Poxa| Ul Proa, Patie) = = j U(r) e~oriii gy, 6.3)

where p = p,—p2 = —(p;—p1); since the interaction is independent of the
spins, the particle spin components «; and «, are unaltered by the collision.
The matrix element for zero momenta Uy/V plays the role of Vo. Thus, in
changing from the first to the second approximation, we must replace Us by

Pi+pr3—pP—py —ipa/h 2.
U-{"VZ[———"*—E-"; ] [_[Ue pr/d3x|,
the summation is for given p; and ps, over p; # p1, p2. Since in our case the
particle momenta are assumed small, in all the important terms in the sum we
can replace the matrix elements by their values at p = 0. We then get the
following expression for the scattering length:'

m 2m
I A— 6.4
= dnh® [Uo+ vV 21)1"'1’2_17 Péa] 64
Hence, with the same accuracy,
4nh2a Anh2a 2m
Uo = [1- 6.5
‘T Tm my Zp%ﬂ?z—-pl 2 py? ] ©)

t In all the intermediate formulae we write the sums over discrete values of the particle
momenta with the particles in a finite volume V; in the final calculation the summation is
replaced, as usual, by integration over Vd®p/(2n#)3.
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The divergence of the sum in (6.4) for large p; and p; is due to the replace-
ment of all matrix elements by constants and is not important, since, when
this expression is later used to calculate the energy of the system, a convergent
expression is still obtained, in which large momenta are not significant. We
take a to be the scattering length of slow particles, which is independent of
their energy. Formula (6.4) seems at first sight to depend on the momenta p;
and p,, but in fact this dependence is restricted to the imaginary part of the
scattering amplitude (which exists when the method of summation is appro-
priately defined; cf. QM, (130.9)), which need not be considered, since we know
that the final result will be real. This topic will be resumed in §21.

In the present section, we shall consider the model of a Fermi gas with a
repulsive interaction between the particles; for such an interaction, a = 0. In
this case, the gas has an energy spectrum of the Fermi type described in §§1
and 2.

The Hamiltonian of a system of particles (with spin 3) having a pair inter-
action is, in the second quantization method,

2
A=Y S e 5 Z(plal,pzoczl U| p1ss Potio) G Gt 0By s (6.6)
P

see OM, §64. Here 4, and 4,, are creation and annihilation operators for a
free particle with momentum p and spin component « (= %-). The first term
in (6.6) corresponds to the kinetic energy of the particles, and the second term
to their potential energy; in the latter, the summation is over all values of the
momenta and spin components, subject to the conservation of momentum
in the collisions.

In accordance with the assumption that the particle momenta are small,
we again replace the matrix elements in (6.6) by their values for zero momenta:
(Oaty, Oaxs| UOay, Oz) = Uo/V. Next we note that, since the operators 4, , and
Gy,., anticommute in Fermi statistics, their product is antisymmetrical with
respect to the interchange of suffixes; the same applies to the products 4;;, 4 ‘;; u
In consequence, all terms cancel in the second sum in (6.6) that contain pairs
of equal suffixes a1, @2 (physically, this occurs because of the fact already men-
tioned that, in the limit of slow collisions, only particles with opposite spins
can scatter each other).

The Hamiltonian of the system thus becomes

A= Z a,;;a,,a+ Y aiidra, ., (6.7

P1, P3s Py

where &, = 4, ,, a“_ =4 b+ etc., and the suffixes + and — here and hence-
forward replace + % and —%.

The eigenvalues of this Hamiltonian are calculated by ordinary perturbation
theory; the second term in (6.6) is treated as a small correction to the first
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term. The first term is diagonal, and its eigenvalues are

E® =Y (p*/2m) npa, (6.8)

Py

where n,, are the occupation numbers of the states p, «."

The first-order correction is given by the diagonal matrix elements of the
interaction energy:

U
E{n = ?0 Z Ry na—, 6.9
P1y P2

where n1, = n, , etc.

To find the second-order correction, we use the known formula of pertur-

bation theory,

’ IVnm}2
=Y E-E.

where the suffixes n and m label the states of the unperturbed system. A simple
calculation (with the known matrix elements of the operators &,, and 4;,) gives

Us nigne(1=nyy) (1=ny-)
T 7 7 . 6.10
L (At r-re—pDm (6.10)

P1, P2, P

The structure of this expression is very clear: the squared matrix element of the
transition p1, p2 —~ Py, Pz is proportional to the occupation numbers of the states
P1, P2, and to the numbers of unoccupied positions in the states py, p,.

The integral Us in (6.9) and (6.10) must be expressed in terms of a real phys-
ical quantity, the scattering amplitude —a. In the second-order terms this can
be done from (6.2); in the first-order terms, the more exact formula (6.5) is
needed. After these substitutions, we find as the correction of the first order
in a

E® = :I‘;_ Y mipna- (6.11)

P1 P2

and as the second-order correction

nipna=[(1=niy) (1—ny)—1] |
Pi+pi—pi*—p3’ ’

2mg®
E® = 7 ¥

P1, P2, P{

for brevity, we use in the intermediate formulae the “coupling constant” of
the gas particles® g = 4ah2a/m. In expanding the expression in the numerator,

t By assuming that the particles have definite values of the spin component, we assume that
the statistical matrix rn,g(p) is also reduced to diagonal form; the functions ny(p) with & = +1
are then its diagonal elements.

t After the renormalization of the scattering amplitude, this quantity is no longer equal to
the constant U, in (6.2).
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we note that the terms with products of four n cancel, because their numerators
are symmetrical and their denominators antisymmetrical with respect to the
interchange of p;, p; and pj, py; and the summation over these variables is
symmetrical. The final result is

2 1 2
2m§ Z nyng_(ny4 +ny-) . (6.12)

Pi+ri—pi—ps®

E® = —
P1, P2, Py

This sum (in which all the n,, — 0 as p - ) is convergent.

From these formulae we can calculate, first of all, the energy of the ground
state. To do so, we must put all the #,, equal to unity within the Fermi sphere
(» < pr = #(3n2N/V)*®) and zero outside. Here it should be noted that, al-
though in the original Hamiltonian the eigenvalues of the operator products
aa,, give the occupation numbers of the states of the gas particles themselves,
after diagonalizing the Hamiltonian by means of perturbation theory we are
concerned with the quasi-particle distribution function (denoted, as in previous
sections, by n,,).

Since Y'n,, = Ym,_ = 3N, we find from (6.11) the first-order correction

E{D = gN?%/4V.

In (6.12) we replace the summation over three momenta, together with the
condition py+p2 = p;-+Pp,, by integration over

ve ’ ’ ’ ’
iy 8(p1+p2—p; —Py) @°p1 Bp> dpy dp,,

so that

4mg®V [ 8(p1+Pp2—P1—Ps)
P =- 17P2) 5, By dpl Bp,
E§ (Zaﬁ)oj.p%_{,pg_piz_péz p1LAp2A°py A7y

the integration being taken over the range p1, p2, p; < pr. The calculation of
the integral’ gives the following final result for the energy of the ground state:

N 3% 10 pra 4(11—210g2) /pra\?
Eo=N-2E [1+§; oy ( - )] 6.13)

where the coefficient of the square bracket is the energy of an ideal Fermi gas
(K. Huang and C. N. Yang 1957).

The chemical potential of the gas at absolute zero is given by the derivative
u = (OFo/0N),,. Expressed in terms of the limiting momentum py, it is

_ PF 4 pra 4(11-2log2) /pra
.“—"z-m—[1+37t L ( . ) . (6.14)

h 15n2

t In practice, it is simpler to proceed in a different order, beginning with the calculation of
the function f (see below),
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According to the general ideas of the Landau theory, the spectrum of
elementary excitations &(p) and the quasi-particle interaction function £, (p, p’)
are determined by the first and second variations of the total energy with
respect to the quasi-particle distribution function.” If E is written as a discrete
sum over p and «, we have by definition

1 ,
SE= Y e®) oty Y fulBs D) i Sy, (6.15)

’
P P, P,

(after differentiation of the energy, n,, is to be replaced by unity within the
Fermi sphere and zero outside). There is, however, no need to calculate in this
way the effective mass m* of the quasi-particles, since it can be found more
simply (see below).

To calculate the function £,..(p, p’) (on the Fermi surface), we twice differ-
entiate the sum of the expressions (6.11) and (6.12), and then put p = p’ = py.
After making this simple calculation and changing from summation to integra-
tion, we have

N= o 4mg2f o(p+p —P1—P2)
o0 P) = 8~ gy { 2pt—Pi—pi

]
v

d(p+p1—p —p2)+(p +p1—p-—Pp2)
d3p, d¥p,,

* 27— PLEP2
S+, p) = f._(p,p)

_ 2mg®> [ d(p+pi—p —p2)+8(p'+p:1—p—p2)
= @by [ PP Tp1 Epa

(Y

The integration in these formulae is comparatively simple, because of the lower
multiplicity of the integrals.

The final result is to be put in the form (2.4), which is independent of the
choice of the spin quantization axis. In this form it is

2nak? 2apr cos # 1+sin & 8
1+ 2+ lo 2 )] 8ugd.
{[ h ( 2sinid o l—sin L))

. —1_
_ [1 + Za’].f (1—é~sin 18 log M)] ap:0ya( » (6.16)
ah 1—sin &

Say, 88 =

where # is the angle between the vectors ppand pr (A. A. Abrikosov and I. M.
Khulatnikov 1957).F

* The matrix f,,-(p,p’) in this section is made up of the elements of the matrix Say, 8s(Ds D)
that are diagonal in two pairs of suffixes («, S and y, ).

* The function (6.16) becomes logarithmically infinite at # = . This is because of the
approximations made. A more exact analysis shows that, although # = = is indeed a singular-
ity of the function, the latter is zero there, not infinite; see the third footnote to §54. The
invalidity of (6.16) near # == 7 is unimportant in subsequent applications, which invol ve in-
tegrals convergent at this point.
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The effective mass of the quasi-particles is found from this by integration as
in (2.12):
m*

mo_ apr 6.1
m_l+152(7log2 1)( ) (6.17)

Formula (2.17) gives the velocity of sound in the gas:

u =

2 _ 2
DF [1+_2— app+ 8(11 2 108 2) (aPF) J. (6.18)

Im® h 1572 #

L

Then, integrating u>m/N (expressed in terms of N/V instead of py) with respect
to N, we find from (2.13) the chemical potential of the gas, and a further
integration with respect to N gives the expression (6.13) for the energy of the
ground state.

Formula (6.13) represents the first terms irr an expansion of the gas energy in
powers of the “gaseousness parameter” = pga/h ~ a(N/V)*?. By similar but
considerably more laborious calculations, we could derive some further terms
in the expansion. The reason is that, in a Fermi gas, triple collisions contribute
to the energy only in a fairly high approximation. Of three colliding particles,
at least two have the same spin component; the coordinate wave function of the
system must then be antisymmetric with respect to these two particles. Thus the
orbital angular momentum of the relative motion of these particles is at least
1 (p state). The corresponding wave function contains an extra power of p/#
in comparison with the s-state wave function (see QM, §33), and therefore the
probability of such a collision contains an extra factor p? i.e. is reduced by a
factor ~ (pa/#)? ~ 72 in comparison with that of a “head-on” collision of
particles not obeying the Pauli principle. In consequence, triple collisions con-
tribute to the energy only in terms containing the volume as ¥ ~2/~23, In other
words, all terms in the expansion of the energy up to those of order N(p/m)n®
inclusive, i.e. three more beyond those shown in (6.13), are expressed in terms
of the characteristics of pair collisions only. However, these characteristics
will include not only the amplitude of s-wave scattering for slow collisions, as
in (6.13), but also its derivatives with respect to the energy, and the amplitude
of p-wave scattering.



CHAPTER 11

GREEN’S FUNCTIONS IN A FERMI SYSTEM AT
T=0

§ 7. Green’s functions in a macroscopic system

THE method used in §6 becomes laborious and in practice unusable in the higher
orders of perturbation theory. This disadvantage is the more important in that
the interaction between particles in actual physical problems is certainly not
weak, and so, to ascertain the various general properties of macroscopic
systems, we have to consider infinite sequences of terms in the perturbation-
theory series. To overcome such difficulties, we can use a mathematical for-
malism similar to the one in quantum field theory.

The specific form of this treatment depends essentially on the nature of the
macroscopic system to which it is to be applied. The subsequent sections of this
chapter deal with the development of the formalism for a Fermi liquid at
absolute zero.! The purpose of the exposition is not only the practical applica-
tion of the method to such a system, but also to show how the formalism itself
is constructed.

The starting-point is the second-quantized y operators, whose properties are
known from quantum mechanics (see QM, §§64, 65). Here we shall need them
in the Heisenberg representation, in which they depend explicitly on the time.
We therefore begin by establishing some properties of the y operators in that
representation.

We shall consider systems of spin-} particles. Accordingly, the y operators
must be given a suffix that indicates the value of the spin component and takes
the values =+ 3 ; these suffixes will again be written as Greek letters, and summa-
tion over repeated suffixes is implied.

By the general rule (see QM, §13), the operator £ () of any physical quantity
in the Heisenberg representation is expressed in terms of the time-independent
(Schrédinger) operator f of the same quantity by*

Ffo = eift fe—uﬁ’
where A is the Hamiltonian of the system.

1 The systematic construction of this formalism is due to V. M. Galitskii and A. B. Migdal
(1958).

* In order to simplify the formulae, we shall often use units such that the quantum constant

= 1 (so that the momentum and energy have dimensions of reciprocal length and recipro-

28
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Here, however, it will be appropriate to modify this definition somewhat.
The reason is that in quantum statistics it is more convenient to consider the
states of the system not for a specified number N of particles in it but for a
specified chemical potential u. The ground state of the system, in which it is
found at T’ = 0, can then be defined as the state having the lowest eigenvalue
of the operator

B = A—uN, (A))

and not of A as when N is specified: the probability that the system is (for a
specified value of y) in a state with energy E, and number of particles N, is

woC exp(—g—"——_zf‘l‘]&') = exp(—%) ;

see Part 1, (35.1). Here E,, are the eigenvalues of the operator A’. We see that
at T = 0 only the state with the lowest E,, remains."
Thus we define the Heisenberg y operators by the formulae

g’a(t, l') = dﬁl‘@u(r) e-"?"’
Wit v) = 1 (r) e~ iB1,

(7.2)

The Heisenberg y operators will be denoted by the capital letter ¥, and the
Schrédinger v operators by .

The Schrodinger p operators obey the familiar commutation rules. The
commutators of the Heisenberg operators taken at different times ¢ and ¢’
cannot be calculated in a general form, however. When ¢ = ¢, the commuta-
tion rules are the same as for the Schrédinger operators. Thus, from the rule

Pu(OPF () + P () Palr) = 85 6(r—1’)
we have the corresponding rule
., 0 )+ r) P2, 1)
= B (0) P () + 95 (r) PulD)] e~ B
= 8,p8(r—r’). (7.3)
Similarly,

ot v) Pp(t, v)+ Py(t, £) Pt 1) = 0, } (1.4)

Yt )it v)+Pu(t, )i, 1) = 0.

cal time respectively). To change from these to ordinary units, all momenta p and energies E
in the formulae are to be replaced by p/# and E/#. Such units will, in particular, be used in the
present chapter. " .

t The term ‘Hamiltonian’ will be used for both H and H”.
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Differentiating the definition (7.2) with respect to time, we find that the
Heisenberg y operator satisfies the equation

—i ;;?Pu(t, 1) = AP0~ (1,0) B's 1.5)

cf. OM, (13.7).

The Heisenberg and Schrédinger representations are identical for the oper-
ator of any conserved quantity (i.e. an operator that commutes with the Hamil-
tonian). This is true, in particular, of the Hamiltonian itself, and of the particle
number operator, which also of course belongs to a conserved quantity. The
expressions for these operators in terms of Schrédinger and Heisenberg v
operators are the same. For example, the particle number operator is

N = [93(0) ule) dPx
= [P, ) Lot 1) . (7.6)
The Hamiltonian of a system of interacting particles is
A = H'<0>+17<1>+V‘2>+ }

0o — ~5= [y/+(f r) s, (¢, ) d®x — uN, Ei(7-7)
VO = [V, 1) UD() o(t, 1) dox, .
Y [P P )Y UP—r) Po(t, v') Po(t, v) Bx dPx, J

‘
-~
s
=

|l

where /' is the Hamiltonian of a system of free particles; P is the operator
of their interaction with the external field UV(r); V® the operator of their
pair interaction, U®(r—r’) being the interaction energy of two particles. The
omitted terms represent triple etc. interactions; cf. QM, (64.25). For simplicity,
all interactions are assumed to be independent of the spins of the particles.

The commutator of A’ and ¥, in (7.5) is calculated by means of the rules
(7.3) and (7.4); the delta functions that appear are removed by integration.
We thus obtain a “Schrédinger equation” for ¥,(#, r), in the form

l%‘i’a(h r) = ( —El;n— A—u+ U‘l’(r)) w.(t, 1)
) URE—1)Po(t, 0) B ot D)+ ... (1.8)

The concept of the Green’s function for a macroscopic system is fundamental
in the method described here. This function is defined by"
Gup(X1, X2) = — i TE(X1) P (Xo)). (7.9)

Here and and below, X denotes for brevity the time ¢ together with the position
vector r. The angle brackets (. ..) denote averaging with respect to the ground

* This definition is analogous to that of the exact Green's functions (propagators) in quan-
tum electrodynamics (cf. RQT, §§100, 102).
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state of the system, instead of the more cumbersome notation (0| . .. |0) for
the diagonal matrix element. The symbol T denotes the chronological product:
the operators following it are to be arranged from right to left in order of
increasing times t;, t5. For fermions, the interchange of a pair of y operators
(as compared with their arrangement in the original writing of the product)
must change the sign of the product. Explicitly,

Gaﬂ(X], Xo) = { —~i<¥’a(X1)¥7ﬂT"(X2)> for t, >t }

KO (X)) PuXD)) for 1< ta (7.10)

There are some obvious properties of the Green’s function. If the system
is not ferromagnetic and not in an external field, the spin dependence of the
Green'’s function reduces to a unit matrix:

Gap(X1, X2) = 8upG(X1, X>); (7.11)
any other dependence would distinguish a particular direction in space, the
z-axis of spin quantization.” Since time is homogeneous, t; and 7, appear in
the Green’s function only as the difference t = #1—1,. If also the system is
microscopically homogencous in space, the coordinates of the two points
appear only as the difference r = r;—r,. In other words, for this case we have

Gop(X1, X2) = 8,4G(X), X = X1—Xo. (7.12)
It must be emphasized that microscopic homogeneity means that the body is
assumed homogeneous not only as regards its mean (macroscopic) density but
also as regards the probability density of various (microscopic) positions of its
particles in space. Liquids and gases have this property (but solid crystals do
not). Their isotropy has the result that G(¢, r) = G(t, —r). In this connection,
let us note once again that the function G(t, r), by its definition, is certainly not
an even function of . The order of t; and ¢, in the difference t = t,—1, is for
that reason significant. .
The coordinate density matrix of a particle in the system is defined as the
mean value

0up(r1, X2) = %,—(%*(t, r2) P, r1)). (7.13)

From a knowledge of this matrix we can find the mean value of any quantity
pertaining to an individual particle. Let 15:,‘3 be some “one-particle” operator,
i.e, an operator of the form
Fop=5 19, (7.14)
a
where /& is an operator acting on the coordinates and spin of only one (the
ath) particle, and the summation is over all particles in the system. In the

T This statement needs elucidation. The spin components ‘f’, form a contravariant spinor of
rank one (and in this sense it would be more correct to raise the index: ¥®). The components

ASF’ﬁ“ form a covariant spinor. Thus G,g is a mixed spinor of rank two,and dg is a unit spinor of
thiskind.
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second-quantization formalism, such an operator is written (in the Heisenberg
representation) as

Fop(t) = [ W (t, 1) f3, (8, ¥) dBx; (7.15)
cf. OM, (64.23). Hence it is clear that the mean value of F can be expressed in
terms of the density matrix as

(F) = N(fy = [ UPopu(rs, 1))y mr, P31, (7.16)

where f:f,}’ is an operator acting on the coordinates r; (we put ry = r; after
applying this operator but before integrating).

According to (7.10), the density matrix can be expressed in terms of the
Green’s function:

0ep(E1, T2) = — 1 Gapltss T3 1140, 7). (7.17)

Here, and everywhere henceforward, writing the argument of the function as
t;+0 signifies taking the limit as it tends to #; from above. This ensures the
correct arrangement of the y operators, as in the product (7.13).

For a microscopically homogeneous system, the density matrix depends only
on the difference r = r;—r,, and if there is no spin dependence, ¢,; = J,50,
with

or) = ~1-G(t = —0,); (7.18)

here G 4(X;, X;) has been replaced by G(X; — X;) = G(X) inaccordance with
(7.12). With ry = r,, after taking the trace with respect to the spin variables,
the operator product in (7.13) becomes ¥}¥_, the operator of the particle
number density in the system. The mean density of the body is therefore

N/V = 2Np(0) = —2iG(t = —0,r = 0), (7.19)
where ¢ tends to zero from below. This equation relates the chemical potential
¢ at T = 0 (on which G depends as a parameter) to the particle number density
N/V.

The Fourier expansion of the function g(ry, ra) determines the momentum
distribution of the particles:

N(p) = N [ o(ry, r3) e~ =™ g3(x, — xp)
= —i [[G(t, D))im -0 ™0 . (7.20)

t The one-particle density matrix is (see QM, §14) the integral
oty vs) = [ P*(ry, ) P(r1, 9)dg,
where ¥(r, g) is the wave function of the system as a whole, r denoting the position vector of

one particle and g the set of coordinates of all the other particles, with integration over these.
The Fourier components of the density matrix are equal to

[1 ] ®, qyeor a®x |2 dg,
and this gives its relation to the particle momentum distribution.
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This is the number of particles (per unit volume) with a specified value of the
spin component and with momenta in the range d3/(2z)?. Here we are referring
to actual particles, not to quasi-particles (which have not yet made an appear-
ance in the formalism being described). The notation N(p) is used in contrast
to the quasi-particle distribution function n(p).

We shall usually be concerned with the Green’s function in the momentum
representation, defined as the component of the Fourier expansion of G(¢, r)
with respect to ¢ and r:

G(t,r) = [ G (w, p)e®r==n do dp/(270)", (7.21)
G(w, p) = [ G (t,r) e~ @x=o0 gt dBx. (7.22)

The particle momentum distribution is expressed in terms of this function by

No) = —i Tm | G, pe-in (7.23)
t—>—0 27!
which is found by substituting (7.21) in (7.20). It is normalized by

dod’®p N

G =7 (7.24)

t—> 0

—2i lim jG(w,p)e"“"

which is the condition (7.19) in the momentum representation. Thus the distri-
bution N(p) automatically has the correct normalization

2 | N(p) &%/(2n) = N/V.

The limit in which the integrals (7.23) and (7.24) are taken is equivalent to a
particular contour rule in the plane of the complex variable w. The presence of
the factor e~ with t < 0 allows the path of integration (the real axis) to be
closed by an infinite semicircle in the upper half-plane of w, so that the integral
is determined by the residues of G(w, p) at its poles in that half-plane.

§ 8. Determination of the energy spectrum from the Green’s function

For a microscopically homogeneous system, it is easy to determine the time
and coordinate dependence of the matrix elements of the Heisenberg y operator
with respect to stationary states having definite values of the energy and mo-
mentum.

The time dependence is given by the usual exponential factor:

(n| Po(t, x) | m) = efomi(n| Pu(x) | m), @.1)

but, since the Heisenberg y operator is defined by means of the Hamiltonian A’,

we have
Wpm = E,—E,,

= En"‘Em_M(N"—Nm)-
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According to the general properties of % operators, ¥ decreases (and ¥+
increases) by one the number of particles in the system. Hence N, = N,,~—1
in the matrix element (8.1), so that
W = E(N)—E (N+1)+p, (8.2)
where the arguments are the numbers of particles in the corresponding states.
To determine the dependence on the coordinates, we note that, since the
system is homogeneous, a displacement relative to the system through an
arbitrary distance r cannot alter the matrix elements of its 1 operators. This does
not mean, however, that the matrix elements are independent of the coordi-
nates. The reason is that the difference between v,,(r) and the value v,,(0)
at some specified point r = 0 is due to two causes: the displacement through r
relative to the system itself, and the movement of the point of observation to a
different position, which also changes the phases of the wave functions. In
order to exclude this latter change, we shift the system through —r, i.e. apply
to its wave functions the parallel-translation operator

T(—r) = e~ir ¥,

where P is the operator of the total momentum of the system; see QM, (15.13).
These operations return the point of observation to its original position, but
it remains shifted by r relative to the system. The invariance of the matrix
elements under this transformation is expressed by

(11 §2(0) | my = (n] et B (r) ei® ' m). (8.3)
If the system has definite momenta P, and P,, in the states n and m, then

(n! P0) | m) = e'knm-x (n! Po(r) ' m),
whence

(i ¥t,r) m) = & @nmt=knmX(n | $,(0) ' m), 8.4)
(n1PF, ) m) = (m Wt v) n)*, } '
where k,,, = P,—P,,.

Using these formulae, we can deduce an important expansion of the Green’s
function in momentum space, which clarifies its physical significance.

Because of the “discontinuous” definition of the function G(t, r), in calculat-
ing G(w, p) we must separate the integral over ¢ in (7.22) into two, from — =
to 0 and from O to oo. In the second (i.e. when ¢ = t;—¢, > 0), we expand the
definition (7.10) by the matrix multiplication rule and find

G(t,1) = iGex = —~51 Y (01 Po(X1) | m) (m | PF(X2)| 0,

with summation over all quantum states of the system. Substituting (8.4) and
noting that Po = 0 in the ground state, we have

G(t,x) = —1i Y [<O[p,(0)[m)|* eitomt +Fn, (8.5)
where w,,, = Eo(N)—E, (N+1)+ u.
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The spatial integration in (7.22), with G(t, r) from (8.5), gives the delta func-
tion 6(p—P,,) in each term of the sum. In the integration over ¢ (> 0), to ensure
convergence, we must add to w an infinitesimal positive imaginary part, i.e.
replace w by w+i0." Then

¢ 1 . S(p—Pn)
i(wt—p.r) J3 I 3 2 - " .

J f G(t,r)e @xdt = 5@2r) L [O0)m]* —=———

0

The integral over ¢ from — o to 0 is calculated similarly. For ¢ < 0 we have
instead of (8.5)

G(t, x) = 3i ), |(m | Pu(0)! 0) |2 elomt—Pn:0), (8.6)

where w,,o = E,(N—1)—Eo(N)+ u. Now, calculating the integral from — o
to 0 and adding it to the other, we obtain

. l Ama(p—Pm)
Glonp) =5 2P Y, { o+ it BN —En(N+DF0

Bnd(p+Pm)
t T AT EAN—D—EoN)—i0 } ’ ®.7)

with the notation
Am = {0[90)! m)[%, B, = |(m|P(0)] 0)[* (8.8)

This is the required expansion.}
We shall use the notation

& = Ef(N+1)—EoN), & = Eo(N)—En(N—1) (8.9)

for the excitation energies given by the differences between the excited level of
the system with a particular number of particles and the ground state of the
system with one particle more or fewer. The superscripts (+) and (—) indicate

the inequalities
6 >, 6 < p (8.10)

For, since Eo(N+1)—Eo(N) ~ 0Eo/ON = u, the chemical potential at T = 0,
we can write, for instance,

&) = Ep(N+1)—Eo(N+ 1)+ Eo(N+1)—Eo(N)
2 [Ef(N+1)—Eo(N+ D]+ p.

t This procedure is analogous to the method of calculating Green’s functions in quantum
electrodynamics (cf. RQT, §76).

t The corresponding expansion in quantum field theory is the Kéllén-Lehmann expansion
{cf. RQT, §§101 and 108).
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The difference in the square brackets (where both energies relate to systems
with the same number of particles) is positive by the definition of the ground
state; hence () > u. The significance of the definition (8.9) will be discussed
again below.

The displacement of the poles of the terms in the sum (as functions of w),
expressed by the terms 0 in their denominators, is equivalent to the presence
of delta-function imaginary parts according to'

1

1 _.

Applying this to (8.7), we find as the real part of the Green’s function

re G(w,p) =42y P (8.12)

m

[Ama(p_Pm)+ Bma(p'*'Pm)]
o+p—ef)  wot+p—eD ]’

and its imaginary part (since each difference ’— u > 0, and each difference
e —u < 0)

~47t Y A 0(p—Pp) (w+u—e)) for o =0,

im G(w, p) = 47t i B, 0(p+Pn) (wo+p—e5)) for w<O. ®.13)
Hence we always have
sgn im G(w, p) = —sgn w. (8.19)

We may also notice the asymptotic behaviour of the function G(w, p) as
w — <. From (8.7),

6(@2) ~ 225 14,80~ P )+ Bud(p+ o).

The coefficient of 1/w is easily seen to be the Fourier component with respect
to ry—rs of

% {Yjﬁ(t’ l'1) ?I’: (t$ r2)+ W: (t’ l'z) Wa(t’ rl)} = 6(1'1 —l'z),

i.c. unity. Thus
G(w,p) > /o as [w] »>eo. (8.15)

T See QM (43.10). The symbol P denotes that in the integration of expressions of the form
S (x)/(x7i0) the integral is to be taken as a principal value:

)
x+i0

dx =P f i%‘ldxq: inf(0).

-—00

The second term comes from the passage round the pole x = —i0 or x = i0 along a semicircle
above or below it respectively.
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The chief property of the Green’s function in the momentum representation
is that its poles can only be at the points @ = ¢,,— p, Where ¢, are the discrete
excitation energies of the system, defined as shown above. Each of these energies
corresponds to a definite value of the momentum P,, of the system, as is evident
from the presence of a corresponding delta function in each pole term of the
Green’s function.

We are interested here, however, in the Green’s function of a macroscopic
body. This means that we are considering the limit in which the volume ¥ and
the number of particles N tend to infinity (for a fixed finite value of the ratio
N/V). In this limit, the separations between the levels in the system tend to
zero, the poles of the function G(w, p) merge, and we can say only that this
function has an imaginary part for values of w+ u in the continuous range of
possible values of the excitation energy of the system. Excitations in which the
whole momentum p of the macroscopic system can be ascribed to one quasi-
particle with a definite dispersion relation &(p) (in the ground state of the
system, p = 0) form an exception; such values correspond to isolated poles
of the Green’s function.

If the momentum p is made up of the momenta of more than one quasi-
particle, the energy of the system is not uniquely determined by the value of p:
a given momentum of the system can be composed in various ways of quasi-
particle momenta, with the total energy of the quasi-particles covering a con-
tinuous range of values; the pole is removed by integration over all such states.

Thus the quasi-particle dispersion relation is determined by the equation

G-He—p,p) = 0 (8.16)

(V. L. Bonch-Bruevich 1955).

It should be emphasized that the definition of the excitation energy as in (8.9)
in fact corresponds to the definition of the quasi-particle energy in the Landau
theory: the difference &) is the change in the energy of the system when one
particle is added to it, and if the whole of this change is ascribed to one quasi-
particle we have & defined in accordance with (1.3). Similarly, — & is the change
in energy when one particle is removed, and so ¢ is the energy of the quasi-
particle removed. It is therefore natural that & < g, since in the Landau
theory a quasi-particle can be removed only from within the Fermi sphere.

Since all the excited states that occur in the expansion (8.7) are obtained
from the ground state by adding or removing one particle with spin 1, it is
clear that, for a system of fermions, the poles of the Green’s function determine
only the spectrum of Fermi-type elementary excitations. It will be shown in§18
how the Bose branch is determined.

T It should be noted that the excited level E,, of the system appears with the negative sign
in the definition of the quasi-particle energy £{-’. This is the reason why the momentum of
these quasi-particlesp = — P, asis seen from the delta function d(p+P,,) in the corresponding
terms of the expansion (8.7).
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The description of the spectrum of a macroscopic system by means of the
concept of quasi-particles with a definite dependence of ¢ on p is an approxi-
mate one, whose accuracy diminishes with increasing 'e— u'. The departure
from the picture of independent quasi-particles is shown by the shift of the
Green’s function pole into the complex domain, &(p) becoming complex.
According to the general principles of quantum mechanics (see QM, §134),
complex energy levels signify a finite lifetime r of the excited state of the sys-
tem: 7 ~ 1/|im €'. The quantity im ¢ itself represents the degree of “broaden-
ing” of the quasi-particle energy values (the level width). Of course, this treat-
ment is meaningful only if the imaginary part is sufficiently small, im €, <
<« |e—ul. As explained in §1, this condition is in fact satisfied for weakly
excited states of the system, since 'im | ~ 1/t oc (p— pg)?, whereas re(e—u) oc
o |p—pgl

The required sign of im ¢ is ensured by the fixed sign of the imaginary part
of the Green’s function: near its pole, this function has the form

G(w,p) ~ Z{[w+ n—e(p)], (8.17)

and the constant Z > 0, as follows from the fact that the coefficients 4,, and
B, in the expansion (8.7) are positive; Z is often called the renormalization
constant (by analogy with quantum electrodynamics). The imaginary part
of the Green’s function is

imG ~ Zim ¢/jo+pu—e',

Since this expression relates to values of w =~ ¢—pu, we find, on comparing its
sign with the rule (8.14), that

ime<0 when ree >u,} (8.18)

ime >0 when ree<y,

as it should be: this sign of im e corresponds in both cases (i}’ and £ in (8.9))
to the correct negative imaginary increment to the energy E,, of the excited
state.

The analytical properties of the Green’s function will be further discussed
in §36, where this question will be considered for the general case of arbitrary
temperatures.

§ 9. Green’s function of an ideal Fermi gas

To illustrate the general relations given in §8, let us calculate the Green’s
function of an ideal gas.
The Schrédinger ¢ operators can always be written as an expansion

@a(r) = Z dpawpa(rs d) (91)

PO
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in terms of a complete set of functions ¥, the spinor wave functions of a free
particle with momentum p (and spin projection ¢), i.e. in plane waves

ua o .

'//pm:"\‘/(T/2 e'rr, (92)
where u, is the spinor amplitude normalized by the condition w4} = 1; this
choice of the functions y,, has no connection with the actual interaction of the
particles in the system.

For a system of non-interacting particles, the Heisenberg ¢ operator can
also be written in an explicit form. In this case, the change from the Schrédinger
to the Heisenberg representation consists in placing in each term of the sum in
(9.1) the corresponding time factor:

2

W1, x) = 3 ucbls, ) e [—x (é’_m- u) t] . (9.3)
This is easily seen if we note that the matrix elements of the Heisenberg operator
for every transition / - f must contain factors exp [—i(E;—E/)t], where E,
and E are the energies of the initial and final states (in this case, eigenvalues
of the Hamiltonian A’ = A — uN). For a transition with decrease in the number
of particles in the state p, « by one, the difference E; —E; = p?/2m— p, so that
the condition stated is satisfied.

However, instead of directly calculating the Green’s function by means of
(9.3) from the definition (7.10), it is more convenient to begin by converting
this definition into an equivalent differential equation. To do so, we differentiate
G 4(X1— X) with respect to 7. It is necessary to take account of the disconti-
nuity of this function at #; = #,: according to the definition (7.10), the amount
of the discontinuity is

[G¢ﬂ] = [Gaﬂ]tl=tg+0_[Gaﬂ]tﬁ-&—-o
= —i(Wu(t1, 11) B (1, 1)+ T (11, 1) Polta, 11))
or, from (7.3),
[Gap] = —iéa,gé(rl—rg). (9.4)

The presence of the discontinuity gives rise to a term [G 4]8(t1—22) on differ-
entiation. Hence

o Gup=—1i <Ta—¥;;‘t£1@ W;(Xz)\— i8,0(t1—12) 8(tr—1s).  (9.5)

ot /

For a system of free particles, the Heisenberg y operator satisfies the equation

0%, 1
= —— - s
ot 2m ol

1 It must be emphasized that the magnitude of the discontinuity does not depend on the
interaction of the particles.
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cf. (7.8). Substituting this derivative in (9.5) and again using the definition
(7.10), we get as the equation for the Green’s function

(:%+%+ B) 69 D = 30 809, ©.6)

where we have put G} = 8_,G®; the superscript (0) to G indicates that there
is no interaction between the particles.

This equation has the Fourier transform
(w—% + ,ll») GO, p) = 1.

In determining the Green’s function from this, we must add to o an infini-
tesimal imaginary part in such a way that the imaginary part of G has the cor-
rect sign in accordance with (8.14): .

GO(w,p) = [w—%+ 1 +10.sgn w] 1. .7
The pole of this expression is at w+p = &(p) = p?/2m, in accordance with
the fact that in an ideal gas the quasi-particles are the same as the actual
particles. The chemical potential of an ideal Fermi gas is p = p3/2m. For
weakly excited states, p is close to py, so that we can put p?/2m ~ p+ v(p—pg),
where v = pg/m, and write the Green’s function for such states in the form

Gw, p) = [w— ve(p—pp)+i0. sgn w]™L (9.8)

In all integrations involving the function G‘®, the presence of the infinitesimal
imaginary part in its denominator is important only near the pole, when
@ =~ vp(p—pg). In this sense, sgn w in (9.7) may be replaced by sgn (p—py),
and G© written as

GO, p) = [02— p*2m + p+ 0. sgn (p—pi)] . 9.9)

This change is important in that G in the form (9.9) is a single function of the
complex variable w, analytic throughout the plane, and the methods of the
theory of analytic functions can be used to calculate the integrals.

For instance, to calculate the integral (7.23) (the particle momentum distri-
bution) for a non-zero negative ¢, we close the contour of integration (the real
w-axis) by an infinite semicircle in the upper half-plane (and can then put
t = 0). The integral

; dw
N@) = —'Ef 0= p[2m+ u+ 0. 5g0 (7—pr)

is now determined by the residue of the integrand at the pole in the upper half-
plane. When p > pg there is no such pole, and N(p) = 0. If p < pg, however,
we find N(p) = 1, as it should be for the ground state of an ideal Fermi gas.
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§ 10. Particle momentum distribution in a Fermi liquid

The Green’s function of a Fermi liquid cannot, of course, be calculated in a
general form as was done for a Fermi gas. But the statement that a Fermi
liquid has a spectrum of the type described in §1 implies that its Green’s func-
tion has a pole at

w= &(p)—p =~ vr(p—pr), Ur = pr/m". (10.1)

It can therefore be written as

VA

o—vp(p—pr) T 0. sgnw 5@ P (10.2)

G(w, p) =

where g(w, p) is a function finite at the point (10.1). As already noted in con-
nection with (8.17), the coefficient Z (the residue of G at the pole) is positive.

An interesting conclusion can be drawn from (10.2) about the nature of the
particle (not quasi-particle) momentum distribution in the liquid. We calculate
the difference between the values of the distribution function N(p) (which in
practice depends only on the magnitude p) on the two sides of the surface of the
Fermi sphere, i.e. the limit of the difference N(pr—q)—N(pr+q) as g -~ +0.

The distribution N(p) is expressed in terms of the Green’s function by the
integral (7.23). Since g(w, p) is finite, it is evident that the difference between
the integrals of g tends to zero with g. It is therefore sufficient to consider the
difference between the integrals of the pole terms in (10.2). Since, in this integ-
ration, the term i0 in the denominator is important only near the pole, we can,
as already mentioned in §9, replace sgn w by sgn(p— pg). Then

oo

, Z z do
N(pr—q)—N(pr+q) =—i f {w Torg—i0  w—vrg+ iO} P
since this integral of the difference converges, the factor e=** in it, with t = —0;

may be omitted. Now, closing the contour of integration by an infinite semicircle
in either half-plane, we find that the whole integral is equal to Z, and inde-
pendent of ¢g. Thus

N(pr—0)—N(pr+0) = Z (10.3)

(A. B. Migdal 1957).
It has been mentioned above that Z > 0. Since N(p) < 1, it follows from
(10.3) that
0<Z=l; (10.4)

the value Z = 1 is reached only in the limit of an ideal gas.
The particle momentum distribution in a Fermi liquid at T = 0 therefore
has, as in a gas, a discontinuity on the surface of the Fermi sphere, decreasing
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towards the outside. Unlike the gas case, however, the magnitude of the dis-
continuity is less than unity, and N(p) remains non-zero for p > pg, as shown
in Fig. 1 by the continuous curve; the broken curve corresponds to a gas.

FiG. 1.

§ 11. Calculation of thermodynamic quantities from the Green’s function

A knowledge of the Green’s function of a system is sufficient to describe its
thermodynamic properties. When T = 0, these properties are expressed by the
dependence of the energy of the system (which is the ground-state energy Fo)
on the density N/V.

When the quasi-particle dispersion relation &(p) has been determined (by
solving equation (8.16)), this dependence can be found by using the fact that

e(pr) = p. (11.1)
Since the dependence of pr on N/V is known, from (1.1):
pr = (3rR(N]PYs, (11.2)

equation (11.1) determines the function u(N/V) (though in an implicit form,
since the dispersion relation e(p) in general contains u as a parameter). At
T = 0 (and therefore S = 0), the chemical potential u = (0Eo/0N),; integra-
tion of this gives the required energy

Eo = f W(N/V)dN; (11.3)

when N = 0, Eq = 0, of course.

Another way of describing the thermodynamic properties at T'= 0 is to cal-
culate the thermodynamic potential 2. According to the general definition
(see Part 1, §24), this potential 2 = E—TS—uN = —PV, and its differential
dQ = —SdT—Ndu; when T = 0, S = 0 also and these expressions reduce to

0Q = E—uN, (11.4)
dQ = —Ndu. (11.5)

The significance of the potential £ is that it describes the properties of the sys-
tem at constant V.
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The simplest method of expressing £ in terms of the Green’s function is to
use the relation (7.24) between N/V and G. Substituting N from (7.24) in (11.5)
and integrating with respect to u (with ¥ constant), we obtain

"
) . iy D de0
) = ZzVJ du. ;BToJG(w’ p)e ‘_——(27:)‘ , (11.6)

since again £2 = 0 when u = 0.

§12. ¥ operators in the interaction representation

The Green’s function for a system of interacting particles cannot, of course,
be calculated in a general form. There is, however, a mathematical technique
(similar to the diagram technique in quantum field theory) whereby it can be
calculated as a power series in the particle interaction energy, each term being
expressed by means of the Green’s functions of a system of free particles and
the interaction operator.

We shall use, as well as the Heisenberg representation, a representation of
operators in which their time dependence is given not by the actual Hamilto-
nian of the system

A = 3oLy = H(O)_MN+V

(where V is the interaction operator) but by the free-particle Hamiltonian
7(0):
Yot r) = exp (A" (r) exp (—iA'©F). (12.1y

The operators and wave functions in this interaction representation will be
distinguished by the suffix 0. By expressing the Green’s function in terms of the
operators ¥ (instead of the Heisenberg operators ¥) we take the first step
towards the objective of expressing G in terms of G‘? and V.

In this section, @ or ¢ will denote wave functions in *“occupation number
space” (in contrast to the coordinate wave functions ¥ or u); these functions
are acted on by second-quantized operators. Let ¢ be such a function in the
Schrédinger representation; its time dependence is given by the wave equation

i0p/0t = (H' O+ V)¢, (12.2)

In the Heisenberg representation, where the whole of the time dependence is
transferred to the operators, the wave function @ of the system is a constant,
independent of time. In the interaction representation, however, the wave
function P, is time-dependent, but only because of the interaction of the par-
ticles in the system, and is given by

i0Do(1)/0t = Vo(t) Do(t), (12.3)
where

Po(t) = exp (i@ P exp (—iH'®F) (12.4)
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is the interaction operator in that representation; for operators having the
form (7.6), (7.7), the change to the new representation is obtained by simply
substituting ¥ofor ¥. Equation (12.3)is easily derived, since the transformation
of operators by (12.1) corresponds to transformation of the wave functions

according to
Do = exp (A’ ¢; (12.5)

see OM, §12. Differentiating this and using (12.2), we get (12.3).!
From (12.3), the values of @o(?) at two successive instants are related by

Do(t+ 8t) = [1—i8t.Vo()] Do(?)
= exp {—i8t.Vo(£)} Po(?).

Accordingly, the value of @, at any instant ¢ can be expressed in terms of its
value at some initial instant to (<¢) by

Do(1) = S(t, to) Po(to), (12.6)
where
t
S(t, t0) = T] exp {—idt.Po(t))}; 12.7)
ti=1p
the factors in this product are clearly arranged from right to left in order of
increasing time ¢;; it is understood that we take the limit of the product over
all the infinitesimal intervals 8¢ between to and t. If Vo(f) were an ordinary
function, this limit would reduce simply to

exp { —i f V() dt} R

but this result depends on the commutativity of the factors pertaining to
different instants, which is assumed in changing from the product in (12.7)
to the summation in the exponent. For the operator Vo(t) there is no such
commutativity, and the reduction to an ordinary integral is not possible. In-
stead, we can write (12.7) in the symbolic form

St to) =T exp{—i j Po(t) dt} , (12.8)

where T denotes the chronological ordering of the factors in the same sequence
as in (12.7), i. e. with the time increasing from right to left.
The operator $ is unitary (§~! = $+), and has the obvious properties

S(ts, ts) S(ts, h) = S(t3, 1) 12.9
8§-Y(ts, t1) S~Xt3, ta) = 8§~ Y(1s, 1) } (29

T Equation (12.3) is the same as RQT (73.5), and the following method of solution repeats
that given in RQT §73.
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To simplify the subsequent analysis, we make the formal hypothesis (which
does not affect the final results) that the interaction Po(f) is adiabatically
“switched on” between ¢ = — « and a finite time, and adiabatically “switched
off” at t = + oo. Then, as ¢t - — o, before the interaction begins, the wave
function @(¢) coincides with the Heisenberg function ®. Putting ) = — =
in (12.6), we get

@ o(t) = S(t, — = )P. (12.10)

Having thus established the relation between the wave functions in the two
representations, we also have the transformation rule for operators, including
1 operators:

Y= §-Yt, — ) PoS(t, — ). (12.11)

Since $ is unitary, the operators ¥+ are transformed in the same way.
Let us now express the Green’s function in terms of y operators in the in-
teraction representation.” Let #; > t,; then
Gaﬁ(Xla XZ) = _i<Y]¢(t1) yIﬂ“-(t2)>
= —i$U(tr, — o) Wpa(t1) S(t1, — ) X
X8tz — o) Wi(ts) S(tsy — o))
According to (12.9),
S, — ) S Utz, — o) = S(ta, 12) S(t2, — ) §X(ta, — o)
= S(tl, tz),
87Uty — 00) = §7t1, — =) 8§70, 1) 8(o=, 11)
= S_l(oo, —_ oo) S(oo, tl)-
Substitution in the preceding expression gives
Gup(X1, X2) = — SN0, — ) S0, tr) Pou(tr) S(t1, t2) Pi(t2) S(t2, — o))

Taking the operators $ as the products (12.7) we see that all factors from the
second onwards in the averaged expression are in chronological order from

right to left, t = — o to { = co. We can therefore write
Gap(Xs, X2) = —i(S7 T[P0u(t:) Pil(2) 81, (12.12)
with
S = S(oo,—oo)=Texp{—i _TVo(t)dt}. (12.13)

The calculation with ¢, < ¢ differs from the above only in the notation,
and the final result (12.12), (12.13) is valid for any ¢, and ¢,.

The transformation made does not depend on the state of the system with
respect to which the averaging is done. However, if the averaging is with

t This derivation repeats the one given in RQT, §100.
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respect to the ground state (as in (12.12)), the transformation can be carried
further. To do so, we note that the adiabatic switching on or off of the inter-
action, like any adiabatic perturbation, cannot cause a transition with change
of energy of the quantum system (see QM, §41). Hence a system in a non-
degenerate state (such as the ground state) will remain in that state. That is,
the effect of the operator § on the wave function @ = @¢(— o) must reduce
to multiplication by a phase factor (which does not affect the state), the mean
value of § in the ground state: SO = ($)®. Similarly, ®*$~! = (S)~1P*.
‘Thus we have finally the following formula for the Green’s function in terms
of operators in the interaction representation:*

iK1y Xi) = <—’S—><T[s?fo¢(xl> Wi (Xa) S1)- (12.14)

According to the meaning of this representation, the averagingin (12.14)is with
respect to the ground state of a system of free particles: the properties of the
operators W, are the same as those of the Heisenberg operators ¥’ in the absence
of interactions, and the Heisenberg wave function @ is independent of time,
so that it is the same as its value at ¢ = — oo, when there is no interaction.
Hence, in particular,

(TP0(X1) P(X2)) = iG(X1, Xo) (12.15)

is the Green’s function of a system of non-interacting particles.

§ 13. The diagram technique for Fermi systems

The significance of symbolic expressions such as (12.14) is that they make it
easily possible to write down the successive terms in expansions in powers of
V. For example,

(TPou(X) P X") S) =

oo oo

PR fdu... fdf,.<T%(X)Y’o*ﬁ(X')Vo(t1>---Vo(’n»’ (13.1)
n=0 Y

n!

——00 —c0

and the expression for (S) differs from the above only in that the factors Y’WY’OT,
do not appear in the T product. As already mentioned, the operator Po(z) in
the interaction representation is found from (7.7) by replacing all the ¥ by ¥,.
The calculation of successive terms in the expansion (13.1) thus reduces to the
averaging, with respect to the ground state, of the T product of various num-
bers of y operators of free particles.

T The notation in (12.14) is in a certain way conventional: although it contains the symbol
T twice (once explicitly and once in the definition of S), all factors in the product must really
be arranged in a single chronological sequence.
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These calculations are made largely automatic by the rules of the diagram
technique, which, however, essentially depend on the nature of the physical
system considered. The technique described in this section relates to non-
superfluid Fermi systems, the particles being assumed to have a spin-independ-
ent pair interaction. The corresponding interaction operator is

Vo)) =% [ e, 1) T5(t, 12) Ulrr—r2) Pt 12) Pot, 1) Pxy dBxa,  (13.2)

where U(ri—r,) is the interaction energy of two particles; the superscripts
(2) to ¥ and U are omitted.

The mean value of products of ¢ operators is calculated by Wick’s theo-
rem:' the average of the product of any (even) number of operators ¥ and ¥+
is equal to the sum of products of all possible means (contractions) of pairs
of these operators. In each pair, the operators are in the same order as the
original product. The sign of each term in the sum is given by the factor
(—1)?, where P is the number of interchanges of operators needed to bring all
the averaged operators together.

Only those contractions are non-zero which contain one operator ¥ and one
¥+:in the diagonal matrix element, all particles annihilated by the operator ¥
must be created again by ¥'*. It is therefore clear that the mean value of the
product of several y operators can be non-zero only if it contains the same num-
ber of operators ¥ and ¥*.

When applied to the average of the T product, Wick’s theorem enables it
to be expressed in terms of the means of paired T products, i.e., according to
(12.15), in terms of the Green’s functions of free particles. We shall do this for
the first-order correction to the Green’s function of a system of interacting
particles.

First of all, let us note that, in expanding the expression in the numerator
of (12.14) by Wick’s theorem, we get, in particular, terms of the form

(T0u(X1) P(X2)) (S) = iGD(X1, X2) (S, (13.3)

in which the pair of p operators that are “outside” § are contracted; the ex-
pression for (S) contains, in each term of its expansion, only contractions of
“inside” operators. The factor (S cancels entirely with the denominator in
(12.14), and so all these terms give just the “unperturbed” Green’s function
iG9.

- Retaining the first two terms of the expansion in (13.1), substituting (13.2)
and renaming the variables, we find

iGgﬂ(X], Xz) ~ ng%)+lG$¢1;),
where
l'GG%) = - %‘ l<T¥’oa(X1) W&}(Xg) X

X [ dt [ dxs dx5(t, 1) Us(t, 1) Ules —r0) Pao(t, ra) Por(t, 1s))-

—00

t The proof is given at the end of the section so as not to impede the discussion here.
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For greater compactness in the formulae, we use the notation

U(X1— Xz) = U(ri—r12) 8(t1 — t2). (13.9)
Then'
G = —%i [(TPWF O Py) Uy dX5 X,

where X = dt d&3x.
In order to average by Wick’s theorem, we write out the operators separately
and show all the relevant contractions:

+ @+ 4 A
(PP PV O) ~ OOV Y+ O O P, W, +
PTIIEEEETTEN TN
+ VP, W P P,

The terms containing contractions !{73!’2'* have been omitted in accordance
with the previous discussion. The operators contracted in pairs (joined by the
loops) are to be interchanged so as to be adjacent. For instance, the first term
written above denotes the product

(TE Y (TEFE,) (TEHE,),

and the last one is

— (TP (TP (P Ps).

The contractions of products of ¢ operators with different arguments are
replaced according to

U, P5 = (TYy) = iGY, TF ¥, = —iGY, etc.

Those of y operators with the same argument represent the spatial number
density of particles in an ideal gas (denoted by n‘®), regarded as a function of
the chemical potential:?

@) = nO(u) = (2mp)'2/3n2, (13.5)
Thus we have
G = § [ d*X; #X Ul - GRCRGR - GRGRGH
+inOGPCY+ inOGPGY].

T Here and below, to simplify some particularly cumbersome expressions, we omit the

suffix in ¥70 and denote by numerals 1, 2,. .. the set of values of the argument X and the spin
index:

P, = ¥,0x, P, = Pp(Xy),
G2 = Gop(Xy, Xp), Upe= UX,— X)), ...
1 Such contractions always arise from ¢ operators that appear in the same interaction oper-
ator 7. Hence ¥ in such terms is always to the left of 17
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These four terms are equal in pairs, differing only in the naming of the variables
of integration X3 and X,. Thus the factor % disappears and the first-order
correction to the Green’s functions has two terms:

GR = | UplinOGYCY—GHCRCR] d*Xs d*X,. (13.6)

The structure of these terms is conveniently represented graphically by
means of the Feynman diagrams

0

A TN (13.7)
{ 4 2 | 3 4 2

Here the continuous line 4 « 2 denotes the contraction ¥, %5 (i.e the function
iG$2); the numerals refer to the variables X, and X, on which the contracted
operators depend, and the direction of the arrow corresponds to the direction

from ¥* to ¥ in the contraction. The contraction ¥* ¥ of two operators depend-
ing on the same variables (i.e. the density n‘®) is represented by a loop — a
closed continuous line. The broken line 3--4 denotes the factor U,,. Integra-
tion is implied over all variables shown at interior points in the diagram
(points of intersection of lines). The variables (X; and X,) shown at the exter-
nal lines of the diagram remain free.

The first-order terms arising from (13.3) would have diagrams in two sepa-
rate parts: a straight segment (iGS},)), and a diagram with closed loops of con-

tinuous lines, e.g.

——e

With an understanding of the method of operator contraction and the structure
of the corresponding diagrams, we can see the origin of the general rule accord-
ing to which, in all orders of perturbation theory, the role of the factor ($)~!
in (12.14) is to take into account only “connected” diagrams with two external
lines, which contain no detached loops without external lines that are uncon-
nected to the rest of the diagram by either continuous or broken lines. Cf.
ROT, §100, for a similar situation in quantum electrodynamics.

The cancelling of the factor 4 in (13.6) is an instance of a general rule: it is
not necessary to include (in the nth-order terms) the factor 1/n! from the ex-
pansion (13.1) or the factor 27" from the coefficients - in (13.2). The reason is
that diagrams of order n contain n broken lines i---k. The factor 1/n! cancels
from the combination of terms differing by interchanges of pairs of numbers
i, k among all n broken lines. The factor 2~" cancels from the interchanges of
the numbers i, k between the ends of each line.

The rules of the diagram technique will be finally formulated for the calcu-
lation of the Green’s function not in the coordinate representation but directly
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in the momentum representation, which is the most important in physical
applications.

The change to the momentum representation is made by means of the Fourier
expansion (7.21), (7.22), which we write in the four-dimensional form®

G(X) = [ G(P)e~iPX d*P|(2m)", }

13.8
G(P) = [ G(X)elPX d'X, (138

where the “4-momentum” P = (w, p), and PX = wt—p.r. We can similarly
expand the interaction potential:

UX) = 8() UG = [ U(Q)e™'2X dQ/(2)t, (13.9)

where Q = (g0, q); U(Q) is the same as the three-dimensional expansion com-
ponent,

U@ = U(g) = [ Ulr)e e dx. (13.10)
Since U(r) is even, it is clear that U(—q) = U(q).

Let us make this expansion for the first-order correction G = GR(X1—
— X3). To do so, we multiply equation (13.6) by exp [iP(X1— X,)] and integrate
over d*(X;— Xs).

In the first term we write

P, —Xp) —— plP(Xy~X3) piP(Xs—X3)

and, changing the variables of integration, obtain

in® [ GQ(X1— Xs) eP*i=Xa) dh( X, — X3) X
X GR(X3— X,) ePXo=X) di(X3— X5) [ U(Xs— X)) d¥(X3—X)).

The first two integrals give G(P) GI)(P), and the third is U(0) = j U(r) d3x,
the value of U(q) for q = 0.
Similarly, in the second term we write

eIPUG=X2) — @iP(X,—X;) GiP(Xa—Xy) gIP(Xy~Xy)

and, after changing to'integration with respect to X1—Xs, Xs—X,;, X,— X,
obtain
—GQ(P) [ GR(X) U(X)ePX dX.GY(P).

The remaining integral is expressed in terms of the Fourier components of
G{) and U by means of the formula for the Fourier components of the product
of two functions®

[ £(X) g(X)e'PX @t X = [ f(P1) g(P—Py) d"P1/(2m)*. (13.11)

T Though using for convenience a four-dimensional terminology in the discussion and
notation, we must reiterate that it is entirely unconnected with relativistic invariance.

¥ To prove this formula, we must substitute on the left the functions f(X) and g(X) as
Fourier expansions:

Jr@x) g eirx dix = [ £(Py) g(Py) 7 =Pi=P2 diX d*Py d*Py/ (2",
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Thus the first-order correction to the Green’s functions in the momentum
representation is finally
iIGY(P) = in® U(0) GO(P) GY(P)—
— [ GO(P) GQ(P:) GEP(P) U(p—p1) @*P1/(2n)". (13.12)

Each of the two terms in (13.12) corresponds to a particular Feynman dia-
gram, and this equation may be written

iclyP)= | + /P;ﬁ’\ (13.13)
Pe—de—p p fe—ie—p

(a) (b)

The points of intersection of lines are called vertices of the diagram. Each
diagram has 2n vertices, where n is the order of the perturbation theory. At
each vertex, two continuous lines and one broken line meet. To each con-
tinuous line is attached its “4-momentum” P in the direction shown by the
arrow (and the direction of the arrows is unchanged along each continuous
sequence of such lines). To each broken line is attached a 4-momentum Q; for
these lines, conventionally any direction of the arrow may be chosen.! The “con-
servation of 4-momentum” holds at the vertices of the diagram: the sum of the
4-momentum for the ingoing lines is equal to that for the outgoing lines at each
verteX. Each vertex also has a particular spin index «. Each diagram has two
external lines (one ingoing and one outgoing), whose 4-momentum is the argu-
ment of the required Green’s function iG 4(P); these two lines also have the
spin indices o and § of that function. The remaining lines in the diagram are
called internal lines.

The analytical form of the terms corresponding to each diagram is deduced
from the following rules:

1. Each continuous line between vertices « and g is associated with the factor
iGQ(P), and each broken line with the factor —il(Q). A closed loop with one
vertex is associated with the factor n¥(u).

The integration over d4X is effected by the formula
ePX dUx = (Qm)'oh(P),

where the “four-dimensional” delta function 6 is defined as the product of delta functions
of the components of the “4-vector” P. The resulting factor 6 (P— P,— P,) is removed by
integration over d*P,, and we have the right-hand side of (13.11).

t The “time” components of the 4-vectors Q = (go, q) are in general non-zero, but the
function U(Q) is independent of g, by the definition (13.10). The arbitrariness of the direction
of the broken line arises because the function U(—Q) = U(Q) iseven.
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2. At each vertex, the conservation of 4-momentum holds. There is integra-
tion over d*P/(2m)* for the 4-momentum of internal lines that are left indeter-
minate. At each vertex there is summation over a pair of dummy spin indices,
one from each of the adjacent G‘? factors.

3. The common factor of the diagram in iG,zis (— 1)%, where L is the number
of closed loops of continuous lines with more than one vertex in the diagram.

This last rule arises as follows. A closed loop with k (= 1) vertices comes
from the contraction of v operators in the form

VPO, .. P,

Here, the contractions equal iG(), ..., G2, ;, and finally —iG{). For loops
with one vertex, the correct sign is already obtained by the presence of n‘®

from rule 1.
As an example, here is a set of diagrams giving the second-order correction

to the Green’s functions:

——— -~
o. // Y P 1/ il \\
Fr \\ /,
(a) - (b)
J | < | > ]
(c) S (d) U S
(e)
Q (13.14)
i Q Q
i 1! —— —_—
4—’4——— 1} J I ) { Y
(f) (q) (h)
Q -~ -~ |
) ré e L hY ]
(i) (j)

Lastly, let us return to Wick’s theorem and prove it in the “macroscopic
limit” (i.e. as ¥V —~ o or, equivalently for a given density of the system, as
N — ), which is the only important case in statistical applications.

Let us consider, for example, the averaged product of four ¢ operators, of
the type

Polol 555 = Z (a,,l dmdnyexp (.. .); (13.15)
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the y operators are in the form (9.3), and the obvious but lengthy exponents
are omitted. In this sum, the only non-zero terms are those containing equal
numbers of operators 4, and 4} with the same values of the momenta. They
include terms in which the momenta are equal in pairs, e.g. p1 = pg and p2 = ps.
These correspond to the paired contraction

Vo, PoeP P

and are expressed by a sum of the form

7 % GG ).

In the limit ¥ — o, the summation over p; and p; is replaced by integration
over V2d3p1d®ps/(2n)®; the volume ¥V cancels, and the expression remains
finite. In the sum (13.15), terms with p; = p» = ps = p, are also non-zero;
they form a sum

% ;(dpd,&:&:)exp(. )

but after the change to integration one factor 1/V remains, and this expression
vanishes in the limit V' -+ .

This is clearly a general result: in the limit 7 — o, only the results of paired
contractions are non-zero in the mean value of a product of y operators.

In the proof given, no essential use has been made of the fact that the aver-
aging is with respect to the ground state, and it therefore remains valid for
averaging with respect to any quantum state of the system.

§ 14. The self-energy function

The rules of the diagram technique formulated in §13 have an important
property: the common factor in the diagram is independent of its order. Con-
sequently, each “figure” in.the diagram has a definite analytical significance,
whatever the diagram in which it appears, and can be calculated independently
beforehand. In fact, we can calculate beforehand the sum of several figures
having a definite number of external lines, and then substitute it as a “block”
in more complex diagrams. This is one of the chief advantages of the diagram
technique.

One such block, which is also of considerable independent importance, is
the self-energy function.! In order to arrive at this concept, let us consider all
the Green’s function diagrams that cannot be separated into two parts joined
by only one continuous line. These include, for example, the two diagrams of

t Compare the corresponding definition of the compact self-energy function in quantum
electrodynamics (RQT’, §§100, 102).
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first-order perturbation theory (13.13), and the second-order diagrams (13.14
a-f). All have the same type of structure: one factor iGp at each end, and an
internal part (a function of P), called the self-energy function. The sum of alt
possible such parts is called the exact or complete self-energy function or the
mass operator; we shall denote it by —iZ ,(P).

All diagrams of the self-energy type give a contribution to the Green’s
function

iGY(P)[— iZs(P)IGR(P) = iGO(P) Z(P) GO(P)d.s, (14.1)
where we have written G = G®4,, and also
Z.l(P) = 8.pZ(P). (14.2)

The complete Green’s function (represented graphically by a thick continuous
line) is given by the sum of an infinite series

— T e <—O<— +-.—O-4—O<—+ —— (14.3)

where the circles denote exact self-energy functions —iZ,;. Each term in this
series from the third onwards is a set of diagrams which can be dissected into
two, three, ... parts joined by one continuous line.

If we detach from each term of the series (14.3), from the second onwards,
one circle and the line to its right, the remaining series is again the complete
function. Thus

- + O (14.4)
Analytically, this is written
G = GV +GXZG® (14.5)
or, dividing by G©G,
! L —2(P). (14.6)

G(P) ~ GOP)

We note that the sign of the imaginary part of Z'is the same as that of im G,
and from (8.14)
sgn im X(w, p) = —sgn w. (14.7)

This follows from (14.6), since the sign of im G~ is the reverse of that of im
G, and from (9.7) im [G‘®]™! = 0.

Thus the calculation of G reduces to that of 2, which requires the use of a
smaller number of diagrams. The number can be still further reduced, since
some of the remaining diagrams can be summed at once in a very simple form.

Let us select among all the diagrams that determine X' (with a pair interaction
between particles) those which represent various “offshoots” connected to the
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external lines by one broken line, and denote their sum by Z,. All such diagrams
are present in one skeleton diagram' of the form

Q (14.8)

The remaining part of X'is denoted by X,. For example, the following diagrams
of the first and second orders belong to the first class:

..:9 . ﬁ . Q (14.9)

|
] _

(a) (b) (c)
and to the second class:
- sTIN
@ - aiade— + oleielale— + ! +
(a) (b) -
(c) (14.10)
<
+ NP A S A
(d) (e)

The thick loop in the diagram (14.8) corresponds to the exact density n(u)
of the system, just as the thin loop in (13.13a) corresponds to the ideal gas
density n‘@(u). It therefore follows from the definition (14.8) that

—iX, = —in(p) U(0). (14.11)

Thus
2 = n(p) U0)+2s, (14.12)

and only the diagrams in X, need be specially calculated.
The quasi-particle dispersion relation is given by (8.16). Expressing G there
in terms of 2 by (14.6) and taking G‘® from (9.7), we obtain the equation

1

= o= = e
m—E(P) 2m"2‘(8 U P)- (14.13)

On the boundary of the Fermi sphere, where p = py, the energy of the quasi-
particle is equal to u. Hence we see that

p—2(0, pr) = pi/2m. (14.14)

t As in quantum field theory, skeleton diagrams are those made up of thick linesand
blocks; each such diagram is equivalent to a definite infinite set of ordinary diagrams of various
orders.
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The dispersion relation therefore has the form (for p close to py)
@)= =" (p—pr)+ Ze—ppr)-Z(O0, ). (14.15)

We emphasize that pp here is the exact value of the limiting momentum for
a system of interacting particles. It is related by p3/3n? = n to the exact density

n(u), not to the approximate density »‘®, as in (13.5).

§ 15. The two-particle Green’s function

Other important concepts in the diagram technique are reached by consider-
ing the T product of four Heisenberg y operators, averaged with respect to

the ground state:'
K312 = (TQI;}I"{I; 'Ifg- )- (15.1)

This is called the two-particle Green’s function (as distinct from the single-
particle Green’s function (7.9)).

To apply perturbation theory and set up the diagram technique, we must
again change to y operators in the interaction representation. As with the func-
tion G, this leads to the appearance of the factor $ in the T product:

K3y 12 = Z;; <T¥103on4¥f$¥f°;,§), (15.2)

In the zero-order approximation (i.e. when § = 1) this expression becomes a
sum of products of two contractions expressible in terms of G‘@ functions:

K$1s = GRGY - GRGY. (153)

The subsequent discussion of the properties of the two-particle Green’s
function thus defined will be given in the momentum representation.

For a homogeneous system, Ky, ;, in fact depends only on three independent
differences of the arguments, for example X3—X», Xa—X,, X1—Xo. In the
momentum representation, this property has the consequence that the Fourier
component with respect to all the variables X3, . . ., X, contains a delta function:

| Ko, 128xp (i(Py X3+ P X, — P,X, — PXp)} dUX, . . . d'X,
= (27)' 6@ (Py+ Py — P, — Py) Ky, op(Ps, Py; Py, P,). (15.4)
This is easily seen by noting that
P X3+ P X, — P X, — Py X,
= P3(X3—X>) +P4(X4—X2)—P1(X1 - X2)— Xg(P1+P2——P3—P4),
t We are again using the simplified notation in which the suffixes 1,2,. . . denote the 4-coor-
dinates together with the spin index: Xy, X,8, ... ; cf. the second footnote to §13. The full

notation is shown by
Ky 12 = Kya of (X, X;; X1, Xo).
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and changing to integration over X3— X4, Xs— X2, X1— X3, X,. It may be noted in
passing that the inverse Fourier transform may be written

Kag, 1= j K3, 2p(P3, Ps; P1, P3+Py—P1) X

dP,d*Ps &P,
X exp {— i[Pa(X3— X2)+ Py(X4— X)— Py(X1— X2)]} _;(2;);__‘

The function K, ,5(Ps, Ps; Py, P3) defined in this way will be called the two-
particle Green’s function in the momentum representation: its arguments are
related by

. (15.5)

Py+ Py = P34 Py,

In the zero-order approximation, in agreement with (15.3), we have

K)(ogzaﬁ(P& Pd; Pl, PZ)
= (2n)[6P(Py— P;) GQ(Py) GP(Py)— 6V(P1—F,) GIP(P,) GR(Py)], (15.6)

i.e. K reduces to a sum of two products of single-particle Green’s functions.

In higher approximations of perturbation theory, terms appear which amount
to corrections to these single-particle functions, together with terms that do not
form products of G functions. This part of the two-particle Green’s function
is of independent interest. To derive it, we put X in the form

Kione, 00y (P3, Pas P1, Py)
= (2r)4 0P (P1~ P3) Gye(P1) G oy (P2)—
—0W(Py— Py) Goyoy(P2) G yar(P1)]+
+ Gy P3) Gouys,(Pa)il pys,, 5:,(P3s Pay P1, Pp) Gpoo (P1) Gpyoo( Pe). (15.7)

The function I" thus defined is called a vertex function.

According to the definition (15.1), a two-particle Green’s function in the
space-time representation is antisymmetric with respect to interchanges of
arguments (together with the spin suffixes) in the first or second pair: 1 and 2,
or 3 and 4. Hence we have the analogous symmetry property for the Green’s
function and the vertex function in the momentum representation:

L,y, «p(Ps, Pg; P1, P2) = — Iy, «p(Py, P3; P1, Py)
= —L,, pg(P:;, Py; P, P1). (158)
The reason for separating the four G factors in the definition of I" (the last
term in (15.7)) becomes clear if we trace back the nature of the diagrams that
arise when the expression (15.2) for the two-particle Green’s function is ex-

panded. The analysis below again assumes a pair interaction between particles.
In the zero-order approximation, the function K is assigned diagrams

Py=pPy Pi=P

P =P, Py =P
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corresponding to the terms in (15.6). In first-order perturbation theory, dia-
grams appear of the types'

representing corrections to each of the factors in (15.6). There also appear
diagrams that do not separate into two parts:

A .

N | (15.9)

]

]

The four arrows Py, ..., P, correspond to the four G factors in the last term
in (15.7), and the internal part of the diagrams determines (in first order) the
vertex function, the circle on the left of the diagram equation (15.9). Writing
these diagrams in analytical form, we have

I'P 5(Ps, Py; P1, Pr) = — 8,,8p5U(P1—P3)+ 8.505,U(P1— Py).

The diagrams of higher orders contain corrections of three types: (1) further
corrections to two unconnected continuous lines, (2) corrections of self-energy
type to external lines in the diagrams (15.9), (3) corrections forming a figure
that replaces the broken line in the diagrams (15.9); the sum of all possible
such figures gives the exact vertex function iI". In the graphical representation
of the two-particle Green’s function by a sum of skeleton diagrams,

£ A
P3=P, =P,
—— PR
+ + (15.10)
— —
L=Fr A=K
A 2

the thick lines represent exact G functions, and the circle conventionally
represents the vertex function.

The calculation of the vertex function in various orders of perturbation
theory must be made by means of the diagram technique rules formulated
in §13, and diagrams with four external lines are to be considered (rather than
those with two as in the calculation of G). Rule (3), which gives the sign of the
whole diagram, is to be supplemented by the following point; if external lines

t As for the single-particle Green's function, the factor (§)“ in the definition (15.2) leads
to the vanishing of diagrams that contain detached closed loops of continuous lines.
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1 and 4, and 2 and 3, are joined by sequences of continuous lines (instead of
1 and 3, and 2 and 4), the sign of the diagram is reversed.

As an example, the following are all the diagrams that determine the vertex
function in second-order perturbation theory:

A 3\_-_/' 3 !
=X X
Y N\ \—/

O : + (' + (3weq)
| /—\ / \
4 2

4 2 (d)
(c)

(15.11)

The self-energy function 2’ and the vertex function I" are not independent;
they are related by a certain integral equation called Dyson’s equation.”

To derive this, we use equation (9.5), which is valid (as mentioned in §9)
even when the interaction of the particles is taken into account. There is a
difference from the derivation in §9, however, in that the y operator now satis-
fies equation (7.8). Omitting in the latter the term containing the external field,
and substituting from it the derivative 8%/dt, in (9.5), we obtain

. 0 A
(l EZ + '2—';1 + H) G“ﬁ(Xl_X‘l)_axﬂa(“(Xl—-Xz)

= —i [(T¥} (Xy) U(Xy—Xo) P, (Xs) d*X3. W (X1) Wi (X))
= —i [ Ky, (X3, X1 X3, X3) Urad* X, (15.12)

This equation solves the problem in principle, since K is expressed in terms of
I’ by (15.7). We have only to change to the momentum representation. To do
so, we multiply (15.12) by exp [iP(X1— X32)] and integrate over d%X;— X3),
taking K3, 5, in the form (15.5) and U3 in the form (13.9). Then the integration
with respect to 4-coordinates gives delta functions, which are removed by the
integration with respect to 4-momenta. The result is

[GO7HP) G(P)—1] 8

4Py d*P,
= —i J' K,,,'yp(Pa, Py; P3+Py—P, P) U(P—P4) d'Ps 4

oy (513

with GO(P) from (9.7).

* It is analogous to Dyson’s equation in quantum electrodynamics (see RQT,§104).
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It now remains to express K in terms of I'. Substituting (15.7) in (15.13), we
finally obtain Dyson’s equation in the form

8:plGO"HP)—G7X(P)] = .pZ(P)
dsp,

= U(0) n(1) bep+ibep f UP~Py) G(B) (ot

+ [ I'ye,yp(Ps, Pa; Ps+Py—P, P) G(P3) G(Py) G(P3+Ps—P) X

x U(P—P.,)% . (15.14)

Here n(y) is the exact density of the system as a function of its chemical poten-
tial; this factor comes from the integration of G by formula (7.24), together
with the fact that the G function arose from a contraction in which ¥'* is to
the left of ¥. The first term on the right of (15.14) is X, (14.11).

§ 16. The relation of the vertex function to the quasi-particle
scattering amplitude

The mathematical formalism developed in the preceding sections makes
possible a rigorous justification and fuller understanding of the significance of
the fundamental relations in the Landau theory of the Fermi liquid, which have
been introduced in Chapter I in a partly intuitive form. This topic will be the
subject of §§16-20."

There is a close relation between the vertex function and the mutual scattering
amplitude of quasi-particles. For a better elucidation of this relation, let us
consider it first in terms of the purely quantum-mechanical problem of the
scattering of two particles in a vacuum.

In quantum mechanics, diagrams with four external lines (two ingoing and
two outgoing) correspond to a collision of two particles; in the analytical form
of the diagram, its external lines correspond to the wave function (plane wave)
amplitudes of free particles (cf. RQT, §103). Let us see how such diagrams of
different orders in fact give successive terms in the ordinary (non-relativistic)
Born expansion of the scattering amplitude.

First of all, in a vacuum many of the diagrams are zero. This is most simply
understood in the coordinate representation, since in a vacuum all contractions
of the form (¥+¥) are zero in which the annihilation operator is to the tight
and acts first on the vacuum state; only contractions of the form (P¥+)
remain. Hence all diagrams with closed loops of continuous lines are zero,
since they always contain a contraction of the form (¥*+¥). For the same
reason, all corrections to the Green’s function, i.e. to the internal continuous

T The content of §§16-18 is due to L. D. Landau (1958),and that of §§19 and 20 to L. D.
Landau and L. P. Pitaevskil (1959).
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lines in the diagrams, are zero.! Lastly, diagrams with intersecting broken lines
are zero; for example, in the diagram
—t—
\_(’
// (\

LU AR S —
2 i

(where 1 and 2 denote the arguments #; and ?,) the upper internal line cor-
responds to the contraction (PF¥;) = 0 if t2 > #;, and the lower line to
Ft,) =0if ty < 1.

Thus, for two particles in a vacuum, there remain only the following dia-
grams forming a “ladder series”:

T
. 4
(16.1)
P, T—P, T+ T 1T
- + [} + b e d(3emq)
[944—--|q—-;¢?2 i  a—le—to—te—

The internal continuous lines here correspond to the vacuum Green’s functions
vac) L 16.2
vac - X a3 i
G )w, p) [w 3 +10] (16.2)

(formula (9.7) with x = 0). It should be noted that (because y is absent from
the denominator) the pole of this function is always in a particular (the lower)
complex w half-plane. The vanishing of the diagrams listed above occurs,
from the mathematical point of view, precisely because all the poles of the
integrands lie in one half-plane; the vanishing of the integrals is obvious if the
path of integration is closed in the other half-plane.

The ladder series (16.1) can be summed by reducing it to an integral equation
(cf. the summation of the similar series (17.3) below). If the diagrams with
interchanged external lines 3 and 4 are at first omitted, this equation is equiv-
alent to Schrédinger’s equation for two particles, ignoring their identity,
written in the momentum representation; see QM (130.9). Accordingly the
vertex function is expressed in terms of the scattering amplitude f of the
two particles by

L5, 05(Ps, Ps; P1, P3) = 84y 0ps(4c/m) f. (16.3)

The addition of the diagrams with interchanged external lines 3 and 4 brings
about the antisymmetrization of the amplitude, as is correct for fermions.

t The vanishing of all corrections to the Green’s function in the vacuum simply expresses
the fact that a single particle cannot interact with anything. Here it may be recalled that the
existence of vacuum corrections to the Green’s function of a particle in the relativistic theory
is due to the possible occurrence of virtual electron pairs or photons in intermediate states.
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In the first approximation of perturbation theory, only the first diagram (16.1)
and the one with interchanged external lines remain; these do not involve
G*. The expression for the scattering amplitude is then the usual one in the
first Born approximation. The subsequent diagrams, after the integration over
intermediate frequencies, give the familiar expressions for the corrections to
the amplitude in the subsequent Born approximations.

In a Fermi liquid, the interaction of the colliding particles with the particles
of the medium causes them to be effectively replaced by quasi-particles. All the
corrections to the internal lines of the diagram resulting from this interaction
are automatically taken into account by the definition of the function I'. A
further allowance must, however, be made for the corrections to the external
lines. In quantum field theory (by virtue of the general requirements of a unitary
scattering matrix), these corrections are shown to cause a factor 4/Z to appear
in the scattering amplitude for each free external line, where Z is the renormal-
ization constant of the Green’s function (see RQT, §107); for diagrams with
four external lines, this means multiplication by Z2. Although the proof given
in RQT is valid also for quasi-particles in a Fermi liquid, we shall here explain
the origin of this factor by simpler (but not rigorous) arguments.

The Green’s function of a liquid, near its pole (the first term in (10.2)) differs
from that for an ideal gas only by the factor Z. If ¥ and ¥'* are replaced by the
operators ¥, = W/v/Z, ¥}, = ¥+/+/Z, the Green’s function Gu=G/Z
formed from them will look exactly like that for an ideal gas, near the pole.
In this sense such operators may be regarded as y operators of an ideal gas of
quasi-particles. The two-particle Green’s function determined from them is
K, = K/Z?, and therefore, by the definition (15.7), the vertex part I',, = I'Z2,
as required.

In the application to quasi-particles, what is of interest is the number of
collisions (per unit time and liquid volume) rather than the collision cross-
section. For collisions with a given change in the momenta and spin compo-
nents of the particles (p«, p28 — psy, p,9), this number is

AW = 27| Z2I s, op(Ps, Py; Py, Pp)|2 0(e3+ €4— €1— €2) X
X1, (1—11p,) (1 — 1) dpy dBpadips/(27)°, (16.4)

where p1+ps = ps-+p,, and n, is the quasi-particle distribution function. The
factors n, and r, simply express the fact thatthe number of collisions of quasi-
particles with given initial momenta (and spin components) is proportional to
the numbers of such quasi-particles per unit volume. The factors (1—n,)
and (1—n, ) are due to the fact that, in accordance with the Pauli principle,
a collision can occur only if the final states are unoccupied.
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§ 17. The vertex function for small momentum transfers

An important role in the theory of Fermi liquids is played by the vertex
function with almost equal values of the pairs of variables P1, P3 and Py, P,
(we shall see, in particular, that it is closely related to the quasi-particle inter-
action function). Using the relation P+ P, = P3+P,, we put P; = P1+K,
P, = P,—K, and write in simplified notation

Tys, 1p(P1+ K, Pa—K; Py, Py) = I, .6(K; Py, Py); (17.1)

this function will be considered for small K. In terms of quasi-particle scattering
processes, this means that we consider collisions with a small transfer of 4-mo-
mentum, which are close to “forward scattering”.

When K = 0, as we shall see, the function I" has a singularity; we shall be
interested in the part of the function that contains this singularity. The origin
of the singularity is easily understood from the skeleton diagram

(17.2)

P+K Py-K

which includes the set of diagrams of the two-particle Green’s function that
can be cut between the pairs of external lines Py, Ps and P,, P, into two parts
joined by two continuous lines.! The two thick joining lines correspond to the
exact one-particle Green’s functions G(Q) and G(Q+ K), with integration over
the 4-momentum Q in the diagram. As K — 0, the arguments of these two func-
tions become closer, and therefore so do their poles. These may “pinch”
between them the contour of integration (see below), which is the source of
the singularity in the function I.

To calculate the exact function I, we must sum the whole perturbation-
theory series. Since our aim is to separate the part that has a singularity when
K = 0, we must first distinguish the contribution from all diagrams that cannot
be cut through pairs of continuous lines having almost equal (differing by K)
values of the 4-momentum. This part of the function I', which has no singu-
larity at K = 0, is denoted by I'; in it we can put K = 0, since it is a function
only of the variables P; and P,: I"w, «6(P1, P2). The “dangerous” diagrams can
be classified by the numbers of pairs of lines with almost equal arguments

t For example, in second-order perturbation theory (with respect to the pair interaction),
(17.2) contains the diagrams (15.11a, b, c), and (15.11e) with interchanged external lines
3and4.
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which they contain. Thus the total vertex part I' is represented by the following
infinite ladder series of diagrams:

g &
- >@<* M*m (17.3)
K

ReK &
Here the white circle corresponds to the required iI", anid the shaded circles
represent il". The external lines in these diagrams do not entet into the deter-
mination of I, and serve only to indicate the number atid values of the ingoing
and outgoing 4-momenta.

All the internal lines in the diagrams (17.3) are thick, i.e. they correspond to
exact G functions. Here it should be emphasized that the Possibility of repre-
senting I" in the form of these skeleton diagrams (and thefefore all the conclu-
sions drawn from them) does not presuppose a pair interaction between par-
ticles, since there are no explicit broken lines, and the nature of the interaction
actually affects only the internal structure of the blocks represented by circles,
which is of no interest in this connection.?

The problem of summing the series (17.3) amounts to the solution of the
integral equation; to derive this, we “multiply” the whole series by a further I':

Y- Y

Comparison with the original series (17.3) gives the equation

P A P, B A A
L oKk ¢ \ 2 \ 2

- /C( - >@< (17.4)
Rf% @ Fex mik pex AfK K
This diagram equation, when written in analytical form, gives the required in-
tegral equation

FW. aﬂ(K;Pls P‘-’) = Py&,aﬂ(Pl’ P2)—'i _"Pyt.au(},la Q) G(Q+K)G(Q)X
X Tus, e8(K'5 Q, Pa) d*Q/ (2m)*. (17.5)

In accordance with the above discussion, we have put K = 0 in the functions I",
used the abbreviated notation for I" and I" previously described, and also put
Gaﬁ = Gaaﬂ.

t Only such general propezrties as the conservation of particle number are assumed. This
latter is shown by the constant difference between the number of lines going right and left
at each cross-section of the diagram (equal to zero for cross-sections of the type shown in
(17.3)).
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To investigate this equation, let us first consider the product G(Q+K)G(Q)
in its kernel. As already mentioned, for small X the poles of the two factors
are close together. Near these poles, the G functions are represented by the
pole terms in (10.2). Denoting the components of the 4-vectors K and Q by

K= (9,k), Q= (qo,9), (17.6)
we can write in this region

G(Q) G(@+K) ~ Z’[q0— vr(¢—pr)+i81] " [qo+ 00— vr(lq+ k|- pr)+id,] 7,
171.7)

where d; and d, are infinitesimal increments whose signs near the poles are given
by
sgn 51 = Sgn(q—PF), } (17.8)
sgn &3 = sgn(|q+k|—p).

The signs of 4; and d, determine the position of the poles in the upper or
lower half-plane of the complex variable go. The singularity in the kernel of
the integral equation, and therefore in the solution of the equation, arises from
the pinching of the contour of integration with respect to go (the real axis)
between the poles, for which the latter must be on opposite sides of the contour,
i.e. in opposite half-planes.

Let us first suppose that q.k > 0, i.e. cos 6 > 0, where 6 is the angle be-
tween q and k. Then |q+k| > ¢, and §, and 8, have opposite signs (6; < 0,
0y > 0)if ¢ < pp, | q+k | > pg, which, in view of the smallness of k, is equiv-
alent to the conditions

pr—kcos 0 < g < pr. (17.9)

In the subsequent integration with respect to go in (17.5), the contour of inte-
gration may be replaced by an infinite semicircle in either the upper or the lower
half-plane; the integral is then given by the residue of the integrand at the cor-
responding pole. Because of the narrowness of the range (17.9) when k is small,
we can take k = 0 in the factors I" and I in the integrand, and similarly
qo ~ 0 for the position of the poles when k and w are small.

In other words, as regards its role in the kernel of the integral equation
(17.5), the product of pole factors (17.7) is equivalent to the delta functions
Ad(qo) 8(g— pr), with a coefficient A given by

4 = 2% dgo dq
[g0—

vr(g~—pr)+i01] [go+w—vr(|q+k|—pr)+ids]

When g is outside the range (17.9), both poles lie in the same half-plane of
complex go; when the contour of integration with respect to go is completed in
the other half-plane, we see that the integral js zero. In the range (17.9),
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completing the contour in one half-plane and calculating the integral from the
residue at the pole in that half-plane, we find

. [ 2iZ2 dg
= | o—or(lqtk —g)+0

where we have used the fact that 6, < 0 and §; > 0 in the range (17.9). Since,
by (17.9), g =~ pp >k, we can put |q+k|—q =~ kcos 0, and then, with the
limits given by (17.9),

A = 2niZ2% cos 0/(w—kvg cos 6).

It is easy to prove by the same method that a similar expression for 4 (but
with the opposite sign of i0) is obtained when cos 0 < 0 (when the integration
is to be taken over the range g > pg, |q+k! < pg). Thus we have in the kerne!
of (17.5)
2niZ2.ké(q0) 8(q—pr)

m—vlk+iosgno 9O (17.10)

G(Q)GQ+K) =

where Lk is written in place of k cos 6(1 = q/q), and the function ¢ has (when
K is small) no delta-function part, and we can therefore put in it K = 0.
Substituting (17.10) in (17.5), we get the basic integral equation in the form

I‘;vd, aﬁ(K; P, P‘.!) = Pyd,aﬁ(Pl’ P2)
—i [ Ly, Py, Q) $(Q) Tus, to(K'3 Q, Py) dQ/(27)"

Z2p? 1L.kd
o [Pyl:. 2(P1, QF) L'ws, t8(K; OF, Ps) 2

Qn) o—velk’ (17.11)

+

In the last term we have written d4Q = g? dq do, dgo (where do, is the element
of solid angle in the direction of 1) and have removed the delta functions by
integration over dg dgo. In this term the argument Q in the functions I" and I" is
taken on the Fermi surface: Qp = (0, pgl).

The factor Lk/(w— v k) in the kernel of (17.11) has a specific property:
its limit ask —~ 0 and » —~ 0 depends on the limit of the ratio w/k. The solution
of the equation must therefore have the same property: the limit of the function
I'(K; Py, P;)as K — 0 depends on the way in which w and k tend to zero.

Let I'°(P,, P») denote the limit

I}y 2p(P1, Po) = lim Iy o5(K; Py, P;) for kjew — 0; (17.12)
K0
we shall see in §18 that the quasi-particle interaction function is related to

this quantity. With that method of taking the limit, the kernel of the last integral
term in (17.11) is zero, and so I'” satisfies the equation

F;,a, aﬁ(Pls P2) = I"yo,xﬁ(Ph P2)_i _f Pyt, o:x(Ph Q) (b(Q) P:’, Cﬁ(Q9 P‘Z) d4Q/(2ﬂ)4'
(17.13)
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Because of (15.8),
Iy, o(P1, Ps) = Iy, p.(Pa, P1). (17.14)

We can eliminate I" from the two equations (17.11) and (17.13). The result is

v0 aﬂ(K P, Py) = yo aﬁ(Pl, P)

Z*p%

—f Lkd
+(2:-[)3 f ;)C, au(Pla QF)F,“), Cﬁ(K; QF, Pz) o1

pra g (17.15)

since, if we formally write (17.13) as I = LI, (17.11) becomes

LT =T+ Py N

Substituting here I' = LI™ and applying the operator £-1 to both sides of the
equation, we get (17.15).
We now define the function I'* by

P,lfa’up(Pl, P2) = lim Fyo,aﬂ(K; P1, P2) Wlth w/k - 0. (1716)
K0

This function (multiplied by Z?) is the forward scattering amplitude (i.e. that
of the transition P,, P; — Py, P), corresponding to actual physical processes
undergone by quasi-particles at the Fermi surface: collisions that leave the
quasi-particles on that surface are accompanied by a change of momentum
without change of energy, and therefore the passage to the limit of zero mo-
mentum transfer (k — 0) must be made with exactly zero energy transfer
(» = 0). The function I'” defined above corresponds to the non-physical limit
of “scattering” with a small energy transfer and exactly zero momentum trans-
fer (k = 0).

Putting @ = 0 in (17.15), taking the limit k - 0 and multiplying both sides
by Z2, we get

ZU’;’,‘O 8(P1, P2) = Z23y (o( Py, Py)

oy | PP 0D Tl k0, PO (1710
Thus there is a general relation between the two limiting forms of the forward
scattering amplitude.

The antisymmetry properties (15.8) for I" give some information about the
behaviour of I'* and ' when P, — P,. Putting P; = P; and o = § in this
equation, we get

Iys,aa(P1+ K, P1—K; Py, Py) = 0; (17.18)

there is no summation with respect to « here.! The transition to I'* or I'*
t When only theexchange interaction between the quasi-particle spins is taken into account,

the only non-zero Iy, u« are the I'ye, 4. This expresses the constancy of the spin vector in scat-
tering, and may be verified directly from an expression of the type (2.4).
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in this equation is to be made with caution, since in the latter functions we first
put X = 0, but in (17.18) we first put P, = P,.

Let K and P;—P; = S = (5o, 8) be simultaneously small. Then, as well as
the diagrams (17.2), the diagrams

R-K Rk

are dangerous. When K and S - 0, the function I, ,, will therefore depend on
the two “singular” arguments

x = wlk, y= (sot+w)|s+k]|,

and (17.18) shows that this function is zero when x = y. We shall consider
the values of I" on the Fermi surface; then w = so = 0, and so y = 0. Hence,
in this limit, (17.18) is valid only if also x = 0. Thus, on the Fermi surface it is
valid for I'*:

T%,u(Ps, P1) = 0 (17.19)

(N. D. Mermin 1967).

§ 18. The relation of the vertex function to the quasi-particle interaction
function

Just as intermediate states with particle numbers N+ 1 are involved in the
matrix element (7.9), which determines the one-particle Green’s function, so
intermediate states with N, N+1 and N+2 particles are involved in the matrix
element (15.1) of the two-particle Green’s function.

Because of the presence of intermediate states with N+ 1 particles, the two-
particle Green’s function has poles which coincide with those of the function G,
i.e. with the quasi-particle energy. The corresponding factors are, however,
shown explicitly in (15.7). Hence the vertex function I" defined by this formula
only has poles corresponding to states with N or N+2 particles. The angular
momentum of these states differs by 0 or 1 from that of the ground state, and
so the elementary excitations corresponding to these poles have integral spin
(0 or 1) and hence obey Bose statistics. Thus the poles of the vertex function
determine the Bose branches of the energy spectrum of a Fermi liquid.

t States with N particles arise with such a sequence of operators in the T product as, for
example, ¥, Wi W, W#. States with N+ 2 particles correspond to such sequences as ¥, ¥, W1 W3 .
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The poles arising from the intermediate states without change of particle
number correspond to elementary excitations that represent zero sound quanta.
In the diagram technique, intermediate states correspond to different cross-
sections that divide the diagrams into two parts between various external lines.
In the present case, intermediate states without change of particle number
correspond to cross-sections of the diagrams (17.3) at one of the pairs of
continuous lines joining adjacent blocks I'; the constancy of particle number in
these states is expressed by the equal numbers of lines passing in each direction
through the cross-section. The 4-momentum transfer through such a cross-
section is (Q+K)—Q = K; accordingly, the elementary excitations without
change of particle number correspond to poles of the vertex function I'(K;
Py, P;) with respect to the variable K.

We have seen previously, in the derivation of (17.10), that one of the two
momenta q and q+k (which appear in the 4-vectors Q and Q-+ K) must be
greater than the limiting momentum py, and the other must be less. On the
other hand, in excitation from the ground state, only “particles” can be outside
the Fermi sphere, and only “holes” within it. In this sense, we can say that the
zero-point excitations in a Fermi liquid may be regarded as particle-hole bound
states.

Elementary excitations corresponding to intermediate states with N+2 par-
ticles (and to the poles of the function I'(K; P,, P;) with respect to the variable
P1+P;) could be regarded as bound states of two particles or two holes.
The presence of such states would, however, lead (as will be shown in Chap-
ter V) to superfluidity of the Fermi liquid, and this in turn necessitates a consid-
erable change in the whole mathematical formalism of the diagram technique.

Thus, to determine the Bose branch of the energy spectrum of a non-super-
fluid Fermi liquid, we must examine the poles of the vertex function I'(K;
Py, P,) with respect to the variable X = (o, k). For each value of k, a partic-
ular energy w(k) corresponds to the pole, and the dispersion relation for these
excitations is thereby determined. For weakly excited states, w and k are small,
so that we can use the equations derived for the function I'(K; Py, P,) in
the range of small X.

Near a pole of I', the left-hand side and the integral on the right-hand side
of (17.15) become arbitrarily large; the term I"°(P;, P,) remains finite, and
may therefore be omitted. Moreover, the variable P, and the suffixes § and
6 are unaffected by the operations on I" in (17.15), and so they act as unimpor-
tant parameters in that equation. Lastly, we shall consider the function I" on
the surface of the Fermi sphere, i.e. we shall put P; = (0, pzn), where nis a
variable unit vector. From all these facts we conclude that the determination of

t In this formulation, the problem is formally very similar to that of determining the elec-
tron-positron bound state levels in quantum electrodynamics (see RQT, §122). In particular,
equations (17.4) and (17.5) are analogous to the Bethe-Salpeter equation, RQT (122.10),
(122.11).
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the acoustic excitations in a Fermi liquid reduces to the problem of finding the
eigenvalues of the integral equation

@) = 22 [ Tt D 20 (18.1)

where ¥,,(n) is an auxiliary function.
This equation may be transformed by replacing y by another function

) = o (). (18.2)

Equation (18.1) then becomes
(0—vpnk) vpe(n) = .n )3j 9 (0, 0) ¥,0(0') do’, (18.3)

with n’ in place of 1.

This equation has exactly the same form as the transport equation (4.10)
for the vibrations of a Fermi liquid. Comparison of the two equations gives
the following correlation between the quasi-particle interaction function and
the function I"*:

f/d aﬂ(pFna PF“) = 6 aﬁ(n n) (18'4)

This shows the relation between the function f and the properties of quasi-
particle scattering.

Equation (18.4) relates f to the non-physical scattering amplitude. We now
use (17.17) to obtain an explicit relation between f and the “physical” forward
scattering amplitude for quasi-particles on the Fermi surface, which we denote
by

Ays, «p(Ry, Dg) = Z2F56,«p(ll1, ng). (18.5)

The relation (17.17) on the Fermi surface is
Ayd. aﬁ(nla n2)

= oo, upmyy o) — =2F 0') dys, co(0', 1) 22 (18.6)
= Jvs,ap\H1, 112 _M f;oc,ax(nh ) »8, I 5 12 4;1- .

The spin dependence of the functions 4 and f can be expressed by means
of the Pauli matrices 6. In the general case, these functions may contain any
scalar combinations of the four vectors nj, ns, 61, Go. If there is an exchange

t The above general proof is due to L. D, Landau (1958). For a slightly non-ideal Fermi
gas, the derivation of the transport equation by summation of specific diagrams of the type
(17.3) was earlier given by A. B. Migdal and V. M. Galitskii (1958). For a gas, the G functions
(in the zero-order approximation) contain only pole terms, and so the exclusion of non-pole
terms does not arise,
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interaction between the particles, the only permissible scalar products are
0.0 and 01.0.. The functions 4and f can then be written (as with fin (2.4)) as

7:2’5 Jrs, «p(1, M2) = F (D) OuyOpa+ G(9) GyasCogs
F (18.7)

e Ay, s, 1) = B(D) b1+ C(6) 0y,

where the coefficients F, G, B, C, are functions only of the angle ©# between
n; and n,. They may be expanded in series of Legendre polynomials:

B(#) = ¥ (21+1) BP(cos B), ... . (18.8)

1=0

Substituting (18.7) and (18.8) in (18.6), and calculating the integral with the
addition theorem for Legendre polynomials, we get

B, = F(1-B), C;=G(1-C)). (18.9)

These formulae establish a simple algebraic relation between the expansion
coefficients of fand 4.
The stability conditions (2.19) and (2.20) give similar inequalities for the
coefficients B, and C;:
Bi<1, C<l. (18.10)

Moreover, these coefficients satisfy a relation that follows from (17.19): B(0)+
+ C(0) = 0, or

S (21+1) (B+C)) = 0. (18.11)

=0

Equations (18.9) and (18.11) together with the conditions (18.10) are sufficient
to prove an interesting theorem: in every stable Fermi liquid, there is at least
one branch (ordinary or spin) of axially symmetric zero sound.!

§ 19. Identities for derivatives of the Green’s function

In the mathematical formalism of Green’s functions, an important part is
played by certain identical relations between the derivatives of these functions
and the quasi-particle scattering amplitude. These relations are all derived in
the same way by calculating the change in the Green’s functions caused by some
fictitious “external field” for which the result of its action on the system is
already known.

t See N. D. Mermin, Physical Review 159, 161, 1967.
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First of all, then, let us calculate the change 3G in the Green’s function
caused by an arbitrary “external field”, for which the corresponding term in
the Hamiltonian is

8P = [Pr(r,r) 80P (1, 1) dPx, (19.1)

where 80 is some operator acting on functions of r (and possibly depending
on the time f).

When the external field is present, the Green’s function depends on the two
4-momenta P; and P,. In the diagram technique, such a field is represented by
a new graphical feature, an external broken line:

po—le—
and this line is associated with a factor
—i0U(P,, Py) = —i{ e'P2X §0e=1P1X d4X. (19.2)

In the first order with respect to the external field, the correction to the exact
Green’s function is represented by a sum of two skeleton diagrams:

! .
1 2
13618 ) = Rl . 4 —_ (19.3)

A

where all the continuous lines are thick (exact G functions) and the circle is an
exact vertex function (iI"). In analytical form, this equation is

.§Gp¢(P2, P 1) = Gﬁy(P 2) 6U(P 2y P 1) Gy«(P 1)_
— Gy, (P3) Ga(Py) _f L)y, (P2, Q13 Py, Q2) X
X 8U(Qs, Q1) Geu(Q2) Guo(Q1) 4401/ (2m)*, (19.4)

with 0s+P; = P2+Q1.

The first two identities to be considered are due to the conservation of the
number of particles in the system. In the Hamiltonian of the system, this prop-
erty is expressed by the appearance of the y operators in pairs: one ¥+(X)
and one ¥(X) for each argument X.

We apply a gauge transformation to the p operators:

P(X) = PYX)e~0, P = Pl (19.5)

where y(X) is a real function." From the above-mentioned property of the

t This is analogous to the gauge transformation in quantum electrodynamics; cf. QM
(111.2)~(111.9).
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Hamiltonian, if ¥ satisfies the “Schrodinger equation” (7.8), ¥’ satisfies a sim-
ilar equation with the changes

. 0 o 0y
A-’(V—ZVX)z, '5?—"67—1-5;-.

For an infinitesimal 3 = dy, this change in the equation is equivalent to adding
to the Hamiltonian an “external field”

80 = 00y

i
o +—2~;n—(Aax +2véy.v).

In particular, if
(X)) =reyoe~kX, K= (v, k),

where the symbol re can in fact be omitted, since the subsequent operations

are linear, we have
1
OU(Py, Py) = i(2n)* Zob(“)(Pz—-Pl—K) {a) ~Sm k.(p:+ pz)} . (19.6)

On the other hand, the Green’s function constructed from the y operators
Y, = W (1 +idy), Wit =Wr1-idy)
differs from that constructed from ¥ and ¥+ by
8G.a(X1, X3) = iGop(X1—X32) [07(X1) — 0x(X2)]

or, in Fourier components,
8Gup(Po, P1) = [ 8Gop( X1, Xo) ePXi—PiXD) d4X, dAX;
= i[G.p(P1) — Gup(P2)] 8x(P2—P1), 19.7)

where
82(P) = [ op(X) e'PX dbX = (2m)t 1,0 O(P— K).

Thus the same change 6G,; has been expressed in the two forms (19.7) and
(19.4), where 8U is to be substituted from (19.6). Equating these two expres-
sions, we get, after putting G,; = G,, and renaming some of the variables,

’ k.(2p+k
8.5lG(P+K)— G(P)] = G(P+K) G(P) { [-w.,.._(zfn_*'_)] Bup+

The required identities are obtained by taking the limit of this equation as
o - 0,k - 0; then
oG oG

19.8
7, (19.8)
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where P = (po, p). Taking the limit with the condition k/w — 0, we get the
first identity:

0G(P)
opo

s e = PN [ [ T P, OGH @ s |- 199

with the notation
{GX(P)}, = lim G(P)G(P+K), kjow - 0. (19.10)
w,k—0

Similarly, taking the limit with the condition w/k — 0, we get a second
identity:

b G = (G [ 81 [ Tho kP, O 2 (GO ]| 0911

with the corresponding notation {G*(P)},.
Next, let us consider the change in the Green’s function when a constant

field
30 = 8U(r) = Uyelk-r (19.12)

is applied to the system. When k — 0, this field varies slowly in space, and so
its influence on the system can be treated macroscopically. According to the
thermodynamic condition of equilibrium in an external field, we must have
u+ 08U = constant (see Part 1, §25); when k — 0, this means that the chemical
potential x changes by the small amount — Up. The corresponding change in
the Green’s function is

0Gos( Xy, Xp) = — Uydup 0G(X, — X,)/0p,
and its Fourier component, defined as in (19.7), is
5GaB(P2a P,) = - (Q2mn)@® 5(4)(1"2“‘P1)U05aﬁaG(P1)/aﬂ-

The same change in the Green’s function can also be calculated from equa-
tion (19.4), this time with

SU(P,, P) = () Ud®(P—P,—K) (K = 0,K).

The passage to the limit k — 0 in this case (constant field, » = 0) corresponds
to the case w/k —~ 0. This gives the identity

0G(P)
Op

e = — (G [bus- J Th, o(P, O){G¥ Dk ——("2;%] . (19.13)

Lastly, one more identity results from the Galilean invariance of the system.
To derive it, let us consider the liquid in a system of coordinates moving with
a small velocity dw(?) = woe™™’ that varies slowly with time. The change to
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such coordinates is equivalent to the imposition of an external field whose
operator is'

0= —w.p=idw.v (19.14)

or, in the momentum representation,

8U(Py, Py) = —py - Wo(27)* 8@(P,— P, — K), K = (, 0).

This expression is to be substituted in (19.4), and then the limit w — 0 is to
be taken.

When w — 0, we have a Galilean transformation from one inertial frame
of reference to another moving with constant velocity éw. If there is in the
liquid an elementary excitation with energy &(p), its energy in the frame mov-
ing relative to the liquid with velocity éwis ¢é—p.dw.* Hence, in the new frame,
the frequency po must appear in the function G(P) as po+p.dw (so that the
pole of the function is shifted by —p.dw). Then

0G = p.ow 0G/0p,,

and we arrive at the identity

:oP ac;(p) —{oxP )}w{ aﬁP—iJI’ 0,28 P, Q)q{G“’(Q)}w(iz;Q)T}. (19.15)

We shall need to use these identities, in particular, for values of the free
variable P = (po, p) on the Fermi surface: Pr = (0, p5). Transferring the factor
G*(P) from the right-hand to the left-hand sides, we replace the derivatives of
G(P) there by those of G~1(P); the way in which the limit K — O is taken in
G(P)G(P+K)is unimportant.

Near the Fermi surface, the Green’s function is determined by the pole
term, so that

G-(P) = [po—e(p~pr)]

Hence, on the surface itself,

8G-1 1 9G-' _ v dpr

vF
opo Z’ ou Z du’

t In the classical Lagrangian of a free particle, L = 1mv®, the change to moving coordi-
nates is effected by substituting v— v+ éw, and gives an increment 8L = mv.dw which is small
if dw is small. Accordingly (cf. Mechanics (40.7)) the increment of the Hamilton’s function is
0H = —p.bw, and in quantum mechanics this corresponds to the operator (19.14).

* See the more detailed discussion in §23.
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Consequently, for example, the identities (19.9) and (19.13), on the Fermi sur-
face, take the form

j 5o Pr, OGO g = (1=7) 0 (19.16)

fl”‘ , (P, Q){G’(Q)}k (2,,), = (1 —% ‘—fl’;—") dup- (19.17)

§ 20. Derivation of the relation between the limiting momentum
and the density

The relations derived in the preceding sections provide a consistent proof of
the fundamental proposition in the Landau theory of the Fermi liquid: the
relation between the limiting momentum ppand the density N/V of the liquid
is given by the same formula (1.1) as for an ideal gas.

The idea of the proof is to calculate independently the changes in N and py
due to an infinitesimal change in the chemical potential u, and then to com-
pare them.

According to (7.24), the total number of particles in a given volume V, as
a function of the chemical potential, is given by the integral
N = =2V lim J‘G(P) e—irot — dtp P = (p,, D) (20.1)
(27!)4‘ > 0

t -0

Hence the derivative

1dN _ j 8G(P) d'P 202)

Ve T o Qrf

Since this integral converges for large po (6G/du oc 1/p; when |po| — o), the
factor e~*7* may be omitted from the integrand. After substitution of 0G/ou
from the identity (19.13) summed over « = 8, we find

1 dV _ dPdQ
A o f (P s+ j (CENTHP, OHTNON s

where we have put I' = I, for brevity. The object of the calculation is now
to express the right-hand side of this equation in terms of an integral over the
Fermi surface only.

First, we replace I'* in the second integral from (17.17), with Sgin place of

OF:
LNy J{G%P)}k 2y +f (PRI, DE@N e

___z 4P d4Q d
_ vﬁ(an)s f{G (P I%, ol P, SFIT,, ;,(SF,Q){Gz(Q)}k__(E%;‘S. (20.3)
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We begin by transforming the last term. In the integrand, only the last two
factors depend on Q; the integral of these over dQ is given (on the Fermi
surface, S = Sy) by (19.17), and this term therefore becomes

i pFZ . d*P dos _F _@f_
S I{G (BT, S0 L (1- 5 5.
Next, we note that in the integration over d4P the limiting values of G(P) G(P+
+ K) are to be taken in the form (17.10); hence {G*(P)}, = ¢(P), and

(P = (PPN~ 22 8(p9) {p—pr). (20.4)
This gives
i P Z2 VfF dpF d‘PdOs )

where, in accordance with (18.4), we have used the quasi-particle interaction
function and expressed f,; .. in terms of F(#) by (2.6), (2.7); the bar over F
denotes integration over do/4m. The remaining integral over d*P is given by
(19.16), and the integration over dog gives a further factor of 4. Thus the third
term in (20.3) is equal to

_ﬂ(}’iﬂi_l){l—%uf}. (20.5)

The second term in (20.3)is transformed similarly: the quantities {G*(P)}; and
{GX(Q)),. are expressed in terms of {G*(P)}, and {G*Q)}, by (20.4), and the
identities (19.9) and (19.16) are then used. This term is then found to be equal to

[ 0G d*P dP  pZ [, (1
_ j o T j (P e + S {2 (7-1)—1«'}. (20.6)
The first integral gives zero on integration with respect to po, since G -~ 0

when po - £ .
Lastly, the first term in (20.3), with the substitution of (20.4), becomes

d‘P PFZz
I{G Doyt o (20.7)
Adding the contributions (20.5)—(20.7), we get
1 dN _ p} dpr | P}Z dpr
Vde = aF du Tamy |1 dp PO (20.8)

On the other hand, by putting
on' = (0n'[0pg) Opr = H(p'—pPr) OPF
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in (2.14), we easily find
du/dpr = vr(1 +F). (20.9)

It should be emphasized that, in the derivation of (2.14), no specific depend-
ence of pron N/V has been assumed, and we can therefore use this relation
to find that dependence; equation (20.9) can, of course, also be obtained with
the aid of the same relations for the vertex functions as were used in deriving
(20.8).

From this equation we see that the quantity in the braces in (20.8) is zero,

and so
d (N 2 4 d [ 8xp}
B =&:_P£=_ STPF | (20.10)
du\v ntdy  dul| 32n)3

‘When N/V -~ 0 we have a gas, and in this limit the dependence of pron N/V
must therefore be the same as for a gas. This determines the constant in the
integration of (20.10), and we have finally the required relation (1.1):

N/V = 8np}/3(2n).

§ 21. Green’s function of an almost ideal Fermi gas

To illustrate the application of the diagram technique, we shall calculate in
this section the Green’s function of an almost ideal Fermi gas in the model
discussed in §6 by means of ordinary perturbation theory (V. M. Galitskii
1958). The gas, it will be recalled, has repulsion between the particles, and the
device described in §6 allows us to apply perturbation theory to this interaction,
provided that the final result involves only the scattering amplitude.

As shown in §14, the determination of the Green’s function reduces to the
calculation of the self-energy function X 4(P). In first- and second-order per-
turbation theory, it is given by the set of diagrams (14.9) and (14.10). These
may be put in the form

P-Q
P :‘-—;’- P:o + } +
@ - e
a
(21.1)
+ t + : :
I i

(c) (d)

T Formula (2.11) for the effective mass can be deduced from the relation (17.17) and the
identities (19.11) and (19.15).
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The diagrams (21.1a, b) include the first-order diagrams (14.10a) and (14.92)
and the second-order diagrams (14.10b, c) and (14.9b, c); the latter differ from
the former only by corrections to the internal continuous line. These lines are
shown thick in (21.1a, b) and must therefore be correlated not with the ideal-
gas Green’s functions G but with the functions G corrected as far as first-
order terms. The diagrams (21.1c, d) are the second-order diagrams (14.10d, e).
All the diagrams have been subjected to a deformation in order to clarify
their structure; they are the first terms in a “ladder” series of diagrams with
four external lines, in each of which a pair of external lines have been “short-
circuited” in two different ways.
We first calculate the diagram (21.1a). Its analytical expression is

[—iZ(P). = [ U(Q) G(P—Q)d*Q/(2x)!, }
Q = (qo, q)’ P= (w’ p);

the common factor d,4 is omitted. We first integrate over go. Since the factor
U(Q) = U(q) does not depend on go, and G oc 1/go when ,go| — =, the manner
of integration has to be more precisely described. For this, we must go back
to the origin of the diagram (21.1a), and note that the continuous line there
corresponds to the contraction of a pair of y operators arising from one
operator V. This means that ¥ and ¥+ are taken at the same instant, and ¥~
is to the left of ¥ in the contraction. That is to say, in the coordinate representa-
tion the G function occurring is taken for ¢t = t;—¢» -~ —0. In the momentum
representation, this means including a factor exp (—igof) in the integrand of
(21.2) and taking the limit as t—>—0. Now using (7.23), we find

[—iZl. = i [ Uq) N(p—9q) d*q/(2m)’, (21.3)

where N(p) is the particle distribution function.

The Fourier component U(q) depends markedly onq only when ¢ 2 1/ro, where
ro is the range of action of the field U(r); these values are certainly large (for a
rarefied gas) in comparison with pj. If we consider only values | p—pr < 1/ro.
then for these values of q we have N(p—q) ~ 0. Hence U(q) in (21.3) may be
replaced by U(0) and taken outside the integral.” The remaining integral is half
(because of the specified value of the spin component) the gas density n(u):

[Z]a = — 3 n(u) U(O).

The diagram (21.1b), with the closed continuous line, gives [X], = n(u) U(0).
Thus the contribution to 2 from the two diagrams is

[Zla,6 = $n(w) U©O) = 2a/m)n(u)a, (21.9)

(21.2)

where a is the scattering length defined by (6.2).

t The resulting error is easily seen to be of the relative order of magnitude ~ (pzr,)’, and
therefore has no effect even on the terms of the next order in p gr,,.
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The expression (21.4) includes, in particular, the whole of the first-order
effect. In this approximation, n(u) is to be understood as the ideal gas density

n®(p), so that
IO = [ZID, = Qn/m)nOu)a. 21.5)

For the subsequent calculation we define an auxiliary function F given by the
ladder diagrams

P:B le 8 ] + (21.6)
(as usual, P1+P; = P3+ Ps). In analytical form,
iFys,0p(P3, Py Py, Py) = i00y0ps( FV + F®), 21.7)

where
iFD = —jU(Py—P)), (21.8)

iF® = [ GO(P') U(P,— P")GO(P,+P,— P')U(P' — P}) d*P'/(27)". (21.9)

Expanding both diagrams (21.1c), (21.1d) and expressing them in terms of
F@_ we obtain

[—iZ(P)).a = — [ GYQ) FX(P, Q; O, P)d*Q/(2m)*
+2 [ GOQ) FA(P, Q; P, Q)d*Q/(2m)'; (21.10)

the same integrals with F in place of F‘® give (21.5). The difference in sign
between the two integrals is due to the presence of the closed loop in the dia-
gram (21.1d); the delta factors in the first diagram give 6,,8,5 = 0,4, and those
in the second diagram 8,,8,, = 28,5

Let us now calculate F®. Since U(Q) is independent of go, the integration
with respect to p, reduces to

f GO(P") GO(P, + P,— P") dpo/2n.

Substituting here G‘© from (9.9) and using the convergence of the integral for
| pol — =, we close the contour of integration by an infinite semicircle in one
half-plane of the complex variable p,; the integral is zero unless the poles of
the two functions G*® lie in different half-planes, i.e.

sgn (p’' —pr) = sgn([py+P;—P' | —PF). (21.11)
The result is
FO)(Py, Py; Py, Py)
Up,—p") U(p’ —ps) sgn (p' —pr) asp’ ,
@+ @y + 24 — 3}”— [0+ @1+ Pa—p 1+ .50 (' —pr) &

(21.12)
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where w; = p1o, w3 = pao. In order to satisfy the condition (21.11) automatic-
ally, we must substitute in the numerator of the integrand

sgn(p'—pr) -~ 1-6(p")—6(p,+P—P"),

where 6(p) is the step function (1.10).

We have seen in §16 that a sequence of ladder diagrams determines (in a
vacuum) the mutual scattering amplitude of two particles. Hence the expression
(21.12) contains the correction to the first-order terms in the scattering ampli-
tude. This correction can be taken into account by substituting in F‘¥ (21.8)

U(ps —py) —~ — (4nt/m) re f(ps, Py)-

where f is the scattering amplitude' in a vacuum, correct to the second order,
and at the same time subtracting from the expression F® (21.12) the real part
of its value in a vacuum, i.e. for pp = 0, u = 0, and the values w; = p}/2m,
w, = paj2m corresponding to the energies of two real colliding particles (the
“physical” external lines of the diagrams). We can then replace —re f by the
value for zero energy, i.e. the scattering length a.* We thus have

F@(Py, P; Py, Py)

a2 1-6(p)— 6Py + P, —P)
(- I
( m ) Wy + 0y + 24— [ P2+ (P1 + P, — )] 40580 (p' — pF)

2m a3y’

-P - - ) 21.13
pi+pi—p?— (@1 +p—P)? | 2n)° (21.13)

The symbol P in the second term means that the integral is taken as a principal
value; this is the result of separating the real part of the integral by means of
the rule (8.11).

Since the expression (21.13) is symmetrical in P; and P,, the two integrals
in (21.10) are the same, and

[—iZ(P)e.a = [ GQ) FO(P, Q; P, Q) d*Q/(2n)*.

When the first term from (21.13) is substituted, the integral with respect to go
is non-zero if
sgn (p' —pr) = —sgn(g—pr), (21.14)

t Not to be confused with the quasi-particle interaction function.

* This replacement could not be made in (21.12), since it would cause the integral to diverge
for large p’. After the subtraction mentioned, the integral converges (for p° ~ py) even with
this replacement, which is therefore feasible. The subtraction of only the real part of the inte-
gral (and accordingly the replacement of U by re f) is done in order to avoid a difficulty con-
cerning the imaginary part of the scattering amplitude. The reason is that, for small momenta,
re f is expanded in even powers of the momentum and im f in odd powers (see QM, §132).
Hence the inclusion of the momentum dependence of f would lead to corrections of relative
order (ppa)®, which are negligible. The substitution U — — 4nf/m, however, would mean
taking into account the imaginary part of /, which brings in corrections of relative order pya.
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so that the two poles of the integrand are again in different half-planes of go.
When the second term from (21.13) is substituted, only the factor Go(Q)
depends on gqo; the integration with respect to go is carried out by means of
formula (7.23) and gives N@(q), the particle distribution function in an ideal
gas, i.e. the step function 6(q). The result, when the contributions from all
diagrams (21.1a)-(21.1d) are collected, is

Z(w, p) = r/m)n(p) a+ Z(w, p), (21.15)
where
2®(w, p)
Ana [1—6(p")—6(p+q—p")]1[6(a) — 6(p")]
N (_m_) wtp +% 4> —p?—(P+q—P')]+i0.5gn(p' —pr)

2mb(q) ddqd%p’ |

; 21.16
PP+ —p?+(p+q-p) | (2n)° ( )

the factor 6(q)— 0(p’) in the numerator of the first term in the integrand replaces
—sgn (g—pg) with the condition (21.14).

First, we note that X has an imaginary part. It is separated from (21.16) by
means of the rule (8.11), and is

im Z(w, p) = — 4”" j (B@1 - 6@)I[1 —6p+a—p)]

+[1—6(q)] 6(p") 6(p + 9 — p)}é[w+#+ (¢*—p*—(p+q-— p)”)]d(g,‘:;p'?

(21.17)

the expression in the braces is transformed using the fact that 62(p) = 6(p).
The quasi-particle energy spectrum is calculated, according to (14.13), as

@) = Lot a+ 20 (Lo p) (21.18)

in Z® we can put & ~ p?/2m with the necessary accuracy. The fact that X is
complex means that the excitations are damped (im & = 0).

The presence of this damping expresses the instability of quasi-particles due
to the possibility of their actual decay. A quasi-particle may lose part of its
energy and so give rise to a pair of quasi-particles (particle and hole). Let us
consider, for example, the first term in the braces in the integrand of (21.17).
From the properties of the step function, this term is non-zero if

P > pr, |qQ+P—P|=>pr, q <pr.
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These inequalities correspond to a process in which a quasi-particle with initial
momentum p(p > py) enters a state p’ (p > p’ > pg), and the momentum
p—p’ is transmitted to a particle within the Fermi sphere (momentum ¢ < pg),
which is excited to a state with momentum q+p—p’ outside the Fermi sphere;
such a transition is equivalent to the appearance of two new elementary ex-
citations, with momenta —q (hole) and q+p—p’. The law of conservation of
energy in this process is expressed by the delta function in (21.17), in which
o+ p acts as the initial energy of the quasi-particle &(p):

&p) = ¢(p") +[e@+p—p)—&Q];

here it is sufficient to put &(p) = p?/2m in the first approximation. In accordance
with the significance mentioned, the energy &(p) determined by this equation in
fact corresponds to a quasi-particle outside the Fermi sphere (¢ > p).

Similarly, the second term in the braces in (21.17) results from processes in
which a pair is generated by a hole. This term gives the damping of elementary
excitations with ¢ < u. In the language of the diagram technique, the possi-
bility of creation of a pair by a quasi-particle is indicated by the possibility of
dividing the G function diagram into two parts by cutting through three con-
tinuous lines, one of which is in the opposite direction to the other two. In the
diagrams (21.1c) and (21.1d), such cuts are to be made between the two broken
lines.

The case of a slightly non-ideal gas is special (in comparison with the general
case of any Fermi liquid) in that the quasi-particle spectrum in it is meaningful
for all values of the momenta, and not only near the Fermi surface: the decay
of the quasi-particles (im ¢) is relatively small, because the “gaseousness
parameter” apy is relatively small. Here, however, we shall give the final result
of the calculations only for two limiting cases.

Near the Fermi surface (| p—pr| < pr), we find

re & = u+(p—pr) prlm®,

with u from (6.14) and m* from (6.17). For the decay of the quasi-particles,
we have

: 1
ime = - — (pra)® (p—pr)?*sgn (p—pr). (21.19)

The proportionality of this expression to (p—pz)* has an obvious origin: one
factor p—pp is the width of the region in momentum space (a thin spherical
shell) which contains the momentum of the quasi-particle after it has created
a pair, and the other factor p— py is the width of the layer in which the pair is
created. These considerations, it may be noted, apply to any Fermi liquid, so
that we always have im & oc (p—pj)? near the Fermi surface.

t At non-zero temperatures, the averaging of this quantity over the thermal distributiom
makes the decay proportional to T2, as discussed in §1.
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For large momenta p > p (but still pa < 1), we have

_ (P® . 2% _ . PP "
g = ( + - ppa) i = (pra) (21.20)

In both cases the ratio im efre ¢ is small. The maximum value of this ratio

is reached when p ~ pp, but even then itis ~(pgpa)® <« 1.
Lastly, the value of the renormalization constant for the Green’s function
of a slightly non-ideal gas, calculated as

1 _ 1_[ aE(w,p)]
Z ow w=0,p=pp
is
z=1-31082 e (21.21)

w2



CHAPTER 1II

SUPERFLUIDITY

§ 22. Elementary excitations in a quantum Bose liquid

LET us now consider quantum liquids with an energy spectrum of a completely
different type, which may be called a Bose spectrum.'

This spectrum has the property that the elementary excitations (which are
absent in the ground state of the liquid) can appear and disappear singly. But
the angular momentum of any quantum-mechanical system (in this case, the
liquid) can change only by an integer. Hence the elementary excitations appear-
ing singly must have integral angular momenta, and therefore obey Bose
statistics. Any quantum liquid consisting of particles with integral spin (such
as the liquid isotope He#) must certainly have a spectrum of this type.

For comparison, it may be recalled that in a Fermi liquid, described in terms
of the spectrum of elementary excitations, which are absent in the ground
state (see the end of §1), these excitations can only appear and disappear in
pairs. This is the reason why elementary excitations in that type of spectrum
can have a half-integral spin.

In a quantum Bose liquid, elementary excitations with small momenta p
(wavelength large compared with the distances between atoms) correspond to
ordinary hydrodynamic sound waves, i.e. are phonons. This means that the
energy of such quasi-particles is a linear function of their momentum:

€ = up, (22.1)

where u is the velocity of sound in the liquid. The latter is given by the usual
formula ¥ = 0P/0p, and there is no need to specify whether the derivative is
taken at constant temperature T or at constant entropy S, since S — 0 when
T 0!}

The number of e¢lementary excitations in a Bose liquid tends to zero as
T — 0, and at low temperatures, when their density is sufficiently small, the

1 The theory of such quantum liquids was worked out by L. D. Landau in 1940-1941, fol-
lowing P. L. Kapitza’s discovery of the superfluidity of liquid helium. These discoveries formed
the basis for the whole of the modern physics of quantum liquids.

* The concept of phonons has been defined in Part 1,§§71 and 72, for elementary excita-
tions in solids. It must be emphasized that the momentum of an elementary excitation in a
microscopically homogeneous system (a liquid) is the actual momentum, and not the quasi-
momentum as in the periodic field of the crystal lattice in a solid.
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