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PREFACE TO THE FIRST ENGLISH EDITION 
T H E present volume of our Theoretical Physics deals with the theory of elasticity. 

Being written by physicists, and primarily for physicists, it naturally includes not only 
the ordinary theory of the deformation of solids, but also some topics not usually found in 
textbooks on the subject, such as thermal conduction and viscosity in solids, and various 
problems in the theory of elastic vibrations and waves. On the other hand, we have 
discussed only very briefly certain special matters, such as complex mathematical 
methods in the theory of elasticity and the theory of shells, which are outside the scope of 
this book. 

Our thanks are due to Dr. Sykes and Dr. Reid for their excellent translation of the 
book. 

Moscow L . D. LANDAU 
Ε. M. LIFSHITZ 

PREFACE TO THE SECOND ENGLISH EDITION 
As WELL as some minor corrections and additions, a chapter on the macroscopic theory of 
dislocations has been added in this edition. The chapter has been written jointly by myself 
and A. M. Kosevich. 

A number of useful comments have been made by G. I. Barenblatt, V. L. Ginzburg, M. 
A. Isakovich, I. M. Lifshitz and I. M. Shmushkevich for the Russian edition, while the 
vigilance of Dr. Sykes and Dr. Reid has made it possible to eliminate some further errors 
from the English translation. 

I should like to express here my sincere gratitude to all the above-named. 

Moscow Ε. M. LIFSHITZ 

PREFACE TO THE THIRD ENGLISH EDITION 
T H E major part of this book (Chapters I, II, III and V) is not very different from what was 
in the first two English editions (1959 and 1970). This is a natural result of the fact that the 
basic equations and conclusions of elasticity theory have long since been established. 

The second edition included a chapter on the theory of dislocations in crystals, written 
jointly with A. M. Kosevich, which has been only slightly changed in the present edition. 

This new edition contains a further chapter, on the mechanics of liquid crystals, written 
jointly with L. P. Pitaevskif—a new branch of continuum mechanics which combines 
features of liquids and elastic solids, and whose proper position in the Course of 
Theoretical Physics is therefore after both fluid mechanics and elasticity of solids. 

As always, I have derived much benefit from discussing with my friends and colleagues 
various topics dealt with in the book. I should like to mention with gratitude the names of 
V. L. Ginzburg, V. L. Indenbom, Ε. I. Kats, Yu. A. Kosevich, V. V. Lebedev, V. P. 
Mineev and G. E. Volovik for their various comments used in preparing the book. 

Moscow Ε. M. LIFSHITZ 

vii 



NOTATION 
ρ 

u 

density of matter 

displacement vector 

I strain tensor 

stress tensor 

Ε 

modulus of compression 

modulus of rigidity 

Young's modulus 

σ Poisson's ratio 

longitudinal velocity of sound 

transverse velocity of sound 

Ci and ct are expressed in terms of Κ> μ or of £ , σ by formulae given in §22. 

The quantities Κ, μ, Ε and σ are related by 
Ε = 9Κμ/(2Κ + μ) 
σ = ( 3 Κ - 2 μ ) / 2 ( 3 Κ + μ) 
Κ = Εβ(ΐ-2σ) 
μ = £ / 2 ( 1 + σ ) 
The summation convention always applies to suffixes occurring twice in vector and tensor 
expressions. In Chapter VI, dt (= d/dxt) is used to denote differentiation with respect to a 
coordinate. 
References to other volumes in the Course of Theoretical Physics: 
Fields = Vol. 2 (The Classical Theory of Fields, fourth English edition, 1975). 
SP 1 = Vol. 5 (Statistical Physics, Part 1, third English edition, 1980). 
FM = Vol. 6 (Fluid Mechanics, Second English edition, 1987). 
EC Μ = Vol. 8 (Electrodynamics of Continuous Media, second English edition, 1984). 
All are published by Pergamon Press. 

viii 



C H A P T E R 1 

FUNDAMENTAL EQUATIONS 

§1. The strain tensor 

T H E mechanics of solid bodies, regarded as continuous media, forms the content of the 
theory of elasticity, f 

Under the action of applied forces, solid bodies exhibit deformation to some extent, i.e. 
they change in shape and volume. The deformation of a body is described mathematically 
in the following way. The position of any point in the body is defined by its position vector 
r (with components xx = x, x 2 = y, x 3 = z) in some coordinate system. When the body is 
deformed, every point in it is in general displaced. Let us consider some particular point; let 
its position vector before the deformation be r, and after the deformation have a different 
value r' (with components x',). The displacement of this point due to the deformation is 
then given by the vector r' — r, which we shall denote by u: 

u ^ x ' i - X i . (1.1) 

The vector u is called the displacement vector. The coordinates x', of the displaced point 
are, of course, functions of the coordinates x, of the point before displacement. The 
displacement vector is therefore also a function of the coordinates X ; . If the vector u is 
given as a function of x,, the deformation of the body is entirely determined. 

When a body is deformed, the distances between its points change. Let us consider two 
points very close together. If the radius vectoi joining them before the deformation is dx,, 
the radius vector joining the same two points in the deformed body is dx', = dx, -I- du,. The 
distance between the points is d/ = >J(dxx

2 + d x 2
2 + d x 3

2 ) before the deformation, and 
dl' = *J(dx\2 + d x ' 2

2 + d x ' 3
2) after it. Using the general summation rule, we can write 

d / 2 = dx , 2, d / /2 = dx ' , 2 = (dx, + du, ) 2. Substituting du, = {dui/dxk)dxki we can write 

dl'2 = d / 2 + 2 — Ld x , d x k + — - —^dxfcdx,. 
dxk dxk dxt 

Since the summation is taken over both suffixes i and k in the second term on the right, this 
term can be put in the explicitly symmetrical form 

/duj ^ duk\ 
\dxk dxij 

dx ;dx k. 

In the third term, we interchange the suffixes ί and /. Then dl'2 takes the final form 

dl'2 = d / 2 + 2u.fcdx.dXfc, (1.2) 

t The basic equations of elasticity theory were established in the 1820s by Cauchy and by Poisson. 

Τ Ο Ε - Λ' 1 
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Fundamental Equations §1 

where the tensor uik is defined as 

(1.3) 

These expressions give the change in an element of length when the body is deformed. 
The tensor uik is called the strain tensor. We see from its definition that it is symmetrical, 

i.e. 

Like any symmetrical tensor, uik can be diagonalized at any given point. This means that, 
at any given point, we can ctioose coordinate axes (the principal axes of the tensor) in such 
a way that only the diagonal components ux l, u 2 2, " 3 3 of the tensor uik are different from 
zero. These components, the principal values of the strain tensor, will be denoted by u ( 1 ), 
M( 2 ) uo ) j t ^ ^ ΐ ς ΐ fce remembered, of course, that, if the tensor uik is diagonalized at any 
point in the body, it will not in general be diagonal at any other point. 

If the strain tensor is diagonalized at a given point, the element of length (1.2) near it 
becomes 

We see that the expression is the sum of three independent terms. This means that the 
strain in any volume element may be regarded as composed of independent strains in three 
mutually perpendicular directions, namely those of the principal axes of the strain tensor. 
Each of these strains is a simple extension (or compression) in the corresponding direction: 
the length dxi along the first principal axis becomes dx\ = ^ / ( l + 2 u ( 1 )) d x 1, and 
similarly for the other two axes. The quantity yj(\ + 2u( i )) — 1 is consequently equal to the 
relative extension (dx', —dxj /dx , along the ith principal axis. 

In almost all cases occurring in practice, the strains are small. This means that the 
change in any distance in the body is small compared with the distance itself. In other 
words, the relative extensions are small compared with unity. In what follows we shall 
suppose that all strains are small. 

If a body is subjected to a small deformation, all the components of the strain tensor are 
small, since they give, as we have seen, the relative changes in lengths in the body. The 
displacement vector u,, however, may sometimes be large, even for small strains. For 
example, let us consider a long thin rod. Even for a large deflection, in which the ends of the 
rod move a considerable distance, the extensions and compressions in the rod itself will be 
small. 

Except in such special cases,t the displacement vector for a small deformation is itself 
small. For it is evident that a three-dimensional body (i.e. one whose dimension in no 
direction is small) cannot be deformed in such a way that parts of it move a considerable 
distance without the occurrence of considerable extensions and compressions in the body. 

(1.4) 

d/ ' 2 = (<5ik + 2 u i k) d x id x i t 

= (1 + 2 u ( 1 )) d x 1
2 + ( l + 2 u ( 2 )) d x 2

2- h ( l - f 2 u ( 3 )) d x 3
2. 

t Which include, besides deformations of thin rods, those of thin plates to form cylindrical surfaces. We have 
also to exclude the case where the deformation of a three-dimensional body is accompanied by a rotation through 
a finite angle. 

2 



§2 The stress tensor 3 

Thin rods will be discussed in Chapter II. In other cases the u, and their derivatives are 
small for small deformations, and we can therefore neglect the last term in the general 
expression (1.3), as being of the second order of smallness. Thus, for small deformations, 
the strain tensor is given by 

The relative extensions of the elements of length along the principal axes of the strain 
tensor (at a given point) are, to within higher-order quantities, > / ( l 4- 2u(i)) — 1 « u{i\ i.e. 
they are the principal values of the tensor uik. 

Let us consider an infinitesimal volume element dV, and find its volume dV after the 
deformation. To do so, we take the principal axes of the strain tensor, at the point 
considered, as the coordinate axes. Then the elements of length d x t , d x 2, d x 3 along these 
axes become, after the deformation, dx'l = (\+u(l))dxli etc. The volume dV is the 
product dx! d x 2 d x 3, while dV is dx ' ! d x ,

2 d x ' 3. Thus dV = d ^ ( l + u ( 1 )) ( l + u < 2 )) χ 
χ (1 + u ( 3 )) . Neglecting higher-order terms, we therefore havedK' = dV(\ + u ( 1) + u ( 2) + 
+ u ( 3 )) . The sum u ( 1) + u{2) + u ( 3) of the principal values of a tensor is well known to be 
invariant, and is equal to the sum of the diagonal components uu = ux l + u 2 2 + u 3 3 in any 
coordinate system. Thus 

We see that the sum of the diagonal components of the strain tensor is the relative volume 
change (dV- dV)/dV. 

It is often convenient to use the components of the strain tensor in spherical polar or 
cylindrical polar coordinates. We give here, for reference, the corresponding formulae, 
which express the components in terms of the derivatives of the components of the 
displacement vector in the same coordinates. In spherical polar coordinates r, 0, φ, we have 

(1.5) 

(1.6) 

(1.7) 

2w, 
1 dur | dtij, 

r sin θ βφ dr r 

In cylindrical polar coordinates r, φ, ζ, 

dur _ 1 δϋφ ur _ duz 

dr' Η φφ ~ r δφ + r ' " dz ' 

_ 1 duz δϋφ _ dur t duz 

l**-~rJj+ dz' Z U r z~ dz^ dr' 
(1.8) 

§2. The stress tensor 

In a body that is not deformed, the arrangement of the molecules corresponds to a state 
of thermal equilibrium. All parts of the body are in mechanical equilibrium. This means 



4 Fundamental Equations §2 

that, if some portion of the body is considered, the resultant of the forces on that portion is 
zero. 

When a deformation occurs, the airangement of the molecules is changed, and the body 
ceases to be in its original state of equilibrium. Forces therefore arise which tend to return 
the body to equilibrium. These internal forces which occur when a body is deformed are 
called internal stresses. If no deformation occurs, there are no internal stresses. 

The internal stresses are due to molecular forces, i.e. the forces of interaction between 
the molecules. An important fact in the theory of elasticity is that the molecular forces have 
a very short range of action. Their effect extends only to the neighbourhood of the 
molecule exerting them, over a distance of the same order as that between the molecules, 
whereas in the theory of elasticity, which is a macroscopic theory, the only distances 
considered are those large compared with the distances between the molecules. The range 
of action of the molecular forces should therefore be taken as zero in the theory of 
elasticity. We can say that the forces which cause the internal stresses are, as regards the 
theory of elasticity, "near-action" forces, which act from any point only to neighbouring 
points. Hence it follows that the forces exerted on any part of the body by surrounding 
parts act only on the surface of this part. 

The following reservation should be made here. The above assertion is not valid in cases 
where the deformation of the body results in macroscopic electric fields in it (pyroelectric 
and piezoelectric bodies). Such bodies are discussed in ECM. 

Let us consider the total force on some portion of the body. Firstly, this total force is 
equal to the sum of all the forces on all the volume elements in that portion of the body, i.e. 
it can be written as the volume integral j F d K where F is the force per unit volume and 
Fd V the force on the volume element d V. Secondly, the forces with which various parts of 
the portion considered act on one another cannot give anything but zero in the total 
resultant force, since they cancel by Newton's third law. The required total force can 
therefore be regarded as the sum of the forces exerted on the given portion of the body by 
the portions surrounding it. From above, however, these forces act on the surface of that 
portion, and so the resultant force can be represented as the sum of forces acting on all the 
surface elements, i.e. as an integral over the surface. 

Thus, for any portion of the body, each of the three components \ Ft d V of the resultant 
of all the internal stresses can be transformed into an integral over the surface. As we know 
from vector analysis, the integral of a scalar over an arbitrary volume can be transformed 
into an integral over the surface if the scalar is the divergence of a vector. In the present 
case we have the integral of a vector, and not of a scalar. Hence the vector F, must be the 
divergence of a tensor of rank two, i.e. be of the form 

F, = dcik/dxk. (2.1) 

Then the force on any volume can be written as an integral over the closed surface 
bounding that volume:f 

t The vector df is along the normal outward from the closed surface. The integral over a closed surface is 
transformed into one over the volume enclosed by the surface by replacing the surface element d / by the operator 
dVd/dXi. 

Strictly speaking, to determine the total force on a deformed portion of the body we should integrate, not 
over the old coordinates xiy but over the coordinates x',- of the points of the deformed body. The derivatives (2.1) 
should therefore be taken wjth respect to x',. However, in view of the smallness of the deformation, the 
derivatives with respect to x, and x', differ only by higher-order quantities, and so the derivatives can be taken 
with respect to the coordinates x,. 



§2 The stress tensor 

J F:dV = 
\dat, 

dxk 
±dv = <haikdfk. 

5 

The tensor aik is called the stress tensor. As we see from (2.2), aikdfk is the ith component 
of the force on the surface element df. By taking elements of area in the planes of xy, yz9 zx, 
we find that the component aik of the stress tensor is the ith component of the force on unit 
area perpendicular to the xk-axis. For instance, the force on unit area perpendicular to the 
x-axis, normal to the area (i.e. along the x-axis), is σχχ, and the tangential forces (along the y 
and ζ axes) are ayx and σζχ. 

The following remark should be made concerning the sign of the force cikdfk. The 
surface integral in (2.2) is the force exerted on the volume enclosed by the surface by the 
surrounding parts of the body. The force which this volume exerts on the surface 
surrounding it is the same with the opposite sign. Hence, for example, the force exerted by 
the internal stresses on the surface of the body itself is — foikdfk, where the integral is taken 
over the surface of the body and df is along the outward normal. 

Let us determine the moment of the forces on a portion of the body. The moment of the 
force F can be written as an antisymmetrical tensor of rank two, whose components are 
Ftxk — Fkxh where x, are the coordinates of the point where the force is applied.f Hence 
the moment of the forces on the volume element d V is {Fxxk — Fkxt)d V, and the moment of 
the forces on the whole volume is Mik = j (F,x fc —Ff cx,)dK Like the total force on any 
volume, this moment can be expressed as an integral over the surface bounding the 
volume. Substituting the expression (2.1) for Fh we find 

*k-

*d(auxk 

dxt ' 

<*klXi) 

dV 

dx, 
dV-

dxk OX; 

' « 1 ΣΗ~ϊ~ 
oxl cxt 

dV. 

In the second term we use the fact that the derivative of a coordinate with respect to itself is 
unity, and with respect to another coordinate is zero (since the three coordinates are 
independent variables); thus dxk/dxt = Skh where dkl is the unit tensor. In the first term, the 
integrand is the divergence of a tensor; the integral can be transformed into one over the 
surface. The result is 

Mik=i^axk-auxi)dfl+ [(aki-aik)dV. (2.3) 

The tensor Mik will be an integral over the surface alone if the stress tensor is sym
metrical: 

aik = aki, (2.4) 

so that the volume integral vanishes; the basis for this important statement will be further 

t The moment of the force F is defined as the vector product Fxr , and we know from vector analysis that the 
components of a vector product form an antisymmetrical tensor of rank two as written here. 

(2.2) 



6 Fundamental Equations §2 

don 
oxt 

^(σ,,χ*) . . . Γ dxk — dV- au — d ^ = 0 . 
oxt J oxt 

The first integral on the right is transformed into a surface integral; in the second integral 
we put dxk/dxt = Skl. The result is §cilxkdf, -\aikdV = 0. Substituting (2.9) in the first 

t Strictly speaking, the density of a body changes when it is deformed. An allowance for this change, however, 
involves higher-order quantities in the case of small deformations, and is therefore unimportant. 

discussed at the end of the section. The moment of the forces on a portion of the body can 
then be written simply as 

Mik = ^{F^-F^dV =^(aaxk-akixi)dft. (2.5) 

It is easy to find the stress tensor for a body undergoing uniform compression from all 
sides (hydrostatic compression). I η this case a pressure of the same magnitude acts on every 
unit area on the surface of the body, and its direction is along the inward normal. If this 
pressure is denoted by p, a force - pdf acts on the surface element df. This force, in terms 
of the stress tensor, must be aikdfk. Writing -pdf = — pSikdfk, we see that the stress 
tensor in hydrostatic compression is 

<tik = -P$ik- (2.6) 

Its non-zero components are simply equal to the pressure. 
In the general case of an arbitrary deformation, the non-diagonal components of the 

stress tensor are also non-zero. This means that not only a normal force but also tangential 
(shearing) stresses act on each surface element. These latter stresses tend to move the 
surface elements relative to each other. 

In equilibrium the internal stresses in every volume element must balance, i.e. we must 
have F, = 0. Thus the equations of equilibrium for a deformed body are 

doik/dxk = 0. (2.7) 

If the body is in a gravitational field, the sum F + pg of the internal stresses and the force of 
gravity (pg per unit volume) must vanish; ρ is the density! and g the gravitational 
acceleration vector, directed vertically downwards. In this case the equations of 
equilibrium are 

daik/dxk + pgi = 0. (2.8) 

The external forces applied to the surface of the body (which are the usual cause of 
deformation) appear in the boundary conditions on the equations of equilibrium. Let Ρ be 
the external force on unit area of the surface of the body, so that a force Ρ df acts on a 
surface element df. In equilibrium, this must be balanced by the force —aikdfk of the 
internal stresses acting on that element. Thus we must have Pidf—aikdfk — 0. Writing 
dfk = nkdf where η is a unit vector along the outward normal to the surface, we find 

* r tn k = /V (2.9) 

This is the condition which must be satisfied at every point on the surface of a body in 
equilibrium. 

We shall derive also a formula giving the mean value of the stress tensor in a deformed 
body. To do so, we multiply equation (2.7) by xk and integrate over the whole volume: 



§3 The thermodynamics of deformation 7 

integral, we find $P,x k df = \aik d V = Vaiki where V is the volume of the body and dik the 
mean value of the stress tensor. Since aik = akh this formula can be written in the 
symmetrical form 

dik = ( 1 / 2 Κ ) ψ ( Ρ Λ + Ρ»χ,)<Ι/: (2.10) 

Thus the mean value of the stress tensor can be found immediately from the external forces 
acting on the body, without solving the equations of equilibrium. 

Let us now go back to the proof given above that the stress tensor is symmetrical, since it 
is in need of refinement. The physical condition imposed, that the tensor Mik be 
representable as an integral over the surface alone, is satisfied not only if the 
antisymmetrical part of the tensor aik (that is, the integrand in the volume integral in (2.3)) 
is zero, but also if it is a divergence, i.e. if 

°ik ~ °ki = 23φΜ I Sxi, Φικι= ~ Φκι > (2.11) 

where φΜ is any tensor antisymmetrical in the first pair of suffixes. In the present case, this 
tensor is to be expressed in terms of the derivatives dujdx^ and accordingly the stress 
tensor contains terms in higher derivatives of the displacement vector. Within the theory 
of elasticity as described here, all such terms should be regarded as higher-order small 
quantities and omitted. 

It is, however, important in principle that the stress tensor can be reduced to a 
symmetrical form even if these terms are not neglected.f The reason is that the definition 
(2.1) of this tensor is not unique: any transformation is possible that is of the form 

cik - oik = dxikl/dxt, χίΜ = - xilk, (2.12) 

where χΜ is any tensor antisymmetrical in the last pair of suffixes. Evidently, the 
derivatives dcik/dxk and ddik/dxk, which determine the force F , are identically equal. If the 
antisymmetrical part of aik has the form (2.11), then an unsymmetrical aik can be made 
symmetrical by a transformation of this type. The symmetrical tensor is 

oik = \(oik + aki) + δ(φαΐί + φιαι)/δχι; (2.13) 

it is easy to see that dik - aik has the form (2.12) with 

Xiki = </>*/i + Φuk ~ Φκι ( 2 · 1 4) 

(P. C. Martin, O. Parodi and P. S. Pershan 1972). 

§3. The thermodynamics of deformation 

Let us consider some deformed body, and suppose that the deformation is changed in 
such a way that the displacement vector u, changes by a small amount <5u,; and let us 
determine the work done by the internal stresses in this change. Multiplying the force 
F. = daik/dxk by the displacement <5u, and integrating over the volume of the body, we 
have $OR dV = \(daikldxk)6ui dV> where SR denotes the work done by the internal stresses 
per unit volume. We integrate by parts, obtaining 

j i Λ d V = Ioikb\ixdfk- J <r i k^dV. 

t In accordance with the general results of the microscopic theory {Fields, §32). 
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By considering an infinite medium which is not deformed at infinity, we make the 
surface of integration in the first integral tend to infinity; then aik = 0 on the surface, and 
the integral is zero. The second integral can, by virtue of the symmetry of the tensor aik, be 
written 

2 . [ ^ ( θ χ * * dx-)AV 

Thus we find 
SR= -aik6uik. (3.1) 

This formula gives the work dR in terms of the change in the strain tensor. 
If the deformation of the body is fairly small, it returns to its original undeformed state 

when the external forces causing the deformation cease to act. Such deformations are said 
to be elastic. For large deformations, the removal of the external forces does not result in 
the total disappearance of the deformation; a residual deformation remains, so that the 
state of the body is not that which existed before the forces were applied. Such 
deformations are said to be plastic. In what follows (except in Chapter IV) we shall 
consider only elastic deformations. 

We shall also suppose that the process of deformation occurs so slowly that 
thermodynamic equilibrium is established in the body at every instant, in accordance with 
the external conditions. This assumption is almost always justified in practice. The process 
will then be thermodynamically reversible. 

In what follows we shall take all such thermodynamic quantities as the entropy S, the 
internal energy S, etc., relative to unit volume of the body, and not relative to unit mass as 
in fluid mechanics, and denote them by the corresponding capital letters. 

The following remark should be made here. Strictly speaking, the unit volumes before 
and after the deformation should be distinguished, since they in general contain different 
amounts of matter. We shall always (except in Chapter VI) relate the thermodynamic 
quantities to unit volume of the undeformed body, i.e. to the amount of matter therein, 
which may occupy a different volume after the deformation. Accordingly, the total energy 
of the body, for example, is obtained by integrating S over the volume of the undeformed 
body. 

An infinitesimal change dS in the internal energy is equal to the difference between the 
heat acquired by the unit volume considered and the work dR done by the internal stresses. 
The amount of heat is, for a reversible process, TdS, where Τ is the temperature. Thus 
dS = r d S - d R ; with dR given by (3.1), we obtain 

d ^ = TdS + aikduik. (3.2) 

This is the fundamental thermodynamic relation for deformed bodies. 
In hydrostatic compression, the stress tensor is aik = — pSik (2.6). Then cikduik = 

-pSikduik = -pduu. We have seen, however (cf. (1.6)), that the sum u„ is the relative 
volume change due to the deformation. If we consider unit volume, therefore, uu is simply 
the change in that volume, and d u u is the volume element d V. The thermodynamic relation 
then takes its usual form 

d ^ = T d S - p d K (3.2a) 
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§4. Hooke 's law 

In order to be able to apply the general formulae of thermodynamics to any particular 
case, we must know the free energy F of the body as a function of the strain tensor. This 
expression is easily obtained by using the fact that the deformation is small and expanding 
the free energy in powers of uik. We shall at present consider only isotropic bodies. The 
corresponding results for crystals will be obtained in §10. 

In considering a deformed body at some temperature (constant throughout the body), 
we shall take the undeformed state to be the state of the body in the absence of external 
forces and at the same temperature; this last condition is necessary on account of the 
thermal expansion (see §6). Then, for uik = 0, the internal stresses are zero also, i.e. aik = 0. 
Since aik = dF/duik, it follows that there is no linear term in the expansion of F in powers 
of uik. 

Next, since the free energy is a scalar, each term in the expansion of F must be a scalar 
also. Two independent scalars of the second degree can be formed from the components of 
the symmetrical tensor uik: they can be taken as the squared sum of the diagonal 
components (u,,2) and the sum of the squares of all the components (uik

2). Expanding F in 
powers of ul f c, we therefore have as far as terms of the second order 

F = F 0 + i A u l , 2 + W k
2 . (4.1) 

This is the general expression for the free energy of a deformed isotropic body. The 
quantities λ and μ are called Lama coefficients. 

We have seen in §1 that the change in volume in the deformation is given by the sum uu. 
If this sum is zero, then the volume of the body is unchanged by the deformation, only its 
shape being altered. Such a deformation is called a pure shear. 

f For hydrostatic compression, the expression (3.4) becomes Φ = F + pu„ = F + p( V — V0\ where V - V0 is 
the volume change resulting from the deformation. Hence we see that the definition of Φ used here differs by a 
term - ρ V0 from the usual definition Φ = F + ρ V. 

Introducing the (Helmholtz) free energy of the body, F = S— Γ5, we find the form 

d F = -SaT+aikauik (3.3) 

of the relation (3.2). Finally, the thermodynamic potential (Gibbs free energy) Φ is defined 
as 

Φ = t - TS - σ Λι ι Λ = F - oikuik. (3.4) 

This is a generalization of the usual expression Φ = & — TS + pV.f Substituting (3.4) in 
(3.3), we find 

d Φ = -SdT-uikdaik. (3.5) 

The independent variables in (3.2) and (3.3) are respectively S, uik and T, uik. The 
components of the stress tensor can be obtained by differentiating $ or F with respect to 
the components of the strain tensor, for constant entropy 5 or temperature Γ respectively: 

aik = {dS/duik)s = (dF/duik)T. (3.6) 

Similarly, by differentiating Φ with respect to the components aik, we can obtain the 
components uik: 

uik = - (d<t>/daik)T. (3.7) 
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The opposite case is that of a deformation which causes a change in the volume of the 
body but no change in its shape. Each volume element of the body retains its shape also. 
We have seen in §1 that the tensor of such a deformation is uik = constant χ Sik. Such a 
deformation is called a hydrostatic compression. 

Any deformation can be represented as the sum of a pure shear and a hydrostatic 
compression. To do so, we need only use the identity 

",k = (Mik ~ ^ i ku u ) + ±*<*«Ή · (4-2) 

The first term on the right is evidently a pure shear, since the sum of its diagonal terms is 
zero (δα = 3). The second term is a hydrostatic compression. 

As a general expression for the free energy of a deformed isotropic body, it is convenient 
to replace (4.1) by another formula, using this decomposition of an arbitrary deformation 
into a pure shear and a hydrostatic compression. We take as the two independent scalars of 
the second degree the sums of the squared components of the two terms in (4.2). Then F 
becomes! 

F = ̂ (ul k-i<W2+i*"/,2. (4.3) 
The quantities Κ and μ are called respectively the bulk modulus or modulus of hydrostatic 
compression (or simply the modulus of compression) and the shear modulus or modulus of 
rigidity. Κ is related to the Lamtf coefficients by 

Κ = λ + \μ. (4.4) 

In a state of thermodynamic equilibrium, the free energy is a minimum. If no external 
forces act on the body, then F as a function of uik must have a minimum for uik = 0. This 
means that the quadratic form (4.3) must be positive. If the tensor uik is such that uu = 0, 
only the first term remains in (4.3); if, on the other hand, the tensor is of the form 
uik = constant χ Sik, then only the second term remains. Hence it follows that a necessary 
(and evidently sufficient) condition for the form (4.3) to be positive is that each of the 
coefficients Κ and μ be positive. Thus we conclude that the moduli of compression and 
rigidity are always positive: 

Κ > 0, μ > 0. (4.5) 

We now use the general thermodynamic relation (3.6) to determine the stress tensor. To 
calculate the derivatives dF/duik, we write the total differential d F (for constant 
temperature): 

d F = Ku / /du i /-h2^(u l f c-^u / /o l k)d(u l k- iu l /<$ l k) . 

In the second term, multiplication of the first parenthesis by 6ik gives zero, leaving d F 
= Κ^άίΛη + Ιμ^-^δ^ΛΐΛ^ or writing dun = Sikduiky 

dF = lKu{ldik + 2μ(uik-$ullδik)^]duik. 

Hence the stress tensor is 
oik = Kunoik + 2μ(ΐλΛ -&ikuu). (4.6) 

This expression determines the stress tensor in terms of the strain tensor for an isotropic 
body. It shows that, if the deformation is a pure shear or a pure hydrostatic compression, 
the relation between oik and uik is determined only by the modulus of rigidity or of 
hydrostatic compression respectively. 

t The constant term F0 is the free energy of the undeformed body, and is of no further interest. We shall 
therefore omit it, for brevity, taking F to be only the free energy of the deformation (the elastic free energy, as it is 
called). 
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It is not difficult to obtain the converse formula which expresses uik in terms of aik. To do 
so, we find the sum au of the diagonal terms. Since this sum is zero for the second term of 
(4.6), we have σ„ = 3Kuih or 

Μ « « σ Η/ 3 Κ . (4.7) 

Substituting this expression in (4.6) and so determining uik9 we find 

« Λ = δΛσα/9Κ + (aik - Η*σ„) /2μ , (4.8) 

which gives the strain tensor in terms of the stress tensor. 
Equation (4.7) shows that the relative change in volume (uu) in any deformation of an 

isotropic body depends only on the sum au of the diagonal components of the stress 
tensor, and the relation between uu and σ π is determined only by the modulus of 
hydrostatic compression. In hydrostatic compression of a body, the stress tensor is 
aik = — pSik. Hence we have in this case, from (4.7), 

w , = -p/K. (4.9) 

Since the deformations are small, uu and ρ are small quantities, and we can write the ratio 
ujp of the relative volume change to the pressure in the differential form (\/V)(dV/dp)T. 
Thus 

*~ y\dp)r 

The quantity \/K is called the coefficient of hydrostatic compression (or simply the 
coefficient of compression). 

We see from (4.8) that the strain tensor uik is a linear function of the stress tensor aik. 
That is, the deformation is proportional to the applied forces. This law, valid for small 
deformations, is called Hooke's law.-f 

We may give also a useful form of the expression for the free energy of a deformed body, 
which is obtained immediately from the fact that F is quadratic in the strain tensor. 
According to Euler's theorem, uikdF/duik = 2F, whence, since dF/duik = aik, we have 

F = K " , k . (4.10) 

If we substitute in this formula the uik as linear combinations of the components aik, the 
elastic energy will be represented as a quadratic function of the aik. Again applying Euler's 
theorem, we obtain aikdF/daik = 2F, and a comparison with (4.10) shows that 

uik = dF/daik. (4.11) 

It should be emphasized, however, that, whereas the formula aik = dF/duik is a general 
relation of thermodynamics, the inverse formula (4.11) is applicable only if Hooke's law is 
valid. 

§5. Homogeneous deformations 

Let us consider some simple cases of what are called homogeneous deformations, i.e. 
those in which the strain tensor is constant throughout the volume of the body.J For 

t Hooke's law is actually applicable to almost all elastic deformations. The reason is that deformations usually 
cease to be elastic when they are still so small that Hooke's law is a good approximation. Substances such as 
rubber form an exception. 

X The six components of the tensor uik are not entirely independent, since they are expressed in terms of the 
derivatives of only three independent functions, the components of the vector u (see §7, Problem 9). But the six 
constants uik can in principle be specified arbitrarily. 
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t The use of a to denote Poisson's ratio and aik to denote the components of the stress tensor cannot lead to 
ambiguity, since the latter always have suffixes. 

X In practice, Poisson's ratio varies only between 0 a n d \ . There are no substances known for which a < 0, i.e. 
which would expand transversely when stretched longitudinally. It may be mentioned that the inequality σ > 0 
corresponds to λ > 0, where λ is the Lame' coefficient appearing in (4.1); in other words, both terms in (4.1), as well 
as in (4.3), are always positive in practice, although this is not thermodynamically necessary. Values of a close to \ 
(e.g. for rubber) correspond to a modulus of rigidity which is small compared with the modulus of compression. 

example, the hydrostatic compression already considered is a homogeneous deformation. 
We first consider a simple extension (or compression) of a rod. Let the rod be along the 

z-axis, and let forces be applied to its ends which stretch it in both directions. These forces 
act uniformly over the end surfaces of the rod; let the force on unit area be p. 

Since the deformation is homogeneous, i.e. uik is constant through the body, the stress 
tensor aik is also constant, and so it can be determined at once from the boundary 
conditions (2.8). There is no external force on the sides of the rod, and therefore aiknk = 0. 
Since the unit vector η on the side of the rod is perpendicular to the z-axis, i.e. nz = 0, it 
follows that all the components aik except σζζ are zero. On the end surface we have 
σ2 1π, = ρ, or σζζ = p. 

From the general expression (4.8) which relates the components of the strain and stress 
tensors, we see that all the components uik with i φ k are zero. For the remaining 
components we find 

"«-"»--Κέ" )̂* u-=\{jK+iy (5i) 

The component uzz gives the relative lengthening of the rod. The coefficient of ρ is called 
the coefficient of extension, and its reciprocal is the modulus of extension or Young's 
modulus, E: 

uzz = p/E, (5.2) 
where 

Ε = 9Κμ/(3Κ+μ). (5.3) 

The components uxx and uyy give the relative compression of the rod in the transverse 
direction. The ratio of the transverse compression to the longitudinal extension is called 
Poisson's ratio, <r:t 

"** = ~<™«, (5.4) 
where 

σ = ^ ( 3 Κ - 2 μ ) / ( 3 Κ + μ ) . (5.5) 

Since Κ and μ are always positive, Poisson's ratio can vary between - 1 (for Κ — 0) and 
\ (for μ = 0). ThusJ 

- 1 (5.6) 

Finally, the relative increase in the volume of the rod is 

uu = P/3K. (5.7) 

The free energy of a stretched rod can be obtained immediately from formula (4.10). Since 
only the component azz is not zero, we have F = \ozzuzz, whence 

F = p 2/ 2 £ . (5.8) 
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In what follows we shall, as is customary, use Ε and σ instead of Κ and μ. These and the 
second Lame coefficient are given in terms of Ε and σ by 

λ = Εσ/(\-2σ)(\+σ\ 

μ = £ /2( l + σ), Κ = E/3(l - 2σ). 
(5.9) 

We shall write out here the general formulae of §4, with the coefficients expressed in terms 
of Ε and σ. The free energy is 

F = uik
L +- "Mil 2 ( 1 + σ ) ν " ' * l-2<7 

The stress tensor is given in terms of the strain tensor by 

Ε I G 

Conversely, 
1 + σ V 1 - 2o 

μ* = [(1 + - <7<x,Ak]/£. 

(5.10) 

(5.11) 

(5.12) 

Since formulae (5.11) and (5.12) are in frequent use, we shall give them also in component 
form: 

Ε 

o7T = 

GXV = 

-2<x) 

( 1 + σ ) ( 1 -2σ) 

( 1 + σ ) ( 1 -2σ) 

Ε 
1 + σ y 

[(1 -o)uyy + a(uxx + uzz)], 

1 + σ " χ ζ > °~y* = 
1 + σ 

(5.13) 

and conversely 

" χ χ = £ [ * x * - * ( t f y y + 

"zz = g l > z z - + 

1 + σ l + o - 1 + σ 
0~xy> Ux z = 

(5.14) 

Let us now consider the compression of a rod whose sides are fixed in such a way that 
they cannot move. The external forces which cause the compression of the rod are applied 
to its ends and act along its length, which we again take to be along the z-axis. Such a 
deformation is called a unilateral compression. Since the rod is deformed only in the z-
direction, only the compcment uZ2 of uik is not zero. Then we have from (5.11) 

Ε E ( l - g ) 
σ » ~ σ» ~ (i + σ) (l - 2a) * » - (1 + a) (1 - 2σ) 
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§6. Deformations with change of temperature 

Let us now consider deformations which are accompanied by a change in the 
temperature of the body; this can occur either as a result of the deformation process itself, 
or from external causes. 

We shall regard as the undeformed state the state of the body in the absence of external 
forces at some given temperature T0. If the body is at a temperature Γ different from T0, 
then, even if there are no external forces, it will in general be deformed, on account of 
thermal expansion. In the expansion of the free energy F( T), there will therefore be terms 
linear, as well as quadratic, in the strain tensor. From the components of the tensor uiki of 
rank two, we can form only one linear scalar quantity, the sum u u of its diagonal 
components. We shall also assume that the temperature change T—T0 which accompanies 
the deformation is small. We can then suppose that the coefficient of uu in the expansion of 
F (which must vanish for Τ = Γ 0) is simply proportional to the difference Τ - T0. Thus we 
find the free energy to be (instead of (4.3)) 

F(T) = F0(T) - Ka(T-T0)uu + μ(κ Λ - $oikult)2 +\Kuu\ (6.1) 

where the coefficient of Τ — T0 has been written as — KCL. The quantities μ, Κ and α can 
here be supposed constant; an allowance for their temperature dependence would lead to 
terms of higher order. 

Differentiating F with respect to we obtain the stress tensor: 

aik = - KCL(T- T0)6ik + KuUSIK + 2μ^ - %6ikuu). (6.2) 

The first term gives the additional stresses caused by the change in temperature. In free 
thermal expansion of the body (external forces being absent), there can be no internal 
stresses. Equating aik to zero, we find that uik is of the form constant χ Siki and 

UU = OL(T-T0). (6.3) 

But uH is the relative change in volume caused by the deformation. Thus α is just the 
thermal expansion coefficient of the body. 

Among the various (thermodynamic) types of deformation, isothermal and adiabatic 
deformations are of importance. In isothermal deformations, the temperature of the body 
does not change. Accordingly, we must put Τ = T0 in (6.1), returning to the usual 
formulae; the coefficients Κ and μ may therefore be called isothermal moduli. 

A deformation is adiabatic if there is no exchange of heat between the various parts of 
the body (or, of course, between the body and the surrounding medium). The entropy S 
remains constant. It is the derivative —dF/dT of the free energy with respect to 

Again denoting the compressing force by ρ (σζζ = ρ, which is negative for a compression), 
we have 

ιι„ = ρ ( 1 + σ ) ( 1 - 2 σ ) / Ε ( 1 - σ ) . (5.15) 

The coefficient of ρ is called the coefficient of unilateral compression. For the transverse 
stresses we have 

ΣΧ Χ = ΣΗ = — <*)· (5.16) 

Finally, the free energy of the rod is 

F = p 2( l + σ ) ( 1 -2<τ)/2£(1 -σ). (5.17) 



§6 Deformations with change of temperature 15 

where CP is the specific heat per unit volume at constant pressure. If V is taken to be the 
volume occupied by matter which before the deformation occupied unit volume, the 
derivatives d K/d7and d V/dp give the relative volume changes in heating and compression 
respectively. That is, 

(d V/dT)p = a, (d V/dp)s = - 1/Ka d, (d V/dp)T = - 1/K. 

Thus we find the relation between the adiabatic and isothermal moduli to bef 

1 / K a d= l / K - 7 a 2 / C p , μ Ε, = μ. (6.7) 

For the adiabatic Young's modulus and Poisson's ratio we easily obtain 

F E o + ET*2/9Cp 
a d 1 - ET<x2/9Cp

 1 σ*ά 1 - ETOL2/9CP ' 1 J 

In practice, ETcc2/Cp is usually small, and it is therefore sufficiently accurate to put 

£ad = Ε + F 2r a 2/ 9 C p, <xad = σ + (1 + c)ET<x2/9Cp. (6.9) 

In isothermal deformation, the stress tensor is given in terms of the derivatives of the 
free energy: 

aik = (dF/duik)T. 

For constant entropy, on the other hand, we have (see (3.6)) 

aik = (dSlduik)Si 

where S is the internal energy. Accordingly, the expression analogous to (4.3) determines, 
for adiabatic deformations, not the free energy but the internal energy per unit volume: 

* = * Κ β Λι ι ι ι
2 + μ ( Μ Λ- * Μ | Ιί Λ) 2 . (6.10) 

t To derive these formulae from (6.5) and (6.6), we should have to use also the thermodynamic formula 
CP - CL = TOL2K. 

temperature. Differentiating the expression (6.1), we have as far as terms of the first order 
in uik 

S(T) = S0(T) + KOLUU. (6.4) 

Putting S constant, we can determine the change of temperature T-T0 due to the 
deformation, which is therefore proportional to uu: 

CV(T-T0)/T0= - Kan,!. (6.5) 

Substituting this expression for Τ — T0 in (6.2), we obtain for alk an expression of the usual 
kind, 

<*ik = Kad "A* + 2μ(ϋ ιλ - i<5iku„), (6.6) 

with the same modulus of rigidity μ but a different modulus of compression K a d. The 
relation between the adiabatic modulus K ad and the ordinary isothermal modulus Κ can 
also be found directly from the thermodynamic formula 

dV\ (dV\ ^T(dV/dT)p
2 
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§7. The equations of equilibrium for isotropic bodies 

Let us now derive the equations of equilibrium for isotropic solid bodies. To do so, we 
substitute in the general equations (2.7) 

dajdxk + p0, = 0 

the expression (5.11) for the stress tensor. We have 

doik Εσ dun ^ Ε duik 

dxk (1 + σ) (1 - 2σ) dx, 1 4- σ dxk 

Substituting 

u =
 1 (dUi

 ,
 d Uk 

lk 2 \dxk dxt 

we obtain the equations of equilibrium in the form 

Ε d2u: Ε d2u, 
+ λ „ , . w , ^ 7 + Ρ9ι = 0. (7.1) 2(1 + a)dxk

2 2(1 + σ)(1 -2σ) dxfix, 

These equations can be conveniently rewritten in vector notation. The quantities d2ui/dxk
2 

are components of the vector Au, and dul/dxl = div u. Thus the equations of equilibrium 
become 

A u + — l— - g r a d d i v u = - p g 2 ^ ^ ^ . (7.2) 
1 — 2σ Ε 

It is sometimes useful to transform this equation by using the vector identity 
grad div u = Δ u + curl curl u. Then (7.2) becomes 

grad div u - ~ — — curl curl u 
2(1 -σ) 

( 1 + σ ) ( 1 - 2 σ ) 
Ε{\-σ) 

We have written the equations of equilibrium for a uniform gravitational field, since this 
is the body force most usually encountered in the theory of elasticity. If there are other 
body forces, the vector pg on the right-hand side of the equation must be replaced 
accordingly. 

A very important case is that where the deformation of the body is caused, not by body 
forces, but by forces applied to its surface. The equation of equilibrium then becomes 

(1 - 2σ) Δ u + grad div u = 0 (7.4) 
or 

2(1 - σ) grad div u - (1 - 2σ) curl curl u = 0. (7.5) 

The external forces appear in the solution only through the boundary conditions. 
Taking the divergence of equation (7.4) and using the identity 

div grad = Δ , 
we find 

Δ div u = 0, (7.6) 

i.e. div u (which determines the volume change due to the deformation) is a harmonic 
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t The use of the theory of functions of a complex variable provides very powerful methods of solving plane 
problems in the theory of elasticity. See Ν. I. Muskhelishvili, Some Basic Problems of the Mathematical Theory of 
Elasticity, 2nd English ed., P. Noordhoff, Groningen 1963. 

function. Taking the Laplacian of equation (7.4), we then obtain 

Δ Δ u = 0, (7.7) 

i.e. in equilibrium the displacement vector satisfies the biharmonic equation. These results 
remain valid in a uniform gravitational fields (since the right-hand side of equation (7.2) 
gives zero on differentiation), but not in the general case of external forces which vary 
through the body. 

The fact that the displacement vector satisfies the biharmonic equation does not, of 
course, mean that the general integral of the equations of equilibrium (in the absence of 
body forces) is an arbitrary biharmonic vector; it must be remembered that the function 
u(x, y, z) also satisfies the lower-order differential equation (7.4). It is possible, however, to 
express the general integral of the equations of equilibrium in terms of the derivatives of an 
arbitrary biharmonic vector (see Problem 10). 

If the body is non-uniformly heated, an additional term appears in the equation of 
equilibrium. The stress tensor must include the term 

-K<x(T-T0)Sik 

(see (6.2)), and daik/dxk accordingly contains a term 

- KadT/dxt = - [£α/3(1 - 2σ)]5Γ/3χΙ, 

The equation of equilibrium thus takes the form 

3(1 -σ) 3(1 -2a) , 
— grad d i v u — — curl curl u = α grad T. (7.8) 

l+<7 2 ( 1 + σ ) 6 v ' 
Let us consider the particular case of a plane deformation, in which one component of 

the displacement vector (uz) is zero throughout the body, while the components uxi uy 

depend only on χ and y. The components u z z, uX2, uyz of the strain tensor then vanish 
identically, and therefore so do the components σΧ2, ay2 of the stress tensor (but not the 
longitudinal stress σ 2 2, the existence of which is implied by the constancy of the length of 
the body in the z-direction).f 

Since all quantities are independent of the coordinate z, the equations of equilibrium (in 
the absence of external body forces) daik/dxk = 0 reduce in this case to two equations: 

δσχχ δσχν Λ δσνχ δσνν _ ^ £ + ^ = 0, + ^ = 0. (7.9) 
dx cy ' δχ dy 

The most general functions σχχ, oxy, ayy satisfying these equations are of the form 

σχχ = dhldy2, <yxy = - δ2χ/δχδ^ ayy = δ2*/δχ2, (7.10) 

where χ is an arbitrary function of χ and y. It is easy to obtain an equation which must be 
satisfied by this function. Such an equation must exist, since the three quantities oXXi oxy, 
ayy can be expressed in terms of the two quantities uXJ uyy and are therefore not 
independent. Using formulae (5.13), we find, for a plane deformation, 

<rxx + <ryy = £("** + + σ) (1 - 2σ). 
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οxx + oyy = ΔΧ, uxx + uyy =-^ + ^ = div u, 
dux duy 

dx dy 

and, since by (7.6) div u is harmonic, we conclude that the function χ satisfies the equation 

Δ Δ χ = 0, (7.11) 

i.e. it is biharmonic. This function is called the stress function. When the plane problem has 
been solved and the function χ is known, the longitudinal stress σ ζ ζ is determined at once 
from the formula 

<xzz = aE(uxx + uyy)/(\ + σ) (1 - 2σ) = σ(σΧΧ + ayy\ 

σζζ = σΑχ. (7.12) 

"yy// \ ' " Μ * " \ ν χ χ 1 "yy. 
or 

PROBLEMS 

PROBLEM 1. Determine the deformation of a long rod (with length /) standing vertically in a gravitational 
field. 

SOLUTION. We take the z-axis along the axis of the rod, and the xy-plane in the plane of its lower end. The 
equations of equilibrium are daxi/dxi - doyi/dXi = 0, dcxi/dxi = pg. On the sides of the rod all the components 
σ,-fc except σ „ must vanish, and on the upper end (z = /) σχχ = ayt = σχχ = 0. The solution of the equations of 
equilibrium satisfying these conditions is oxx = - pg{l — z), with all other aik zero. From aik we find uik to be uxx 

= uyy = apg{l-z)/E,uxx - - pg(l - z)/E,uxy = uxs - uyx - 0, and hence by integration we have the components 
of the displacement vector, ux = apg{l - z)x/E, uy - apg{l - z)y/Et ux - - (pg/2E){l2 -{l- ζ)2 - σ{χ2 + y2)}. 
The expression for ux satisfies the boundary condition ux = 0 only at one point on the lower end of the rod. Hence 
the solution obtained is not valid near the lower end. 

PROBLEM 2. Determine the deformation of a hollow sphere (with external and internal radii R2 and Rv) with 
a pressure px inside and p2 outside. 

SOLUTION. We use spherical polar coordinates, with the origin at the centre of the sphere. The displace
ment vector u is everywhere radial, and is a function of r alone. Hence curl u = 0, and equation (7.5) becomes 
grad div u = 0. Hence 

div u = — — - — = constant ξ 3α, 
rl dr 

or u = ar + b/r2. The components of the strain tensor are (see formulae (1.7)) urr = a-2b/r3, u M = = 
a + b/r3. The radial stress is 

£ , £ 2 £ b 

(1 -Ι- σ) (1 - 2σ) \-2σ 1 + σ rJ 

The constants a and b are determined from the boundary conditions: σ„ = —px at r = Rit and σ„ = — p 2 at 
r = R2. Hence we find 

a = PiRi3-PiR23 1 -2<τ b = Rl
iR2

3(Pi-Pi) 1 + * 

* K 2
3 - * i 3 Ε ' * 2 3 - V 2 £ 

For example, the stress distribution in a spherical shell with a pressure Pi - ρ inside and p 2 = 0 outside is given 
by 

For a thin spherical shell with thickness h = R2 — Rt < R we have approximately 

u = pK 2( l - < t ) /2£ / i , ( t w = <x„ = ipK/h, σ„ = ±p, 

where σ„ is the mean value of the radial stress over the thickness of the shell. 

But 
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Ε(Ι-σ) d I\ d(r2u)\ _ r 

(\+σ)(\-2σ)ώ·\? dr ) ~ P 9R ' 

ion arr = 0 for r = 

Ί f g ) / 3 - < r r 2 \ 

] '{YT^'R2)' 

The solution finite for r = 0 which satisfies the condition σ„ = 0 for r = R is 

u = gpR(\-2a)(\ 

1 0 £ ( 1 - σ ) 

It should be noticed that the substance is compressed (u„ < 0) inside a spherical surface of radius 
Κ ν/ { ( 3 - σ ) / 3 ( 1 +<τ)} and stretched outside it {μ„ > 0). The pressure at the centre of the sphere is 
(3-a)gpR/\0{\-a). 

PROBLEM 4. Determine the deformation of a cylindrical pipe (with external and internal radii R2 and Kt), 
with a pressure ρ inside and no pressure outside.f 

SOLUTION. We use cylindrical polar coordinates, with the z-axis along the axis of the pipe. When the pressure 
is uniform along the pipe, the deformation is a purely radial displacement ur « u(r). Similarly to Problem 2, we 
have 

1 d(ru) 
div u = = constant = 2a. 

r dr 

Hence u = ar + b/r. The non-zero components of the strain tensor are (see formulae (1.8)) u„ = du/dr - a — b/r2, 
ΐέφφ = u/r = a + b/r2. From the conditions σ„ = 0 at r = R 2, and arr = - ρ at r = Rt, we find 

ρ Λ , 2 ( 1 + σ ) ( 1 - 2 σ ) pRi2R2
2 1 + * 

σ = 
Λ 2

2 - ^ ι 2 £ ' Κ ι 2 - * ! 2 ^ 

The stress distribution is given by the formulae 

σ ΙΧ = 2 ρ σ Κ 1
2/ ( Κ 2

2- Κ 1
2) . 

PROBLEM 5. Determine the deformation of a cylinder rotating uniformly about its axis. 

SOLUTION. Replacing the gravitational force in (7.3) by the centrifugal force pil2r (where Ω is the angular 
velocity), we have in cylindrical polar coordinates the following equation for the displacement ur = u(r): 

£ ( l - q ) d / l d ( r u A β2 

( l + < r ) ( l - 2 < 7 ) d r \r dr / P 

The solution which is finite for r = 0 and satisfies the condition σ„ = 0 for r = R is 

ρ Ω 2( 1 + σ ) ( 1 - 2 < τ ) 

8£(1 -σ) 
-r [ ( 3 - 2 ( 7 ) R2 - r 2] . 

PROBLEM 6. Determine the deformation of a non-uniformly heated sphere with a spherically symmetrical 
temperature distribution. 

t In Problems 4,5 and 7 it is assumed that the length of the cylinder is maintained constant, so that there is no 
longitudinal deformation. 

The stress distribution in an infinite elastic medium with a spherical cavity (with radius R) subjected to 
hydrostatic compression is obtained by putting Ri = Λ, R2 = oo, p{ = 0, p 2 = P-

σ„ = - p ( l ~ ^ - ) , σθ€ = σ„= - p ( \ + ^ . 

At the surface of the cavity the tangential stresses σ Μ = σφφ = - 3p/2, i.e. they exceed the pressure at infinity. 

PROBLEM 3. Determine the deformation of a solid sphere (with radius R) in its own gravitational field. 

SOLUTION. The force of gravity on unit mass in a spherical body is -gr/R. Substituting this expression in 
place of g in equation (7.3), we obtain the following equation for the radial displacement: 
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PROBLEM 8. Determine the deformation of an infinite elastic medium with a given temperature distribution 
Γ(χ, y, z) which is such that the temperature tends to a constant value T0 at infinity, there being no deformation 
there. 

SOLUTION. Equation (7.8) has an obvious solution for which corlu = 0 and 

div u = a(l + a) [ T(xy y, ζ) - Γ0]/3(1 - σ). 

The vector u, whose divergence is a given function defined in all space and vanishing at infinity, and whose curl is 
zero identically, can be written, as we know from vector analysis, in the form 

1 fdiv'u(x',y',z') 
u(x, y, z) = - — grad d V, 

An J r 

where 

r = >/ { ( x - x ' ) ' + ( l , - / ) * + ( z - z ' ) 2} 

We therefore obtain the general solution of the problem in the form 

α ( 1 + σ ) 

12π(1-<τ) u = - 7 ^ 7 7 ; — ^ 8 r ad — " d K> W 

where Τ = T{x\ y\ z'). 
If a finite quantity of heat q is evolved in a very small volume at the origin, the temperature distribution can be 

written T-T0 = (q/C)6(x)o{y)o(z)y where C is the specific heat of the medium. The integral in (1) is then q/Cr, and 
the deformation is given by 

α(1+σ)<7 r 

PROBLEM 9. Derive the equations of equilibrium for an isotropic body (in the absence of body forces) in terms 
of the components of the stress tensor. 

SOLUTION . The required system of equations contains the three equations 

dajdxk = 0 (1) 

and also the equations resulting from the fact that the six different components of uik are not independent 
quantities. To derive these equations, we first write down the system of differential relations satisfied by the 
components of the tensor uik. It is easy to see that the quantities 

1 /du, duk\ 

SOLUTION. In spherical polar coordinates, equation (7.8) for a purely radial deformation is 

d / l d ( r 2u ) \ _ 1 + σ άΤ 

o V V dr / α3 (1 -<τ) dk' 

The solution which is finite for r = 0 and satisfies the condition σ„ — 0 for r — R is 

1 + σ ί 1 Γ , 2(1 -2σ) τ Γ 1 
Μ = α F(r)r 2dr + - - — 7 » r 2d r >. 

3 ( l - a ) L R 2J 1+<τ J 
ο ο 

The temperature T(r) is measured from the value for which the sphere, if uniformly heated, is regarded as 
undeformed. In the above formula the temperature in question is taken as that of the outer surface of the sphere, 
so that T{R) = 0. 

PROBLEM 7. The same as Problem 6, but for a non-uniformly heated cylinder with an axially symmetrical 
temperature distribution. 

SOLUTION. We similarly have in cylindrical polar coordinates 
R R 
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satisfy identically the relations 

+ d l x i lm = d2ii,< + d2ukm 
dx,dxm dxidxk dxkdxm dx.dx, 

Here there are only six essentially different relations, namely those corresponding to the following values of i, fc, /, 
m: 1122,1133,2233,1123,2213,3312. All these are retained if the above tensor equation is contracted with respect 
to / and m: 

d2uu d2uu d2ukl 

oxi oxk dxk oxt όχι oxt 

Substituting here uik in terms of aik according to (5.12) and using (1), we obtain the required equations: 

( 1 + * ) Δ σ Λ + — ^ - = 0. (3) 
dXidxk 

These equations remain valid in the presence of external forces constant throughout the body. 
Contracting equation (3) with respect to the suffixes i and k, we find that Δ <*u — 0, i.e. σΗ is a harmonic 

function. Taking the Laplacian of equation (3), we then find that ΔΔο-,·* = 0, i.e. the components aik are 
biharmonic functions. These results follow also from (7.6) and (7.7), since aik and uik are linearly related. 

PROBLEM 10. Express the general integral of the equations of equilibrium (in the absence of body forces) in 
terms of an arbitrary biharmonic vector. (B. G. Galerkin 1930). 

SOLUTION. It is natural to seek a solution of equation (7.4) in the form 

u = At + Λ grad div f. 

Hence divu = (1 + A)d'\\ Δί · Substituting in (7.4), we obtain 

(1 - 2<r) Δ Δ f + [2( 1 - a)A + 1 ] grad div Δ f = 0. 

From this we see that, if f is an arbitrary biharmonic vector ( Δ Δ ί = 0), then 

u = Δ * grad div f. 
2(1 - σ Γ 

PROBLEM 11. Express the stresses σ„, σφφ, ατφ for a plane deformation (in polar coordinates r, φ) as 
derivatives of the stress function. 

SOLUTION. Since the required expressions cannot depend on the choice of the initial line of φ, they do not 
contain φ explicitly. Hence we can proceed as follows: we transform the Cartesian derivatives (7.10) into 
derivatives with respect to r, φ, and use the results that arr = {σχχ)φ = 0, σφφ = {σνν)φ = 0,σ,φ = {σΧ})φ = 0, the angle 
φ being measured from the x-axis. Thus 

_ 1 δχ 1 δ2χ _δ2χ d (\ dx\ 
a"-~rTr+72W σφΦ"^1, σ'φ-~ΤΛτϊφ)' 

PROBLEM 12. Determine the stress distribution in an infinite elastic medium containing a spherical cavity and 
subjected to a homogeneous deformation at infinity. 

SOLUTION. A general homogeneous deformation can be represented as a combination of a homogeneous 
hydrostatic extension (or compression) and a homogeneous shear. The former has been considered in Problem 2, 
so that we need only consider a homogeneous shear. 

Let <j l k
( 0) be the homogeneous stress field which would be found in all space if the cavity were absent: in a pure 

shear σ ( ί
( 0) = 0. The corresponding displacement vector is denoted by u ( 0 ), and we seek the required solution in 

the form u = u < 0) + u ( 1 ), where the function u ( l) arising from the presence of the cavity is zero at infinity. 
Any solution of the biharmonic equation can be written as a linear combination of centrally symmetrical 

solutions and their spatial derivatives of various orders. The functions r2, r, 1, 1/r are independent centrally 
symmetrical solutions. Hence the most general form of a biharmonic vector u ( 1 ), depending only on the 
components of the constant tensor aik

l0)
 as parameters and vanishing at infinity, is 

" " , ^ ^ , ο ,έ ( 3 + β σ" , ο ,^ 0 + ^ ' , ο ,^ Γ · ( ,) 

Substituting this expression in equation (7.4), we obtain 

(1 - 2c) p± + i - p = [2(1 - 2<r)C + (A+ 2C)W> f - = 0, 
dx,2 dx, Sx, dxtdxkdx,T 
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^ ( τ ) ' { - 5 +' ( τ ) > - ' · ' · ' - " ' · -

+ 2(7 

In order to obtain the stress distribution for arbitrary alk
{0) (not a pure shear), aik

l0) in this expression must be 
replaced by σΛ

{0) -^δΛσΗ
{0\ and the expression 

Γ R 3 1 
W 0 ) ^ + ^ 3 ( ^ - 3 1 1 ^ 1 

corresponding to a deformation homogeneous at infinity (cf. Problem 2) must be added. We may give here the 
general formula for the stresses at the surface of the cavity: 

Near the cavity, the stresses considerably exceed the stiesses at infinity, but this extends over only a short 
distance (the concentration of stresses). For example, if the medium is subjected to a homogeneous extension 
(only σ „ ( 0) different from zero), the greatest stress occurs on the equator of the cavity, where 

" 2 ( 7 - 5 * ) ' 

§8. Equilibrium of an elastic medium bounded by a plane 

Let us consider an elastic medium occupying a half-space, i.e. bounded on one side by an 
infinite plane, and determine the deformation of the medium caused by forces applied to 
its free surface.f The distribution of these forces need satisfy only one condition: they must 
vanish at infinity in such a way that there is no deformation at infinity. In such a case the 
equations of equilibrium can be integrated in a general form (J. Boussinesq 1885). 

The equation of equilibrium (7.4) holds throughout the space occupied by the medium: 

grad div u + (1 - 2<τ)Διι = 0. (8.1) 

We seek a solution of this equation in the form 

u = f+grad4>, (8.2) 

where φ is some scalar and the vector f satisfies Laplace's equation: 

Δ ί = 0. (8.3) 

t The most direct and regular method of solving this problem is to use Fourier's method on equation (8.1). In 
that case, however, some fairly complicated integrals have to be calculated. The method given below is based on a 
number of artificial devices, but the calculations are simpler. 

whence A = - 4C(1 — a). Two further relations between the constants A, B, C are obtained from the condition at 
the surface of the cavity: {aik

i0) + aik
(l))nk = 0 for r = R (R being the radius of the cavity, the origin at its centre, 

and η a unit vector parallel to r). A somewhat lengthy calculation, using (1), gives the following values: 

Β = CK2/5, C = 5R3(\ + σ)/2£(7 - 5σ). 

The final expression for the stress distribution is 
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Substituting (8.2) in (8.1), we then obtain the following equation for φ: 

2(\-σ)Δφ = - d i v f . (8.4) 

We take the free surface of the elastic medium as the xy-plane; the medium is in ζ > 0. 
We write the functions fx and fy as the z-derivatives of some functions gx and gy\ 

fx = dgjdz, fy = Bgjdz. (8.5) 

Since fx and fy are harmonic functions, we can always choose the functions gx and gy so as 
to satisfy Laplace's equation: 

Agx = 0, Agy = 0. (8.6) 

Equation (8.4) then becomes 

-*(&•$•'•)• 
Since gx, gy and fz are harmonic functions, we easily see that a function φ which satisfies 
this equation can be written as 

• ~ « < r ^ ( ' - + & + £ ) + * -

where φ is again a harmonic function: 

ΑΦ = 0. (8.8) 

Thus the problem of determining the displacement u reduces to that of finding the 
functions gxy gy, fz, φ, all of which satisfy Laplace's equation. 

We shall now write out the boundary conditions which must be satisfied at the free 
surface of the medium (the plane ζ = 0). Since the unit outward normal vector η is in the 
negative z-direction, it follows from the general formula (2.9) that cxz = — P,. Using for oik 

the general expression (5.11) and expressing the components of the vector u in terms of the 
auxiliary quantities gx, gy,fz and φ, we obtain after a simple calculation the boundary 
conditions 

~d2gxl Γδ_ f 1 - 2 σ 1 /• 

IF\z = 0
 + [ax [2(1 -<7>Λ 2(1 dx dy J dz 

= - 2 ( 1 + σ ) Ρ , / Ε , 

J z = 0 \_dv\2(\-a)Jz 2(1 ) \ dx + dy ) dz 

(8.9) 

= - 2 ( 1 + σ ) Ρ , / £ , 

dip 

Hz 
= - 2(1+σ) Ρ JE. (8.10) 

l « - o 

The components Px, Py, Pt of the external forces applied to the surface are given functions 
of the coordinates χ and y, and vanish at infinity. 

The formulae by which the auxiliary quantities gx, gy, ft and φ were defined do not 
determine them uniquely. We can therefore impose an arbitrary additional condition on 
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these quantities, and it is convenient to make the quantity in the braces in equations (8.9) 
vanishif 

Then the conditions (8.9) become simply 

Equations (8.10)—(8.12) suffice to determine completely the harmonic functions gx, gy,fz 

and φ. 
For simplicity, we shall consider the case where the free surface of an elastic half-space is 

subjected to a concentrated force F, i.e. one which is applied to an area so small that it can 
be regarded as a point. The effect of this force is the same as that of surface forces given by 
Ρ = FS(x)S(y\ the origin being at the point of application of the force. If we know the 
solution for a concentrated force, we can immediately find the solution for any force 
distribution P(x, y). For, if 

ui = Gik(x,y,z)Fk (8.13) 

is the displacement due to the action of a concentrated force F applied at the origin, then 
the displacement caused by forces P(x, y) is given by the integralf 

= \ \ G i k ( x~ x ' > y - y ' ' z ) p^\y')dx'ay'. (8.14) 

We know from potential theory that a harmonic function / which is zero at infinity and 
has a given normal derivative df/dz on the plane ζ = 0 is given by the formula 

/ ( x , y , z ) = - i -
2π 

'ay' m f p / ( x ' , / , 2 ) 1 dx 'd 

where 
r = y/{(x-x')2 + (y-y')2 + z2}. 

Since the quantities dgjdz, dgy/dz and that in the braces in equation (8.10) satisfy Laplace's 
equation, while equations (8.10) and (8.12) determine the values of their normal derivatives 
on the plane ζ = 0, we have 

dgx t dgA ^ 2δψ = 1 + σ Γ 
dx dy J dz nE J 

l + σ F9 

πΕ τ 

dgx ^\+o Fx dgy ^\+σ Fy 

dz nE r dz nE r 1 

where now r = yj{x2 + y2 -f z2). 

(8.15) 

(8.16) 

f We shall not prove here that this condition can in fact be imposed; this follows from the absence of 
contradiction in the result. 

X In mathematical terms, Gik is the Green's tensor for the equations of equilibrium of a semi-infinite medium. 
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The expressions for the components of the required vector u involve the derivatives of 
gxi gy with respect to x, y, z, but not g„ gy themselves. To calculate dgjdx, dgjdy, we 
differentiate equations (8.16) with respect to χ and y respectively: 

d2gx _ 1 + σ Fxx d2gy _ 
dxdz nE R 3 ' dydz 

Now, integrating over ζ from oo to z, we obtain 

dgx l + σ Fxx 

l + σ Fyy 
nE ' r 3 ' 

dx 

dy 

nE r(r + z)' 

Fyy 
πΕ r(r + z) 

(8.17) 

We shall not pause to complete the remaining calculations, which are elementary but 
laborious. We determine ft and δψ/δζ from equations (8.11), (8.15) and (8.17). Knowing 
δψ/δζ, it is easy to calculate δψ/δχ and δψ/dy by integrating with respect to ζ and then 
differentiating with respect to χ and y. We thus obtain all the quantities needed to calculate 
the displacement vector from (8.2), (8.5) and (8.7). The following are the final formulae: 

_ 1 + < χ ( Τ χ ζ ( 1 - 2 σ ) χ Ί 
~ 2π£ \ l ? R(R + z) J 1 

2(1 -a)r + z „ 
+ . \ Fx + 

+ 
[2Γ(<ΤΓ + ζ) + z 2] x 

r(r + z) 

(xFx + yFy) r 3( r + r)2 

yz ( l - 2 a ) y " | „ . 2{l-o)r + z l + g f T y z ( l - 2 g ) 3 > 1 

2π£ l L r 3 r( r + z) J ' r(r + z) J r(r + z) 

[2r(FFR + z) + z 2] y 

F , + 

R 3( R + z) 2 (xF x + yF,)V, 

2πΕ 
2 ( 1 - σ ) ζ 
— - + 

ζ 21 Γ ΐ - 2 σ ζ~Ι 
r J L r ( r + Z ) r J 

(8.18) 

In particular, the displacement of points on the surface of the medium is given by putting 
z = 0: 

l+σ 1 
2π£ 

. ( l ^ F t + 2(l-*)Fx +
 2-^(xFx+yFy) 

- ( 1~ 2 f f )y F f + 2( 1 - σ) F , + ^ (xF, + yFy) 
1 + g I f 

" 2π£ ' R J 

= ' 7 { 2 ( 1" σ) Fl + ( 1" 2 σ) r ( x F* + y F y )} ' 

(8.19) 

PROBLEM 

Determine the deformation of an infinite elastic medium when a force F is applied to a small region in it 
(W. Thomson 1848).t 

t The corresponding problem for an arbitrary infinite anisotropic medium has been solved by I. M. Lifshitz 
and L. N. Rozentsvelg (Zhurnal eksperimemal'no) i teoreticheskol fiziki 17, 783. 1947). 
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UI = grad Φ = -
8 π £ ( 1 - σ ) r 

where η is a unit vector parallel to the position vector r. The final result is 

\+σ ( 3 - 4 < T ) F + II(II-F) 

" ~ 8 π £ ( 1 - σ ) ~r * 

On putting this formula into the form (8.13) we obtain the Green's tensor for the equations of equilibrium of 
an infinite isotropic mediunrf 

1 +rr 1 

8 π £ ( 1 - σ ) r 

1 1 

4πμ\-τ 4(1 — a) dx, - 1 

§9. Solid bodies in contact 

Let two solid bodies be in contact at a point which is not a singular point on either 
surface. Fig. l a shows a cross-section of the two surfaces near the point of contact 0. The 
surfaces have a common tangent plane at 0 , which we take as the xy-plane. We regard the 
positive z-direction as being into either body (i.e. in opposite directions for the two bodies) 
and denote the corresponding coordinates by ζ and z'. 

t The fact that the components of the tensor Gik are first-order homogeneous functions of the coordinates x, y, 
ζ is evident from arguments of homogeneity applied; to the form of equation (1), where the left-hand side is a 
linear combination of the second derivatives of the components of the vector u, and the right-hand side is a third-
order homogeneous function (<5(ar) = a~36(r)). 

This property remains valid in the general case of an arbitrary anisotropic medium. 

SOLUTION. If we consider the deformation at distances r which are large compared with the dimension of the 
region where the force is applied, we can suppose that the force is applied at a point. The equation of equilibrium 
is (cf. (7.2)). 

1 2(1 + σ ) 
Διι + grad div u = F<5(r), (1) 

1 -2a Ε 

where <5(r) = S(x)S(y)S(z\ the origin being at the point where the force is applied. We seek the solution in the 
form u = Uo + Ui, where Uo satisfies the Poisson-type equation 

2(1 + σ ) 
A u 0= F«5(r). (2) 

Ε 

We then have for u, the equation 

grad div u t + (1 - 2σ) A u , = - grad div Uq. (3) 

The solution of equation (2) which vanishes at infinity is Uq = (1 + σ)¥/2πΕτ. Taking the curl of equation (3), 
we have Δ curl ut = 0. At infinity we must have curl Uj = 0. But a function harmonic in all space and zero at 
infinity must be zero identically. Thus curl u t = 0, and we can therefore write u t = grad φ. From (3) we obtain 
grad {2(1 - σ) Δ φ + div uo} = 0 . Hence it follows that the quantity in braces is a constant, and it must be zero at 
infinity; we therefore have in all space 

div Uo \+σ (1 \ 
Δφ = = F-grad - . 

2(1 -σ) 4 π £ ( 1 - σ ) \rJ 

If φ is a solution of the equation Δ ^ - 1/r, then 

1 + σ 
φ — F · grad Φ. 

4π£(1 -σ) 

Taking the solution ψ = \r, which has no singularities, we obtain 

l+<7 ( F n ) n - F 
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Near a point of ordinary contact with the xy-plane, the equation of the surface can be 
written 

ζ = καβχαχβ, (9.1) 

where summation is p^nderstood over the values 1, 2, of the repeated suffixes α, β (xx = x, 
x 2 = y), and καβ is a symmetrical tensor of rank two, which characterizes the curvature of 
the surface: the principal values of the tensor καβ are l/2Rl and l/2R2, where Rx and R2 are 
the principal radii of curvature of the surface at the point of contact. A similar relation for 
the surface of the other body near the point of contact can be written 

Ζ' = Κ'αβ*αΧβ- (9-2) 

Let us now assume that the two bodies are pressed together by applied forces, and 
approach a short distance fi.f Then a deformation occurs near the original point of 
contact, and the two bodies will be in contact over a small but finite portion of their 
surfaces. Let uz and u'z be the components (along the ζ and z' axes respectively) of the 
corresponding displacement vectors for points on the surfaces of the two bodies. The 
broken lines in Fig. l b show the surfaces as they would be in the absence of any 
deformation, while the continuous lines show the surfaces of the deformed bodies; the 
letters ζ and z' denote the distances given by equations (9.1) and (9.2). It is seen at once from 
the figure that the equation 

(z + u j + (z' + u'2) = /i, 
or 

(**β + κ'*β)χ*χβ + uz + u'z = Κ (9.3) 

holds everywhere in the region of contact. At points outside the region of contact, we have 

ζ + z' + uz + u'z < h. 

ζ 

Fig. 1 

t This contact problem in the theory of elasticity was first solved by H. Hertz (1882). 
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We choose the χ and y axes to be the principal axes of the tensor κΛβ + κ'Λβ. Denoting the 
principal values of this tensor by A and B, we can rewrite equation (9.3) as 

Ax2 + By2 + u2 + u\ = h. (9.4) 

The quantities A and Β are related to the radii of curvature Ru R2 and R\, R'2 by 
formulae which will be given without proof: 

2(Λ + β) = -J - + -L + -L + J_ 
R R R R 

where is the angle between the normal sections whose radii of curvature are Ri and R\. 
The radii of curvature are regarded as positive if the centre of curvature lies within the 
body concerned, and negative in the contrary case. 

We denote by Px(x, y) the pressure between the two deformed bodies at points in the 
region of contact; outside this region, of course, Px = 0. To determine the relation between 
P2 and the displacements u z, u'z, we can with sufficient accuracy regard the surfaces as plane 
and use the formulae obtained in §8. According to the third of formulae (8.19) and (8.14), 
the displacement uz under the action of normal forces P2(x, y) is given by 

(9.5) 

where σ, σ' and E, E' are the Poisson's ratios and the Young's moduli of the two bodies. 
Since P2 = 0 outside the region of contact, the integration extends only over this region. It 
may be noted that, from these formulae, the ratio uju'2 is constant: 

uJu'2 = (\-a2)E'l(\-a'2)E. (9.6) 

The relations (9.4) and (9.6) together give the displacements uz, u\ at every point of the 
region of contact (although (9.5) and (9.6), of course, relate to points outside that region 
also). 

Substituting the expressions (9.5) in (9.4), we obtain 

This integral equation determines the distribution of the pressure Pt over the region of 
contact. Its solution can be found by analogy with the following results of potential theory. 
The idea of using this analogy arises as follows: firstly, the integral on the left-hand side of 
equation (9.7) is of a type commonly found in potential theory, where such integrals give 
the potential of a charge distribution; secondly, the potential inside a uniformly charged 
ellipsoid is a quadratic function of the coordinates. 

If the ellipsoid x2/az 4- y2/b2 + z2/c2 = 1 is uniformly charged (with volume charge 
density p), the potential in the ellipsoid is given by 
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-npabc^l α2 + ξ c2 + ^{{a2 + mJ+mc2 + 

In the limiting case of an ellipsoid which is very much flattened in the z-direction (c 0), 
we have 

φ(Χ, y) = npabc J { l - ^ - ^ J - ^ — ^ -

in passing to the limit c -> 0 we must, of course, put ζ = 0 for points inside the ellipsoid. 
The potential φ(χ, y9 z) can also be written as 

Φ(Χ, - pdx'dy'd* 
^{(x-XY + ly-y-f + lz-2'fY 

where the integration is over the volume of the ellipsoid. In passing to the limit c -* 0, we 
must put ζ = z' = 0 in the radicand; integrating over z' between the limits 

± C v/ { l - ( x ' V ) - ( / V b 2 ) } , 

we obtain 

where 

r = V { ( x - * 0 2 + ( y - / ) 2 } , 

and the integration is over the area inside the ellipse 

x'2/a2+y'2/b2 = 1. 

Equating the two expressions for φ(χ, y), we obtain the identity 

0 

Comparing this relation with equation (9.7), we see that the right-hand sides are 
quadratic functions of χ and y of the same form, and the left-hand sides are integrals of the 
same form. We can therefore deduce immediately that the region of contact (i.e. the region 
of integration in (9.7)) is bounded by an ellipse of the form 

x 2 y 2 

a2 b2 

and that the function Px(x, y) must be of the form 

P z(x , >>) = constant χ ^ l - ^ - p " ) -
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Taking the constant such that the integral ί i P z dx dy over the region of contact is equal to 
the given total force F which moves the bodies together, we obtain 

P,(x, y) = 
3F 

2nab 
l - ^ - ' - | (9.10) 

This formula gives the distribution of pressure over the area of the region of contact. It 
may be pointed out that the pressure at the centre of this region is \ times the mean 
pressure F/nab. 

Substituting (9.10) in equation (9.7) and replacing the resulting integral in accordance 
with (9.8), we obtain 

FD 
π 

1 -

where 
= h-Ax2 -By2, 

Λ 3 / 1 - σ 2 l - o " ' 2 

άξ/^/{(α2 + ξ)φ2 + ξ)ξ} 

This equation must hold identically for all values of χ and y inside the ellipse (9.9); the 
coefficients of χ and y and the free terms must therefore be respectively equal on each side. 
Hence we find 

h = FD f άξ 
^{(α2 + ξ)φ2 + ξ)ξ}' 

(9.11) 

A = 
FD 

Β = 
FD 

άξ 

(α2 + ξ)^/{(α2 + ξ)Φ2 + ξ)ξ}' 

άξ 
Φ2 + ξ)^{(α2 + ξ)φ2 + ξ)ξ}' 

(9.12) 

Equations (9.12) determine the semi-axes a and b of the region of contact from the given 
force F (A and Β being known for given bodies). The relation (9.11) then gives the distance 
of approach h as a function of the force F. The right-hand sides of these equations involve 
elliptic integrals. 

Thus the problem of bodies in contact can be regarded as completely solved. The form 
of the surfaces (i.e. the displacements u2i u\) outside the region of contact is determined by 
the same formulae (9.5) and (9.10); the values of the integrals can be found immediately 
from the analogy with the potential outside a charged ellipsoid. Finally, the formulae of §8 
enable us to find also the deformation at various points in the bodies (but only, of course, 
at distances small compared with the dimensions of the bodies). 

Let us apply these formulae to the case of contact between two spheres with radii R and 
R'. Here A = Β = 1/2K + 1/2R'. It is clear from symmetry that a = 6, i.e. the region of 
contact is a circle. From (9.12) we find the radius a of this circle to be 

a = Fl/3{DRR'/(R + R')}1!\ (9.13) 
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h is in this case the difference between the sum R + JR' and the distance between the centres 
of the spheres. From (9.10) we obtain the following relation between F and h: 

H = F 2 I 3[ D 2{ ' R + ^ ) J 3 - ( 9 1 4) 

It should be noticed that h is proportional to F 2 / 3; conversely, the force F varies as A 3 / 2. 
We can write down also the potential energy U of the spheres in contact. Since — F = 
-dU /dh, we have 

V = ^ l . l l ^ - (9-15) 5D\J R + R' 

Finally, it may be mentioned that a relation of the form h = constant χ F 2 / 3, or 
F = constant χ Λ 3 / 2, holds not only for spheres but also for other finite bodies in contact. 
This is easily seen from similarity arguments. If we make the substitution 

a2 - oca2, b2 -> 0Lb2, F - a 3 / 2F , 

where a is an arbitrary constant, equations (9.12) remain unchanged. In equation (9.11), 
the right-hand side is multiplied by a, and so h must be replaced by och if this equation is to 
remain unchanged. Hence it follows that F must be proportional to h 3 / 2. 

PROBLEMS 

PROBLEM 1. Determine the time for which two colliding elastic spheres remain in contact. 

SOLUTION. In a system of coordinates in which the centre of mass of the two spheres is at rest, the energy 
before the collision is equal to the kinetic energy of the relative motion $μν2, where υ is the relative velocity of the 
colliding spheres and μ = m^/im^ + m2) their reduced mass. During the collision, the total energy is the sum of 
the kinetic energy, which may be written }μΛ2, and the potential energy (9.15). By the law of conservation of 
energy we have 

fdh\2 4 / RR' 
A — + kh512 = μν2, k = — / . 

\dt/ 5 D V R + R' 

The maximum approach hQ of the spheres corresponds to the time when their relative velocity h — 0, and is h0 
- ( / i / / c ) 2 /V 5. 

The time τ during which the collision takes place (i.e. h varies from 0 to ho and back) is 

dx 
τ : 

or 

J Jtf-kh»2M Wv) J To"-*2")' 
0 0 

ν π Γ ( 2 / 5 ) / ^ γ ^ 2 9 1/ V Y / 5 

5Γ(9/10) \k2v) \k2v) ' 

By using the statical formulae obtained in the text to solve this problem, we have neglected elastic oscillations 
of the spheres resulting from the collision. If this is legitimate, the velocity ν must be small compared with the 
velocity of sound. In practice, however, the validity of the theory is limited by the still more stringent requirement 
that the resulting deformations should not exceed the elastic limit of the substance. 

PROBLEM 2. Determine the dimensions of the region of contact and the pressure distribution when two 
cylinders are pressed together along a generator. 

SOLUTION. In this case the region of contact is a narrow strip along the length of the cylinders. Its width 2a and 
the pressure distribution across it can be found from the formulae in the text by going to the limit b/a -> oo. The 
pressure distribution will be of the form Px{x) — constant χ ^ ( 1 - x2/a2\ where χ is the coordinate across the 
strip; normalizing the pressure to give a force F per unit length, we obtain 

2F If, * 2 \ 
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Substituting this expression in (9.7) and effecting the integration by means of (9.8), we have 
ao 

4DF Γ άξ _ 8 P f 
A " 1 7 J ( β 1+ {)»'*« " 

0 
One of the radii of curvature of a cylindrical surface is infinite, and the other is the radius of the cylinder; in this 
case, therefore, A = 1/2K + 1/2K', Β = 0. We have finally for the width of the region of contact 

U\6DF RR' \ 
a ~ \ l \ 3π ' κ + Λ ' / 

§10. The elastic properties of crystals 

The change in the free energy in isothermal compression of a crystal is, as with isotropic 
bodies, a quadratic function of the strain tensor. Unlike what happens for isotropic bodies, 
however, this function contains not just two coefficients, but a larger number of them. The 
general form of the free energy of a deformed crystal is 

F = ^iklmuikulm, (10.1) 

where Xiklm is a tensor of rank four, called the elastic modulus tensor. Since the strain tensor 
is symmetrical, the product uikulm is unchanged when the suffixes i, fc, or /, m, or i, / and fc, m, 
are interchanged. Hence we see that the tensor XiUm can be defined so that it has the same 
symmetry properties: 

Kklm — Kilm = Kkml = ^Imik- (10.2) 

A simple calculation shows that the number of different components of a tensor of rank 
four having these symmetry properties is in general 21.f 

In accordance with the expression (10.1) for the free energy, the stress tensor for a crystal 
is given in terms of the strain tensor by 

aik = dF/duik = Xiklmulm; (10.3) 

cf. also the last footnote to this section. 
If the crystal possesses symmetry, relations exist between the various components of the 

tensor Xiklm, so that the number of independent components is less than 21. 
We shall discuss these relations for each possible type of macroscopic symmetry of 

crystals, i.e. for each of the crystal classes, dividing these into the corresponding crystal 
systems (see SP 1, §§130, 131). 

(1) Triclinic system. Triclinic symmetry (classes Cl and C,) does not place any 
restrictions on the components of the tensor XMmi and the system of coordinates may be 
chosen arbitrarily as regards the symmetry. All the 21 moduli of elasticity are non-zero and 
independent. However, the arbitrariness of the choice of coordinate system enables us to 
impose additional conditions on the components of the tensor kiklm. Since the orientation 
of the coordinate system relative to the body is defined by three quantities (angles of 
rotation), there can be three such conditions; for example, three of the components may be 
taken as zero. Then the independent quantities which describe the elastic properties of the 
crystal will be 18 non-zero moduli and 3 angles defining the orientation of the axes in the 
crystal. 

t Another notation used for Xiklm in the literature is λ φ with a and β taking values from 1 to 6 in 
correspondence with xx, yy, zz, yz, zx, xy. 
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(2) Monoclinic system. Let us consider the class C s; we take a coordinate system with the 
xy-plane as the plane otsymmetry. On reflection in this plane, the coordinates undergo the 
transformation χ χ, y y, ζ - ζ . The components of a tensor are transformed as the 
products of the corresponding coordinates. It is therefore clear that, in the transformation 
mentioned, all components XiUm whose suffixes include ζ an odd number of times (1 or 3) 
will change sign, while the other components will remain unchanged. By the symmetry of 
the crystal, however, all quantities characterizing its properties (including all components 
XiUm) must remain unchanged on reflection in the plane of symmetry. Hence it is evident 
that all components with an odd number of suffixes ζ must be zero. Accordingly, the 
general expression for the elastic free energy of a crystal belonging to the monoclinic 
system is 

F = ^ λ χ χ χ χ1 4 χ χ
2 +^AyyyyUyy2 4" ^ g ^ U ^ "f" λ J f j fy y Mjf χ Uy y 4"  ̂ J C X« ^ XX Ζ 4" 

^yyZ2UyyUzz -f" lXxyXyUxy 4" ^XZXZ^XZ Ί" ^A^yjtlyjf ~\~ 2 λχχ jjy \Λχ χ U χ γ 4" 

+ UyyyxUyyUyx + 2XxyzzUxyUzz + AkxxyzUxzUyz. (10.4) 

This contains 13 independent coefficients. A similar expression is obtained for the class C 2 , 
and also for the class C2h, which contains both symmetry elements (C 2 and σΗ). In the 
argument given, however, the direction of only one coordinate axis (that of z) is fixed; those 
of χ and y can have arbitrary directions in the perpendicular plane. This arbitrariness can 
be used to make one coefficient, say Xxyxx9 vanish by a suitable choice of axes. Then the 13 
quantities which describe the elastic properties of the crystal will be 12 non-zero moduli 
and one angle defining the orientation of the axes in the xy-plane. 

(3) Orthorhombic system. In all the classes of this system (C 2 | >, D 2, D2h) the choice of 
coordinate axes is determined by the symmetry, and the expression obtained for the free 
energy is the same for each class. 

Let us consider, for example, the class D2h; we take the three planes of symmetry as the 
coordinate planes. Reflections in each of these planes are transformations in which one 
coordinate changes sign and the other two remain unchanged. It is evident therefore that 
the only non-zero components kiklm are those whose suffixes contain each of x, y, ζ an even 
number of times; the other components would have to change sign on reflection in some 
plane of symmetry. Thus the general expression for the free energy in the orthorhombic 
system is 

Ρ ^ ^ J C J C J C X ^ J CX \^yyyy^yy "^^^zzzz^zz ^XXyyUxxUyy τ k x x z zU x xU zz -f" 

+ ^yyzzUyyUzz + ̂ Kyxy^xy1 + 2XXZXXUXZ
2 + 2XyzyzUyz

2. (10.5) 

It contains nine moduli of elasticity. 
(4) Tetragonal system. Let us consider the class CAv; we take the axis C 4 as the z-axis, and 

the χ and y axes perpendicular to two of the vertical planes of symmetry. Reflections in 
these two planes signify tranformations 

χ - • - x, y y9 z-+z 
and 

x - > x , y - * - y , z - > z ; 

all components Xiklm with an odd number of like suffixes therefore vanish. Furthermore, a 
rotation through an angle in about the axis C4 is the transformation 

T O E - B* 
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Hence we have 
Λχχχχ ^yyyy* Λχχχχ "yyzz* Λχζχζ ^yxyz' 

The remaining transformations in the class C4v do not give any further conditions. Thus 
the free energy of crystals in the tetragonal system is 

F = lKxxx(Uxx2 + Uyy2) ^ΐΚχχζ^χχ1 + Κχζζ(**χχ"ζζ + Uyy"zz) + 

^XXyyUxxUyy "Γ" lXXyXyUxy "\~ χΖχχ (uJ + UyZ
2\ (10.6) 

It contains six moduli of elasticity. 
A similar result is obtained for those other classes of the tetragonal system where the 

natural choice of the coordinate axes is determined by symmetry (D2di D 4 l D A h) . In the 
classes C 4, S 4, C 4 h, on the other hand, only the choice of the z-axis is unique (along the axis 
C 4 or S4). The requirements of symmetry then allow a further component Xxxxy = — kyyyx 

in addition to those which appear in (10.6). These components may be made to vanish by 
suitably choosing the directions of the χ and y axes, and F then reduces to the form (10.6). 

(5) Rhombohedral system. Let us consider the class C 3 y; we take the third-order axis as 
the z-axis, and the y-axis perpendicular to one of the vertical planes of symmetry. In order 
to find the restrictions imposed on the components of the tensor kiklm by the presence of 
the axis C 3, it is convenient to make a formal transformation using the complex 
coordinates ξ = χ + iy, η = χ — iy, the ζ coordinate remaining unchanged. We transform 
the tensor Xiklm to the new coordinate system also, so that its suffixes take the values ξ, η, ζ. 
It is easy to see that, in a rotation through 2π/3 about the axis C 3, the new coordinates 
undergo the transformation ξ->ξβ2κίι3, η ->r je~ 2* l / 3, ζ - • ζ . By symmetry only those 
components Xikim which are unchanged by this transformation can be different from zero. 
These components are evidently the ones whose suffixes contain ξ three times, or η three 
times (since e 2* , / 3) 3 = e2ni = 1), or ξ and η the same number of times (since e

2 i i i^ e ~ 2 i t i^ 
= 1), i.e. λζζζζ, λξηξη> λξξηψ λξηζζ9 λξζηζ, λξξξζ, ληηηζ. Furthermore, a reflection in the symmetry 
plane perpendicular to the y-axis gives the transformation χ -+ χ, y -* — y, ζ ζ, or ξ η, 
η -»<!;. Since λξξξζ becomes ληηηζ in this transformation, these two components must be 
equal. Thus crystals of the rhombohedral system have only six moduli of elasticity. In 
order to obtain an expression for the free energy, we must form the sum 2^ikimunMim-> ^ 

which the suffixes take the values ξ, η, ζ; since F is to be expressed in terms of the 
components of the strain tensor in the coordinates x, y, z, we must express in terms of these 
the components in the coordinates ξ, η, ζ. This is easily done by using the fact that the 
components of the tensor uik transform as the products of the corresponding coordinates. 
For example, since 

£ 2 = (x + iy)2 = x 2 - y2 + 2ixy, 

it follows that 
= - Uyy + 2lUxy. 

Consequently, the expression for F is found to be 

F = kKzzzUzz1 + 2λζηζη(νΧχ + uyy)2 4- λζξηη {(uxx - Uyy)2 + 4uxy
2} + 

+ 2 Α ^ „ ( ^ χ + Uyy)Uzz + 4λξζη2 (Uj + Uy2 ) + 4λξξξ2 { (Uxx - Uyy) U„ ~ lU XyU yz } . 

(10.7) 

This contains 6 independent coefficients. A similar result is obtained for the classes D 3 and 
D 3 d, but in the classes C 3 and S6, where the choice of the χ and y axes remains arbitrary, 
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t In the cubic classes Γ and Td there are no fourth-order axes. The same result is, however, obtained in these 
cases by considering the third-order axes, rotations about which convert the x, y, ζ axes into one another. 

requirements of symmetry allow also a non-zero value of the difference λξζξζ — ληηηχ. This, 
however, can be made to vanish by a suitable choice of the χ and y axes. 

(6) Hexagonal system. Let us consider the class C 6; we take the sixth-order axis as the z-
axis, and again use the coordinates ξ = χ + iy, η = χ — iy. In a rotation through an angle 
jπ about the z-axis, the coordinates ξ, η undergo the transformation ξ £e* , / 3, 
η -• ηβ~η'13. Hence we see that only those components Ai Wm are non-zero which contain the 
same number of suffixes ξ and η. These are λ ζ ζ ζ ζ, λξηξη, λξξηη, λξηζζ, λξζηζ. Other symmetry 
elements in the hexagonal system give no further restrictions. There are therefore only five 
moduli of elasticity. The free energy is 

+ 2X^„u„(uxx + u„) + 4 ^ 2„ 2( u x z
2 + uyz

2). (10.8) 

It should be noticed that a deformation in the xy-plane (for which uxx, uyy and uxy are 
non-zero) is determined by only two moduli of elasticity, as for an isotropic body; that is, 
the elastic properties of a hexagonal crystal are isotropic in the plane perpendicular to the 
sixth-order axis. 

For this reason the choice of axis directions in this plane is unimportant and does not 
affect the form of F. The expression (10.8) therefore applies to all classes of the hexagonal 
system. 

(7) Cubic system. We take the axes along the three fourth-order axes of the cubic system. 
Since there is tetragonal symmetry (with the fourth-order axis in the z-direction), the 
number of different components of the tensor Xiklm is limited to at most the following six: 
λχχχχ* λχχχχ, λΧΧΖ2, kxxyy, kxyxyi λχζχχ.1[ Rotations through \n about the χ and y axes give 
respectively the transformations χ - • χ, y - • — ζ, ζ -+ y, and χ -+ ζ, y - • y, ζ -> — χ. The 
components listed are therefore equal in successive pairs. Thus there remain only three 
different moduli of elasticity. The free energy of crystals of the cubic system is 

F = ΐλχχχχ("χχ2 + " y y 2 + "ζζ^ + *XXYY(UXXUYY + UXXUZZ + UYYUZZ) + 

+ 2kxyxy(uxy
2+uxz

2 + uyz
2). (10.9) 

We may recapitulate the number of independent parameters (elastic moduli or angles 
defining the orientation of axes in the crystal) for the classes of the various systems: 

Triclinic 21 Rhombohedral (C 3, S 6) 7 
Monoclinic 13 Rhombohedral ( C 3 u, D 3 , D3d) 6 
Orthorhombic 9 Hexagonal 5 
Tetragonal (C 4, S4> C 4„) 7 Cubic 3 
Tetragonal ( C 4„ D 2 d, D* > 6 

The least number of non-zero moduli that is possible by suitable choice of the 
coordinate axes is the same for all the classes in each system: 

Triclinic 18 Rhombohedral 6 
Monoclinic 12 Hexagonal 5 
Orthorhombic 9 Cubic 3 
Tetragonal 6 
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All the above discussion relates, of course, to single crystals. Polycrystalline bodies 
whose component crystallites (grains) are sufficiently small may be regarded as isotropic 
bodies (since we are concerned with deformations in regions large compared with the 
dimensions of the crystallites). Like any isotropic body, a polycrystal has only two moduli 
of elasticity. It might be thought at first sight that these moduli could be obtained from 
those of the individual crystallites by simple averaging. This is not so, however. If we 
regard the deformation of a polycrystal as the result of a deformation of its component 
crystallites, it would in principle be necessary to solve the equations of equilibrium for 
every crystallite, taking into account the appropriate boundary conditions at their surfaces 
of separation. Hence we see that the relation between the elastic properties of the whole 
crystal and those of its component crystallites depends on the actual form of the latter and 
the amount of correlation of their mutual orientations. There is therefore no general 
relation between the moduli of elasticity of a polycrystal and those of a single crystal of the 
same substance. 

The moduli of an isotropic polycrystal can be calculated with fair accuracy from those 
of a single crystal only when the elastic properties of the single crystal are nearly isotropic^ 
In a first approximation, the moduli of elasticity of the polycrystal can then simply be put 
equal to the "isotropic part" of the moduli of the single crystal. In the next approximation, 
terms appear which are quadratic in the small "anisotropic part" of these moduli. It is 
foundj that these correction terms are independent of the shape of the crystallites and of 
the correlation of their orientations, and can be calculated in a general form. 

Finally, let us consider the thermal expansion of crystals. In isotropic bodies, the 
thermal expansion is the same in every direction, so that the strain tensor in free thermal 
expansion is (see §6) uik = %OL(T— T0)Sik, where α is the thermal expansion coefficient. In 
crystals, however, we must put 

Uik=Uik(T-T0), (10.10) 

where CCIK is a tensor of rank two, symmetrical in the suffixes i and k. Let us calculate the 
number of independent components of this tensor in crystals of the various systems. The 
simplest way of doing this is to use the result of tensor algebra that to every symmetrical 
tensor of rank two there corresponds a tensor ellipsoid ξ. It follows at once from 
considerations of symmetry that, for triclinic, monoclinic and orthorhombic symmetry, 
the tensor ellipsoid has three axes of different length. For tetragonal, rhombohedral and 
hexagonal symmetry, on the other hand, we have an ellipsoid of revolution (with its axis of 
symmetry along the axes C 4, C 3 and C 6 respectively). Finally, for cubic symmetry the 
ellipsoid becomes a sphere. An ellipsoid of three axes is determined by three quantities, an 
ellipsoid of revolution by two, and a sphere by one (the radius). Thus the number of 
independent components of the tensor OCIK in crystals of the various'systems is as follows: 
triclinic, monoclinic and orthorhombic, 3; tetragonal, rhombohedral and hexagonal, 2; 
cubic, 1. 

Crystals of the first three systems are said io be biaxial, and those of the second three 
systems uniaxial. It should be noticed that the thermal expansion of crystals of the cubic 
system is determined by one quantity only, i.e. they behave in this respect as isotropic 
bodies. 

t For example, a measure of the anisotropy of the elastic properties of a cubic crystal is the difference λχχχχ 
- Kxyy - 2λχ>.χ>.; if this is zero, then (10.9) reduces to the expression (4.3) for the elastic energy of an isotropic 
body. 

X I. M. Lifshitz and L. N. Rozentsveig, Zhurnal oksperimentarnoi i teoreticheskoi fiziki 16, 967, 1946. 
§ Determined by the equation a ux , x k = 1. 



§10 The elastic properties of crystals 37 

PROBLEMS 

PROBLEM 1. Express the elastic energy of a hexagonal crystal in terms of the elastic moduli Χ Μ „ in the 
coordinates x, y, ζ (the x-axis being the sixth-order axis). 

SOLUTION. For a general (not orthogonal) transformation of the coordinates, we have to distinguish the 
contravariant and covariant components of vectors and tensors, which are respectively transformed as the 
coordinates x' themselves (and denoted by superscripts) and as the differentiation operators d/dxl (and denoted 
by subscripts). The scalar (10.1) is then to be written as 

In the expressions (10.8) and (10.9), the components are transformed as contravariant ones. To establish the 
relation between the components XiUm in the coordinates ξ, η, ζ and χ, y, ζ, they are to be regarded as covariant; in 
Cartesian coordinates the two sets are of course the same. For the transformation of (10.7), 

Transforming the XiUm as products of these operators gives 

λχχχχ — Xyyyy = ^ξηξη + ^ξξηη * 

Kyxy — 

Kxyy = *λξηξη - 2λζζηη, 

λχχχζ ~ ^yyzz ~ ^•^•ξηζζ^ 

λχχχχ — ^yzyz ~ 2^Ζι,χ· 

The free energy (10.8) in terms of these moduli is 

F = Uxxxx ("xx + »yyY + ttzzzz"«2 + *xxzz ("xx + + ^xzxz ("χχ2 + "yz* ) + Wxxxx ~ λχχ„){ϋχ,2 - UxxUyy). 

PROBLEM 2. Find the conditions for the elastic energy of a cubic crystal to be positive. 

SOLUTION. The first two terms in,(10.9) constitute a quadratic form in the three independent variables uxx, 
uyy, u„. The conditions for this to be positive are that the determinant of its coefficients, one of the minors, and 
>Lxxx be positive. The third term in (10.9) must be positive also. These conditions give the inequalities 

Xi > 0, A3 > 0, - U i < λ2 < Aj, 
where Χχ — ΧχΧΧΧ> Χι ~ ^ x x y y, X$ — XxyXy 

PROBLEM 3. Determine the dependence of the Young's modulus of a cubic crystal on the direction in it. 

SOLUTION. We take coordinate axes along the edges of the cube. Let the axis of a rod cut from the crystal be 
along a unit vector n. The stress tensor in the stretched rod must satisfy the following conditions: (1) aiknk = pniy 
where ρ is the tensile force on unit area of the ends of the rod (condition at the ends of the rod); (2) for dircctioi. 
perpendicular to n, aiktk - 0 (condition on the sides of the rod). Such a tensor must have the form aik = pn,nk. 
Calculating the components aik by differentiating (10.9),t and comparing them with aik = pn,nk, we find the 
components of the strain tensor to be 

(Xl+2X2)nx
2-X2 = ΠχΠ, 

Ρ(λι-Χ2){Χί+2Χ2)' " χ ' ~ Ρ 2 Λ 3 ' 

and similarly for the remaining components. 
The relative elongation of the rod is u = (d/' - d / ) / d / , where d/' is given by (1.2) and dx , /d / = For small 

deformations this gives u = Ι^Λ,Π*. The Young's modulus is determined as the proportionality factor in ρ = £u, 
and is found to be given by 

i = + (- — ) (nx
2 n2 + nx

2 n 2 + ny
2 nz

2). 

Ε (Xi+2X2)(Xl-X2) U A i - W 1 ' ' 
Ε has extremum values in the directions of the edges (the x, y, ζ axes) and the body diagonals of the cube. Along 
the edges, 

Ε = {λι+2λ2)[λι-λ2)/{λι+λ2). 
The transverse compression of the rod is uxx = uyy = - auxx = - cu, where σ = Χ2/(Χι + X2) acts as Poisson's 
ratio. According to the inequalities derived in Problem 2, - 1 < σ < i 

t If olk is calculated not directly from aik = Xiklmulm but by differentiating a specific expression for F, the 
derivatives with respect to u tt with i Φ k give doubled values for σΛ. This is because the formula aik = dF/du^ is 
meaningful only as an expression of the fact that dF = σΛά\ΑΛ, and in the sum aikduik the terms in the differentials 
dua of each component with i Φ k of the symmetrical tensor uik appear twice. 



C H A P T E R II 

THE EQUILIBRIUM OF RODS AND PLATES 

§11. The energy of a bent plate 

I N this chapter we shall study some particular cases of the equilibrium of deformed bodies, 
and we begin with that of thin deformed plates. When we speak of a thin plate, we mean 
that its thickness is small compared with its dimensions in the other two directions. The 
deformations themselves are supposed small, as before. In the present case the 
deformation is small if the displacements of points in the plate are small compared with its 
thickness. 

The general equations of equilibrium are considerably simplified when applied to thin 
plates. It is more convenient, however, not to derive these simplified equations directly 
from the general ones, but to calculate afresh the free energy of a bent plate and then vary 
that energy. 

When a plate is bent, it is stretched at some points and compressed at others: on the 
convex side there is evidently an extension, which decreases as we penetrate into the plate, 
finally becoming zero, after which a gradually increasing compression is found. The plate 
therefore contains a neutral surface, on which there is no extension or compression, and on 
opposite sides of which the deformation has oppoiste signs. The neutral surface clearly lies 
midway through the plate. 

We take a coordinate system with the origin on the neutral surface and the z-axis normal 
to the surface. The xy-plane is that of the undeformed plate. We denote by ζ the vertical 
displacement of a point on the neutral surface, i.e. its z coordinate (Fig. 2). The components 
of its displacement in the xy-plane are evidently of the second order of smallness relative to 
ζ, and can therefore be put equal to zero. Thus the displacement vector for points on the 
neutral surface is 

For further calculations it is necessary to Jiote the following property of the stresses in a 
deformed plate. Since the plate is thin, comparatively small forces on its surface are needed 

FIG. 2 

" z ( 0) = C(*,y). (11.1) 

38 
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to bend it. These forces are always considerably less than the internal stresses caused in the 
deformed plate by the extension and compression of its parts. We can therefore neglect the 
forces Pi in the boundary condition (2.8), leaving aiknk = 0. Since the plate is only slightly 
bent, we can suppose that the normal vector η is along the z-axis. Thus we must have on 
both surfaces of the plate σχζ = ayz = σζζ = 0. Since the plate is thin, however, these 
quantities must be small within the plate if they are zero on each surface. We therefore 
conclude that the components oxz, ayz, azz are small compared with the remaining 
components of the stress tensor everywhere in the plate. We can therefore equate them to 
zero and use this condition to determine the components of the strain tensor. 

By the general formulae (5.13), we have 

1 + σ l + o -

{(1 -o)uzz + a(uxx + uyy)}. 

(Π.2) 

(l+<7)(l-2<7) 

Equating these expressions to zero, we obtain dux/dz = -duz/dx, duy/dz = -duz/dy, 
uzz = —o(uxx + uyy)l{\ — σ). In the first two of these equations uz can, with sufficient 
accuracy, be replaced by ((x, y): dux/dz = — δζ/δχ, duy/dz = —δζ/dy, whence 

ux = -ζδζ/δχ, u y = -ζδζ/dy. (11.3) 

The constants of integration are put equal to zero in order to make 

ux = uy = 0 for ζ = 0. 

Knowing ux and uyj we can determine all the components of the strain tensor: 

-ζδ2ζ/δχ\ 

= -ΖΔ2Ζ/<ν, 
= -ζδ2ζ/δχδγ, 

n α [ δ 2 ζ δ 2 ζ \ 
ux, = uyz = 0, M„ « — + (11.4) 

We can now calculate the free energy F per unit volume of the plate, using the general 
formula (5.10). A simple calculation gives the expression 

F = z 2 1 δ2 ζ δ2ζ 
l + o - [2(\-a)\dx2*dy2 

g2c 
dxdy dx2dy2 Jj 

(11.5) 

The total free energy of the plate is obtained by integrating over the volume. The 
integration over ζ is from - $h to + \h, where h is the thickness of the plate, and that over 
x, y is over the surface of the plate. The result is that the total free energy Fpl = | F d V of a 
deformed plate is 

F pl 24(1 ,δχδγ ) ex2dy 

d x d y ; 

(Π .6) 

the element of area can with sufficient accuracy be written as d x ay simply, since the 
deformation is small. 

Having obtained the expression for the free energy, we can regard the plate as being of 
infinitesimal thickness, i.e. as being a geometrical surface, since we are interested only in 
the form which it takes under the action of the applied forces, and not in the distribution of 
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deformations inside it. The quantity ( is then the displacement of points on the plate, 
regarded as a surface, when it is bent. 

§12. The equation of equilibrium for a plate 

The equation of equilibrium for a plate can be derived from the condition that its free 
energy be a minimum. To do so, we must calculate the variation of the expression (11.6). 

We divide the integral in (11.6) into two, and vary the two parts separately. The first 
integral can be written in the form j (Δζ ) 2 d / , where d / = d x d y i s a surface element and 
Δ = d2/dx2 + d2/dy2 is here (and in §§13, 14) the two-dimensional Laplacian. Varying 
this integral, we have 

^ J ( A ( ) 2 d / = J A C A < 5 ( d / 

= J ^ £ d i v g r a d e d / 

div( Δ ζ grad δ ζ) d f- j grad δζ · grad Δ ζ df. 

All the vector operators, of course, relate to the two-dimensional coordinate system (x,y). 
The first integral on the right can be transformed into an integral along a closed contour 
enclosing the plate: f 

J -
div(ACgrad<K)d/ = O, Δ ζ(η · g r a d e d / 

= φ Δ ζ ^ / , 
on 

where d/dn denotes differentiation along the outward normal to the contour. 
In the second integral we use the same transformation to obtain 

ί 
grad δ ζ · grad Δ ζ df = div(<5CgradA£)d/ - δζΑ2ζά/ 

= <J)<K(n-gradAOd/-j<5( Α2ζά/ 

^δζΑ2ζά/. = < b ^ d , 

Substituting these results, we find that 

j W ) 2 d / = ^δζΔ2ζά/-^δζ^άΙ + <^> 
δδί 

( 1 1 1 ) 

t The transformation formula for two-dimensional integrals is exactly analogous to the one for three 
dimensions. The volume element d Κ is replaced by the surface element d/(a scalar), and the surface element df is 
replaced by a contour element ,dl multiplied by the vector η along the outward normal to the contour. The 
integral over d / i s converted into one over d/ by replacing d fd/dXi by n, dl. For instance, if φ is a scalar, we have 
\ gr»a φ ά/=$φηάΙ. 
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FIG. 3 

The transformation of the variation of the second integral in (11.6) is somewhat more 
lengthy. This transformation is conveniently effected in components, and not in vector 
form. We have 

δ2ζ γ β2ζδ2ζ 

^δχδγ) δχ2dy2 

δ2ζ δ2δζ δ2ζδ2δζ 

df 

'dxdydxdy δχ2 dy2 

The integrand can be written 

δ2δζ δ2ζ \ 
δχ2 dy2] 

df. 

^ _ / ^ ζ _ ^ ζ _ _ ^ ζ ^ ζ \ δ ίδδζ δ2ζ δδζδ2ζ\ 
dx\dy δχδγ dxdy2) δγ\δχ δχδγ dy δ χ2 J 

i.e. as the (two-dimensional) divergence of a certain vector. The variation can therefore be 
written as a contour integral: 

dx2 dy 

+ (|)d/cos 0 

dx dxdy dy dx2 

dot; d2C dSCd2C 

dy dxdy dx dy2 
(12.2) 

where 0 is the angle between the x-axis and the normal to the contour (Fig. 3). 
The derivatives of δ ζ with respect to χ and y are expressed in terms of its derivatives 

along the normal η and the tangent 1 to the contour: 

d J . J 
— = cos 0 — - s i n 0—, 
dx dn dl 

d . Λ d d 
—- = sin0 — + c o s 0 — . 
dy dn dl 

Then formula (12.2) becomes 

δ iJTJtdf 
d2C 

dxdy J dx2dy2 

d2C d2C d2C 
= φάΓ-^<2 s i n 0 c o s 0 — f - - s i n 2 0 - 4 - c o s 2 0 ^ - 4 

dn [ dxdy dx2 dy2 + 

+ ( b d / 
d2C d2C d4^{ s i n 0 c o s 0 ( ^ 4 - f 4 ) + ( c o s 20 - s i n 20 ) 

dl [ \dy2 dx2 

δ2ζ 
dxdy 
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-j>dl6C |j j s i n 0 cos θ - + (cos 20 - s in 20 ) dxdy 

Collecting all the above expressions and multiplying by the coefficients shown in 
formula (11.6), we obtain the following final expression for the variation of the free energy: 

' cin A m t / l i 
dy2 dx2 - f i d { ^ + ( i - f f^ { s i n 0 c o s 0( S - S 

, d2l 
+ ( c o s 20 - s i n 20 ) — ~ 

dxdy 

Γ dbl ..{ 

+ 
-O ^ d / J A C + ( l - < x ) ^ 2 s i n 0 c o s 0 

+ 

d2i 
dxdy 

with 

s i n 2 0 0 - c o s 2 0 0 ) H , (12.3) 

D = Eh3/12(1 - σ 2 ) . (12.4) 

In order to derive from this the equation of equilibrium for the plate, we must equate to 
zero the sum of the variation δ F and the variation δ U of the potential energy of the plate 
due to the external forces acting on it. This latter variation is minus the work done by the 
external forces in deforming the plate. Let Ρ be the external force acting on the plate, per 
unit areaf and normal to the surface. Then the work done by the external forces when the 
points on the plate are displaced a distance δ ζ is j Ρδζ df Thus the condition for the total 
free energy of the plate to be a minimum is 

Ρδζ d / = 0 . 

On the left-hand side of this equation we have both surface and contour integrals. The 
surface integral is 

{DA2i-P}6Cdf 

The variation δ ζ in this integral is arbitrary. The integral can therefore vanish only if the 
coefficient of δ ζ is zero, i.e. 

D A 2 ( - P = 0 . (12.5) 

This is the equation of equilibrium for a plate bent by external forces acting on it. The 
coefficient D is called the flexural rigidity or cylindrical rigidity of the plate. 

t The force Ρ may be the result of body forces (e.g. the force of gravity), and is then equal to the integral of the 
body force over the thickness of the plate. 

The second integral may be integrated by parts. Since it is taken along a closed contour, the 
limits of integration are the same point, and we have simply 
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The boundary conditions for this equation are obtained by equating to zero the contour 
integrals in (12.3). Here various particular cases have to be considered. Let us suppose that 
part of the edge of the plate is free, i.e. no external forces act on it. Then the variations δ ζ 
and δδζ/δη on this part of the edge are arbitrary, and their coefficients in the contour 
integrals must be zero. This gives the equations 

δΑζ d f (d2C d2C\ 

+ (s in 2 θ - cos2 θ ) 1 = 0, (12.6) 
oxoy J 

Δ ζ + (1 - σ) J2sin 0cos - s in 2 0 ^ 4 - cos 2 0 ^ 4 1 = 0, (12.7) 
I dxdy ox2 dy2 J 

which must hold at all free points on the edge of the plate. 
The boundary conditions (12.6) and (12.7) are very complex. Considerable simplifi

cations occur when the edge of the plate is clamped or supported. If it is clamped (Fig. 4a), 
no vertical displacement is possible, and moreover no bending is possible at the edge. The 
angle through which a given part of the edge turns from its initial position is (for small 
displacements C) the derivative δζ/δη. Thus the variations δζ and δδζ/δη must be zero at 
clamped edges, so that the contour integrals in (12.3) are zero identically. The boundary 
conditions have in this case the simple form 

ζ = 0, δζ/δη = 0. (12.8) 

Fig. 4 

The first of these expresses the fact that the edge of the plate undergoes no vertical 
displacement in the deformation, and the second that it remains horizontal. 

It is easy to determine the reaction forces on a plate at a point where it is clamped. These 
are equal and opposite to the forces exerted by the plate on its support. As we know from 
mechanics, the force in any direction is equal to the space derivative, in that direction, of 
the energy. In particular, the force exerted by the plate on its support is given by minus the 
derivative of the energy with respect to the displacement ζ of the edge of the plate, and the 
reaction force by this derivative itself. The derivative in question, however, is just the 
coefficient of δζ in the second integral in (12.3). Thus the reaction force per unit length is 
equal to the expression on the left of equation (12.6) (which of course, is not now zero), 
multiplied by D. 

Similarly, the moment of the reaction forces is given by the expression on the left of 
equation (12.7), multiplied by the same factor. This follows at once from the result of 
mechanics that the moment of the force is equal to the derivative of the energy with respect 
to the angle through which the body turns. This angle is δζ/δη, so that the corresponding 
moment is given by the coefficient of δδζ/δη in the third integral in (12.3). Both these 
expressions (that for the force and that for the moment) can be very much simplified by 
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virtue of the conditions (12.8). Since ζ and δζ/δη are zero everywhere on the edge of the 
plate, their tangential derivatives of all orders are zero also. Using this and converting the 
derivatives with respect to χ and y in (12.6) and (12.7) into those in the directions of η and 1, 
we obtain the following simple expressions for the reaction force F and the reaction 
moment Μ: 

F - - D l d * + d i d * i ( 1 1 9) 

δ2 ζ 
M = D ^ , (12.10) 

Another important case is that where the plate is supported (Fig. 4b), i.e. the edge rests 
on a fixed support, but is not clamped to it. In this case there is again no vertical 
displacement at the edge of the plate (i.e. on the line where it rests on the support), but its 
direction can vary. Accordingly, we have in (12.3) δζ = 0 in the contour integral, but 
δδζ/δη Φ 0. Hence only the condition (12.7) remains valid, and not (12.6). The expression 
on the left of (12.6) gives as before the reaction force at the points where the plate is 
supported; the moment of this force is zero in equilibrium. The boundary condition (12.7) 
can be simplified by converting to the derivatives in the direction of η and I and using the 
fact that, since ζ = 0 everywhere on the edge, the derivatives δζ/δΐ and δ2ζ/δί2 are also 
zero. We then have the boundary conditions in the form 

δ2ζ άθ δζ 
ί = 0' ^ + ffd7^ = ° - < 1 2 1 1) 

PROBLEMS 

PROBLEM 1. Determine the deflection of a circular plate (with radius R) with clamped edges, placed 
horizontally in a gravitational held. 

SOLUTION. We take polar coordinates, with the origin at the centre of the plate. The force on unit area of the 
surface of the plate is Ρ = phg. Equation (12.5) becomes Δ 2£ - 64/ί, where β = 3pg(l - < τ 2) / 1 6 / ι 2£ ; positive 
values of ( correspond to displacements downward. Since ζ is a function of r only, we can put Δ = 
r~ 1 d(rd/dr)/dr. The general integral is ζ - βτΑ + ar2 + b + cr2 \o%(r/R) + d \og(r/R). In the case in question we 
must put d - 0, since log(r/R) becomes infinite at r - 0, and c = 0, since this term gives a singularity in Δ ζ at r 
= 0 (corresponding to a force applied at the centre of the plate; see Problem 3). The constants a and b are 
determined from the boundary conditions ζ = 0, άζ/dr = 0 for r = R. The result is ζ = β(R2 — r2)2. 

PROBLEM 2. The same as Problem 1, but for a plate with supported edges. 

SOLUTION. The boundary conditions (12.11) for a circular plate are 

d2C σάζ 
C = 0, — + = 0. 

d r 2 r dr 
The solution is similar to that of Problem 1, and the result is 

C « 0 ( * * - r a) ( — R 2 - r 2 \ 

PROBLEM 3. Determine the deflection of a circular plate with clamped edges when a force / i s applied to its 
centre. 

SOLUTION. We have /\2ζ = 0 everywhere except at the origin. Integration gives 

ζ = ar2 + b + cr2\og{r/R\ 
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the log r term again being omitted. The total force on the plate is equal to the force/at its centre. The integral of 
Δ 2( over the surface of the plate must therefore be 

R 

2π j r A 2C d r = / / D . 

ο 

Hence c = f/%nD. The constants a and b are determined from the boundary conditions. The result is 

ζ « (f/ZnD) - r ' J - r 2 log(K/r)] . 

PROBLEM 4. The same as Problem 3, but for a plate with supported edges. 

SOLUTION. 

/ Γ3 + <χ , , , Rl 
ζ = ( K 2- r 2) - 2 r 2 l o g - . 

PROBLEM 5. Determine the deflection of a circular plate suspended by its centre and in a gravitational field. 

SOLUTION. The equation for ζ and its general solution are the same as in Problem 1. Since the displacement at 
the centre is ζ = 0, we have c — 0. The constants a and b are determined from the boundary conditions (12.6) and 
(12.7), which are, for circular symmetry, 

dAC d /d 2C \άζ\ d2C σάζ 
- — I — + = 0 , — + = 0. 

dr drVdr 2 r d r / dr 2 r dr 

The result is 
Γ R 3 + σ Ί 

ζ = βΓ
2 r 2 + 8R 2 l o g - + 2R 2 . 

L r H - a J 

PROBLEM 6. A thin layer (of thickness h) is torn off a body by external forces acting against surface tension 
forces at the surface of separation. With given external forces, equilibrium is established for a definite area of the 
surface separated and a definite shape of the layer removed (Fig. 5). Derive a formula relating the surface tension 
to the shape of the layer removed.f 

FIG. 5 

SOLUTION. The layer removed can be regarded as a plate with one edge (the line of separation) clamped. The 
bending moment on the layer is given by formula (12.10). The work done by this moment when the length of the 
separated surface increases by δχ is 

Μδδζ/δχ = Μδχδ2ζ/δχ2 = ϋ(δ2ζ/δχ2)2 δχ (1) 

(the work of the bending force F itself is a second-order quantity). The equilibrium condition is that this work be 
equal to the change in the energy of the system. The latter is made up of two parts: the change in the surface 
energy, and the change in the elastic energy of the layer removed owing to the increase in length of its bent part. 
The first part is 2<χδχ, where α is the surface-tension coefficient, the factor 2 allowing for the creation of two free 
surfaces by the separation. The second part is $Ω(δ2ζ/δχ2)2 δχ, i.e. the energy (11.6) for a length δχ of the layer, 
which is half of the quantity (1). The result is thus 

<χ.= ±0(δ2ζ/δχ2)2. 

t This problem was discussed by I. V. Obreimov (1930) in connection with a method which he developed for 
measuring the surface tension of mica. The measurements which he made by this method were the first direct 
measurements of the surface tension of solids. 
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§13. Longitudinal deformations of plates 

Longitudinal deformations occurring in the plane of the plate, and not resulting in any 
bending, form a special case of deformations of thin plates. Let us derive the equations of 
equilibrium for such deformations. 

If the plate is sufficiently thin, the deformation may be regarded as uniform over its 
thickness. The strain tensor is then a function of χ and y only (the xy-plane being that of 
the plate) and is independent of z. Longitudinal deformations of a plate are usually caused 
either by forces applied to its edges or by body forces in its plane. The boundary conditions 
on both surfaces of the plate are then aiknk = 0, or, since the normal vector is parallel to the 
z-axis, aiz = 0, i.e. σΧ2 = oyz = σζζ = 0. It should be noticed, however, that in the 
approximate theory given below these conditions continue to hold even when the external 
tension forces are applied to the surfaces of the plate, since these forces are still small 
compared with the resulting longitudinal internal stresses (σχχ, ayy, axy) in the plate. Since 
they are zero at both surfaces, the quantities σΧ 2, ayz, azz must be small throughout the 
thickness of the plate, and we can therefore take them as approximately zero everywhere in 
the plate. 

Equating to zero the expressions (11.2), we obtain the relations 

" r x = -<5{uxx̂ uyy)l{\-o\ uxz = uyz = 0. ( 1 3 . 1 ) 

Substituting in the general formulae ( 5 . 1 3 ) , we obtain for the non-zero components of the 
stress tensor 

Ε 
Oxx = - ^ ( M* * + <™YY)> l - σ 2 

Ε 
\-σ 

2(UYY + GUXX), 

σχ ν = Ζ Ux ν · 
y Ι + σ y 

( 1 3 . 2 ) 

It should be noticed that the formal transformation 

Ε - E/(l - σ 2) , σ - o-/(l - σ) (13.3) 

converts these expressions into those which give the relation between the stresses σχχ, axyn 

oyy and the strains uxx, uyy> uzz for a plane deformation (formulae (5.13) with uzz = 0). 
Having thus eliminated the displacement uz, we can regard the plate as a two-

dimensional medium (an "elastic plane"), of zero thickness, and take the displacement 
vector u to be a two-dimensional vector with components ux and uy. If Px and Py are the 
components of the external body force per unit area of the plate, the general equations of 
equilibrium are 

Substituting the expressions (13.2), we obtain the equations of equilibrium in the form 
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A 1 d2ux 1 d2ux 1 d \ \ 

[I - a2 dx 2 + 2(1 + a) dy2 + 2(1 - σ) 3x3y J + P* ~ 0F 

f 1 d2u 1 g 2u 1 a 2u x) 
[ l - σ 2 dy2 2 ( 1 + σ ) 5 χ 2 2 ( l -<x)dxdyJ 

+ P y = 0. 

(13.4) 

These equations can be written in the two-dimensional vector form 

grad div u-±(\-o) curl curl u = - ( 1 - σ 2 ) Ρ / Ε Λ , (13.5) 

where all the vector operators are two-dimensional. 
In particular, the equation of equilibrium in the absence of body forces is 

grad diν u — ^ (1 — σ) curl curl u = 0. (13.6) 

It differs from the equation of equilibrium for a plane deformation of a body infinite in the 
z-direction (§7) only by the sign of the coefficient (in accordance with (13.3)).| As for a 
plane deformation, we can introduce the stress function defined by 

σχχ = d2
X/dy2, c x y = -d2

X/dxdy, ayy = d2
X/dx2

y (13.7) 

whereby we automatically satisfy the equations of equilibrium in the form 

d<*xx d<*xy = q d<*yx ^ ^yy _ q 

dx dy ' dx dy 

The stress function, as before, satisfies the biharmonic equation, since for Δ χ we have 

ΔX = σχχ + ayy = E(uxx + uyy)l(\ - σ) = {E/(l - σ)} div u; 
this differs only by a factor from the result for a plane deformation. 

It may be pointed out that the stress distribution in a plate deformed by given forces 
applied to its edges is independent of the elastic constants of the material. For these 
constants appear neither in the biharmonic equation satisfied by the stress function, nor in 
the formulae (13.7) which determine the components aik from that function (nor, 
therefore, in the boundary conditions at the edges of the plate). 

PROBLEMS 

PROBLEM 1. Determine the deformation of a plane disc rotating uniformly about an axis through its centre 
perpendicular to its plane. 

SOLUTION. The required solution differs only in the constant coefficients from the solution obtained in §7 , 
Problem 5, for the plane deformation of a rotating cylinder. The radial displacement ur = u(r) is given by the 
formula 

8 £ \\+σ ) 

This is the expression which gives that of §7 , Problem 5, if the substitution ( 1 3 . 3 ) is made. 

PROBLEM 2. Determine the deformation of a semi-infinite plate (with a straight edge) under the action of a 
concentrated force in its plane, applied to a point on the edge. 

t A deformation homogeneous in the z-direction for which σ,χ = aty = σ „ = 0 everywhere is sometimes 
called a state of plane stress, as distinct from a plane deformation, for which u „ — usy = u„ = 0 everywhere. 



48 The Equilibrium of Rods and Plates §13 

I 

FIG. 6 

SOLUTION. We take polar coordinates, with an angle φ measured from the direction of the applied force; it 
takes values from — (^π + α) to \π — a, where a is the angle between the direction of the force and the normal to 
the edge of the plate (Fig. 6). At every point of the edge except that where the force is applied (the origin) we must 
have = σ,φ = 0. Using the expressions for and σ,φ obtained in §7, Problem 11, we find that the stress 
function must therefore satisfy the conditions 

δχ 1 δχ 
— = constant, - — = constant, for φ — — ($π + α), (\n — α). 
dr r δφ 

Both conditions are satisfied if χ = rfW). With this substitution, the biharmonic equation 

gives solutions for/(φ) of the forms sin φ, cos φ, φ sin </>, φcosφ. The first two of these lead to stresses which are 
zero identically. The solution which gives the correct value for the force applied at the origin is 

χ =-{F/n)rφ sin φ, <xrr = - (2F/7rr)cos<£, σ,φ = σφφ = 0, (1) 

where F is the force per unit thickness of the plate. For, projecting the internal stresses on directions parallel and 
perpendicular to the force F , and integrating over a small semicircle centred at the origin (whose radius then 
tends to zero), we obtain 

r cos φάφ — — F, 

r sin φ d φ = 0, 

i.e. the values required to balance the external force applied at the origin. 
Formulae (1) determine the required stress distribution. It is purely radial: only a radial compression force acts 

on any area perpendicular to the radius. The lines of equal stress are the circles r — ά cos φ, which pass through 
the origin and whose centres lie on the line of action of the force F (Fig. 6). 

The components of the strain tensor are urr = σ Γ Γ/ £ , υφφ = -σσ,,/E, ur̂  = 0. From these we find by 
integration (using the expressions (1.8) for the components uik in polar coordinates) the displacement vector: 

2 F ( l - ( j ) F 
ur— log( r/α) cos</> φs\nφy 

nE nE 

2aF IF ( l - a ) F 
u4 = —— sin φ + — log( r/a) sin φ + — (sin φ - φ cos φ). 

nE nE πΕ 

Here the constants of integration have been chosen so to give zero displacement (translation and rotation) of the 
plate as a whole: an arbitrarily chosen point at a distance a from the origin on the line of action of the force is 
assumed to remain fixed. 

Using the solution obtained above, we can obtain the solution for any distribution of forces acting on the edge 
of the plate (cf. §8). It is, of course, inapplicable in the immediate neighbourhood of the origin. 

PROBLEM 3. Determine the deformation of an infinite wedge-shaped plate (with angle 2a) due to a force 
applied at its apex. 

SOLUTION. The stress distribution is given by formulae which differ from those of Problem 2 only in their 
normalization. If the force acts along the mid-line of the wedge {Fi in Fig. 7), we have σ„ = 
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FIG. 7 

- (F, cos0) /r(a + i sin 2a), σΓφ = σφφ = 0. If, on the other hand, the force acts perpendicular to this direction ( F 2 
in Fig. 7), then 

oTr— -(F2 cos</>)/r(a-{sin2a). 

In each case the angle φ is measured from the direction of the force. 

PROBLEM 4. Determine the deformation of a circular disc (with radius R) compressed by two equal and 
opposite forces Fh applied at the ends of a diameter (Fig. 8). 

SOLUTION. The solution is obtained by superposing three internal stress distributions. Two of these are 

σ ( , )
Γ ι Γι = - ( 2 F / Wr 1) c o s « 1, σ<\φι = = 0. 

σ<\,2 = - ( 2 F / n r 2) c o s « 2, σ < % 2 = σ % 2φ 2 = 0, 

where r,, φι and r 2, φ2 are the polar coordinates of an arbitrary point Ρ with origins at A and Β respectively. 
These are the stresses due to a normal force F applied to a point on the edge of a half-plane; see Problem 2. The 
third distribution, <7<3)

lk = {F/nR)6ik, is a uniform extension of definite intensity. For, if the point Ρ is on the 
edge of the disc, we have rx = 2R cos φχ, r2 = 2R cos φ2, so that <χ( 1 )

Γ ι Γ, = <7<2)r2r2 = -F/nR. Since the 
directions o(rl and r2 at this point are perpendicular, we see that the first two stress distributions give a uniform 
compression on the edge of the disc. These forces can be just balanced by the uniform tension given by the third 
system, so th&i the edge of the disc is free from stress, as it should be. 

If 

FIG. 8 

PROBLEM 5. Determine the stress distribution in an infinite sheet with a circular aperture (radius R) under 
uniform tension. 

SOLUTION. The uniform tension of a continuous sheet corresponds to stresses <x( 0 )
x jr « Γ, σ{0\„ = al0)

xy « 0, 
where Τ is the tension force. These in turn correspond to the stress function χ < 0) = \Ty2 = } 7 r 2 s i n 2^ = 
i 7 > 2 (1 - cos 20). When there is a circular aperture (with the centre as the origin of polar coordinates r, φ), we 
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seek the stress function in the form χ = χ ( 0) + χ ( 1 ), = f(r) + F (r) cos 2φ. The integral of the biharmonic 
equation which is independent of φ is of the form f{r) = or2 log r + br2 + c log r, and in the integral proportional 
to cos 2φ we have F (r) = dr2 + er 4 + # / r 2. The constants are determined by the conditions a(i)

ik = 0 for r = oo 
and σ„ = σ,φ = 0 for r = R. The result is 

In particular, at the edge of the aperture we have σφφ = T{\ - 2 cos 2φ), and for φ = + ^π, σ φφ = 37", i.e. three 
times the stress at infinity (cf. §7, Problem 12). 

§14. Large deflections of plates 

The theory of the bending of thin plates given in §§11-13 is applicable only to fairly 
small deflections. Anticipating the result given below, it may be mentioned here that the 
condition for that theory to be applicable is that the deflection ζ be small compared with 
the thickness h of the plate. Let us now derive the equations of equilibrium for a plate 
undergoing large deflections. The deflection ζ is not now supposed small compared with h. 
It should be emphasized, however, that the deformation itself must still be small, in the 
sense that the components of the strain tensor must be small. In practice, this usually 
implies the condition ζ <̂  /, i.e. the deflection must be small compared with the dimension / 
of the plate. 

The bending of a plate in general involves a stretching of i t . j For small deflections this 
stretching can be neglected. For large deflections, however, this is not possible; there is 
therefore no neutral surface in a plate undergoing large deflections. The existence of a 
stretching which accompanies the bending is peculiar to plates, and distinguishes them 
from thin rods, which can undergo large deflections without any general stretching. This 
property of plates is a purely geometrical one. For example, let a flat circular plate be bent 
into a segment of a spherical surface. If the bending is such that the circumference of the 
plate remains constant, its diameter must increase. If the diameter is constant, on the other 
hand, the circumference must be reduced. 

The energy (11.6), which may be called the pure bending energy, is only the part of the 
total energy which arises from the non-uniformity of the tension and compression 
through the thickness of the plate, in the absence of any general stretching. The total 
energy includes also a part due to this general stretching; this may be called the stretching 
energy. 

Deformations consisting of pure bending and pure stretching have been considered in 
§§11-13. We can therefore use the results obtained in these sections. It is not necessary to 
consider the structure of the plate across its thickness, and we can regard it as a two-
dimensional surface of negligible thickness. 

We first derive an expression for the strain tensor pertaining to the stretching of a plate 
(regarded as a surface) which is simultaneously bent and stretched in its plane. Let u be the 

and the stress distribution is given by 

t An exception is, for instance, the bending of a flat plate into a cylindrical surface. 
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two-dimensional displacement vector (with components ux, uy) for pure stretching; (, as 
before, denotes the transverse displacement in bending. Then the element of length dl 
= y / ( d x 2+ d y 2) of the undeformed plate is transformed by the deformation into an 
element d/', whose square is given by dl'2 = (dx + d u j 2 + (dy + duy)2 + d£ 2. Putting here 
dux = (dujdx) dx + (dujdy) dy, and similarly for duy and d(, we obtain to within higher-
order terms dl'2 = dl2 + 2u a / Jdx adx^ , where the two-dimensional strain tensor is defined as 

(In this and the following sections, Greek suffixes take the two values χ and y; as usual, 
summation over repeated suffixes is understood). The terms quadratic in the derivatives of 
ua are here omitted; the same cannot, of course, be done with the derivatives of (, since 
there is no corresponding first-order terms. 

The stress tensor σαβ due to the stretching of the plate is given by formula (13.2), in which 
uafi must be replaced by the total strain tensor given by formula (14.1). The pure bending 
energy is given by formula (11.6), and can be written (ζ) dx dy, where Ψ{ (ζ) denotes 
the integrand in (11.6). The stretching energy per unit volume of the plate is, by the general 
formulae, {uafioafi. The energy per unit surface area is obtained by multiplying by h, so that 
the total stretching energy can be written J 4 /

2( u a^ ) df, where 

Before deriving the equations of equilibrium, let us estimate the relative magnitude of 
the two parts of the energy. The first derivatives of ζ are of the order of ζ/l, where / is the 
dimension of the plate, and the second derivatives are of the order of ζ/l2. Hence we see 
from (11.6) that 4Ί ~ £ / ι 3ζ 2/ / 4. The order of magnitude of the tensor components ΐ4Λβ is 
ζ 2/ / 2, and so Ψ 2 ~~ £Λζ 4/ / 4. A comparison shows that the neglect of Ψ2

 ιη the approximate 
theory of the bending of plates is valid only if ζ2 < h2. 

The condition of minimum energy is OF + SU = 0, where 17 is the potential energy in 
the field of the external forces. We shall suppose that the external stretching forces, if any, 
can be neglected in comparison with the bending forces. (This is always valid unless the 
stretching forces are very large, since a thin plate is much more easily bent than stretched.) 
Then we have for SU the same expression as in §12: SU = — jP<5( df, where Ρ is the 
external force per unit area of the plate. The variation of the integral f % d /has already 
been calculated in §12, and is 

The contour integrals in (12.3) are omitted, since they give only the boundary conditions 
on the equation of equilibrium, and not that equation itself, which is of interest here. 

Finally, let us calculate the variation of the integral | Ψ 2 d / The variation must be taken 
both with respect to the components of the vector u and with respect to ζ. We have 

(14.1) 

Ψ 2 = ^ U a 0G a f i. 

Thus the total free energy of a plate undergoing large deflections is 

(14.2) 

^ p l = {*i(C) + * 2 ( ^ ) } d / (14.3) 
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The derivatives of the free energy per unit volume with respect to uafi are σαβ; hence 
D 4 V 3 U A <) = haaf. Substituting also for u„t the expression (14.1), we obtain 

d^2df=h^a.tSuafidf 

, . F ddu, δζ δδζ Μζδζ) 

or, by the symmetry of σαβ, 

Integrating by parts, we obtain 

The contour integrals along the circumference of the plate are again omitted. 
Collecting the above results, we have 

In order that this relation should be satisfied identically, the coefficients of ΔΖ and <5ua must 
each be zero. Thus we obtain the equations 

D*2T-h£rb«£)-F> (14·4) 

Δ°ΑΒ/ΔΧΒ = 0. (14.5) 

The unknown functions here are the two components ux, uy of the vector u and the 
transverse displacement Ζ. The solution of the equations gives both the form of the bent 
plate (i.e. the function ζ(χ, y)) and the extension resulting from the bending. Equations 
(14.4) and (14.5) can be somewhat simplified by introducing the function χ related to σΛβ by 
(13.7). Equation (14.4) then becomes 

DAK J ^ ^ * * ^ 2 d 2* d 2t \ - P „ 4 « 
D^i~\W^^W ~dxTy~dxTy)~ ( 1 4 , 6) 

Equations (14.5) are satisfied automatically by the expressions (13.7). Hence another 
equation is needed; this can be obtained by eliminating ua from the relations (13.7) and 
(13.2). 

To do this, we proceed as follows. We express uafi in terms of σαβ, obtaining from (13.2
) 

"XX = FAX* - ™yy)/E, wyy - K Y - σσΧΧ)/Ε, uxy = (1 + a)axy/E. 
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Substituting here the expression (14.1) for u,fi, and (13.7) for σ,,,ννε find the equations 

dx 2\dx) E\dy2 "dx2)' 

2\dy) E\3x2 dy2)' 
dUy 

~dy+2 

dux+d^ + <HLdC= _2(1+σ) d2
X 

dy ' dx dx dy E. dxdy 

We take d2/dy2 of the first, d2/dx2 of the second, - d2/dxdy of the third, and add. The 
terms in ux and u y then cancel, and we have the equation 

Equations (14.6) and (14.7) form a complete system of equations for large deflections of 
thin plates (A. F o p p l 1907). These equations are very complicated, and cannot be solved 
exactly, even in very simple cases. It should be noticed that they are non-linear. 

We may mention briefly a particular case of deformations of thin plates, that of 
membranes. A membrane is a thin plate subject to large external stretching forces applied at 
its circumference. In this case we can neglect the additional longitudinal stresses caused by 
bending of the plate, and therefore suppose that the components of the tensor σαβ are 
simply equal to the constant external stretching forces. In equation (14.4) we can then 
neglect the first term in comparison with the second, and we obtain the equation of 
equilibrium 

'dxadxfi 

with the boundary condition that ( = 0 at the edge of the membrane. This is a linear 
equation. The case of isotropic stretching, when the extension of the membrane is the same 
in all directions, is particularly simple. Let Τ be the absolute magnitude of the stretching 
force per unit length of the edge of the membrane. Then ησαβ = Τδαβ> and we obtain the 
equation of equilibrium in the form 

Γ Δ ζ + Ρ = 0. (14.9) 

^ Ξ Τ Ί Π Τ + ^ Ο , (14.8) 

P R O B L E M S 

PROBLEM 1. Determine the deflection of a plate as a function of the force on it when (t> h. 

SOLUTION. An estimate of the terms in equation (14.7) shows that χ ~» Ε ζ2. For C > Κ the first term in (14.6) is 
small compared with the second, which is of the order of magnitude ηζχ/t* ~~ Εηζ3//4 (/ being the dimension of 
the plate). If this is comparable with the external force P , we have ζ ~ (PP/Ehy. Hence, in particular, we see that 
£ is proportional to the cube root of the force. 

PROBLEM 2. Determine the deformation of a circular membrane (with radius R) placed horizontally in 
a gravitational field. 

SOLUTION. We have Ρ = pgh\ in polar coordinates, (14.9) becomes 

r d r \ W Τ ' 

The solution finite for r - 0 and zero for r - R is ζ - pgh{R2-r2)/AT. 
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§15. Deformations of shells 

taken over the surface. Here (α, β = 1, 2) is the two-dimensional strain tensor in the 
appropriate curvilinear coordinates, and the stress tensor σαβ is related to ιιαβ by formulae 

(15.1) 

In discussing hitherto the deformations of thin plates, we have always assumed that the 
plate is flat in its undeformed state. However, deformations of plates which are curved in 
the undeformed state (called shells) have properties which are fundamentally different 
from those of the deformations of flat plates. 

The stretching which accompanies the bending of a flat plate is a second-order effect in 
comparison with the bending deflection itself. This is seen, for example, from the fact that 
the strain tensor (14.1), which gives this stretching, is quadratic in ζ. The situation is 
entirely different in the deformation of shells: here the stretching is a first-order effect, and 
therefore is important even for small bending deflections. This property is most easily seen 
from a simple example, that of the uniform stretching of a spherical shell. If every point 
undergoes the same radial displacement ζ, the length of the equator increases by 2πζ. The 
relative extension is 2πζ/2πΚ = ζ/R, and hence the strain tensor also is proportional to 
the first power of ζ. This effect tends to zero as R -* oo, i.e. as the curvature tends to zero, 
and is therefore due to the curvature of the shell. 

Let R be the order of magnitude of the radius of curvature of the shell, which is usually 
of the same order as its dimension. Then the strain tensor for the stretching which 
accompanies the bending is of the order of ζ/R, the corresponding stress tensor is ~~ Εζ/R, 
and the deformation energy per unit area is, by (14.2), of the order of Eh((/R)2. The pure 
bending energy, on the other hand, is of the order of £ / i 3£ 2/ / ? 4, as before. We see that the 
ratio of the two is of the order of (R/h)2

y i.e. it is very large. It should be emphasized that 
this is true whatever the ratio of the bending deflection ζ to the thickness Λ, whereas in the 
bending of flat plates the stretching was important only for ζ > h. 

In some cases there may be a special type of bending of the shell in which no stretching 
occurs. For example, a cylindrical shell (open at both ends) can be deformed without 
stretching if all the generators remain parallel (i.e. if the shell is, as it were, compressed 
along some generator). Such deformations without stretching are geometrically possible if 
the shell has free edges (i.e. is not closed) or if it is closed but its curvature has opposite 
signs at different points. For example, a closed spherical shell cannot be bent without being 
stretched, but if a hole is cut in it (the edge of the hole not being fixed), then such a 
deformation becomes possible. Since the pure bending energy is small compared with the 
stretching energy, it is clear that, if any given shell permits deformation without stretching, 
then such deformations will, in general, actually occur when arbitrary external forces act 
on the shell. The requirement that the bending be unaccompanied by stretching places 
considerable restrictions on the possible displacements ua. These restrictions are purely 
geometrical, and can be expressed as differential equations, which must be contained in the 
complete system of equilibrium equations for such deformations. We shall not pause to 
discuss this question further. 

If, however, the deformation of the shell involves stretching, then the tensile stresses are 
in general large compared with the bending stresses, which may be neglected. Shells for 
which this is done are called membranes. 

The stretching energy of a shell can be calculated as the integral 
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(13.2), which can be written, in two-dimensional tensor notation, as 

σΛβ = £ [ ( 1 - * ) u a , + oA ,"y y]/(l -a2). (15.2) 

A case requiring special consideration is that where the shell is subjected to the action of 
forces applied to points or lines on the surface and directed through the shell. These may 
be, in particular, the reaction forces on the shell at points (or lines) where it is fixed. The 
concentrated forces result in a bending of the shell in small regions near the points where 
they are applied; let d be the dimension of such a region for a force/applied at a point (so 
that its area is of the order of d2). Since the deflection ζ varies considerably over a distance 
dt the bending energy per unit area is of the order of Εη3ζ2/άΑ, and the total bending 
energy (over an area ~ d2) is of the order of Eh3C2/d2. The strain tensor for the stretching 
is again — ζ/R, and the total stretching energy due to the concentrated forces is 
~~ EhC2d2/R2. Since the bending energy increases and the stretching energy decreases with 
decreasing d, it is clear that both energies must be taken into account in determining the 
deformation near the point of application of the forces. The size d of the region of bending 
is given in order of magnitude by the condition that the sum of these energies be a 
minimum, whence 

d - J(hR). (15.3) 

The energy ~~ Eh2^2/R. Varying this with respect to ( and equating the result to the work 
done by the force / , we find the deflection ζ ~ fR/Eh2. 

However, if the forces acting on the shell are sufficiently large, the shape of the shell may 
be considerably changed by bulges which form in it. The determination of the deformation 
as a function of the applied loads requires special investigation in this unusual case.f 

Let a convex shell (with edges fixed in such a way that it is geometrically rigid) be 
subjected to the action of a large concentrated force / along the inward normal. For 
simplicity we shall assume that the shell is part of a sphere with radius R. The region of the 
bulge will be a spherical cap which is almost a mirror image of its original shape (Fig. 9 

FIG. 9 

t The results given below are due to Α. V. Pogorelov (1960). A more precise analysis of the problem together 
with some similar ones is given in his book Teoriya obolochek pri zakriticheskikh deformatsiyakh (Theory of Shells 
at Supercritical Deformations), Moscow 1965. 
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shows a meridional section of the shell). The problem is to determine the size of the bulge 
as a function of the force. 

The major part of the elastic energy is concentrated in a narrow strip near the edge of the 
bulge, where the bending of the shell is relatively large; we shall call this the bending strip 
and denote its width by d. This energy may be estimated, assuming that the radius r of the 
bulge region is much less than K, so that the angle α <ζ 1 (Fig. 9). Then r = R sin α ~~ Λα, 
and the depth of the bulge Η = 2R(\ - cos α) ~ Roc2. Let ζ denote the displacement of 
points on the shell in the bending strip. Just as previously, we find that the energies of 
bending along the meridian and of stretching along the circle of latitude t per unit surface 
area are respectively, in order of magnitude, Eh3^2/dA and EhC2/R2. The order of 
magnitude of the displacement ζ is in this case determined geometrically: the direction of 
the meridian changes by an angle ~ α over the width d, and so ζ ~ ctd ~ rd/R. Multiplying 
by the area of the bending strip (— rd), we obtain the energies Eh3 r3/R2d and Ehd3r3/RA. 
The condition for their sum to be a minimum again gives d ~ yJ{hR), and the total elastic 
energy is then - Er3(h/R)512, or{ 

constant χ Eh512. H3/2/R. (ISA) 

In this derivation it has been assumed that d <̂  r; formula (15.4) is therefore valid if the 
condition 

Rh/r2 « 1 (15.5) 

holds. When a bulge is formed, the outer layers of a spherical segment become the inner 
ones and are therefore compressed, while the inner layers become the outer ones and are 
stretched. The relative extension (or compression) — h/R, and so the corresponding total 
energy in the region of the bulge — E(h/R)2 hr2. With the condition (15.5) it is in fact small 
in comparison with the energy (15.4) in the bending strip. 

The required relation between the depth of the bulge Η and the applied force / is 
obtained by equa t ing / to the derivative of the energy (15.4) with respect to H. Thus we find 

Η ^f2R2/E2h5. (15.6) 

It should be noticed that this relation is non-linear. 
Finally, let the deformation (bulge) of the shell occur under a uniform external pressure 

p. In this case the work done is ρ A V, where Δ V — Hr2 ~ H2R is the change in the volume 
within the shell when the bulge occurs. Equating to zero the derivative with respect to Η of 
the total free energy (the difference between the elastic energy (15.4) and this work), we 
obtain 

Η - / ι 5 £ 2 / Κ 4 ρ 2 . (15.7) 

The inverse variation (H increasing when ρ decreases) shows that in this case the bulge is 
unstable. The value of Η given by formula (15.7>corresponds to unstable equilibrium for a 
given p: bulges with larger values of Η grow of their own accord, while smaller ones shrink 
(it is easy to verify that (15.7) corresponds to a maximum and not a minimum of the total 
free energy). There is a critical value p cr of the external load beyond which even small 

t The curvature of the shell does not affect the bending along the meridian in the first approximation, so that 
this bending occurs without any general stretching along the meridian, as in the cylindrical bending of a flat plate. 

X A more accurate calculation shows that the constant coefficient is 1.2(1 -σ2)~*'*. 
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PROBLEMS 

PROBLEM 1. Derive the equations of equilibrium for a spherical shell (with radius R) deformed symmetrically 
about an axis through its centre. 

SOLUTION. We take as two-dimensional coordinates on the surface of the shell the angles 0, φ in a system of 
spherical polar coordinates, whose origin is at the centre of the sphere and polar axis along the axis of symmetry 
of the deformed shell. 

Let Pr be the external radial force per unit surface area. This force must be balanced by a radial resultant of 
internal stresses acting tangentially on an element of the shell. The condition is 

h(e„ + am)/R = Pr. ( 1 ) 

This equation is exactly analogous to Laplace's equation for the pressure difference between two media caused by 
surface tension at the surface of separation. 

Next, let Qx (0) be the resultant of all external forces on the part of the shell lying above the co-latitude 0; this 
resultant is along the polar axis. The force Qx(0) must be balanced by the projection on the polar axis of the 
stresses 2nRhaM sin0 acting on the cross-section InRh sin0 of the shell at that latitude. Hence 

2nRha99sm2e = &(0) . (2) 

Equations (1) and (2) determine the stress distribution, and the strain tensor is then given by the formulae 

"<w = (°ee ~ **ΦΦ = {<*ΦΦ ~ (raM)/Ey ιιΒφ = 0. (3) 

Finally, the displacement vector is obtained from the equations 

I fdue \ 1 
"**= R\dθ*Ur), U°+ = ^ ( u * c o t0 + u')- W 

PROBLEM 2. Determine the deformation under its own weight of a hemispherical shell convex upwards, the 
edge of which moves freely on a horizontal support (Fig. 10). 

FIG. 10 

SOLUTION. We have Pr = - pgh cos 0, Qx = - 2nR2pgh(\ - cos0); Qz is the total weight of the shell above the 
circle of co-latitude 0. From (1) and (2) of Problem 1 we find 

Rpg / 1 \ 
l+cos0 \l+cos0 / 

From (3) we calculate and u^, and then obtain ue and ur from (4); the constant in the integration of the first 
equation (4) is chosen so that for 0 = we have ue = 0. The result is 

R2pg(\ + σ ) f cos0 Λ 1 . Λ 

u9 = — ^ \ - τ + log (1 + cos 0) \ sin 0, 
Ε IJ+COS0 J 

R2pg{\ +σ) f 2 + <r Λ ) 
u, = — — -h cos0-cos01og(l + C O S 0 ) > . 

Ε I 1 +o J 
The value of ur for 0 = gives the horizontal displacement of the support. 

T O E -C 

changes in the shape of the shell increase in size spontaneously. This value may be defined 
as that which gives Η ~ h in (15.7): 

p cr - Eh*/R2, (15.8) 

We shall add to the above brief account of shell theory only a few simple examples in the 
following Problems. 
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PROBLEM 3. Determine the deformation of a hemispherical shell with clamped edges, convex downwards and 
filled with liquid (Fig. 11); the weight of the shell itself can be neglected in comparison with that of the liquid. 

FIG. 11 

SOLUTION. We have 

Pr = p0gR COS0, Ρθ = 0 , 

Q2 = 2nR2 P rc o s 0 s i n 0 d 0 = -nR*p0g(l-cos30), 
J 3 

where p0 is the density of the liquid. We find from (1) and (2) of Problem 1 

R2p0g l - c o s 30 R2p0g - 1 + 3 cos0 - 2 cos 30 
σββ — , σΛΛ — 

3Λ s in20 3Λ sin20 

The displacements are 

* V o 0 O + *) Γ c° s 0 1 
"β = sin0 -hlog(l + cos0) L 

3 Eh L l +c o s 0 J 

3 c o s 0 l 
0 ) - l + . 

1 + σ J 
u - cos01og(l -r-cos 

3Eh L 
For 0 = ur is not zero as it should be. This means that the shell is actually so severely bent near the clamped 
edge that the above solution is invalid. 

PROBLEM 4. A shell in the form of a spherical cap rests on a fixed support (Fig. 12). Determine the bending 
resulting from the weight Q of the shell. 

FIG. 1 2 

SOLUTION. The main deformation occurs near the edge, which is bent as shown by the dashed line in Fig. 12. 
The displacement ue is small compared with the radial displacement u, Ξ ζ. Since ζ decreases rapidly as we move 
away from the supported edge, the deformation can be regarded as that of a long flat plate (with length 2nR sin a). 
This deformation is composed of a bending and a stretching of the plate. The relative extension at each point is 
ζ/R (R being the radius of the shell), and therefore the stretching energy is £ ζ 2/ 2 Κ 2 per unit volume. Using as the 
independent variable the distance χ from the line of support, we have for the total stretching energy 

Eh Γ , 
F l > pl = 2 n R s i n o t — j ζ2 dx. 
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. IYd2cY 
F2 , = 27rRsina.±D I — dx. 

J V d x 2/ 
Varying the sum F pl = /**, P, -H F 2i pj with respect to Ζ, we obtain 

d4C 12(1 -σ2) 
+ ζ = 0. 

d x 4 h2R2 

For χ -> oo, ζ must tend to zero, and for χ = 0 we must have the boundary conditions of zero moment of the 
forces (ζ" = 0) and equality of the normal force and the corresponding component of the force of gravity: 

2nR sin α.Οζ'" = Q cosa. 

The solution which satisfies these conditions is ζ = Ae~*x COSKX, where 

"3(1 - < t 2 ) T / 4 0 c o t a p K 2( l - < t 2) T / 4 

~ - h2R2 J ' Eh L 8 ^ J 

The bending of the shell is 

d = ζ(0) cosa = A cosa. 

§16. Torsion of rods 

Let us now consider the deformation of thin rods. This differs from all the cases hitherto 
considered, in that the displacement vector u may be large even for small strains, i.e. when 
the tensor uik is small.t For example, when a long thin rod is slightly bent, its ends may 
move a considerable distance, even though the relative displacements of neighbouring 
points in the rod are small. 

There are two types of deformation of a rod which may be accompanied by a large 
displacement of certain parts of it. One of these consists in bending the rod, and the other 
in twisting it. We shall begin by considering the latter case. 

A torsional deformation is one in which, although the rod remains straight, each 
transverse section is rotated through some angle relative to those below it. If the rod is 
long, even a slight torsion causes sufficiently distant cross-sections to turn through large 
angles. The generators on the sides of the rod, which are parallel to its axis, become helical 
in form under torsion. 

Let us consider a thin straight rod with arbitrary cross-section. We take a coordinate 
system with the z-axis along the axis of the rod and the origin somewhere inside the rod. 
We use also the torsion angle τ, which is the angle of rotation per unit length of the rod. 
This means that two neighbouring cross-sections at a distance dz will rotate through a 
relative angle άφ = τ dz (so that τ = άφ/dz). The torsional deformation itself, i.e. the 
relative displacement of adjoining parts of the rod, is assumed small. The condition for this 
to be so is that the relative angle turned through by cross-sections of the rod at a distance 
apart of the order of its transverse dimension R be small, i.e. 

zR<\. (16.1) 

Let us examine a small portion of the length of the rod near the origin, and determine 
the displacements u of the points of the rod in thai portion. As the undisplaced cross-

t The only exception is a simple extension of a rod without change of shape, in which case the vector u is 
always small if the tensor uik is small, i.e. if the extension is small. 

The bending energy is 
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section we take that given by the xy-plane. When a radius vector r turns through a small 
angle δ φ, the displacement of its end is given by 

δτ = δφχι, (16.2) 

where δφ is a vector whose magnitude is the angle of rotation and whose direction is that 
of the axis of rotation. In the present case, the.rotation is about the z-axis, and for points 
with coordinate ζ the angle of rotation relative to the xy-plane is τζ (since τ can be regarded 
as a constant in some region near the origin). Then formula (16.2) gives for the components 
uxy uy of the displacement vector 

ux = — rzy, uy = τζχ. (16.3) 

When the rod is twisted, the points in it in general undergo a displacement along the z-
axis also. Since for τ = 0 this displacement is zero, it may be supposed proportional to τ 
when τ is small. Thus 

ιιΣ = τφ{χ9γ)9 (16.4) 

where φ(χ, y) is some function of χ and y, called the torsion function. As a result of the 
deformation described by formulae (16.3) and (16.4), each cross-section of the rod rotates 
about the z-axis, and also becomes curved instead of plane. It should be noted that, by 
taking the origin at a particular point in the xy-plane, we "fix" a certain point in the cross-
section of the rod in such a way that it cannot move in that plane (but it can move in the z-
direction). A different choice of origin would not, of course, affect the torsional 
deformation itself, but would give only an unimportant displacement of the rod as a 
whole. 

Knowing u, we can find the components of the strain tensor. Since u is small in the 
region under consideration, we can use the formula 

w.-k = ±(dUi/dxk + duk/dXi). 
The result is 

" x x = " y y = " x y = "zz = 0, 

β » - * τ ( § γ > ) ">*=ΚΙ+χ)· (ΐ6·5) 

It should be noticed that un = 0; in other words, torsion does not result in a change in 
volume, i.e. it is a pure shear deformation. 

For the components of the stress tensor we find 

σχχ — Oyy = σζζ = σ xy = 0 , 

(δφ \ /δφ \ 
°xz = 2/xuX2 = μτ( j^-y h °yz = ^uyz = μ τΙ — + x 1 (16.6) 

Here it is more convenient to use the modulus of rigidity μ in place of Ε and σ. Since only 
σΧ2 and ayz are different from zero, the general equations of equilibrium daik/dxk = 0 
reduce to 

δσζχ δσζν = 0 . (16.7) δχ dy 
Substituting (16.6), we find that the torsion function must satisfy the equation 

Δ < Α = 0 , (16.8) 

where Δ is the two-dimensional Laplacian. 
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It is rather more convenient, however, to use a different auxiliary function χ(χ, y), 
defined by 

σΧ2 = Ιμτδχ/dy, ayz = -2μτδχ/δχ; (16.9) 

this function satisfies more convenient boundary conditions on the circumference of the 
rod (see below). Comparing (16.9) and (16.6), we obtain 

δφ δχ δφ δχ 

£=y+2£> ξ = - Χ - 2 Ή - ( 1 6 1 0) 

Differentiating the first of these with respect to y, the second with respect to x, and 
subtracting, we obtain for the function χ the equation 

Δ χ = - 1 . (16.11) 

To determine the boundary conditions on the surface of the rod, we note that, since the 
rod is thin, the external forces on its sides must be small compared with the internal 
stresses in the rod, and can therefore be put equal to zero in seeking the boundary 
conditions. This fact is exactly analogous to what we found in discussing the bending of 
thin plates. Thus we must have oiknk = 0 on the sides of the rod; since the z-direction is 
along the axis, n2 = 0, and this equation becomes 

Substituting (16.9), we obtain 

xnx + ozyny = 0. 

dy δχ y 

The components of the vector normal to a plane contour (the circumference of the rod) are 
nx — — d y / d / , n y = dx /d /, where χ and y are coordinates of points on the contour and dl is 
an element of arc. Thus we have 

g d x + g d , = d* = 0, 

whence χ = constant, i.e. χ is constant on the circumference. Since only the derivatives of 
the function χ appear in the definitions (16.9), it is clear that any constant may be added to 
χ. If the cross-section is singly connected, we can therefore use, without loss of generality, 
the boundary condition 

X = 0 (16.12) 

on equation (16.1 l).f 
For a multiply connected cross-section, however, χ will have different constant values 

on each of the closed curves bounding in the cross-section. Hence we can put χ = 0 on only 
one of these curves, for instance the outermost (C 0 in Fig. 13). The values of χ on the 
remaining bounding curves are found from conditions which are a consequence of the 

t The problem of determining the torsion deformation from equation (16.11) with the boundary condition 
(16.12) is formally identical with that of determining the bending of a uniformly loaded plane membrane from 
equation (14.9). 

It is useful to note also an analogy with fluid mechanics: an equation of the form (16.11) determines the velocity 
distribution v{x, y) for a viscous fluid in a pipe, and the boundary condition (16.12) corresponds to the condition 
ν s= 0 at the fixed walls of the pipe (see FM, §17). 
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FIG. 1 3 

one-valuedness of the displacement uz = τφ(χ, y) as a function of the coordinates. For, 
since the torsion function ^ (x , y) is one-valued, the integral of its differential άφ round a 
closed contour must be zero. Using the relations (16.10), we therefore have 

άφ = 
δφ δφ 
—-dx-f — dy 
ox dy 

'δχ . δχ 

= 0, 
or 

d / = - S , (16.13) 

where δχ/δη is the derivative of the function χ along the outward normal to the curve, and 
S the area enclosed by the curve. Applying (16.13) to each of the closed curves Cl9C2, 
we obtain the required conditions. 

Let us determine the free energy of a rod under torsion. The energy per unit volume is 

Ρ = h<rikuik = axzuxz + ayzuyz == (σΧΖ
2 + σγζ

2)/2μ 

or, substituting (16.9), 

F = 2μτ2 δχ^2 

δχ py 
ΞΞ2μτ2&*άχ)2, 

where grad denotes the two-dimensional gradient. The torsional energy per unit length of 
the rod is obtained by integrating over the cross-section of the rod, i.e. it i s \ C x 2, where the 
constant C = 4μ \ (grad χ ) 2 df and is called the torsional rigidity of the rod. The total 
elastic energy of the rod is equal to the integral 

rod = ± C t 2d z , (16.14) 

taken along its length. 
Putting 

(grad χ ) 2 = div (χ grad χ) - χ Δ χ = div (χ grad χ) + χ 

and transforming the integral of the first term into one along the circumference of the rod, 
we obtain 

C = 4μφχ^1 + 4μ Xdf (16.15) 
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If the cross-section is singly connected, the first term vanishes by the boundary condition 
χ = 0, leaving 

- 4 4 Xdxdy. (16.16) 

For a multiply connected cross-section (Fig. 13), we put χ = 0 on the outer boundary C 0 

and denote by xk the constant values of χ on the inner boundaries C k, obtaining by (16.13) 

C = 4 μ X χ kS k + 4μ J* dx dy; (16.17) 

it should be remembered that, in integrating in the first term in (16.15), we go anti
clockwise round the contour C 0 and clockwise round all the others. 

Let us consider now a more usual case of torsion, where one of the ends of the rod is held 
fixed and the external forces are applied only to the other end. These forces are such that 
they cause only a twisting of the rod, and no other deformation such as bending. In other 
words, they form a couple which twists the rod about its axis. The moment of this couple 
will be denoted by Μ. 

We should expect that, in such a case, the torsion angle τ is constant along the rod. This 
can be seen, for example, from the condition that the free energy of the rod be a minimum 
in equilibrium. The total energy of a deformed rod is equal to the sum F r ( Xj + U, where U is 
the potential energy due to the action of the external forces. Substituting in (16.14) 
τ = άφ/dz and varying with respect to the angle φ, we find 

: + <5l/ = 0, 
\ a z / j az az 

or, integrating by parts, 

' dx 
ε — δφάζ + δυ + \βτδφ] = 0. 

dz 

The last term on the left is the difference of the values at the limits of integration, i.e. at the 
ends of the rod. One of these ends, say the lower one, is fixed, so that δφ = 0 there. The 
variation 6U of the potential energy is minus the work done by the external forces in 
rotation through an angle δφ. As we know from mechanics, the work done by a couple in 
such a rotation is equal to the product Μδφ of the angle of rotation and the moment of the 
couple. Since there are no other external forces, δϋ = — Μδφ, and we have 

C δ φ dz + [δφ (- Μ + Cx)-] = 0. (16.18) 
J dz 

The second term on the left has its value at the upper end of the rod. In the integral over z, 
the variation δφ is arbitrary, and so we must have 

C dx/dz = 0, 

i.e. 
τ = constant. (16.19) 

Thus the torsion angle is constant along the rod. The total angle of rotation of the upper 
end of the rod relative to the lower end is τ/, where / is the length of the rod. 
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In equation (16.18), the second term also must be zero, and we obtain the following 
expression for the constant torsion angle: 

PROBLEM 1. Determine the torsional rigidity of a rod whose cross-section is a circle with radius R. 

SOLUTION. The solutions of Problems 1-4 are formally identical with those of problems of the motion of a 
viscous fluid in a pipe of corresponding cross-section (see the last footnote to this section). The discharge Q is here 
represented by C. 

For a rod of circular cross-section we have, taking the origin at the centre of the circle, χ = {(R2 - x2 - y2), 
and the torsional rigidity is C = J μπΚ 4. For the function φ we have, from (16.10), φ = constant. A constant φ, 
however, corresponds by (16.4) to a simple displacement of the whole rod along the z-axis, and so we can suppose 
that φ = 0. Thus the transverse sections of a circular rod undergoing torsion remain plane. 

PROBLEM 2. The same as Problem 1, but for an elliptical cross-section with semi-axes a and b. 

SOLUTION. The torsional rigidity is C = π μ α 36 3/ ( α 2 + b2). The distribution of longitudinal displacements is 
given by the torsion function φ = {b2 —a2)xy/{b2 + a2), where the coordinate axes coincide with those of the 
ellipse. 

PROBLEM 3. The same as Problem 1, but for an equilateral triangular cross-section with side a. 

SOLUTION. The torsional rigidity is C = Ν/ 3 μ α 4/ 8 0 . The torsion function is 

the origin being at the centre of the triangle and the x-axis along an altitude. 

PROBLEM 4. The same as Problem 1, but for a rod in the form of a long thin plate (with width d and thickness 
h<$d). 

SOLUTION. The problem is equivalent to that of viscous fluid flow between plane parallel walls. The result is 
tha tC = i / idh 3. 

PROBLEM 5. The same as Problem 1, but for a cylindrical pipe with internal and external radii Ri and R2 
respectively. 

SOLUTION. The function χ = {(R2
2 -r2) (in polar coordinates) satisfies the condition (16.13) at both 

boundaries of the annular cross-section of the pipe. From formula (16.17) we then find C = ( K 2
4 - Κι 4) · 

PROBLEM 6. The same as Problem 1, but for a thin-walled pipe with arbitrary cross-section. 

SOLUTION. Since the walls are thin, we can assume that χ varies through the wall thickness h, from zero on one 
side to χ, on the other, according to the linear law χ - χΧ y/h {y being a coordinate measured through the wall). 
Then the condition (16.13) gives χι L/h - 5, where L is the perimeter of the pipe cross-section and S the area 
which it encloses. The second term in the expression (16.17) is small compared with the first, and we obtain 
C = 4hS2p/L. If the pipe is cut longitudinally along a generator, the torsional rigidity falls sharply, becoming (by 
the result of Problem 4) C = \μίΜ3. 

§17. Bending of rods 

A bent rod is stretched at some points and compressed at others. Lines on the convex 
side of the bent rod are extended, and those on the concave side are compressed. As with 
plates, there is a neutral surface in the rod, which undergoes neither extension nor 
compression. It separates the region of compression from the region of extension. 

Let us begin by investigating a bending deformation in a small portion of the length of 
the rod, where the bending may be supposed slight; by this we here mean that not only the 
strain tensor but also the magnitudes of the displacements of points in the rod are small. 
We take a coordinate system with the origin on the neutral surface in the portion 
considered, and the z-axis parallel to the axis of the undeformed rod. Let the bending occur 

τ = M/C. (16.20) 

PROBLEMS 

ψ =y(xj3 + y)(xjl-y)/6a 
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in the zx-plane. In a rod undergoing only small deflections we can suppose that the 
bending occurs in a single plane. This follows from the result of differential geometry that 
the deviation of a slightly bent curve from a plane (its torsion) is of a higher order of 
smallness than its curvature. 

As in the bending of plates and the twisting of rods, the external forces on the sides of a 
thin bent rod are small compared with the internal stresses, and can be taken as zero in 
determining the boundary conditions at the sides of the rod. Thus we have everywhere on 
the sides of the rod oiknk = 0, or, since nz = 0, σχχηχ + axyny = 0, and similarly for i = y, z. 
We take a point on the circumference of a cross-section for which the normal η is parallel 
to the x-axis. There will be another such point somewhere on the opposite side of the rod. 
At both these points ny = 0, and the above equation gives σχχ = 0. Since the rod is thin, 
however, σχχ must be small everywhere in the cross-section if it vanishes on either side. We 
can therefore put σχχ = 0 everywhere in the rod. In a similar manner, it can be seen that all 
the components of the stress tensor except azz must be zero. That is, in the bending of a 
thin rod only the extension (or compression) component of the internal stress tensor is 
large. A deformation in which only the component σζζ of the stress tensor is non-zero is 
just a simple extension or compression (§5). Thus there is a simple extension or 
compression in every volume element of a bent rod. The amount of this varies, of course, 
from point to point in every cross-section, and so the whole rod is bent. 

It is easy to determine the relative extension at any point in the rod. Let us consider an 
element of length dz parallel to the axis of the rod and near the origin. On bending, the 
length of this element becomes dz'. The only elements which remain unchanged are those 
which lie in the neutral surface. Let R be the radius of curvature of the neutral surface near 
the origin. The lengths dz and dz' can be regarded as elements of arcs of circles whose radii 
are respectively R and R + χ, χ being the coordinate of the point where dz' lies. Hence 

d z '=T d 2 = ( i + £K 
The relative extension is therefore (dz' - d z ) / d z = x/R. 

The relative extension of the element dz, however, is equal to the component uzz of the 
strain tensor. Thus 

uzz = x/R. (17.1) 
We can now find σζζ by using the relation σζζ = Euzz which holds for a simple extension. 
This gives 

σ Ζ2 = £χ /Κ. (17.2) 

The position of the neutral surface in a bent rod has now to be determined. This can be 
done from the condition that the deformation considered must be pure bending, with no 
general extension or compression of the rod. The total internal stress force on a cross-
section of the rod must therefore be zero, i.e. the integral \ozzaf taken over a cross-
section, must vanish. Using the expression (17.2) for σ ζ ζ, we obtain the condition 

x d / = 0 . (17.3) 
j 

We can now bring in the centre of mass of the cross-section, which is that of a uniform 
flat disc of the same shape. The coordinates of the centre of mass are, as we know, given by 
the integrals J" χ of/ j df jy df/ j df Thus the condition (17.3) signifies that, in a coordinate 
system with the origin in the neutral surface, the χ coordinate of the centre of mass of any 
Τ ΰ Ε-i 
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— + — = 0, 
dx δζ 

du_ duv 

— i _ i — y 
dy δχ 

= 0, ^ + ^ £ = 0. 
δζ dy 

Integration of these equations gives the following expressions for the components of the 
displacement: 

2R 
uy = —axy/R, uz = xz/R. 

(17.4) 

The constants of integration have been put equal to zero; this means that we "fix" the 
origin. 

It is seen from formulae (17.4) that the points initially on a cross-section ζ = constant 
= z 0 will be found, after the deformation, on the surface ζ = z 0 + uz = z 0 (1 + x/R). We 
see that, in the approximation used, the cross-sections remain plane but are turned 
through an angle relative to their initial positions. The shape of the cross-section changes, 
however; for example, when a rod of rectangular cross-section (sides a, b) is bent, the sides 
y = ±\b of the cross-section become y = ±%b + uy= ±\b(l — σχ/R), i.e. no longer 
parallel but still straight. The sides χ = + j a, however, are bent into the parabolic curves 

x= ±\a + ux= ±±a-±i[z0
2 + aaa2-y2)] 

(Fig. 14). 

FIG. 1 4 

The free energy per unit volume of the rod is 

i <7ik w.k = i σ ζζ " z z = { Ex2/R2. 

Integrating over the cross-section of the rod, we have 

HEIR1) x2df (17.5) 

This is the free energy per unit length of a bent rod. The radius of curvature R is that of the 
neutral surface. However, since the rod is thin, R can here be regarded, to the same 

cross-section is zero. The neutral surface therefore passes through the centres of mass of 
the cross-sections of the rod. 

Two components of the strain tensor besides uZ2 are non-zero, since for a simple 
extension we have uxx = uyy-auzz. Knowing the strain tensor, we can easily find the 
displacement also: 

uzz = duz/dz = x/R, dujdx = duy/dy = — σχ/R, 
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Iy = J x 2d / , (17.6) 

analogously to the ordinary moment of inertia, but with the surface element d/instead of 
the mass element. Then the free energy per unit length of the rod can be written 

±EIy/R2. (17.7) 

We can also determine the moment of the internal stress forces on a given cross-section 
of the rod (the bending moment). A force σζζ df = (xE/R) df acts in the z-direction on the 
surface element df of the cross-section. Its moment about the y-axis is xo2Zdf. Hence the 
total moment of the forces about this axis is 

My = (E/R) J x 2 df= EIy/R. (17.8) 

Thus the curvature 1 /R of the elastic line is proportional to the bending moment on the 
cross-section concerned. 

The magnitude of Iy depends on the direction of the y-axis in the cross-sectional plane. 
It is convenient to express Iy in terms of the principal moments of inertia. If θ is the angle 
between the y-axis and one of the principal axes of inertia in the cross-section, we know 
from mechanics that 

I, = Ilcos2e + I2sin2e9 (17.9) 

where / i and I2 are the principal moments of inertia. The planes through the z-axis and the 
principal axes of inertia/are called the principal planes of bending. 

If, for example, the cross-section is rectangular (with sides a, b\ its centre of mass is at 
the centre of the rectangle, and the principal axes of inertia are parallel to the sides. The 
principal moments of inertia are 

It =a 3fc /12 , I2 = αί>3/12. (17.10) 

For a circular cross-section with radius R, the centre of mass is at the centre of the circle, 
and the principal axes are arbitrary. The moment of inertia about any axis lying in the 
cross-section and passing through the centre is 

/ = ± π Κ 4. (17.11) 

§18. The energy of a deformed rod 

In §17 we have discussed only a small portion of the length of a bent rod. In going on to 
investigate the deformation throughout the rod, we must begin by finding a suitable 
method of describing this deformation. It is important to note that, when a rod undergoes 
large bending deflections,f there is in general a twisting of it as well, so that the resulting 
deformation is a combination of pure bending and torsion. 

t By this, it should be remembered, we mean that the vector u is not small, but the strain tensor is still small. 

approximation, as the radius of curvature of the bent rod itself, regarded as a line (often 
called an "elastic line"). 

In the expression (17.5) it is convenient to introduce the moment of inertia of the cross-
section. The moment of inertia about the y-axis in its plane is defined as 
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To describe the deformation, it is convenient to proceed as follows. We divide the rod 
into infinitesimal elements, each of which is bounded by two adjacent cross-sections. For 
each such element we use a coordinate system ζ, η, ζ, so chosen that all the systems are 
parallel in the undeformed state, and their ζ-axes are parallel to the axis of the rod. When 
the rod is bent, the coordinate system in each element is rotated, and in general differently 
in different elements. Any two adjacent systems are rotated through an infinitesimal 
relative angle. 

Let d<f> be the vector of the angle of relative rotation of two systems at a distance dl apart 
along the rod (we know that an infinitesimal angle of rotation can be regarded as a vector 
parallel to the axis of rotation; its components are the angles of rotation about each of the 
three axes of coordinates). 

To describe the deformation, we use the vector 

Ω = d<t>/dl, (18.1) 

which gives the "rate" of rotation of the coordinate axes along the rod. If the deformation 
is a pure torsion, the coordinate system rotates only about the axis of the rod, i.e. about the 
ζ-axis. In this case, therefore, the vector Ω is parallel to the axis of the rod, and is just the 
torsion angle τ used in §16. Correspondingly, in the general case of an arbitrary 
deformation we can call the component Ωζ of the vector Ω the torsion angle. For a pure 
bending of the rod in a single plane, on the other hand, the vector Ω has no component Ωζ, 
i.e. it lies in the ^ - p l a n e at each point. If we take the plane of bending as the ξζ-plane, then 
the rotation is about the >/-axis at every point, i.e. Ω is parallel to the ^-axis. 

We take a unit vector t tangential to the rod (regarded as an elastic line). The derivative 
dt /d/ is the curvature vector of the line; its magnitude is l/R, where JR is the radius of 
curvature,! and its direction is that of the principal normal to the curve. The change in a 
vector due to an infinitesimal rotation is equal to the vector product of the rotation vector 
and the vector itself. Hence the change in the vector t between two neighbouring points of 
the elastic line is given by dt = d # x t , or, dividing by d/, 

dt /d/ = Ω χ ί . (18.2) 

Multiplying this equation vectorially by t, we have 

Ω = t x d t / d / + t ( t ^ . (18.3) 

The direction of the tangent vector at any point is the same as that of the ζ-axis at that 
point. Hence t · Ω = Ω ;. Using the unit vector η along the principal normal (n = R dt/d/) , 
we can therefore put 

Ω = tXn/K-f ίΩ ζ. (18.4) 

The first term on the right is a vector with two components Ω ξ, Ω,,. The unit vector t x n is 
the binormal unit vector. Thus the components Ω,,, Ω,, form a vector along the binormal to 
the rod, whose magnitude equals the curvature \/R. 

By using the vector Ω to characterize the deformation and ascertaining its properties, we 
can derive an expression for the elastic free energy of a bent rod. The elastic energy per unit 
length of the rod is a quadratic function of the deformation, i.e., in this case, a quadratic 

t It may be recalled that any curve in space is characterized at each point by a curvature and a torsion. This 
torsion (which shall not use) should not be confused with the torsional deformation, which is a twisting of a 
rod about its axis. 
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function of the components of the vector Ω. It is easy to see that there can be no terms in 
this quadratic form proportional to Ω ξΩ ζ and ΩηΩζ. For, since the rod is uniform along its 
length, all quantities, and in particular the energy, must remain constant when the 
direction of the positive ζ-axis is reversed, i.e. when ζ is replaced by - ζ, whereas the 
products mentioned change sign. 

For Ως = Ω,, = 0 we have a pure torsion, and the expression for the energy must be that 
obtained in §16. Thus the term in Ω ζ

2 in the free energy is ^ΟΩζ
2. 

Finally, the terms quadratic in Ωξ and Ω,, can be obtained by starting from the 
expression (17.7) for the energy of a slightly bent short section of the rod. Let us suppose 
that the rod is only slightly bent. We take the £C-plane as the plane of bending, so that the 
component Ωξ is zero; there is also no torsion in a slight bending. The expression for the 
energy must then be that given by (17.7), i.e. ^ ElJR2.yNt have seen, however, that 1/R2 is 
the square of the two-dimensional vector (Ωξ, Ωη). Hence the energy must be of the form 
τΕΙηΩη2. For an arbitrary choice of the ξ and η axes this expression becomes, as we know 
from mechanics, 

ΐ £ ( / „ Ω , 2 + 2 / , ί Ω , Ω ί + / « Ω ί
2 ) , 

where Ιηη, Ιηξ, Ιξξ are the components of the inertia tensor for the cross-section of the rod. 
It is convenient to take the ξ and η axes to coincide with the principal axes of inertia. We 
then have simply \ Ε (I, Ωξ

2 + I 2 Ωη
2), where l x, I2 are the principal moments of inertia. 

Since the coefficients of Ω^2 and Ω,,2 are constants, the resulting expression must be valid 
for large deflections also. 

Finally, integrating over the length of the rod, we obtain the following expression for the 
elastic free energy of a bent rod: 

F r od = JU Λ ΕΩ2 + i I2 ΕΩη
2 + \ΟΩ ζ

2 }d/. (18.5) 

Next, we can express in terms of Ω the moment of the forces acting on a cross-section of 
the rod. This is easily done by again using the results previously obtained for pure torsion 
and pure bending. In pure torsion, the moment of the forces about the axis of the rod is Cx. 
Hence we conclude that, in the general case, the moment Μ ζ about the ζ-axis must be ΟΩζ. 
Next, in a slight deflection in the ξζ-plane, the moment about the rj-axis is EI2/R. In such a 
bending, however, the vector Ω is along the rj-axis, so that l/R is just the magnitude of Ω, 
and EI2/R — ΕΙ2Ω. Hence we conclude that, in the general case, we must have Μξ 

— ΕΙιΩξ,Μη = EI2 Ωη (the ζ and η axes being along the principal axes of inertia in the 
cross-section). Thus the components of the moment vector Μ are 

Μζ = EI, Ωζ, Μη = EI2 Ω„, Λίζ = ϋΩ^. (18.6) 

The elastic energy (18.5), expressed in terms of the moment of the forces, is 

An important case of the bending of rods is that of a slight bending, in which the 
deviation from the initial position is everywhere small compared with the length of the 
rod. In this case torsion can be supposed absent, and we can put Ω ζ = 0, so that (18.4) gives 
simply 

Ω = tXn/R = txdt /dJ . (18.8) 
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We take a coordinate system x, y, ζ fixed in space, with the z-axis along the axis of the 
undeformed rod (instead of the system ξ9 η, ζ for each point in the rod), and denote by Χ, Y 
the coordinates x, y for points on the elastic line; X and Ygive the displacement of points 
on the line from their positions before the deformation. 

Since the bending is only slight, the tangent vector t is almost parallel to the z-axis, and 
the difference in direction can be approximately neglected. The unit tangent vector is the 
derivative t = dr /d / of the position vector r of a point on the curve with respect to its 
length. Hence 

dt /d/ = d 2 r / d / 2 ^ d 2 r / d z 2 ; 

the derivative with respect to the length can be approximately replaced by the derivative 
with respect to z. In particular, the χ and y components of this vector are respectively 
d2X/dz2 and d 2 Y/dz2. The components Ωξ, Ω, are, to the same accuracy, equal to Ω χ, Qyi 

and we have from (18.8) 

Ωξ = - d 2 Y/dz2, Ω„ = d 2X / d z 2. (18.9) 

Substituting these expressions in (18.5), we obtain the elastic energy of a slightly bent 
rod in the form 

Here Ix and I2 are the moments of inertia about the axes of χ and y respectively, which are 
the principal axes of inertia. 

In particular, for a rod with circular cross-section, It = I2 = /, and the integrand is just 
the sum of the squared second derivatives, which in the approximation considered is the 
square of the curvature: 

/ ^ y / d ^ ± 

\dz2 ) \dz2) =R 2 

Hence formula (18.10) can be plausibly generalized to the case of slight bending of a 
circular rod having any shape (not necessarily straight) in its undeformed state. To do so, 
we must write the bending energy as 

(18.11) 

where R0 is the radius of curvature at any point of the undeformed rod. This expression 
has a minimum, as it should, in the undeformed state (R = R0\ and for R0 -> oo it 
becomes formula (18.10). 

§19. The equations of equilibrium of rods 

We can now derive the equations of equilibrium for a bent rod. We again consider an 
infinitesimal element bounded by two adjoining cross-sections of the rod, and calculate 
the total force acting on it. We denote by F the resultant internal stress on & cross-section.f 

t This notation will not lead to any confusion with the free energy, which does not appear in §§19-21. 
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The components of this vector are the integrals of σ,ζ over the cross-section: 

(19.1) 

If we regard the two adjoining cross-sections as the ends of the element, a force F + d F acts 
on the upper end, and - F on the lower end; the sum of these is the differential dF . Next, 
let Κ be the external force on the rod per unit length. Then an external force Κ d/ acts on the 
element of length dl. The resultant of the forces on the element is therefore d F 4- Κ dl. This 
must be zero in equilibrium. Thus we have 

d F / d / = - K. (19.2) 

A second equation is obtained from the condition that the total moment of the forces on 
the element be zero. Let Μ be the moment of the internal stresses on the cross-section. This 
is the moment about a point (the origin) which lies in the plane of the cross-section; its 
components are given by formulae (18.6). We shall calculate the total moment, on the 
element considered, about a point Ο lying in the plane of its upper end. Then the internal 
stresses on this end give a moment Μ + d M . The moment about Ο of the internal stresses 
on the lower end of the element is composed of the moment - Μ of those forces about the 
origin 0 ' in the plane of the lower end and the moment about Ο of the total force - F on 
that end. This latter moment is — d l x - F, where dl is the vector of the element of length of 
the rod between O' and O. The moment due to the external forces Κ is of a higher order of 
smallness. Thus the total moment acting on the element considered is d M + d l x F . In 
equilibrium, this must be zero: 

d M + d l x F = 0. 

Dividing this equation by dl and using the fact that dl/d/ = t is the unit vector tangential to 
the rod (regarded as a line), we have 

d M / d / = F x t . (19.3) 

Equations (19.2) and (19.3) form a complete set of equilibrium equations for a rod bent in 
any manner. 

If the external forces on the rod are concentrated, i.e. applied only at isolated points of 
the rod, the equilibrium equations at all other points are much simplified. For Κ = 0 we 
have from (19.2) 

F = constant, (19.4) 

i.e. the stress resultant is constant along any portion of the rod between points where 
forces are applied. The values of the constant are found from the fact that the difference 
F 2 — F t of the forces at two points 1 and 2 is 

F 2 - F ! = - Σ Κ , (19.5) 

where the sum is over all forces applied to the segment of the rod between the two points. It 
should be noticed that, in the difference F 2 - F t , the point 2 is further from the point from 
which / is measured than is the point 1; this is important in determining the signs in 
equation (19.5). In particular, if only one concentrated force f acts on the rod, and is 
applied at its free end, then F = constant = f at all points of the rod. 

The second equilibrium equation (19.3) is also simplified. Putting t = dl/d/ = dr/d/ 
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(where r is the radius vector from any fixed point to the point considered) and integrating, 
we obtain 

Μ = F x r + constant, (19.6) 

since F is constant. 
If concentrated forces also are absent, and the rod is bent by the application of 

concentrated moments, i.e. of concentrated couples, then F = constant at all points of the 
rod, while Μ is discontinuous at points where couples are applied, the discontinuity being 
equal to the moment of the couple. 

Let us consider also the boundary conditions at the ends of a bent rod. Various cases are 
possible. 

The end of the rod is said to be clamped (Fig. 4a, §12) if it cannot move either 
longitudinally or transversely, and moreover its direction (i.e. the direction of the tangent 
to the rod) cannot change. In this case the boundary conditions are that the coordinates of 
the end of the rod and the unit tangential vector t there are given. The reaction force and 
moment exerted on the rod by the clamp are determined by solving the equations. 

The opposite case is that of a free end, whose position and direction are arbitrary. In this 
case the boundary conditions are that the force F and moment Μ must be zero at the end 
of the rod.f 

If the end of the rod is fixed to a hinge, it cannot be displaced, but its direction can vary. 
In this case the moment of the forces on the freely turning end must be zero. 

Finally, if the rod is supported (Fig. 4b), it can slide at the point of support but cannot 
undergo transverse displacements. In this case the direction t of the rod at the support and 
the point on the rod at which it is supported are unknown. The moment of the forces at the 
point of support must be zero, since the rod can turn freely, and the force F at that point 
must be perpendicular to the rod; a longitudinal force would cause a further sliding of the 
rod at this point. 

The boundary conditions for other modes of fixing the rod can easily be established in a 
similar manner. We shall not pause to add to the typical examples already given. 

It was mentioned at the beginning of §18 that a rod with arbitrary cross-section 
undergoing large deflections is in general twisted also, even if no external twisting moment 
is applied to the rod. An exception occurs when a rod is bent in one of its principal planes, 
in which case there is no torsion. For a rod with circular cross-section no torsion results for 
any bending (if there is no external twisting moment, of course). This can be seen as 
follows. The twisting is given by the component Ωζ = Ω · t of the vector Ω. Let us calculate 
the derivative of this along the rod. To do so, we use the fact that Ωζ = MJC\ 

d ^ Ω , d M dt 

Substituting (19.3), we see that the first term is zero, so that 

Cailjal = Μ-d t /d / . 

For a rod with circular cross-section, lx = I2 = /; by (18.3) and (18.6), we can therefore 
write Μ in the form 

Μ = £ / t x d t / d / + t e a . (19.7) 

+ If a concentrated force f is applied to the free end of the rod, the boundary condition is F = f, not F = 0. 
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dQr/dl = 0, 
whence 

Ωζ = constant, (19.8) 

i.e. the torsion angle is constant along the rod. If no twisting moments are applied to the 
ends of the rod, then Ωζ is zero at the ends, and there is no torsion anywhere in the rod. 

For a rod with circular cross-section, we can therefore put for pure bending 

dr d 2r 
Μ = F / t x d t / d / = EI — x — T . (19.9) 

dl dl 

Substituting this in (19.3), we obtain the equation for pure bending of a circular rod: 

dr d 3r dr 
£ /d / x d ^ = F xd 7 - ( 1 9 1 0> 

PROBLEMS 

PROBLEM 1. Reduce to quadratures the problem of determining the shape of a rod with circular cross-section 
bent in one plane by concentrated forces. 

SOLUTION. Let us consider a portion of the rod lying between points where the forces are applied; on such a 
portion F is constant. We take the plane of the bent rod as thexy-plane, with the y-axis parallel to the force F,and 
introduce the angle 0 between the tangent to the rod and the y-axis. Then dx/d/ = sin 0, dy/d/ ~ cos 0y where x, y 
are the coordinates of a point on the rod. Expanding the vector products in (19.10), we obtain the following 
equation for 0 as a function of the arc length /: EId20/6l2 - F sin 0 = 0. A first integration gives i EI (όΟ/άΙ)2 

+ F cos 0 = c , , and 

The function 0(1) can be obtained in terms of elliptic functions. The coordinates 

sintf d/, y = costf d/ 

χ = ± J[2El(cx - F cos 0)1 F1 ] + constant, 

cos ΟάΟ 

I v V . - ^ c o s t f ) 

The moment Μ (19.9) is parallel to the z-axis, and its magnitude is Μ = ΕΙάΟ/άΙ. 

= ± yj(i EI) - 7: -——— + constant. (2) 

PROBLEM 2. Determine the shape of a bent rod with one end clamped and the other under a force f 
perpendicular to the original direction of the rod (Fig. 15). 

FIG. 15 

Multiplying by dt/d/, we have zero on the right-hand side, so that 
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^/(cos 0 O - cos 0) 

Hence we obtain the equation for 0O: 

d0 ' = ̂ £,//)ίτί COS0O - c o s 0 ) 

The shape of the rod is given by 

χ = J{2El/f) LV(COS0O)- V / ( C O S 0 o - C O S 0 ) ] , 

; Γ c o s 0 d 0 

y = y ( £ / / 2 / , j - ^ o - - - — 

PROBLEM 3. The same as Problem 2 , but for a force f parallel to the original direction of the rod. 

FIG. 1 6 

SOLUTION. We have F - - f; the coordinate axes are taken as shown in Fig. 16. The boundary conditions are 
0 = 0 for / = 0, 0' = 0 for / = L. Then 

d0 

[ c o s 0 - c o s 0 O) ' 
0 

where 0 O is determined by the equation / (0 O) = L. For χ and y we obtain 

χ - y/{2EI/f) [V(l - c o s 0 o) - v / ( c o s 0 - c o s 0 o) ] , 

ν y/{EI/2f) j" ^ C O S0 _ C OS cos 0 O) 
ο 

For a small deflection, 0 O < 1, and we can write 
*0 

L £ ^ ( M7i^ = W(£///)> 

SOLUTION. We have F = constant = f everywhere on the rod. At the clamped end (/ = 0\ θ - $π, and at the 
free end (/ = L , the length of the rod) Μ = 0, i.e. & = 0. Putting 6{L) Ξ 0 o, we have in (1), Problem 1, c, 
= / c o s 0 O and 
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i.e. 0 O does not appear. This shows that, in accordance with the result of §21, Problem 3, the solution in question 
exists only for / > π2 £ / / 4 L 2, i.e. when the rectilinear shape ceases to be stable. 

PROBLEM 4. The same as Problem 2, but for the case where both ends of the rod are supported and a force f is 
applied at its centre. The distance between the supports is L0. 

FIG. 1 7 

SOLUTION. We take the coordinate axes as shown in Fig. 17. The force F is constant on each of the segments 
A Β and BC, and on each is perpendicular to the direction of the rod at the point of support A or C. The difference 
between the values of F on A Β and BC is f, and so we conclude that, on AB, F sin 0 O = - i/» where 0 O is the angle 
between the y-axis and the line AC. At the point A (/ = 0) we have the conditions θ - \n and Μ = 0, i.e. & - 0, so 
that on AB 

i* 
El sin 0 O f άθ ^ I EI sin θ0 cos θ sin0o Γ άθ x- 2 Ι1 

7 J y c o s f l ' v 
/ 

i* 
I EI sin θ0 Γ / 

y = ^ — j — ^ - j v / c o s 0 d 0 . 

The angle 0 O is determined from the condition that the projection of A Β on the straight line AC must be \L0y 

whence 
i* 

/ £ / s i n 0 o f c o s ( 0 - 0 o) 
>/s in0 

, ^ s i n 0 o Γ vo / .Λ 
H o = J y J fl

 ά θ· 

For some value 0 O lying between 0 and {n the derivative d / /d0 o ( / b e i n g regarded as a function of 0 O) passes 
through zero to positive values. A further decrease in 0 O, i.e. increase in the deflection, would mean a decrease i n / 
This means that the solution found here becomes unstable, the rod collapsing between the supports. 

PROBLEM 5. Reduce to quadratures the problem of three-dimensional bending of a rod under the action of 
concentrated forces. 

SOLUTION. Let us consider a segment of the rod between points where forces are applied, on which 
F = constant. Integrating (19.10), we obtain 

dr d 2r 
EI— x — = F x r + cF; (1) 

d/ d / 2 

the constant of integration has been written as a vector cF parallel to F, since, by appropriately choosing the 
origin, i.e. by adding a constant vector to r, we can eliminate any vector perpendicular to F. Multiplying (1) 
scalarly and vectorially by r' (the prime denoting differentiation with respect to /), and using the fact that i · r" 
= 0 (since r'2 = 1), we obtain F*rxr' + cF-r ' = 0, Eli" = (Fxr)xr ' + cFxr ' . In components (with the z-axis 
parallel to F) we obtain (xy' — yx') + cz' = 0, EIz" — — F (χχ' + yy'). Using cylindrical polar coordinates r, φ, ζ, 
we have 

τ2φ' + cz' = 0, EIz" = - Frr\ (2) 
The second of these gives 

z' = F{A-r2)/2El, (3) 
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where A is a constant. Combining (2) and (3) with the identity r'2 + r2<f>'2 + z ' 2 = 1, we find 

RDR 
d/ = 

v / [ R 2- ( R 2 + c 2) ( / 4 - R 2) 2F 2/ 4 £ 2/ 2] ' 

and then (2) and (3) give 

2E1 J Jir2 - F2 (R2 + c2) (A — R 2) 2/ 4 £ 2/ 2] ' 
cF C {A-r2)dr 

Φ 
2ElirJ\\r2-F2{r2 +c2) [A — R 2) 2/ 4 £ 2/ 2] ' 

which gives the shape of the bent rod. 

PROBLEM 6. A rod with circular cross-section is subjected to torsion (with torsion angle τ) and twisted into a 
spiral. Determine the force and moment which must be applied to the ends of the rod to keep it in this state. 

SOLUTION. Let R be the radius of the cylinder on whose surface the spiral lies (and along whose axis we take 
the z-direction) and α the angle between the tangent to the spiral and a plane perpendicular to the z-axis; t':e pitch 
h of the spiral is related to α and R by h - 2nR tan a. The equation of the spiral is χ = R cos φ, y = R sin φ, 
ζ = </>Rtana, where φ is the angle of rotation about the z-axis. The element of length is dl = (R/cosa)dφ. 
Substituting these expressions in (19.7), we calculate the components of the vector M, and then the force F from 
formula (19.3); F is constant everywhere on the rod. The result is that the force F is parallel to the z-axis and its 
magnitude is F = Fx = (Cr/K)sina - ( £ / / K 2) c o s 2 asina. The moment Μ has a z-component Mz = Cz sin α 
+ ( £ / / R ) c o s 3a and a ^-component, along the tangent to the cross-section of the cylinder, Μφ = FR. 

PROBLEM 7. Determine the form of a flexible wire (whose resistance to bending can be neglected in 
comparison with its resistance to stretching) suspended at two points and in a gravitation field. 

SOLUTION. .We take the plane of the wire as the xy-plane, with the y-axis vertically downwards. In equation 
(19.3) we can neglect the term dM/d/ , since Μ is proportional to EI. Then F x t = 0, i.e. F is parallel to t at every 
point, and we can put F = Ft. Equation (19.2) then gives 

where q is the weight of the wire per unit length; hence F dx/dl = c, F dy/d/ = ql, and so F = yj{c2 + q2l2), so that 
dx/d/ = Α/^/(Α2 + 12)Λ dy/dl = l/J(A2 + l2l where A = c/q. Integration gives χ = A sinrT 1 (l/A), y = 
yJ(A2 + / 2) , whence y — A cosh (χ/Λ), i.e. the wire takes the form of a catenary. The choice of origin and the 
constant A are determined by the fact that the curve must pass through the two given points and have a given 
length. 

§20. Small deflections of rods 

The equations of equilibrium are considerably simplified in the important case of small 
deflections of rods. This case holds if the direction of the vector t tangential to the rod 
varies only slowly along its length, i.e. the derivative dt /d/ is small. In other words, the 
radius of curvature of the bent rod is everywhere large compared with the length of the 
rod. In practice, this condition amounts to requiring that the transverse deflection of the 
rod be small compared with its length. It should be emphasized that the deflection need not 
be small compared with the thickness of the rod, as it had to be in the approximate theory 
of small deflections of plates given in §§l l-12.f 

Differentiating (19.3) with respect to the length, we have 

d 2M d F 
dl2 dl 

(20.1) 

t We shall not give the complex theory of the bending of rods which are not straight when undeformed, but 
only consider one simple example (see Problems 8 and 9). 
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The second term contains the small quantity dt/d/, and so can usually be neglected (some 
exceptional cases are discussed below). Substituting in the first term dF/d / = - K, we 
obtain the equation of equilibrium in the form 

d 2M / d / 2 = t x K . (20.2) 

We write this equation in components, substituting in it from (18.6) and (18.9) 

Mx= - EI, Y", My = EI2X\ M2 = 0, (20.3) 

where the prime denotes differentiation with respect to z. The unit vector t may be 
supposed to be parallel to the z-axis. Then (20.2) gives 

EI2 X ( i v) - Kx = 0, EIX Y ( i v) - Ky = 0. (20.4) 

These equations give the deflections X and Yas functions of z, i.e. the shape of a slightly 
bent rod. 

The stress resultant F on a cross-section of the rod can also be expressed in terms of the 
derivatives of X and Y. Substituting (20.3) in (19.3), we obtain 

Fx = -EI2X"\ Fy = -ΕΙ,Υ'". (20.5) 

We see that the second derivatives give the moment of the internal stresses, while the third 
derivatives give the stress resultant. The force (20.5) is called the shearing force. If the 
bending is due to concentrated forces, the shearing force is constant along each segment of 
the rod between points where forces are applied, and has a discontinuity at each of these 
points equal to the force applied there. 

The quantities EI2 and EI, are called the flexural rigidities of the rod in the xz and yz 
planes respectively.! 

If the external forces applied to the rod act in one plane, the bending takes place in one 
plane, though not in general the same plane. The angle between the two planes is easily 
found. If α is the angle between the plane of action of the forces and the first principal plane 
of bending (the xz-plane), the equations of equilibrium become X ( l v) = ( K / J 2£ ) c o s a , 
y ( , v) = (K/I j Ε) sin a. The two equations differ only in the coefficient of K. Hence X and Y 
are proportional, and Y= (XI2IIX )tan a. The angle Θ between the plane of bending and 
the xz-plane is given by 

tanf3 = ( 7 2/ / 1) t a n a . (20.6) 

For a rod with circular cross-section I, = l2 and α = 0, i.e. the bending occurs in the plane 
of action of the forces. The same is true for a rod with any cross-section when α = 0, i.e. 

t An equation of the form 

DX("]-KX = 0 (20.4a) 

also describes the bending of a thin plate in certain limiting cases. Let a rectangular plate (with sides a, b and 
thickness h) be fixed along its sides a (parallel to the y-axis) and bent along its sides b (parallel to the z-axis) by a 
load uniform in the y-direction. In the general case of arbitrary a and b, the two-dimensional equation (12.5), with 
the appropriate boundary conditions at the fixed and free edges, must be used to determine the bending. In the 
limiting case a b, however, the deformation may be regarded as uniform in the ^-direction, and then the two-
dimensional equilibrium equation becomes of the form (20.4a), with the flexural rigidity replaced by 
D = Ehla/12( 1 - a2). Equation (20.4a) is also applicable to the opposite limiting case a 4 b, when the plate can 
be regarded as a rod of length b with a narrow rectangular cross-section (a rectangle with sides a and h); in this 
case, however, the flexural rigidity is D = EI2 = Eh*a/\2. 
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when the forces act in a principal plane. The magnitude of the deflection C = X/ ( A ' 2 + Y 2) 
satisfies the equation 

£/C(iv) = Κ, I = hhlJVi1 co s 2 α + 1 2
2 s in2 a). (20.7) 

The shearing force F is in the same plane as K, and its magnitude is 

F = -ΕΙζ"\ (20.8) 

Here / is the "effective" moment of inertia of the cross-section of the rod. 
We can write down explicitly the boundary conditions on the equations of equilibrium 

for a slightly bent rod. If the end of the rod is clamped, we must have X = Y = 0 there, and 
also Χ' = Y' = 0, since its direction cannot change. Thus the conditions at a clamped end 
are 

X = Y=0y X' = Y ' = 0 . (20.9) 

The reaction force and moment at the point of support are determined from the known 
solution by formulae (20.3) and (20.5). 

When the bending is sufficiently slight, the hinging and supporting of a point on the rod 
are equivalent as regards the boundary conditions. The reason is that, in the latter case, the 
longitudinal displacement of the rod at its point of support is of the second order of 
smallness compared with the transverse deflection, and can therefore be neglected. The 
boundary conditions of zero transverse displacement and moment give 

X = y = 0 , X" = Y" = 0. (20.10) 

The direction of the end of the rod and the reaction force at the point of support are 
obtained by solving the equations. 

Finally, at a free end, the force F and moment Μ must be zero. According to (20.3) and 
(20.5), this gives the conditions 

X" = γ " = ο, Χ'" = Y'" = 0. (20.11) 

If a concentrated force is applied at the free end, then F must be equal to this force, and not 
to zero. 

It is not difficult to generalize equations (20.4) to the case of a rod with variable cross-
section. For such a rod the moments of inertia Ix and I2 are functions of z. Formulae (20.3), 
which determine the moment at any cross-section, are still valid. Substitution in (20.2) now 
gives 

d 2 / d 2Y \ d 2 / d2X\ 

M ' ^ r ^ £d ? ( ' ' d ? j - K " ( 2 0 1 2 ) 

in which Ix and J 2 must be differentiated. The shearing force is 

d / d2X\ d ( d2Y\ 
f - = - £ s ( ' ^ ) ' F ' " E - δ ( ' ' 3 ? ) · C 0 1 3 , 

Let us return to equations (20.1). Our neglect of the second term on the right-hand side 
may in some cases be illegitimate, even if the bending is slight. The cases involved are those 
in which a large internal stress resultant acts along the rod, i.e. Fz is very large. Such a force 
is usually caused by a strong tension of the rod by external stretching forces applied to its 
ends. We denote by Γ the constant lengthwise stress F 2. If the rod is strongly compressed 
instead of being extended, Τ will be negative. In expanding the vector product F xd t /d / we 
must now retain the terms in Γ, but those in Fx and Fy can again be neglected. Substituting 
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X", Y", 1 for the components of the vector dt/d/ , we obtain the equations of equilibrium in 
the form 

ι2εχ™-τχ»-κχ = ο,) 

The expressions (20.5) for the shearing force will now contain additional terms giving the 
projections of the force Τ (along the vector t) on the χ and y axes: 

Fx = - EI2X"' + TX\ Fy = - EIX Y"' + FY '. (20.15) 

These formulae can also, of course, be obtained directly from (19.3). 
In some cases a large force Τ can result from the bending itself, even if no stretching 

forces are applied. Let us consider a rod with both ends clamped or hinged to fixed 
supports, so that no longitudinal displacement is possible. Then the bending of the rod 
must result in an extension of it, which leads to a force Tin the rod. It is easy to estimate the 
magnitude of the deflection for which this force becomes important. The length L + AL of 
the bent rod is given by 

L + AL = j ^ ( 1 + X'2 + Y ' 2) dz, 

ο 

taken along the straight line joining the points of support. For slight bending the square 
root can be expanded in series, and we find 

L 

AL = \ [ (X'2 + Y ' 2) d z . 

The stress force in simple stretching is equal to the relative extension multiplied by 
Young's modulus and by the area S of the cross-section of the rod. Thus the force Τ is 

- S i " + Y ' 2) d z . (20.16) 

If δ is the order of magnitude of the transverse bending, the derivatives X' and Y' are of 
the order of δ/L, so that the integral in (20.16) is of the order of <52/L, and Τ ~ ES (δ/L)2. 
The orders of magnitude of the first and second terms in (20.14) are respectively EI δ/L4 

a n d W / L 2 ~ ES63/L*. The moment of inert ia/ is of the order of Λ4, and S ~~ h2, where his 
the thickness of the rod. Substituting, we easily find that the first and second terms in 
(20.14) are comparable in magnitude if δ ~~ h. Thus, when a rod with fixed ends is bent, the 
equations of equilibrium can be used in the form (20.4) only if the deflection is small in 
comparison with the thickness of the rod. If δ is not small compared with h (but still, of 
course, small compared with L), equations (20.14) must be used. The force Τ in these 
equations is not known a priori. It must first be regarded as a parameter in the solution, 
and then determined by formula (20.16) from the solution obtained; this gives the relation 
between Τ and the bending forces applied to the rod. 

The opposite limiting case is that where the resistance of the rod to bending is small 
compared with its resistance to stretching, so that the first terms in equations (20.14) can be 
neglected in comparison with the second terms. Physically this case can be realized either 
by a very strong tension force Γ or by a small value of EI, which can result from a small 
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thickness h. Rods under strong tension are called strings. In such cases the equations of 
equilibrium are 

TX" + Kx = 0, TY" + Ky = 0. (20.17) 

The ends of the string are fixed, in the sense that their coordinates are given, i.e. 

X = Y = 0 . (20.18) 

The direction of the ends cannot be decided arbitrarily, but is given by the solution of the 
equations. 

In conclusion, we may show how the equations of equilibrium of a slightly bent rod may 
be obtained from the variational principle, using the expression (18.10) for the elastic 
energy: 

{IlY"2 + I2X"2}dz. 

In equilibrium the sum of this energy and the potential energy due to the external forces Κ 
acting on the rod must be a minimum, i.e. we must have <5Fr od - J(KXSX + KySY)dz = 0, 
where the second term is the work done by the external forces in an infinitesimal 
displacement of the rod. In varying F r o d, we effect a repeated integration by parts: 

X"dX"dz 

r 
X'"bX'dz = \X"bX'}-

J 

= \Χ"δΧ'] - [X'"<5X] + j x ^ X d z , 

and similarly for the integral of Y"2. Collecting terms, we obtain 

[(EI, Y<1V> - Ky)dY+ (EI2X <,v> - Κχ)δΧ] dz + 

+ EI, [(Τ'δΥ' - Υ"'δΥ)] + EI2[(X"δΧ' - Χ "'δΧ)] = 0. 

The integral gives the equilibrium equations (20.4), since the variations δΧ and <5Yare 
arbitrary. The integrated terms give the boundary conditions on these equations; for 
example, at a free end the variations δΧ, δ Υ, δΧ', δΥ' are arbitrary, and the corresponding 
condition^ (20.11) are obtained. Also, the coefficients of δΧ and <5Yin these terms give the 
expressions (20.5) for the components of the shearing force, and those of δΧ' and δΥ' give 
the expressions (20.3) for the components of the bending moment. 

Finally, the equations of equilibrium (20.14) in the presence of a tension force Fcan be 
obtained by the same method if we include in the energy a term FAL = \ T\(X'2 + Y / 2)dz, 
which is the work done by the force Fover a distance AL equal to the extension of the rod. 

P R O B L E M S 

PROBLEM 1. Determine the shape of a rod (with length /) bent by its own weight, for various modes of 
support at the ends. 

SOLUTION. The required shape is given by a solution of the equation C( i v) = q/EI, where q is the weight per unit 
length, with the appropriate boundary conditions at its ends, as shown in the text. The following shapes and 
maximum displacements are obtained for various modes of support at the ends of the rod. The origin is at one 
end of the rod in each case. 
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(a) Both ends clamped: 

ζ = qz2(z - / ) 2/24£7, = g/4/384£7. 

(b) Both ends supported: " 

ζ = qz(z* - 2/z2 + / 3) /24£7, ζ(±1) = 5^/4/384£7. 

(c) One end (z = /) clamped, the other supported: 

C = gz(2z3 - 3/z2 + / 3) /48£ / , C(0-42/) = 00054g / 4/£7 . 

(d) One end (z = 0) clamped, the other free: 

ζ = qz2(z2 - 4/z + 6/2)/24£7, ζ(1) =» g/4/8£7. 

PROBLEM 2. Determine the shape of a rod bent by a force / applied to its mid-point. 

SOLUTION. We have £ ( i v) = 0 everywhere except at ζ = | / . The boundary conditions at the ends of the rod (z 
= 0 and ζ = /) are determined by the mode of support; at ζ = ζ, ζ' and ζ" must be continuous, and the 
discontinuity in the shearing force F — — ΕΙζ'" must be equal to / . 

The shape of the rod (for 0 ^ z ^ \ \ ) and the maximum displacement are given by the following formulae: 

(a) Both ends clamped: 

ζ = / z 2( 3 / - 4 z ) 4 8 £ 7 , ζ ( ^ ) = / / 3/ 1 9 2 £ 7 . 

(b) Both ends supported: 

ζ = / z ( 3 / 2 - 4z 2) /48£7 , C(i0 = / / 3/ 4 8 £ 7 . 

The rod is symmetrical about its mid-point, so that the functions ζ(ζ) in \l ^ z < / are obtained simply by 
replacing z by / — z. 

PROBLEM 3. The same as Problem 2, but for a rod clamped at one end (z = 0) and free at the other end (z = /), 
to which a force / is applied. 

SOLUTION. At all points of the rod F - constant = / , so that ζ'" = -f/EI. Using the conditions ζ = 0, ζ' = 0 
for z = 0, ζ" = 0 for z = /, we obtain 

C = / z 2( 3 / - z ) / 6 £ 7 , C ( / ) = / / 3/ 3 £ 7 . 

PROBLEM 4. Determine the shape of a rod with fixed ends, bent by a couple at its mid-point. 

SOLUTION. At all points of the rod C( , v) = 0, and at z = i / the moment Μ = EI ζ" has a discontinuity equal to 
the moment m of the applied couple. The results are: 

(a) Both ends clamped: 

C = roz2(/-2z)/8£7/ for 0 ^ z ^ Κ 

ζ = - m(l - z)2 [/ - 2(1 - z ) ] /8£7 / for H^z^L 

(b) Both ends hinged: 

ζ = mz(/2 - 4z2) /24£7/ for 0 ^ z ^ ±/, 

ζ = - m(l - z ) [ / 2 - 4(/ - z ) 2] / 24£7 / for \l < z < /. 

The rod is bent in opposite directions on the two sides of z = J/. 

PROBLEM 5. The same as Problem 4, but for the case where one end is clamped and the other end free, the 
couple being applied at the latter end. 

SOLUTION. At all points of the rod Μ = £7ζ" = m, and at z = 0 we have ζ = 0, ζ' — 0. The shape is given by ζ 
= mz2/2EI. 

PROBLEM 6. Determine the shape of a circular rod with hinged ends stretched by a force r a n d bent by a force 
f applied at its mid-point. 

SOLUTION. On the segment 0 ^ z ^ \l the shearing force is i / , so that (20.15) gives the equation 

Γ - Τζ'/ΕΙ = - / / 2 £ 7 . 

The boundary conditions are ( = ζ" = Oforz = 0and/ ;C = Oforz = i / (s ince ζ' is continuous). The shape of the 
rod (in the segment 0 ^ z ^ \l) is given by 

/ / _ sinhfcz \ k mj T /m 

^ 2T\ / c c o s h i k / / v 
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- [ - + - t a n h ^ ^ - - t a n h ^ / j = 7̂ - , 

which determines Τ as an implicit function of / . 

PROBLEM 7. A circular rod with infinite length lies in an elastic substance, i.e. when it is bent a force Κ = 
- αζ proportional to the deflection acts on it. Determine the shape of the rod when a concentrated force/acts on 
it. 

SOLUTION. We take the origin at the point where the force / i s applied. The equation £ / ζ ( , ν) = — α( holds 
everywhere except at z = 0. The solution must satisfy the condition £ = 0 at ζ = ± - o o , and at ζ = 0 ζ' and ζ" 
must be continuous; the difference between the shearing forces F = — ΕΙζ'" for ζ 0 + and ζ -» 0 - must be / . 
The required solution is 

PROBLEM 8. Derive the equation of equilibrium for a slightly bent thin circular rod which, in its undeformed 
state, is an arc of a circle and is bent in its plane by radial forces. 

SOLUTION. Taking the origin of polar coordinates r, φ at the centre of the circle, we write the equation of the 
deformed rod as r = a + ζ{φ), where a is the radius of the arc and ζ a small radial displacement. Using the 
expression for the radius of curvature in polar coordinates, we find as far as the first order in ζ 

1 _ r 2- r r " + 2r'2 ^ 1 C + C" 
R ~ (r2 + r ' 2) 3 /2 =a ~ a2 ' 

where the prime denotes differentiation with respect to φ. According to (18.11), the elastic bending energy is 

Φο Φο 

Φο being the angle subtended by the arc at its centre. The equation of equilibrium is obtained from the variational 
principle 

Φο 
OFrod- ^δζΚ,αάφ = 0, 

ο 
where Kr is the external radial force per unit length, with the auxiliary condition 

Φο 

jca> = 0, 
0 

which is, in this approximation, the statement of the fact that the total length of the rod is unchanged, i.e. it 
undergoes no general extension. Using Lagrange's method, we put 

Φο Φο 

<5Fr od - j αΚ,δζ άφ + αα | δζ άφ = 0, 
ο ο 

where α is a constant. Varying the integrand in F r od and integrating the δζ" term twice by parts, we obtain 

J{ J (ζ + 2ζ" + C(iv)) - aKr + aa }<*C άφ + ̂ [(C + ζ"]δζ"\ - [̂(ζ' + Γ « ] - 0. 

Hence we find the equation of equilibriumt 

£/(C<iv> + 2ζ" + Ο/α4 - K
r
 + α = 0, (1) 

t In the absence of external forces, Kr = 0 and α = 0; the non-zero solutions of the resulting homogeneous 
equation correspond to a simple rotation or translation of the whole rod. 

For small k this gives the result obtained in Problem 2 (b). For large k it becomes ζ = fz/2T, i.e., in accordance 
with equations (20.17), a flexible wire under a force/takes the form of two straight pieces intersecting at z = ±/. 

If the force Τ is due to the stretching of the rod by the transverse force, it must be determined by formula 
(20.16). Substituting the above result, we obtain the equation 
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the shearing force F = — El (ζ' + ζ' ")/α3, and the bending moment Μ = £7 (ζ + C")A*2; cf. the end of §20. The 
constant α is determined from the condition that the rod as a whole be not stretched. 

PROBLEM 9. Determine the deformation of a circular ring bent by two forces / applied along a diameter 
(Fig. 18). 

C 

D 

FIG. 18 

SOLUTION. Integrating equation (1), Problem 8, along the circumference of the ring, we have 2παα = 
^Κ,αάφ = 2 / We have equation (1) with Kr — 0 everywhere except at φ = 0 and φ — π: 

C( i v, + 2C" + ζ+/α3/πΕΙ = 0 . 

The required deformation of the ring is symmetrical about the diameters AB and CD, and so we must have ζ' - 0 
at A, B, C and D. The difference in the shearing forces for φ -*• 0 ± must b e / The solution of the equation of 
equilibrium which satisfies these conditions is 

/ a 3/ l 1 1 1 \ 
C = — I - + - φcos φ - -ποοεφ - -ϊ'ιηφ 1, 0 ^ φ < π. 

In particular, the points A and Β approach through a distance 

IC(0) + C(,)l = - ( - - - } 

§21. The stability of elastic systems 

The behaviour of a rod subject to longitudinal compressing forces is the simplest 
example of the important phenomenon of elastic instability, first discovered by L. Euler. 

In the absence of transverse bending forces Kx, Kyi the equations of equilibrium (20.14) 
for a compressed rod have the evident solution X = Y = 0, which corresponds to the rod's 
remaining straight under a longitudinal force \T\. This solution, however, gives a stable 
equilibrium of the rod only if the compressing force | Τ | is less than a certain critical value 
r c r. For |Γ | < Tc r, the straight rod is stable with respect to any small perturbation. In 
other words, if the rod is slightly bent by some small force, it will tend to return to its 
original position when that force ceases to act. 

If, on the other hand, \T\ > TCT, the straight rod is in unstable equilibrium. An 
infinitesimal bending suffices to destroy the equilibrium, and a large bending of the rod 
results. It is clear that, if this is so, the compressed rod cannot actually remain straight. 

The behaviour of the rod after it ceases to be stable must satisfy the equations for 
bending with large deflections. The value Tcr of the critical load, however, can be obtained 
from the equations for small deflections. For |7*| = 7 c r, the straight rod is in neutral 
equilibrium. This means that, besides the solution X = Y = 0, there must also be states 
where the rod is slightly bent but still in equilibrium. Hence the critical value of TCT is the 
value of \ T\ for which the equations 

£ / 2A r ( i v )- f |Γ |ΑΓ" = 0 , £ / ! Υ ^ + Ι Γ Ι Γ ' = 0 (21.1) 
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have a non-zero solution. This solution gives also the nature of the deformation of the rod 
immediately after it ceases to be stable. 

The following Problems give some typical cases of the loss of stability in various elastic 
systems. 

PROBLEMS 

PROBLEM 1. Determine the critical compression force for a rod with hinged ends. 

SOLUTION. Since we are seeking the smallest value of \T\ for which equations (21.1) have a non-zero solution, 
it is sufficient to consider only the equation which contains the smaller of / , and l2 · Let I2 < Λ · Then we seek a 
solution of the equation EI2X»y) + \T\X" = 0 in the form X = A + Bz + C sin kz + D cos kz, where 
* = \/{\T\IEl2). The non-zero solution which satisfies the conditions X — X" — 0 for ζ = 0 and ζ = / 
is X = C sin /cz, with sin kl = 0. Hence we find the required critical force to be TCT = π2ΕΙ2/Ι2. On ceasing to be 
stable, the rod takes the form shown in Fig. 19a. 

FIG. 19 

PROBLEM 2. The same as Problem 1, but for a rod with clamped ends (Fig. 19b). 

SOLUTION. 7^ = 4 π 2£ / 2/ / 2. 

PROBLEM 3. The same as Problem 1, but for a rod with one end clamped and the other free (Fig. 19c). 

SOLUTION. TCT = π 2£ / 2/ 4 / 2. 

PROBLEM 4. Determine the critical compression force for a circular rod with hinged ends in an elastic medium 
(see §20, Problem 7). 

SOLUTION. The equations (21.1) must now be replaced by £ / X ( I V) + \T\X" + aX = 0. A similar treatment 
gives the solution X = A sin ηπζ//, 

^ π 2 £ / / . ot/4 \ 

where η is the integer for which rCT is least. Where α is large, η > 1, i.e. the rod exhibits several undulations as soon 
as it ceases to be stable. 

PROBLEM 5. A circular rod is subjected to torsion, its ends being clamped. Determine the critical torsion 
beyond which the straight rod becomes unstable. 

SOLUTION. The critical value of the torsion angle is determined by the appearance of non-zero solutions of the 
equations for slight bending of a twisted rod. To derive these equations, we substitute the expression (19.7) Μ 
« Eli χ dt/d/ + Crt, where τ is the constant torsion angle, in equation (19.3). This gives 

d 2t dt 
d r d/ 

We differentiate; since the bending is not large, t may be regarded as a constant vector t 0 along the axis of the rod 
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t For example, for a narrow rectangular cross-section with sides b and h (bp Λ), we have £ / 4 = fe/i3£/12, 
£/2 =b3hE/\2, C = fe/i3/i/3. 

(the z-axis) in differentiating the first and third terms. Since also dF/d / = 0 (there being no external forces except 
at the ends of the rod), we obtain 

d 3t d 2t 
£ / t o Xd 7 + C Td ^ = a 

or, in components, 

Υ^-κΧ'" = 0 , 

XW + KY" = 0, 
where κ = Cx/El. Taking as the unknown function ξ = X + iT, we obtain ξ^ — ίκξ'" = 0. We seek a solution 
which satisfies the conditions ξ = 0, ξ' - 0 for ζ = 0 and ζ = /, in the form ξ = α(1 + ίκζ - eiKX) + fez2, and obtain 
as the compatibility condition of the equations for a and b the relation eiKl = (2 4- ίκί)/(2 - ικ/), whence 
{κΐ = tannic/. The smallest root of this equation is JK7 = 4-49, so that T ct = 8-98£//C/. 

PROBLEM 6. The same as Problem 5, but for a rod with hinged ends. 

SOLUTION. In this case we have ξ — a(\ -eiKX — $κ2ζ2) +bzy where κ is given by 

eiKl = 1, i.e. κΐ = In. 

Hence the required critical torsion angle is r cr = InEl/Cl. 

PROBLEM 7. Determine the limit of stability of a vertical rod under its own weight, the lower end being 
clamped. 

SOLUTION. If the longitudinal stress FZ = T varies along the rod, d F z/ d / Φ 0 in the first term of (20.1), and 
equations (20.14) are replaced by 

I2EX{iy,)-(TX')'-Kx = 0, 

IlE^-(TY')'-Ky = 0. 

In the case considered, there are no transverse bending forces anywhere in the rod, and Τ - -q(l- z), where q is 
the weight of the rod per unit length and ζ is measured from the lower end. Assuming that I2 < Λ , we consider 
the equation 

I2EX"' » TX' = -q(l-z)X'\ 

for ζ = /, Χ'" = 0 automatically. The general integral of this equation for the function u = X' is 

where 
r\ = is/lq{l-z?IEl2l 

The boundary conditions X' = 0 for ζ = 0 and X" = 0 for ζ = / give for the function u{r\) the conditions u = 0 
for η = η0= iy/{ql3/EI2\ u y / 3 = 0 for η = 0. In order to satisfy these conditions we must put b = 0 and 
^_^(^7o) = OThe smallest root of this equation is η0 = 1-87, and so the critical length is l„ = 1 ·98(£/2/<?) ι / 3. 

PROBLEM 8. A rod has an elongated cross-section, so that I2 > lx. One end is clamped and a force/is applied 
to the other end, which is free, so as to bend it in the principal xz-plane (in which the flexural rigidity is EI2). 
Determine the critical force fCT at which the rod bent in a plane becomes unstable and the rod is bent sideways (in 
the yz-plane), at the same time undergoing torsion. 

SOLUTION. Since the rigidity EI2 is large compared with Elv (and with the torsional rigidity C),t the instability 
as regards sideways bending occurs while the deflection in the xz-plane is still small. To determine the point where 
instability sets in, we must form the equations for slight sideways bending of the rod, retaining the terms 
proportional to the products of the force / in the xz-plane and the small displacements. Since there is a 
concentrated force only at the free end of the rod, we have F = f at all points, and at the free end (z = t) the 
moment Μ = 0; from formula (19.6) we find the components of the moment relative to a fixed system of 
coordinates x, y, z: Mx = 0, M y = ( / - ζ ) / , Μ, = (Y- Y0)f, where Y0 = Y(l). Taking the components along 
coordinate axes ξ, η, ζ fixed at each point to the rod, we obtain as far as the first-order terms in the displacements 
Μζ = φ(1 - z)f, Μη = (1- z)fy Μ ζ = (/ - z) /dV/dz +f{Y- Y0\ where φ is the total angle of rotation of a cross-
section of the rod under torsion; the torsion angle τ = άφ/άζ is not constant along the rod. According to (18.6) 
and (18.9), however, we have for a small deflection 

M< = -EI J", Mn = EI2X", M c = Ctf>'; 
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comparing, we obtain the equations of equilibrium 

El2X" = (l-z)f, ElxY" = -φ(1-ζ)£ 

εφ' = (ΐ-ζ)/τ + (Υ-γ0)/. 
The first of these equations gives the main bending of the rod, in the xz-plane; we require the value of / for 

which non-zero solutions of the second and third equations appear. Eliminating V, we find 

φ" + Ι<2(1-ζ)2φ = 0, k2 =f2IElxC. 

The general integral of this equation is 

* - α Λ/ ( / - . ή ^ ΰ * ( / - * ) 2 ] + ^ >/ ( / - Γ ) ^ - | Β « / - 2 ) 2 ] . 

At the clamped end (z = 0) we must have φ = 0, and at the free end the twisting moment Οφ' = 0. From the 
second condition we have a - 0, and then the first gives J _z{{kl2) = 0. The smallest root of this equation is 
±kl2 = 2-006, whence /„ - 4-01 ^{El.Cyi2. 



C H A P T E R I I I 

ELASTIC WAVES 

§22. Elastic waves in an isotropic medium 

I F motion occurs in a deformed body, its temperature is not in general constant, but varies 
in both time and space. This considerably complicates the exact equations of motion in the 
general case of arbitrary motions. 

Usually, however, matters are simplified in that the transfer of heat from one part of the 
body to another (by simple thermal conduction) occurs very slowly. If the heat exchange 
during times of the order of the period of oscillatory motions in the body is negligible, we 
can regard any part of the body as thermally insulated, i.e. the motion is adiabatic. In 
adiabatic deformations, however, aik is given in terms of uik by the usual formulae, the only 
difference being that the ordinary (isothermal) values of £ and σ must be replaced by their 
adiabatic values (see §6). We shall assume in what follows that this condition is fulfilled, 
and accordingly Ε and σ in this chapter will be understood to have their adiabatic values. 

In order to obtain the equations of motion for an elastic medium, we must equate the 
internal stress force daik/dxk to the product of the acceleration ii, and the mass per unit 
volume of the body, i.e. its density p: 

ptt, = daik/dxk. (22.1) 

This is the general equation of motion.f 
In particular, the equations of motion for an isotropic elastic medium can be written 

down at once by analogy with the equation of equilibrium (7.2). We have 

Ε Ε 
2(1 +o") 2(1 + σ ) ( 1 -2c) 

Since all deformations are supposed small, the motions considered in the theory of 
elasticity are small elastic oscillations or elastic waves. We shall begin by discussing a plane 
elastic wave in an infinite isotropic medium, i.e. a wave in which the deformation u is a 
function only of one coordinate (x, say) and of the time. All derivatives with respect to y 
and ζ in equations (22.2) are then zero, and we obtain for the components of the vector u 
the equations 

^ ± _ ± ^ = 0 ^ - 1 ^ = 0 (223) 
dx2 c2 dt2 υ' dx2 c2 dt2 υ U ' j 

t It is assumed that the velocity ν of a point in the medium is equal to the derivative ύ of its displacement. We 
must emphasize, however, that the identity of these two quantities is by no means self-evident. In crystals, u is the 
displacement of a lattice site, but ν is defined in continuum mechanics as the momentum of unit mass of the 
substance. The equation ν = ύ is, strictly speaking, valid only for perfect crystals, with one atom at every lattice 
site and none elsewhere. If the crystal contains defects (vacancies or interstitial atoms), mass transport relative to 
the lattice (i.e. a non-zero momentum) can occur even without deformation of the lattice if there is diffusion of 
defects through it. The identity of ν and ύ implies that such effects are neglected, on the grounds that diffusion is 
slow or that the defect concentration is low. 
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(the equation for uz is the same as that for uy)\ heref 

/ Ε(\-σ) -
Cl j ρ(1+σ)(1-2σ)9 °ι yj 2 ρ ( 1 + σ ) " 

Equations (22.3) are ordinary wave equations in one dimension, and the quantities c, 
and ct which appear in them are the velocities of propagation of the wave. We see that the 
velocity of propagation for the component ux is different from that for uy and uz. 

Thus an elastic wave is essentially two waves propagated independently. In one (ux) the 
displacement is in the direction of propagation; this is called the longitudinal wave, and is 
propagated with velocity c,. In the other wave (uy, uz) the displacement is in a plane 
perpendicular to the direction of propagation; this is called the transverse wave, and is 
propagated with velocity ct. It is seen from (22.4) that the velocity of longitudinal waves is 
always greater than that of transverse waves: we always havej 

ct> y/{4/3}ct. (22.5) 

The velocities c, and ct are often called the longitudinal and transverse velocities of sound. 
We know that the volume change in a deformation is given by the sum of the diagonal 

terms in the strain tensor, i.e. by uu = div u. In the transverse wave there is no component 
ux, and, since the other components do not depend on y or z, div u = 0 for such a wave. 
Thus transverse waves do not involve any change in volume of the parts of the body. For 
longitudinal waves, however, div u Φ 0, and these waves involve compressions and 
expansions in the body. 

The separation of the wave into two parts propagated independently with different 
velocities can also be effected in the general case of an arbitrary (not plane) elastic wave in 
an infinite medium. We rewrite equation (22.2) in terms of the velocities cx and cr: 

tt = c , 2Au + ( c , 2- c f
2) grad div u. (22.6) 

We then represent the vector u as the sum of two parts: 

u = u, + uf, (22.7) 
of which one satisfies 

d i v u f = 0 (22.8) 
and the other satisfies 

curl u, = 0. (22.9) 

We know from vector analysis that this representation (i.e. the expression of a vector as the 
sum of the curl of a vector and the gradient of a scalar) is always possible. 

Substituting u = u, + u, in (22.6), we obtain 

tt, + U, = c,2 A(u1 + u,)+ (c,2 -ct
2) grad div u(. (22.10) 

We take the divergence of both sides. Since div uf = 0, the result is 

div to, = c,2 Δ div u, + ( c ^ - c ^ A div u,, 

or div (to, — C / 2A u , ) = 0. The curl of the expression in parentheses is also zero, by (22.9). If 

t We may give also expressions for c, and c, in terms of the moduli of compression and rigidity and the Lame' 
coefficients: c, = J{ (3X + Αμ)βρ} = J{ (λ + 2μ)/ρ}, c, = ^{μ/ρ). 

X Since σ actually varies only between 0 and i (see the second footnote to §5), we always have c{ > >j2ct. 
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<^u, 
dt 2 c , 2Au, = 0. (22.12) 

Equations (22.11) and (22.12) are ordinary wave equations in three dimensions. Each of 
them represents the propagation of an elastic wave, with velocity ct and ct respectively. One 
wave (ut) does not involve a change in volume (since divu, = 0), while the other (u,) is 
accompanied by volume compressions and expansions. 

In a monochromatic elastic wave, the displacement vector is 

u = r e { u 0( r ) e - i o" } , (22.13) 

where u 0 is a function of the coordinates which satisfies the equation 

c2A Uo + fo2-^2) grad div u 0 + co 2u0 = 0 , (22.14) 

obtained by substituting (22.13) in (22.6). The longitudinal and transverse parts of a 
monochromatic wave satisfy the equations 

Δ ϋ | + k2ut = 0, Au, + k2u, = 0, (22.15) 

where k{ — a>/ch kt = ω/c, are the wave numbers of the longitudinal and transverse waves. 
Finally, let us consider the reflection and refraction of a plane monochromatic elastic 

wave at the boundary between two different elastic media. It must be borne in mind that 
the nature of the wave is in general changed when it is reflected or refracted. If a purely 
transverse or purely longitudinal wave is incident on a surface of separation, the result is a 
mixed wave containing both transverse and longitudinal parts. The nature of the wave 
remains unchanged (as we see from symmetry) only when it is incident normally on the 
surface of separation, or when a transverse wave whose oscillations are parallel to the 
plane of separation is incident (at any angle). 

The relations giving the directions of the reflected and refracted waves can be obtained 
immediately from the constancy of the frequency and of the tangential components of 
the wave vector.t Let θ and θ' be the angles of incidence and reflection (or refraction) and c, 
c' the velocities of the two waves. Then 

(22.16) 
sin θ' c' 

For example, let the incident wave be transverse. Then c = ctl is the velocity of 
transverse waves in medium 1. For the transverse reflected wave we have d = cn also, so 

t See FM, §66. The arguments given there are applicable in their entirety. 

Γ 0 £ , -0 

the curl and divergence of a vector both vanish in all space, that vector must be zero 
identically. Thus 

d2u, 
- ^ - c f

2 A U i = 0. (22.11) 

Similarly, taking the curl of equation (22.10) we have, since the curls of u, and of any 
gradient are zero, c u r l ( t i f- c , 2A u , ) = 0. Since the divergence of the expression in 
parentheses is also zero, we obtain an equation of the same form as (22.11): 
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FIG. 20 

SOLUTION. When the wave is reflected, there are in general both longitudinal and transverse reflected waves. It 
is clear from symmetry that the displacement vector in the transverse reflected wave lies in the plane of incidence 
(Fig. 20, where n 0, n, and n, are unit vectors in the direction of propagation of the incident, longitudinal reflected 
and transverse reflected waves, and UQ, u(, u, the corresponding displacement vectors). The total displacement in 
the body is given by the sum (omitting the common factor e~iu" for brevity) 

u = A0noeik*'r + A,nteik*'r + Α,ΛΧη,β**, 
where a is a unit vector perpendicular to the plane of incidence. The magnitudes of the wave vectors are k0 = 
k, « ω/c,, k, s» ω/c,, and the angles of incidence 0 O and of reflection 0,, 0, are related by 0, « 0 O, sin0, = 
(c,/ct) s in0 o- For the components of the strain tensor at the boundary we obtain 

«xx = i M ^ o + ^ / J c o s ^ o + '^ ik iCOsfl . s inf l , , "// = ifcoMo + ^ i ) . 

«x> - i*oMo - Xj)sin 0 O cos 0 O + i i i 4 l* l( c o s 20 , - s i n 20 r) . 

again omitting the common exponential factor. The components of the stress tensor can be calculated from the 
general formula (5.11), which can here be conveniently written 

oik » 2pc,2uik -f p(c,2 - 2ct
2)u,A*. 

t The more general case of the reflection of sound waves from a solid-liquid interface, and the similar problem 
of the reflection of a wave incident from a liquid on to a solid, are discussed by L. M . Brekhovskikh, Waves in 
Layered Media, 2nd edition, §7, Academic Press, New York 1980. 

that (22.16) gives θ = 0', i.e. the angle of incidence is equal to the angle of reflection. For the 
longitudinal reflected wave, however, c' = c n , and so 

sinfl cn 

sin0' cn 

For the transverse part of the refracted wave c' = c l 2, and for a transverse incident wave 

sin θ cn 

sin θ' ct2 

Similarly, for the longitudinal refracted wave 

sin θ c rl 

sin θ' cl2 

P R O B L E M S 

PROBLEM 1. Determine the reflection coefficient for a longitudinal monochromatic wave incident at any 
angle on the surface of a body (with a vacuum outs ide)! 
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A[ — AQ 

A, — - A, 

c2 sin 20,-sin 2 0 o + c,2 c o s 2 20,' 

2c, c, s i n 2 0 o cos 20, 
5 c,2 sin 20, sin 2 0 o -I- c2 c o s 2 20, 

For 0 O = 0 we have A , — - A 0 J A , = 0, i.e. the wave is reflected as a purely longitudinal wave. The ratio of the 
energy flux density components normal to the surface in the reflected and incident longitudinal waves is 
Rt = I A J A 0 I2. The corresponding ratio for the reflected transverse wave is 

c, cos 0, 

c, COS 0 O 

The sum of R, and R, is, of course, I. 

PROBLEM 2. The same as Problem 1, but for a transverse incident wave (with the oscillations in the plane of 
incidence).! 

SOLUTION. The wave is reflected as a transverse and a longitudinal wave, with 0, = 0 O, c, sin 0, = c, sin 0O. The 
total displacement vector is 

u = a x n 0/ t o ^ ' r + n / ^ * l Vr + » x M , e ' V r. 

The expressions for the amplitudes of the reflected waves are 

A, c,2 sin 20, sin 2 0 o- c , 2 c o s 2 2 0 o 

A0 c , 2s i n 2 0 , s i n 2 0 o + c , 2c o s 22 0 o' 

A, 2c,c, sin 2 0 o cos 2 0 o 

A0 c,2 sin 20, s i n 2 0 o + c , 2c o s 22 0 o 

PROBLEM 3. Determine the characteristic frequencies of radial vibrations of an elastic sphere with radius R. 

SOLUTION. We take spherical polar coordinates, with the origin at the centre of the sphere. For radial 
vibrations, u is along the radius, and is a function of r and t only. Hence curl u = 0. We define the displacement 
"potential" φ by ur = u = δφ/dr. The equation of motion, expressed in terms of φ, is just the wave equation 
c,2A</> = φ, or, for oscillations periodic in time (oc e~ita,\ 

1 d ( ,δφ\ 
(i) 

The solution which is finite at the origin is φ = {A/r) sin/tr (the time factor is omitted). The radial stress is 

^ = p { ( c , 2- 2 c , 2) u 1, + 2c , 2u r r} 

= p{(c , 2-2c , 2)A</> + 2 c , V } 

or, using (1), 

< j r r/p= -ω
2φ-^φ'/Γ. (2) 

The boundary condition arr(R) = 0 leads to the equation 

\2inkR 1 
kR 1 - ( feRc , /2c , ) 2' 

whose roots determine the characteristic frequencies ω = kct of the vibrations. 

( 3 ) 

PROBLEM 4. Determine the frequency of radial vibrations of a spherical cavity in an infinite elastic medium 
for which c, > c, (M. A. Isakovich 1949). 

SOLUTION. In an infinite medium, radial oscillations of the cavity are accompanied by the emission of 
longitudinal sound waves, leading to loss of energy and hence to damping of the oscillations. When c, > c, (i.e. 

t If the oscillations are perpendicular to the plane of incidence, the wave is entirely reflected as a wave of the 
same kind, and so R, = 1. 

The boundary conditions at the free surface of the medium are a,knk = 0, whence 

giving two equations which express A{ and A, in terms of A0. The result is 

c,2 sin 20, sin 2 0 o -c,2 c o s 2 20, 

file:///2inkR
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Κ > μ), this emission is weak, and we can speak of the characteristic frequencies of oscillations with a small 
coefficient of damping. 

We seek a solution of equation (1), Problem 3, in the form of an outgoing spherical wave φ = Ae'kr/r, k = ω/c, 
and, using (2) , obtain from the boundary condition σ„(R) = 0 the result (kRc,/c,)2 = 4(1 - ikR). Hence, when 
<"/ > c,, 

The real part of ω gives the characteristic frequency of oscillation; the imaginary part gives the damping 
coefficient. In an incompressible medium {c, -* or,) there would of course be no damping. These vibrations are 
specifically due to the shear resistance of the medium (μ Φ 0) . It should be noticed that they have 
kR — Icjci << 1, i.e. the corresponding wavelength is large compared with R\ it is interesting to compare this with 
the result for vibrations of an elastic sphere, where with c, > c, the first characteristic frequency is given by (3): kR 
— π. 

§23. Elastic waves in crystals 

The propagation of elastic waves in anisotropic media, i.e. in crystals, is more 
complicated than for the case of isotropic media. To investigate such waves, we must 
return to the general equations of motion put = dalk/dxk and use for aik the general 
expression (10.3) aik = kiklmulm. According to what was said at the beginning of §22, Aik[m 

always denotes the adiabatic moduli of elasticity. 
Substituting for aik in the equations of motion, we obtain 

... _ . d ul m _ j _ - d ( d U m 

dxk dxk \dxm dxt 

= l^iklm Λ Λ ^ 2Aikln 
oxkcxm cxkcxl 

Since the tensor kiklm is symmetrical with respect to the suffixes / and m we can interchange 
these in the first term, which then becomes identical with the second term. Thus the 
equations of motion are 

pai = iiUm-£Jjr- (23.1) 
CXkOXi 

Let us consider a monochromatic elastic wave in a crystal. We can seek a solution of the 
equations of motion in the form u{ = u0ielik τ~ωί\ where the u 0l are constants, the relation 
between the wave vector k and the frequency ω being such that this function actually 
satisfies equation (23.1). Differentiation of u, with respect to time results in multiplication 
by —/ω, and differentiation with respect to xk leads to multiplication by ikk. Hence the 
above substitution converts equation (23.1) into pa>2u, = liklmkkklum. Putting u, = Simum, 
we can write this as 

(p(JJ2dim - λΜ^ΜίΛη = 0. (23.2) 

This is a set of three homogeneous equations of the first degree for the unknowns ux, uy, u2. 
Such equations have non-zero solutions only if the determinant of the coefficients is zero. 
Thus we must have 

\*Mmkkkl-pa)2oim\ = 0. (23.3) 

This equation (the dispersion equation) determines the relation between the wave 
frequency and the wave vector, called the dispersion relation. The equation (23.3) is cubic in 
ω 2, and has three roots ω2 = a>/(k), which are in general different; the dispersion relation 
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is said to have three branches. Substituting each root in turn back into (23.2) and solving, 
we find the directions^ of the displacement vector u in these waves—the directions of 
polarization of the waves; since the equations (23.2) are homogeneous, they of course do 
not determine the magnitude of u, which remains arbitrary.! The directions of 
polarization of the three waves with the same wave vector k are mutually perpendicular. 
This important result follows directly from the fact that (23.3) may be regarded as an 
equation for the principal values of the symmetrical tensor of rank two J λΜιηΙζ^ι; the 
equations (23.2) determine the principal directions of this tensor, which are known to be 
mutually perpendicular. None of these directions is, however, in general either purely 
longitudinal or purely transverse with respect to the direction of k. 

The velocity with which the wave is propagated (its group velocity) is given by the 
derivative 

U = θω/dk; (23.4) 

see FAf, §67. In an isotropic medium, the dependence of ω on k reduces to a direct 
proportionality to the magnitude /c, and the group velocity is parallel to the wave vector. In 
crystals, this is not so, and the direction of propagation of the wave is in general different 
from that of k. Only certain exceptional directions (the symmetry axes of the crystal) can 
be those of both k and U. 

It is seen from the dispersion equation (23.3) that, in a crystal, ω is a first-order 
homogeneous function of the components of k. (If the ratio ω/k is treated as the unknown, 
the coefficients in the equation are independent of k.) Thus U is a zero-order homogeneous 
function of kx,ky,k2. In other words, the velocity of propagation of the wave depends on 
its direction but not on the frequency. 

If we construct in k-space (i.e. in the coordinates kx, ky, kz) a surface of constant 
frequency, ca(k) = constant, for any branch of the dispersion relation, then the vector 
(23.4) is along fhe normal to the surface. Evidently, if this surface is everywhere convex, 
there is a one-to-one relation between the directions of U and k: a definite direction of U 
corresponds to each direction of k, and vice versa. If, however, the constant-frequency 
surface is not everywhere convex, the relation is no longer one-to-one: there is again one 
direction of U for each direction of k (in a given branch of the dispersion relation), but a 
particular direction of U may occur for various directions of k. 

P R O B L E M S 

PROBLEM 1. Determine the dispersion relation of elastic waves in a cubic crystal which are propagated (a) in 
the (001) crystal plane, that of a cube face, (b) in the [111] crystal direction, that of a cube diagonal. 

SOLUTION. In a cubic crystal, the non-zero elastic moduli are λχχχχ s λγ, Xxxyy Ξ λ2, kxyxy = λ3 (and the equal 
components with χ and y replaced by other pairs from x, y, z; see §10); the x, y, and ζ axes are along the edges of 
the cube. 

t In an isotropic body the branches are ω - ctk (longitudinally polarized waves) and two coincident roots 
ω = ctk corresponding to waves with two independent transverse directions of polarization. 

X From the symmetry of Al k i m, 

^•ikim^k^i = Akim,kkk, = Xmlkikkkt. 

The last expression differs from the first only in the naming of the dummy suffixes k and /, so that X i k t mk kk l is in 
fact symmetrical in the suffixes i and m. 
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§24. Surface waves 

A particular kind of elastic waves are those propagated near the surface of a body 
without penetrating into it (Rayleigh waves). We write the equation of motion in the form 
(22.11) and (22.12): 2 

^ - c 2 A u = 0, (24.1) 

where u is any component of the vectors u,, u (, and c is the corresponding velocity ct or ct, 
and seek solutions corresponding to these surface waves. The surface of the elastic medium 
is supposed plane and of infinite extent. We take this plane as the xy-plane; let the medium 
be in ζ < 0. 

Let us consider a plane monochromatic surface wave propagated along the x-axis. 
Accordingly u = » o y ( zj Substituting this expression in (24.1), we obtain for the 
function / ( z ) the equation 

d2f (ω2 \ . 

(a) Wc take the (001) plane as the xy-plane. Let 0 be the angle between the wave vector k in this plane and the x-
axis. By constructing and solving the dispersion equation (23.3), we find three branches of the dispersion relation: 

ρω, . 2
2 = i* 2{A, + A3 ± [ ( A , - A 3) 2 - 4(A, + A2)(A, - A2 - 2 A 3) s i n 20 c o s 20 ] , /2 [, 

ρ ω 3
2 = A3fc2. 

The third-branch wave is transverse and is polarized along the z-axis. The waves of the first two branches are 
polarized in the xy-plane. It is evident from symmetry that the propagation velocity U = δω/dk of all these waves 
is also in the xy-plane; the expressions obtained are therefore sufficient to calculate it. 

When 0 - 0 (k is along the x-axis), 

ρ ω , 2 = Α,*2, ρ ω 2
2 - A3fc2, 

wave 1 being longitudinal (polarized along the x-axis) and wave 2 transverse (polarized along the y-axis). 
When 0 = ±n (k along the diagonal of the cube face), 

ρ ω , 2 = ±(A, + A 2+2A 3) / c 2, 

ρ ω 2
2= * ( Α , - Α 2) * 2. 

Wave 1 is longitudinal; wave 2 is transverse and is polarized in the xy-plane. 

(b) Here the wave vector components are kx = ky = kg = k/yjy The solutions of the dispersion equation are 

ρ ω , 2 = $ * 2( Ί ι + 2 Α 2+ 4 Α 3) , 

ρ ω 2 > 3
2 = i* 2(A, + A 2 + A3). 

Wave 1 is longitudinal; waves 2 and 3 are transverse. 

PROBLEM 2. Determine the dispersion relation for elastic waves in a crystal of the hexagonal system. 

SOLUTION. A hexagonal crystal has five independent elastic moduli (§10, Problem 1), for which we use the 
notation 

λχχχχ — Xyyyy = ^xyxy = ^xxyy ~ Q 2i>, 

^•xxtx ^-yyxx ~ ^» ^xxxx ~ Xyxyx ~ dy ^-xxtx = f' 

The z-axis is along the sixth-order axis of symmetry; the directions of the χ and y axes may be chosen arbitrarily. 
We shall take the xz-plane so as to contain the wave vector k. Then kx = k sin 0, ky - 0, kt - k cos 0, where 0 is the 
angle between k and the z-axis. By constructing and solving the equation (23.3), we find 

ρ ω , 2 - * 2( fcs in 20 + dcos 20) , 

ρω 2, j 2 = i * 2 {a s in20 + / c o s 20 + d±[{(a — d) s in20 + (d - f ) c o s 2 0 } 2 + 4 (c + d ) 2 s in2 0 c o s 2 0 ] 1' 2} . 

When 0 = 0, 

ρ ω , < 2
2 =k2dt ρ ω 3

2 = /c2/; 

wave 3 is longitudinal, waves 1 and 2 transverse. 
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If k2 — ω2/c2 < 0, this equation gives a periodic function/, i.e. we obtain an ordinary plane 
wave which is not damped inside the body. We must therefore suppose that 
k2 -ω2/c2 > 0. Then the solutions f o r / a r e 

/ (z) = constant χ exp ^ ± J k2 - ζ ^. 

The solution with the minus sign would correspond to an unlimited increase in the 
deformation for ζ — oo. This solution is clearly impossible, and so the plus sign must be 
taken. 

Thus we have the following solution of the equations of motion: 

u = constant χ e i ( k j t" t t , ,e " , (24.2) 
where 

κ = J(k2-a>2lc2). (24.3) 

It corresponds to a wave which is exponentially damped towards the interior of the 
medium, i.e. is propagated only near the surface. The quantity κ determines the rapidity of 
the damping. 

The true displacement vector u in the wave is the sum of the vectors u, and u„ the 
components of each of which satisfy the equation (24.1) with c = ct for u, and c, for u,. For 
volume waves in an infinite medium, the two parts are independently propagated waves. 
For surface waves, however, this division into two independent parts is not possible, on 
account of the boundary conditions. The displacement vector u must be a definite linear 
combination of the vectors u, and u(. It should also be mentioned that these latter vectors 
have no longer the simple significance of the displacement components parallel and 
perpendicular to the direction of propagation. 

To determine the linear combination of the vectors u, and u( which gives the true 
displacement u, we must use the conditions at the boundary of the body. These give a 
relation between the wave vector k and the frequency ω, and therefore the velocity of 
propagation of the wave. At the free surface we must have aiknk - 0. Since the normal 
vector η is parallel to the z-axis, it follows that oxz = ayx = σζζ = 0, whence 

uxx = 0, uyz = 0, σ{μχχ + uyy) + (1 - a)uZ2 = 0. (24.4) 

Since all quantities are independent of the coordinate y, the second of these conditions 
gives 

1 / d u v duz\ , _ . _ 

Using (24.2), we therefore have _ 
M y = 0. (24.5) 

Thus the displacement vector u in a surface wave is in a plane through the direction of 
propagation perpendicular to the surface. 

The transverse part u, of the wave must satisfy the condition (22.8) div u, = 0, or 

dutx dut2 

OX 02 
The dependence of utx and utz on χ and ζ is determined by the factor eikx + K>2, where Kt is 
given by the expression (24.3) with c = c r, i.e. 

,c = v/(fca-a>2/c,2). 
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— - + — - = 0, 
dz dx 

^ — + ( ^ - 2 ^ ) ^ - 0 . 

(24.8) 

Here we must substitute ux = ulx + utx, uz = ulz -f utz. The result is that the first condition 
(24.8) gives 

a(/c2-h,c i
2)-r-2fe/cfci = 0. (24.9) 

The second condition leads to the equation 

2 f l c i
2, c t/ c -h f c [ c /

2( f c /
2- / c 2) -h2c i

2/ c 2] = 0 . 

Dividing this equation by c , 2 and substituting 

K ;
2 - f c 2 = - c o 2 / c ;

2 = - ( J C 2- K : , 2) C , 2/ C , 2, 

we can write it as 

2aKtk + b(k2 + Kt
2) = 0. (24.10) 

The condition for the two homogeneous equations (24.9) and (24.10) to be compatible is 
(k2 + K , 2) 2 = 4k2KtKt or, squaring and substituting the values of f c f

2 and κ , 2 , 

("•-?)*-«·(*•-?)("-?> 
From this equation we obtain the relation between ω and k. It is convenient to put 

a> = cM\ ( 2 4·12) 

kB then cancels from both sides of the equation, and, expanding, we obtain for ξ the 
equation 

£ 6 - 8 £ 4 + 8 £ 2 ^ 3 - 2 ^ - 16^1 - ^ = 0. (24.13) 

Hence the above condition leads to the equation 

ikutx + tctut2 = 0, or utJutz = - Kt/ik. 
Thus we can write 

utx = Ktaeikx + K<z-iu,\ utz = -ikaeikx + K'z-i0}\ (24.6) 

where a is some constant. 
The longitudinal part u, satisfies the condition (22.9) curl u, = 0, or 

dulx dulz=Q 
dz dx 

whence . 

ikulz-tclulx = 0 (Kt = vtk ω / c i ] ) · 
Thus we must have 

ulx = kbeikx + K'z-i€0t, ulz= - i K lb e i kx + K^-i(1)t, (24.7) 

where b is a constant. 
We now use the first and third conditions (24.4). Expressing uik in terms of the 

derivatives of uh and using the velocities ch c,, we can write these conditions as 
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Hence we see that ξ depends only on the ratio c,/ch which is a constant characteristic of 
any given substance and in turn depends only on Poisson's ratio: 

c,/c, = ν/ { ( 1 - 2 σ ) / 2 ( 1 - σ ) } . 

The quantity ξ must, of course, be real and positive, and ξ < 1 (so that tct and κι are real). 
Equation (24.13) has only one root satisfying these conditions, and so a single value of ξ is 
obtained for any given value of c,/c,.t 

Thus, for both surface waves and volume waves, the frequency is proportional to the 
wave number. The proportionality coefficient is the velocity of propagation of the wave, 

(24.14) 

This gives the velocity of propagation of surface waves in terms of the velocities ct and c, of 
the transverse and longitudinal volume waves. The ratio of the amplitudes of the 
transverse and longitudinal parts of the wave is given in terms of ξ by the formula 

2-ξ2 

ξ2) 
(24.15) 

The ratio cjcl actually varies from l/y/2 to 0 for various substances, corresponding to 
the variation of σ from 0 to \\ ξ then varies from 0-874 to 0*955. Fig. 21 shows a graph of ξ 
as a function of σ. 
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P R O B L E M S 

PROBLEM 1. A plane-parallel slab with thickness h (medium 1) lies on an elastic half-space (medium 2). 
Determine the frequency as a function of the wave number for transverse waves in the slab whose direction of 
oscillation is parallel to its boundaries. 

SOLUTION. We take the plane separating the slab from the half-space as the xy-plane, the half-space being 
in ζ < 0 and the slab in 0 ^ ζ ^ h. In the slab we have 

uxl = u zl = 0 , uyl =f(z)e'<k*-»'\ 

and in medium 2 a damped wave: 

ux2 = uz2 = 0 , uy2 = Ae^^'-^K κ2 = J(k2-a)2/ct2
2). 

For the function / (z) we have the equation 

/ " - r - , c 1
2/ = 0 , κ, = J(oi2/ctl

2-k2) 

t In going from (24.11) to (24.13), the root ω 2 = 0 (κ, = κ, = k) is lost; it corresponds to ξ = 0, which also is 
less than unity. However, it can be seen from (24.9) and (24.10) that this root gives a = -b and hence a total 
displacement u = u, + u, = 0, so that there is no motion at all. 
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(5) 

ux = i(a% Γ, eV'k2 + a2 Γ2e>*k*)*i kx ' ω , ). 
Substituting these expressions in the boundary conditions σχχ = σζζ - 0 for ζ = 0, we find the two equations 

ai(l + r i y i) + a(l + r 2y 2) = 0, ) 

β ι ( λ ι 7 ι - Λ 2Γ 1) + Α 2( λ 1ν 2- λ 2Γ 2) = 0. J (6) 

The compatibility condition for these equations can be put, by means of (3), in the form 

{{X2 + pV2){k,-pV2)X2 + X,2Xiyi
2y2

2 + 

+ ^ i ^ ( y i 2+ V 2 2+ y i y 2 ) ( ^ - p t / 2) - A 1A 3( > l 2+ p l / 2) y 1y 2} ( y 1- y 2) = 0. (7) 
When yx Φ y 2, the factor yx - y2 may be omitted. The sum yx

2 + y 2
2 and the product y ! 2y 2

2 are given by the 
coefficients in the quadratic (in y 2) equation (4), and (7) becomes 

ρυ2ίΧιΧΑΧι-ρν2)^ = (Χ3-ρυ2)ΗΧι2-Χι2-ΧιΡυ21 (8) 

Let us now consider the two cases mentioned in stating the problem. 

t When η = 1, the crystal behaves as an isotropic body regarding its elastic properties; see the third footnote to 
§10. 

t Because of the symmetric position of the x-axis and the (first-order) homogeneity of a>(kx>ky\ the velocity 
V = δω/dk is also in th; x-direction, and its magnitude is ω/k. 

(we shall see below that κχ
2 > 0), whence f(z) = Β sin κ, ζ + C cos κ, ζ. At the free surface of the slab (ζ = Λ) we 

must have aty = 0, i.e. duyl/dz - 0. At the boundary between the two media (z = 0) the conditions are ufi = u y 2, 
f ι ̂ Myi - Piduyi/dz* β ι and μ 2 being the moduli of rigidity for the two media. From these conditions we find 
three equations for A, B, C, and the compatibility condition is tan κ, h = μ 2 κ 2/ μ ι κχ. This equation gives ω as an 
implicit function of k; it has solutions only for real κ, and κ 2, and so c,2 > ω/Ac > c ( 1. Hence we see that such 
waves can be propagated only if c,2 > ctl. 

PROBLEM 2. Determine the depth of penetration and the velocity of surface waves propagated in the crystal 
direction [100] (cube edge) on the plane surface (001) (cube face) of a cubic crystal. The crystal is assumed to have 
highly anisotropic elastic properties, in the sense that, if η = (λχ - X 2) / 2 X 2, either (a) η > 1 or (b) η <! 1. The 
elastic moduli are denoted as in §23, Problem l.f 

SOLUTION. We take the crystal surface as the xy-plane, with the medium in the half-space ζ < 0, and the wave 
propagated in the x-direction. As in the text, it can be shown that uy = 0, i.e. the displacement Vector u is in the xz-
plane. We seek it in the form 

ug = α<?*ν<**~ω,), ux = iW<**-««> (1) 

and use the ratios y = κ/k and Γ = b/a = — i{ux/ux)g = 0; y measures the depth of penetration of the surface 
wave in units of the wavelength 1 /k, and Γ gives the axis ratio of the wave polarization ellipse at the surface. The 
stress tensor components are 

O xx = *-\Uxx + *-lUzz, 

ott = Xiuxz + X2uxxi 

The volume equations of motion (22.1) with u from (1) give the two algebraic equations 

a(X2 + Xi)y + b(Xiy2-Xl+pU2) = 0> ) 

a(Xiy
2-X3 + pU2)-b(X2+X3)y = 0, j 

where U = ω/k is the velocity of propagation.^ Hence 

Γ = — — — — (3) 

and the compatibility condition for the two equations (2) gives 

^3y4-y2[*iai-pu2) + ^ U j - p ( / 2) ^ ^ (4) 

This equation determines two values yt and y 2 for given values of ω and k. 

Accordingly, we now seek the displacement vector in the form 

ux = {aley*k* + a2ey*k*)eilk*-ml\ 
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§25. Vibration of rods and plates 

Waves propagated in thin rods and plates are fundamentally different from those 
propagated in a medium infinite in all directions. Here we are speaking of waves of length 
large compared with the thickness of the rod or plate. If the wavelength is small compared 
with this thickness, the rod or plate is effectively infinite in all directions as regards the 
propagation of the wave, and we return to the results obtained for infinite media. 

Waves in which the oscillations are parallel to the axis of the rod or the plane of the plate 
must be distinguished from those in which they are perpendicular to it. We shall begin by 
studying longitudinal waves in rods. 

A longitudinal deformation of the rod (uniform over any cross-section), with no 
external force on the sides of the rod, is a simple extension or compression. Thus 
longitudinal waves in a rod are simple extensions or compressions propagated along its 
length. In a simple extension, however, only the component σΖ2 of the stress tensor (the z-
axis being along the rod) is different from zero; it is related to the strain tensor by σ „ 
= Euxx = Eduz/dz (see §5). Substituting this in the general equation of motion pUz 

= dazk/dxki we find 

d2u9 ρ d2u9 

F - i F - 1 1 2 5 11 

t The possibility of deeply penetrating slow surface waves in a crystal was first noted by S. V. Gerus and 
V. V. Tarasenko (1975). 

(a) When η > 1, λ 3 may be regarded as a small quantity. We then find from (7) 

pV2 = kS\ j - ^ L A 

This velocity U is much less than the velocity yJ(Xt /p) (see §23, Problem 1(a)) of a longitudinal volume wave in 
the same direction, and in that sense the surface wave is slow, like the transverse volume waves. From (4), we then 
find the two values of y: 

Γ l, Τ „ , [2η{λι+λ})-\"\ , 
y' = L 2 ^ T i 7 ) J < l- V 2 =L — ι ; — J > l-

and from (3) 

Γ, = A ay ,Mi - η-"2 < 1, Γ 2 = λ,γ,/λ, - Π112 > 1-

Lastly, from (6), 

aja2 = T 2y 2 = λιγ2
2/λ2 - 17 > 1 

Thus, since y, > 1 and α, > a2, the depth of penetration of the surface wave is (on account of the first terms in (5)) 
much greater than the wavelength.f Its polarization ellipse in the xz-plane is elongated in the direction of the z-
axis normal to the surface (Γχ < 1). 

(b) When η < 1, A, - A2 is small. Then, from (4), 

The values of y from (4) are now complex: y 1 >2 = y' ± iy", where 

In consequence, Γ, 2 - 2 = ± i, a, / a 2 = i. In this case too, therefore, the wave is slow and deeply penetrating 
(y' <̂  1). Since y is complex, the wave damping into the medium is here not monotonic but oscillatory; the 
oscillation period (in the z-direction) is - 1 /y" k, about the same as the wavelength and therefore much less than 
the penetration depth. 
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This is the equation of longitudinal vibrations in rods. We see that it is an ordinary wave 
equation. The velocity of propagation of longitudinal waves in rods is 

y/iE/p). (25.2) 

Comparing this with the expression (22.4) for ch we see that it is less than the velocity of 
propagation of longitudinal waves in an infinite medium. 

Let us now consider longitudinal waves in thin plates. The equations of motion for such 
vibrations can be written down at once by substituting — phd2ux/dt2 and — phd2uy/dt2 

for Px and Py in the equilibrium equations (13.4): 

pd2ux 1 d2ux i 1 d2ux 1 d2uy 

Ε dt2 \-σ2δχ2 2 ( 1 + 0 - ) dy2 2(\-a)dxdy' 

pd2uy 1 d2uy 1 d2uy 

Ε dt2 \-a2dy2 2 ( l + < x ) d x 2 2(\-a)dxdy' 

(25.3) 

We take the case of a plane wave propagated along the x-axis, i.e. a wave in which the 
deformation depends only on the coordinate x, and not on y. Then equations (25.3) are 
much simplified, becoming 

^ E— d l ^ = 0 *± E— ^ = 0 (254) 
dt2 ρ(\-σ2)δχ2 ' dt2 2 ρ ( 1 + σ ) 5 χ 2 1 ' 

We thus again obtain wave equations. The coefficients are different for ux and uy. The 
velocity of propagation of a wave with oscillations parallel to the direction of propagation 
(w*) is 

ν / [ £ / ρ ( 1 - σ 2 ) ] . (25.5) 

The velocity for a wave (uy) with oscillations perpendicular to the direction of propagation 
(but still in the plane of the plate) is equal to the velocity ct of transverse waves in an infinite 
medium. 

Thus we see that longitudinal waves in rods and plates are of the same nature as in an 
infinite medium, only the velocity being different; as before, it is independent of the 
frequency. Entirely different results are obtained for bending waves in rods and plates, for 
which the oscillations are in a direction perpendicular to the axis of the rod or the plane of 
the plate, i.e. involve bending. 

The equations for free oscillations of a plate can be written down at once from the 
equilibrium equation (12.5). To do so, we must replace - Ρ by the acceleration £ multiplied 
by the mass ph per unit area of the plate. This gives 

ρ0 + φ / Λ ) Δ 2 ζ = Ο, (25.6) 

Ct 
where Δ is the two-dimensional Laplacian. 

Let us consider a monochromatic elastic wave, and accordingly seek a solution of 
equation (25.6) in the form 

C = constant xe>
{k
'
r
-°*\ (25.7) 

where the wave vector k has, of course, only two components, kx and ky. Substituting in 
(25.6), we obtain the equation 

- ρ ω 2 + Μ 4 / Λ = 0. 
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t The wave number k - In/λ, where λ is the wavelength. Hence the velocity of propagation should increase 
without limit as λ tends to zero. This physically impossible result is obtained because formula (25.9) is not valid 
for short waves. 

Hence we have the following relation between the frequency and the wave number: 

ω = k2J(Dlph) = k2J{Eh2l\2p{\-a1)}. (25.8) 

Thus the frequency is proportional to the square of the wave number, whereas in waves in 
an infinite medium it is proportional to the wave number itself. 

Knowing the relation between the frequency and the wave number, we can determine 
the velocity of propagation of the wave from the formula 

V = da>/dk. 
The derivatives of k2 with respect to the components kx, ky are respectively 2kx, 2ky. The 
velocity of propagation of the wave is therefore 

U = k v / { E / i 2 / 3 p ( l - a 2 ) } . (25.9) 

It is proportional to the wave vector, and not a constant as it is for waves in a medium 
infinite in three dimensions.! 

Similar results are obtained for bending waves in thin rods. The bending deflections of 
the rod are supposed small. The equations of motion are obtained by replacing — Kx and 
- Ky in the equations of equilibrium for a slightly bent rod (20.4) by the product of the 
acceleration X or Vand the mass ρS per unit length of the rod (S being its cross-sectional 
area). Thus 

pSX = EIyd4X/dz*, pSY = ΕΙχδ*Υ/δζ*. (25.10) 

We again seek solutions of these equations in the form 

X = constant χ ei(kz" ω ,\ Y = constant χ eiikz" ωί). 

Substituting in (25.10), we obtain the following relations between the frequency and the 
wave number: 

ω = k2J(Ely/pS\ ω = k2J(EIx/pS), (25.11) 

for vibrations in the χ and y directions respectively. The corresponding velocities of 
propagation are 

U{x) = 2kJ{Ely/pS\ Uiy) = 2kJ{Elx/pS). (25.12) 

Finally, there is a particular case of vibration of rods called torsional vibration. The 
corresponding equations of motion are derived by equating Cdx/dz (see §18) to the time 
derivative of the angular momentum of the rod per unit length. This angular momentum is 
ρΐδφ/dt, where δφ/δί is the angular velocity (φ being the angle of rotation of the cross-
section considered) and / = j ( x 2 + y 2 ) d / i s the moment of inertia of the cross-section 
about its centre of mass; for pure torsional vibration each cross-section of the rod 
performs rotary vibrations about its centre of mass, which remains at rest. Putting τ 
= δφ/δζ, we obtain the equation of motion in the form 

ϋδ2φΙδζ2 = ρΙδ2φ/δί2. (25.13) 

Hence we see that the velocity of propagation of torsional oscillations along the rod is 

J(Clpl). (25.14) 
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_ 2 2 · 4 

PROBLEM 5. The same as Problem 4, but for a rod with supported ends. 

SOLUTION. In the same way as in Problem 4, we obtain X0 = A sin κζ, and the frequencies are given by sin κΐ 
- 0, i.e. κ = nn/l (n = 1, 2, . . .). The smallest frequency is 

_ 9 · 8 7 lEly 

PROBLEM 6. The same as Problem 4, but for a rod with one end clamped and the other free. 

SOLUTION. We have for the displacement 

X0 = A {(cos κ/ + cosh κΐ) (COS KZ - cosh κζ) + 

+ ( s inK/— sinh κ/) (sin K Z - s i n h K Z ) } 

(the clamped end being at ζ =* 0 and the free end at ζ = /), and for the characteristic frequencies the equation 
cos κ/ C O S 1 I K / + 1 = 0. The smallest frequency is 

_ 3-52 lEIy 

PROBLEMS 

PROBLEM 1. Determine the characteristic frequencies of longitudinal vibrations of a rod with length /, with 
one end fixed and the other free. 

SOLUTION. At the fixed end (z = 0) we must have u, = 0, and at the free end (z = /) σ „ = £ u 2I = 0, i.e. 
dut/dz — 0. We seek a solution of equation (25.1) in the form 

ux - A cos(coi + a) sin κζ, 

where k = ω^/(ρ/Ε). From the condition at ζ = / we have cos kl — 0, whence the characteristic frequencies are 

ω = ν/ ( £ / ρ ) ( 2 η + 1)π/2/ , 

η being any integer. 

PROBLEM 2. The same as Problem 1, but for a rod with both ends free or both fixed. 

SOLUTION. In either case ω = y/{E/p)nn/l. 

PROBLEM 3. Determine the characteristic frequencies of vibration of a string with length /. 

SOLUTION. The equation of motion of the string is 

d2X pSd2X _ 

cf. the equilibrium equation (20.17). The boundary conditions are that X = 0 for ζ = 0 and /. The characteristic 
frequencies are ω = y/{pS/T)nn/l. 

PROBLEM 4. Determine the characteristic transverse vibrations of a rod (with length /) with clamped ends. 

SOLUTION. Equation (25.10), on substituting X = X0{z) cos(ωί -I-a), becomes 

d 4* 0/ d z 4 = κ4Χο, 
where κ 4 — w2pS/EIy. The general integral of this equation is 

X0 = A cos κζ + Β sin κζ + C cosh κζ + D sinh κζ. 

The constants /4, B, C and D are determined from the boundary conditions that X — άΧ/άζ = 0 f o r z = 0 and /. 
The result is 

X0 = A {(sin κΐ -sinhκΐ)(cosκζ -coshkz) — 

— (cos κ I — cosh κ I) (sin κζ — sinh κζ ) } , 

and the equation cos κ I cosh κ/ = 1, the roots of which give the characteristic frequencies. The smallest 
characteristic frequency is 
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m and η being integers. 

PROBLEM 9 . Determine the velocity of propagation of torsional vibrations in a rod whose cross-section is a 
circle, an ellipse, or an equilateral triangle, and in a rod in the form of a long thin rectangular plate. 

SOLUTION. For a circular cross-section with radius K, the moment of inertia is / = | π / ? 4; C is given in § 1 6 , 
Problem 1, and we find the velocity to be ̂ /{μ/ρ), which is the same as the velocity cf. 

Similarly (using the results of § 16 , Problems 2 to 4 ) , we find for a rod with an elliptical cross-section the velocity 
[lab I {a2 + fc2)]c,, for one with an equilateral triangular cross-section ^ ( 3 / 5 ) 0 , , and for one which is a long 
rectangular plate {2h/d)ct. All these are less than c,. 

PROBLEM 10 . The surface of an incompressible fluid of infinite depth is covered by a thin elastic plate. 
Determine the relation between the wave number and the frequency for waves which are simultaneously 
propagated in the plate and near the surface of the fluid. 

SOLUTION. We take the plane of the plate as z - 0 , and the x-axis in the direction of propagation of the wave; 
let the fluid be in z < 0 . The equation of motion of the plate alone would be 

where p 0 is the volume density of the plate. When the fluid is present, the right-hand side of this equation must 
also include the force exerted by the fluid on unit area of the plate, i.e. the pressure ρ of the fluid. The pressure in 
the wave, however, can be expressed in terms of the velocity potential by ρ = — ρδφ/dt (we neglect gravity). 
Hence we obtain 

δ2ζ δΑζ Γ δΦΛ 

Next, the normal component of the fluid velocity at the surface must be equal to that of the plate, whence 

δζ/dt = ΙδφΙδζ\_0. ( 2 ) 
The potential φ must satisfy everywhere in the fluid the equation 

δ2φ δ2φ 
δχ2 δζ1 

We seek ζ in the form of a travelling wave ζ = t,Qeikx ' ί ω' ; accordingly, we take as the solution of equation ( 3 ) the 

PROBLEM 7. Determine the characteristic vibrations of a rectangular plate with sides a and 6 , with its edges 
supported. 

SOLUTION. Equation ( 2 5 . 6 ) , on substituting ζ = C0(*,y) cos(ct)t + a), becomes 

A 2C o - * 4C o = 0 , 

where κΑ = 12p(l — σ2)ω21 Eh2. We take the coordinate axes along the sides of the plate. The boundary 
conditions ( 1 2 . 1 1 ) become ζ = δ2ζ/δχ2 = 0 for χ 0 and α, 

ζ = d2C/dy2 = 0 
for y = 0 and fe. The solution which satisfies these conditions is 

ζο = A sin{mnx/a) sm(nny/b)y 

where m and η are integers. The frequencies are given by 

PROBLEM 8. Determine the characteristic frequencies for the vibration of a rectangular membrane with sides 
a and b. 

SOLUTION. The equation for the vibration of a membrane is Γ Δ ζ = ρΗζ; cf. the equilibrium equation (14 .9 ) . 
The edges of the membrane must be fixed, so that ζ = 0. The corresponding solution for a rectangular membrane is 

C = A sin(mnx/a) s\n(nny/b) cos ωί, 
where the characteristic frequencies are given by 
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surface wave φ = φ0 e>{kx""" V z , which is damped in the interior of the fluid. Substituting these expressions in (1) 
and (2), we obtain two equations for φ0 and ζ0, and the compatibility condition is 

Dk* 
ω = , r. 

ρ + hp0k 

§26. Anharmonic vibrations 

The whole of the theory of elastic vibrations given above is approximate to the extent 
that any theory of elasticity is so which is based on Hooke's law. It should be recalled that 
the theory begins from an expansion of the elastic energy as a power series with respect to 
the strain tensor, which includes terms up to and including the second order. The 
components of the stress tensor are then linear functions of those of the strain tensor, and 
the equations of motion are linear. 

The most characteristic property of elastic waves in this approximation is that any wave 
can be obtained by simple superposition (i.e. as a linear combination) of separate 
monochromatic waves. Each of these is propagated independently, and could exist by 
itself without involving any other motion. We may say that the various monochromatic 
waves which are simultaneously propagated in a single medium do not interact with one 
another. 

These properties, however, no longer hold in subsequent approximations. The effects 
which appear in these approximations, though small, may be of importance as regards 
certain phenomena. They are usually called anharmonic effects, since the corresponding 
equations of motion are non-linear and do not admit simple periodic (harmonic) 
solutions. 

We shall consider here anharmonic effects of the third order, arising frorn terms in the 
elastic energy which are cubic in the strains. It would be too cumbersome to write out the 
corresponding equations of motion in their general form. However, the nature of the 
resulting effects can be ascertained as follows. The cubic terms in the elastic energy give 
quadratic terms in the stress tensor, and therefore in the equations of motion. Let us 
suppose that all the linear terms in these equations are on the left-hand side, and all the 
quadratic terms on the right-hand side. Solving these equations by the method of 
successive approximations, we omit the quadratic terms in the first approximation. This 
leaves the ordinary linear equations, whose solution u 0 can be put in the form of a 
superposition of monochromatic travelling waves: constant χ e ' ( k r - a j f ), with definite 
relations between ω and k. On going to the second approximation, we must put u = 
u 0 + u t and retain only the terms in u 0 on the right-hand sides of the equations (the 
quadratic terms). Since u 0, by definition, satisfies the homogeneous linear equations 
obtained by putting the right-hand sides equal to zero, the terms in u 0 on the left-hand 
sides will cancel. The result is a set of inhomogeneous linear equations for the components 
of the vector U j , where the right-hand sides contain only known functions of the 
coordinates and time. These functions, which are obtained by substituting u 0 for u in the 
right-hand sides of the original equations, are sums of terms each of which is proportional 
to 

£i [ (k , -k2).r-(w{ - ω 2) ί ] 

or 
£i[(k, + k 2) . r - ( c u , + t o 2) f ] t 
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where ω χ, ω 2, k 1} k 2 are the frequencies and wave vectors of any two monochromatic 
waves in the first approximation. 

A particular integral of linear equations of this type is a sum of terms containing similar 
exponential factors to those in the free terms (the right-hand sides) of the equations, with 
suitably chosen coefficients. Each such term corresponds to a travelling wave with 
frequency a>j ± a>2 and wave vector k x ± k 2. Frequencies equal to the sum or difference 
of the frequencies of the original waves are called combination frequencies. 

Thus the anharmonic effects in the third order have the result that the set of fundamental 
monochromatic waves (with frequencies ωΐ9 ω 2, . . . and wave vectors k t , k 2, . . . ) has 
superposed on it other "waves" of small intensity, whose frequencies are the combination 
frequencies such as ωι ± ω 2, and whose wave vectors are such as k t ± k 2. We call these 
"waves" in quotation marks because they are a correction effect and cannot exist alone 
except in certain special cases (see below). The values ωγ ± ω2 and k1 ± k 2 do not in 
general satisfy the relations which hold between the frequencies and wave vectors for 
ordinary monochromatic waves. 

It is clear, however, that there may happen to be particular values of ωχ, k t and ω 2, k 2 

such that one of the relations for monochromatic waves in the medium considered also 
holds for ωχ -f ω2 and kx + k 2 (for definiteness, we shall discuss sums and not differences). 
Putting ω 3 = ωγ+ω2, k 3 = kx + k 2 , we can say that, mathematically, ω 3 and k 3 then 
correspond to waves which satisfy the homogeneous linear equations of motion (with zero 
on the right-hand side) in the first approximation. If the right-hand sides in the second 
approximation contain terms proportional to βι^*'τ~ω*'\ then a particular integral will be 
a wave with the same frequency and an amplitude which increases indefinitely with time. 

Thus the superposition of two monochromatic waves with values of ωί, kl and ω 2, k 2 

whose sum ω 3, k 3 satisfies the above condition leads, by the anharmonic effects, to 
resonance: a new monochromatic wave (with parameters ω 3, k 3) is formed, whose 
amplitude increases with time and eventually is no longer small. It is evident that, if a wave 
with ω 3, k 3 is formed on superposition of those with ω χ, kt and ω 2, k 2, then the 
superposition of waves with ω χ, k x and ω 3, k 3 will also give a resonance with ω 2 = 
ω 3 — ωϊ9 k 2 = k 3 — k l 5 and similarly ω 2, k 2 and ω 3, k 3 lead to ω ΐ 5 k j . 

In particular, for an isotropic body ω and k are related by ω = ctk or ω = c,/c, with 
c, > ct. It is easy to see in which cases either of these relations can hold for each of the three 
combinations 

ωί,κί; ω 2, k 2; ω 3 = + ω 2, k 3 = k x + k 2. 

If k t and k 2 are not in the same direction, k3 < k x + k2, and so it is clear that resonance can 
then occur only in the following two cases: (1) the waves with ω 1 ? k t and ω 2, k 2 are 
transverse and that with ω 3, k 3 longitudinal; (2) one of the waves with ωχ, kx and ω2, k 2 is 
transverse and the other longitudinal, and that with ω 3, k 3 is longitudinal. If the vectors kl 

and k 2 are in the same direction, however, resonance is possible when all three waves are 
longitudinal or all three are transverse. 

The anharmonic effect involving resonance occurs not only when several monochro
matic waves are superposed, but also when there is only one wave, with parameters ωχ, kx. 
In this case the right-hand sides of the equations of motion contain terms proportional to 
e2 i (k , . r - W lr ) jf ω^ a n ci | ^ s a ii sf y the usual condition, however, then 2ωγ and 2k t do so too, 
since this condition is homogeneous and of degree one. Thus the anharmonic effect results 
in the appearance, besides the monochromatic waves with , k{ previously obtained, of 
waves with 2 ω 1? 2kl9 i.e. with twice the frequency and twice the wave vector, and 
amplitude increasing with time. 
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in which the terms quadratic in u, can not be neglected. Next, the general expression for the 
energy densityt in bodies having a given symmetry, must be written as a scalar formed 
from the components of the tensor uik and some constant tensors characteristic of the 
substance involved; this scalar will contain terms up to a given power of uik. Substituting 
the expression (26.1) for uik and omitting terms in u, of higher orders than that power, we 
find the energy $ as a function of the derivatives dujdxk to the required accuracy. 

In order to obtain the equations of motion, we notice the following result. The variation 
δ S may be written 

d(dujdxk) dxk 

or, putting 

didujdxj 

e Λ d<5". d daik 

= Oik-, = T — (GikOUj-SUi—-. 
oxk oxk oxk 

The coefficients of -<$u, are the components of the force per unit volume of the body. 
They formally appear the same as before, and so the equations of motion can again be 
written 

Po»i = d°JdXk, (26.3) 

where p 0 is the density of the undeformed body, and the components of the tensor aik are 
now given by (26.2), with S correct to the required accuracy. The tensor aik is no longer 
symmetrical. 

It should be emphasized that aik is no longer the momentum flux density (the stress 
tensor). In the ordinary theory this interpretation was derived by integrating the body 
force density daik/dxk over the volume of the body. This derivation depended on the fact 
that, in performing the integration, we made no distinction between the coordinates of 
points in the body before and after the deformation. In subsequent approximations, 
however, this distinction must be made, and the surface bounding the region of integration 
is not the same as the actual surface of the region considered after the deformation. 

It has been shown in §2 that the symmetry of the tensor aik is due to the conservation of 
angular momentum. This result no longer holds, since the angular momentum density is 
not x.-iifc - xkui but (χ, + ^ ) ύ Λ - (xk + uk)ti,. 

PROBLEM 

Write down the general expression for the elastic energy of an isotropic body in the third approximation. 

SOLUTION. From the components of a symmetrical tensor of rank two we can form two quadratic scalars 
{uik

2 and uu
2) and three cubic scalars (u,,3, unuik

2 and u^u.^u^). Hence the most general scalar containing terms 

t We here use the internal energy &, and not the free energy F, since adiabatic vibrations are involved. 

Finally, we may briefly discuss how we can set up the equations of motion, allowing for 
the anharmonic terms.The strain tensor must now be given by the complete expression 
(1.3): 

IfdUi duk dut dut\ 
2\dxk 0Xi 0 X i d xk ' 
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quadratic and cubic in u l k, with scalar coefficients (since the body is isotropic), is 

the coefficients of uik
 2 and utl

 2 have been expressed in terms of the moduli of compression and rigidity, and A, Bt C 
are three new constants. Substituting the expression (26.1) for uik and retaining terms up to and including the 
third order, we find the elastic energy to be 



C H A P T E R IV 

DISLOCATIONS! 

§27. Elastic deformations in the presence of a dislocation 

E l a s t i c deformations in a crystal may arise not only by the action of external forces on it 
but also because of internal structural defects present in the crystal. The principal type of 
defect that influences the mechanical properties of crystals is called a dislocation. The study 
of the properties of dislocations on the atomic or microscopic scale is not, of course, within 
the scope of this book; we shall here consider only purely macroscopic aspects of the 
phenomenon as it affects elasticity theory. For a better understanding of the physical 
significance of the relations obtained, however, we shall first give two simple examples to 
show what is the nature of dislocation defects as regards the structure of the crystal lattice. 

Let us imagine that an "extra" half-plane is put into a crystal lattice of which a cross-
section is shown in Fig. 22; in this diagram, the added half-plane is the upper half of the yz-
plane. The edge of this half-plane (the z-axis, at right angles to the plane of the diagram) is 
then called an edge dislocation. In the immediate neighbourhood of the dislocation the 
crystal lattice is greatly distorted, but even at a distance of a few lattice periods the crystal 
planes fit together in an almost regular manner. The deformation nevertheless exists even 
far from the dislocation. It is clearly seen on going round a closed circuit of lattice points in 
the xy-plane, with the origin within the circuit: if the displacement of each point from its 
position in the ideal lattice is denoted by the vector u, the total increment of this vector 
around the circuit will not be zero, but equals one lattice period in the x-direction. 

ν 

FIG. 22 

Another type of dislocation may be visualized as the result of "cutt ing" the lattice along 
a half-plane and then shifting the parts of the lattice on either side of the cut in opposite 
directions to a distance of one lattice period parallel to the edge of the cut (then called a 

t This chapter was written jointly with A. M. Kosevich. 
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FIG. 2 3 

Macroscopically, a dislocation deformation of a crystal regarded as a continuous 
medium has the following general property; after a passage round any closed contour L 
which encloses the dislocation line D, the elastic displacement vector u receives a certain 
finite increment b which is equal to one of the lattice vectors in magnitude and direction; 
the constant vector b is called the Burgers vector of the dislocation concerned. This 
property may be expressed as 

(tdu, = ( £ ^ d x k = -bh (27.1) J J dxk 
L 

where the direction in which the contour is traversed and the chosen direction of the 
tangent vector τ to the dislocation line are assumed to be related by the corkscrew rule 
(Fig. 24). The dislocation line itself is a line of singularities of the deformation field. 

η 

L 

FIG. 2 4 

The simple cases of edge and screw dislocations mentioned above correspond to 
straight lines D with r i b and τ || b. We may also note that in the representation given by 
Fig. 22 edge dislocations with opposite directions of b differ in that the "extra" crystal half-
plane lies above or below the xy-plane; such dislocations are said to have opposite signs. 

In the general case, the dislocation is a curve, along which the angle between τ and b 
varies. The Burgers vector b itself is always constant along the dislocation line. It is also 

screw dislocation). Such a dislocation converts the lattice planes into a helicoidal surface, 
like a spiral staircase without the steps. In a complete circuit round the dislocation line (the 
axis of the helicoidal surface) the lattice point displacement vector increment is one lattice 
period along that axis. Figure 23 shows a diagram of such a cut. 
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L 

The (unsymmetrical) tensor wik is called the distortion tensor. Its symmetrical part gives the 
ordinary strain tensor: 

" i ^ i K k + w J (27.4) 

According to the foregoing discussion the tensors wik and uik, and therefore the stress 
tensor crik, are single-valued functions of the coordinates, unlike the function u(r). 

The condition (27.3) may also be written in a differential form. To do so, we transform 
the integral round the contour L into one over a surface SL spanning this contounf 

^ d x ^ J e , m ^ d / , (27.5) 

L SL 

Since the tensor eilm is antisymmetrical in the suffixes / and m, and the tensor dwmk/dxt 

= d2uk/dxtdxm is symmetrical in them, the integrand is identically zero everywhere except 
where the line D meets the surface SL; on the dislocation line itself, which is a line of 
singularities, the representation of the w mk as the derivatives (27.2) is no longer 
meaningful.]: At these points, the wlk are to be determined by means of the appropriate 
delta function so that the integral (27.5) has the required value — bk. Let ζ be a two-
dimensional position vector from a given point on the dislocation axis, in a plane 
perpendicular to τ. The element of area in this plane is expressed in terms of the element d / 
of the surface SL as τ · d f. From this definition of the two-dimensional delta function δ(ξ\ 

t The transformation is made, according to Stokes' theorem, by replacing dxm by the operator dfieamd/dxlt 
where eUm is the antisymmetric unit tensor. It should be recalled also that any expression have the form e i j Ma A is 
the m component of the vector product a x b . 

t If the dislocation line ended at some point within the body, the surface SL could be chosen so as to enclose 
that point and thus nowhere intersect the line D. The integral (27.5) would then be zero, contrary to the condition 
stated. 

evident that this line cannot simply terminate within the crystal (see the next-but-one 
footnote): it must either reach the surface of the crystal at both ends or (as usually happens 
in actual cases) form a closed loop. 

The condition (27.1) thus signifies that in the presence of a dislocation the displacement 
vector is not a single-valued function of the coordinates, but receives a certain increment in 
a passage round the dislocation line. Physically, of course, there is no ambiguity: the 
increment b denotes an additional displacement of the lattice points equal to a lattice 
vector, and this does not affect the lattice itself. 

In the subsequent discussion it is convenient to use the notation 

wik = dujdxh (27.2) 

so that the condition (27.1) becomes 

> w i kd x , = -bk. (27.3) 
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It is therefore clear that to achieve the necessary result we must put 

*«« dwmk/dxt = ~ τ^δ(ξ). (27.6) 

This is the required differential form. 
The displacement field u(r) around the dislocation can be expressed in a general form if 

we know the Green's tensor Gik(r) of the equations of equilibrium of the anisotropic 
medium considered, i.e. the function which determines the displacement component u, 
produced in an infinite medium by a unit force applied at the origin along the xfc-axis (see 
§8). This can easily be done by using the following formal device. 

Instead of seeking many-valued solutions of the equations of equilibrium, we shall 
regard u(r) as a single-valued function, which undergoes a fixed discontinuity b on some 
arbitrarily chosen surface SD spanning the dislocation loop D. If u+ and u_ are the values 
of the function on the upper and lower edges of the discontinuity SD, then 

u+ - u _ = b. (27.7) 

The upper and lower edges are defined as shown in Fig. 24: the normal η to the surface SD 

in the direction indicated relative to τ is from the lower edge to the upper. The integration 
along L from the upper to the lower edge then gives (27.3) with the correct sign. The 
tensors wik and uik, which are formally defined by (27.3) and (27.4), have a delta-function 
singularity on the discontinuity surface: 

w,VS) = « Α δ{ζ\ uikw = i (nA + " A W O , (27.8) 

where ( is the coordinate measured from the surface SD along the normal n; d( = η · dl, 
where <il is an element of length of L. 

Since there is no actual physical singularity in the space around the dislocation, the 
stress tensor oik must, as already mentioned, be a single-valued and everywhere continuous 
function. The strain tensor (27.8), however, is formally related to a stress tensor aik

(S) = 
Xiklm ulm

{S\ which also has a singularity on the surface SD. In order to eliminate this we must 
define fictitious body forces distributed over the surface SD with a certain density / ( 5 ). The 
equations of equilibrium in the presence of body forces are doik/dxk + ^ ( S) = 0 (cf. (2.8)). 
Hence it is clear that we must put 

f V = J j ^ = - X M m
d - ^ . (27.9) 

oxk cxk 

Thus the problem of finding the many-valued function u(r) is equivalent to that of finding 
a single-valued but discontinuous function in the presence of body forces given by 
formulae (27.7) and (27.9). We can now use the formula 

w,(r) = G y( r - r ' ) / ^ ( r ' ) d i / 

parts; the integration 

Mr) = -XJUmbm j n , A G l, ( r - r ' ) d / ' . (27-10) 

We substitute (27.9) and integrate by parts; the integration with the delta function is then 
trivial, giving 

This solves the problem.f 

t The tensor Gu for an anisotropic medium has been derived in the paper by I. M. Lifshitz and L. N. 
RozentsveYg quoted in §8, Problem. This tensor is in general very complicated. For a straight dislocation, which 
corresponds to a two-dimensional problem of elasticity theory, it may be simpler to solve the equations of 
equilibrium directly. 
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The deformation (27.9) has its simplest form far from the closed dislocation loop. If we 
imagine the loop to be situated near the origin, then at distances r large compared with the 
linear dimensions of the loop we have 

n,.(r) = - Xjund^dGijirydx^ (27.11) 
where 

dik = Stbk, Si = | n , d / = \em (j>xkdx„ (27.12) 

SD D 

and eikl is the antisymmetric unit tensor. The axial vector S has components equal to the 
areas bounded by the projections of the loop D on planes perpendicular to the 
corresponding coordinate axes; the tensor dik may be called the dislocation moment tensor. 
The components of the tensor Gu are first-order homogeneous functions of the 
coordinates x, y, ζ (see §8, Problem). We therefore see from (27.11) that u, oc 1/r2, and the 
corresponding stress field oik oc 1/r3. 

It is also easy to ascertain the way in which the elastic stresses vary with distance near a 
straight dislocation. In cylindrical polar coordinates z, r, φ (with the z-axis along the 
dislocation line) the deformation will depend only on r and φ. The integral (27.3) must, in 
particular, be unchanged by an arbitrary change in the size of any contour in the xy-plane 
which leaves the shape of the contour the same. It is clear that this can be true only if all the 
wik oc 1/r. The tensor uik, and therefore the stresses oik, will be proportional to the same 
power, 1/r.f 

Although we have hitherto spoken only of dislocations, the formulae derived are 
applicable also to deformations caused by other kinds of defect in the crystal structure. 
Dislocations are linear defects; there exist also defects in which the regular structure is 
interrupted through a region near a given surface.^ Such a defect can be macroscopically 
described as a surface of discontinuity on which the displacement vector u is discontinuous 
but the stresses alk are continuous, by virtue of the equilibrium conditions. If the 
discontinuity b is the same everywhere on the surface, the resulting strain is just the same as 
that due to a dislocation along the edge of the surface. The only difference is that the vector 
b is not equal to a lattice vector. However, the position of the surface SD discussed above is 
no longer arbitrary; it must coincide with the actual physical discontinuity. Such a surface 
of discontinuity involves a certain additional energy which may be described by means of 
an appropriate surface-tension coefficient. 

PROBLEMS 

PROBLEM 1. Derive the differential equations of equilibrium for a dislocation deformation in an isotropic 
medium, expressed in terms of the displacement vector. § 

+ Attention is drawn to a certain analogy between the elastic deformation field round a dislocation line and the 
magnetic field of constant line currents. The current is replaced by the Burgers vector, which must be constant 
along the dislocation line, like the current. Similar analogies will also be readily seen in the relations given below. 
However, quite apart from the entirely different nature of the two physical effects, these analogies are not far-
reaching, because the tensor character of the corresponding quantities is different. 

* A well-known example of a defect of this type is a narrow twinned layer in a crystal. 
§ The physical meaning of this and other problems relating to an isotropic medium is purely conventional, 

since actual dislocations by their nature occur only in crystals, i.e. in anisotropic media. Such problems have 
illustrative value, however. 
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Writing (1) in the form 

and substituting (2), we find 

i + i + - 0 
dxk dxk 1 — 2σ dx, 

dwkt 1 dwn 
— + — = ( txb)^({ ) . 
oxk 1 — 2σ οχ{ 

Now changing to u in accordance with (27.2), we find the required equation for the multi-valued function u(r): 

1 
Λ11 + grad div u = xxbotf). (3) 

1 - 2σ 

The solution of this equation must satisfy the condition (27.1). 

PROBLEM 2. Determine the deformation near a straight screw dislocation in an isotropic medium. 

SOLUTION. We take cylindrical polar coordinates z, r, φ, with the z-axis along the dislocation line; the Burgers 
vector is bx = by = 0, bx = b. It is evident from symmetry that the displacement u is parallel to the z-axis and is 
independent of the coordinate z. The equation of equilibrium (3), Problem 1, reduces to Δ " ζ = 0. The solution 
which satisfies the condition (27.1) is%uz = 6</>/2π. The only non-zero components of the tensors uik and aik are 
"x* = b/4nry σζφ — pbj2nr, and the deformation is therefore a pure shear. 

The free energy of the dislocation (per unit length) is given by the integral 

pb2 fdr 

" 4π J r ' 

which diverges logarithmically at both limits. As the lower limit we must take the order of magnitude of the 
interatomic distances ( ~ b), at which the deformation is large and the macroscopic theory is inapplicable. The 
upper limit is determined by a dimension of the order of the length L of the dislocation. 
Then F - (μ/?2/4π) log (L/b). The energy of the deformation in the "core" of the dislocation near its axis (in a 
region of cross-sectional area ~ b2) can be estimated as ~» pb2. When log (L/b) > 1 this energy is small in 
comparison with that of the elastic deformation field.§ 

PROBLEM 3. Determine the internal stresses in an anisotropic medium near a screw dislocation which is 
perpendicular to a plane of symmetry of the crystal. 

SOLUTION. We take coordinates x, y, ζ so that the z-axis is along the dislocation line, and again write bz = b. 
The vector u again has only the component uz = u(x, y). Since the xy-plane is a plane of symmetry, all the 

t Using also the formula eilmeikn = 6lkSmn - Slndmk. 
X In all the problems on straight dislocations we take the vector τ in the negative z-direction. 
§ These estimates are general ones and are valid in order of magnitude for any dislocation (and not only for a 

screw dislocation). 
It should be noted that in practice the values of log (L/b) are usually not very large, and the energy of the core is 

therefore a considerable fraction of the total energy of the dislocation. 

SOLUTION. In terms of the stress tensor or strain tensor the equations of equilibrium have the usual form 
daik/dxk = 0 or, substituting aik from (5.11), 

duik σ dun 
+ = 0. (1) 

dxk 1 — 2σ dxi 

To convert to the vector u we must use the differential condition (27.6). Multiplying (27.6) by eikn and summing 
over ι and k, we obtain t 

= - ( t x b W t f ) . (2) 
dxk dx„ 
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components of the tensor XiUm are zero which contain the suffix ζ an odd number of times. Thus only two 
components of the tensor aik are non-zero: 

DU DU 
°XX = λχχχ1 — Γ" ΛΧΧΓΧ T~» 

dx DY 

DU DU 
OYX = ^-FXXX ~ Ί" ̂ YXYX ~ ' 

DX DY 

We define a two-dimensional vector σ and a two-dimensional tensor λββ: σα = σ„ , λ . # = (α « 1,2). Then 
ΣΑ = X^DU/DXFI, and the equation of equilibrium becomes div σ = 0. The required solution of this equation must 
satisfy the condition (27.1): § grad w d l = b. 

In this form, the problem is the same as that of finding the magnetic induction and magnetic field (represented 
by a and grad u) is an anisotropic medium with magnetic permeability λαβ near a straight current of strength 
/ = cb/Απ. Using the solution derived in electrodynamics, we obtain (see £CM, §30, Problem 5) 

υ KflefiyxXy 

2n JW-K-r***? 

where \X\ is the determinant of the tensor λΛβ. 

PROBLEM 4. Determine the deformation near a straight edge dislocation in an isotropic medium. 

SOLUTION. Let the z-axis be along the dislocation line, and the Burgers vector be bx = b, by = bt = 0. It is 
evident from the symmetry of the problem that the displacement vector lies in the xy-plane and is independent of 
z, so that the problem is a two-dimensional one. In the rest of this solution all vectors and vector operations are 
two-dimensional in the xy-plane. 

We shall seek a solution of the equation 

1 
Δ u + grad div u « - b\5{f) 

1 - 2 ( 7 

(see Problem 1; j is a unit vector along the y-axis) in the form u = u < 0) + w, where u < 0) is a vector with components 
UI0)X = bφ|2πy U{0\ = {b/2n) log r; these are the imaginary and real parts of (b/2n) log (x 4- iy), r and Φ being polar 
coordinates in the xy-plane. This vector satisfies the condition (27.1). The problem therefore reduces to finding 
the single-valued function w. Since, as is easily verified, div u ( 0) = 0, Δ ι ι ( 0) = bj<$(r), it follows that w satisfies the 
equation 

1 
Δ w 4- grad div w = - 2i>j£(r). 

1 -2σ 

This is the equation of equilibrium under forces concentrated along the z-axis with volume density 
£bj<5(r)/2(l +<r); cf. §8, Problem, equation (1). By means of the Green's tensor found in that problem for an 
infinite medium, the calculation of w is reduced to that of the integral 

0 

/? = vV + z'2). 
The result is 

The stress tensor calculated from this has Cartesian components 

LDY(3x2 + Y2) 

(x 2 + y 2) 2' 

L py ( x 2- y 2) 

" ( x J + y 2) J 
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αΓ dJ{a^)~ 

where 

According to Poisson's summation formula 
00 

Σ / ( " ) - Σ | /W«2""*dx, 
η = - oo k — - <o J 

- oo 
we find 

J <*2 + £ 2
 4. i J <*2 + ξ2 

- 00 - 00 
η 2π * 

= - + — Y e-2mk*cos2nkfi. 

When a-x/hPi only the first term need be retained in the sum over fc, and the result is 

σΛ ). = 4 π 2 Β ^ e~2nxlh cos (2ny/h). 
h 

Thus the stresses decrease exponentially away from the wall. 

PROBLEM 6. Determine the deformation of an isotropic medium around a dislocation loop (J. M. Burgers 

1939). 

SOLUTION. We start from (27.10). The tensor X i Um for an isotropic medium may be written as 

The Green's tensor for an isotropic medium has been derived in §8, Problem, and may be written as 

G ' ' ( R )° . 6 J - , ) / J ( 3- 4 ^ ' ' + V4 

Here R = r - r' is the radius vector from the element df' at r' to the point r at which the deformation is 
considered; ν = R/K is a unit vector in that direction. Substituting these expressions in (27.11) and carrying out 
the differentiations in the integral, we obtain finally 

" ( R )= I ^ I ^ { B ( V' D N + ( B- V ) D F' - V ( B- D N >^ T ^ I F Y ( B- V ) ( V- D N-
(i) 

and polar components 

<Jfr = <*ΦΦ = -(bB/r) sin φ, 

σ,φ = (6B/r)cos0, 

where Β = μ/2π( 1 - σ). 

PROBLEM 5. An infinity of identical parallel straight edge dislocations in an isotropic medium lie in one plane 
perpendicular to their Burgers vectors and at equal distances h apart. Find the shear stresses due to such a 
"dislocation wall" at distances large compared with h. 

SOLUTION. Let the dislocations be in the yz-plane and parallel to the z-axis. According to the results of 
Problem 4, the total stress due to all the dislocations at the point (x, y) is given by the sum 

£ x2-{y-nh)2 

This may be written in the form 
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The integrals here can be expressed in terms of integrals along D, i.e. along the dislocation loop. To do so, we 
use the formulae 

<j)^bxdl'= ^~ j ( b - v ) d f ' - v ( b - d f ' ) 

D sD 

(j)(bxv).dl' = - J i |b -df ' + (b -» ) (vdf ' ) j 

The integrals on the right are derived from the contour integrals on the left by means of Stokes' theorem, 
according to which the transformation is made by the change dl' -+ d f x V (where V = d/dr')\ since the integrand 
depends only on r - r', this transformation is equivalent to dl' d f ' x V (where V = d/δτ). We also define the 
solid angle Ω subtended by the loop D at the point considered: 

Ω = | - v d f ' . 

The displacement field is then 

u( r ) = b — + — <p- bxdl' + - — ? V(p(bxv)-dl' . 
K> 4π 4njR 8 π ( 1 - σ ) J 

D D 

The non-uniqueness of this function lies in the first term: the angle Ω changes by 4π on passing round D. 
Far from the loop, the expression (1) becomes 

U ( r) = g M ~ 2 <! P 2 { S ^ ' v ^ b ^ S - v ) - v ( S ' b ) U f l n
 3 > , 2 (S 'V ) (b .v )v . 8 π ( 1 - σ ) / ^ ( J 8 π ( 1 - σ ) Λ 2 

This could also be obtained directly from (27.11) and (27.12). 

§28. The action of a stress field on a dislocation 

Let us consider a dislocation loop D in a field of elastic stresses aik
{e) created by given 

external loads, and calculate the force on the loop in such a field. According to the general 
rules, this must be done by finding the work SRD done on the dislocation when it 
undergoes an infinitesimal displacement. 

Let us return to the concept of the dislocation loop D (§27) as the line spanned by the 
displacement vector discontinuity surface S D; the amount of the discontinuity is given by 
(27.7). The displacement of D changes the surface SD. Let δχ be the displacement vector of 
points on D. Under this displacement, the line element dl sweeps out an area of = όχχό ΐ 
= <5xXrd/, and this gives the increase in the area of the surface SD. Since we are here 
considering an actual physical displacement of the dislocation, we have to take into 
account the fact that the operation mentioned is accompanied by a change in the physical 
volume of the medium. Since the displacements u of the points in the medium on either 
side of the surface differ by b, the change is given by the product 

δν = b - d f = (<5xXr)-bd/=<5x-(rxb)d/ (28.1) 

Two physically different situations are therefore possible. In one, bV Ξ= 0, and the 
displacement of the dislocation line involves no change in volume. This will happen if the 
displacement occurs in the plane defined by the vectors τ and b, called the glide plane or slip 
plane of the dislocation element concerned. The envelope of the family of glide planes of all 
the elements of length in the loop D is called the glide surface of the dislocation; it is a 
cylinder with its generators parallel to the Burgers vector b.f The physically distinctive 

t The possible systems of gli'de planes in an anisotropic medium are actually governed by its crystal lattice 
structure. 
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feature of the glide plane is that it is the only one in which a comparatively easy mechanical 
movement of the dislocation is possible (usually referred to in this case as a glide).^ 

As the area of the surface SD changes during the movement of the dislocation, so does 
the deformation singularity (27.8) concentrated on the line D. This change may be 
expressed as 

Suikw = i {Mixxx)k + bk (<5χχτ),} δ(ξ\ (28.2) 

where δ(ξ) is the two-dimensional delta function defined in §27. We must emphasize that 
this value is uniquely determined by the shape of D and the displacement <5x, in contrast to 
(27.8), which depends on the arbitrary choice of the surface SD. 

The expression (28.2) describes a local inelastic residual or plastic strain not associated 
with elastic stresses. The corresponding work done ultimately by external sources is given 
by the integral 

aik

MSuikaV 

(cf. (3.2)), where <5uik is the total geometrical change in the deformation. This consists of 
elastic and plastic parts; we are concerned here only with the work related to the plastic 
part.J After substituting 6uik

{pl) from (28.2), there remains (because of the delta function) 
only an integration along the dislocation loop D: 

SRo^^a^e^Sx^di (28.3) 

D 

The coefficient of δχ{ in the integrand is the force f acting on unit length of the dislocation 
line. Thus 

fi = eiklTkffJ*bm (28.4) 
(M. O. Peach and J. S. Koehler 1950). This force f is perpendicular to τ, i.e. to the 
dislocation line. 

Formula (28.3) has an intuitive interpretation. From the above discussion, the 
displacement of the dislocation line element amounts to the cutting of an area df and a 
shift of the upper edge through b relative to the lower edge. The internal stress force 
applied to df is aik

(e)dfk, and the work done by this force in the shift is biaik
e)dfk. 

Since (28.4) in that form relates only to movement in the glide plane, the component of 
the force f in that plane may be introduced immediately. Let κ be a unit vector along the 
normal to the dislocation line in the glide plane. Then 

f± = f . , c = eiklK-zkbmalm
{e) 

or 

Λ = v^Je)bmi (28.5) 

where ν = κ χ τ is a vector normal to the glide plane. Since b and ν are at right angles, we 

t For example, for the movement of the edge dislocation shown in Fig. 22 in its glide plane (the xz-plane), 
comparatively slight atomic displacements are sufficient, which make crystal half-planes farther and farther from 
the yr-plane into "extra" half-planes. 

ί In deriving the equations of motion, virtual plastic and elastic strains are to be regarded as independent 
variables. Since the equation of motion of the dislocation is under consideration, only the plastic strain need be 
taken into account. 



118 Dislocations §28 

can take two of the coordinate axes along these vectors and find that fL is determined by 
only one component of the tensor clm

(eK 
If, however, the displacement of the dislocation is not in the glide plane, δ V Φ 0. This 

means that the shift of the edges of the cut would give rise to an excess of material (when 
one edge encroaches on the other) or a deficiency of material (when a gap is formed 
between the edges as they move apart). This is not acceptable if we suppose that the 
medium remains continuous with constant density (apart from the elastic strains) as the 
dislocation moves. In an actual crystal, the excess material is removed, or the deficiency 
made good, by diffusion, the dislocation axis becoming a source or sink for diffusional 
fluxes of matter.f Movement of dislocations accompanied by the healing of defects in the 
continuous medium by diffusion is called climb.X 

It is clear from the above that, allowing dislocation climb as a possible virtual 
displacement, one must suppose that climb, like glide, occurs without any local change in 
the volume of the medium. This means that from the strain (28.2) we have to subtract the 
part ^ ^ Μ , / Ρ 0 which accounts for the change in volume, representing the plastic strain by 
the tensor 

<Wp,) = (iMixxt)* + ifck (ίχκτ)Ίi<U> · (δχχτ)} δ(ξ). (28.6) 

Accordingly (28.4) is replaced by the following expression for the force acting on the 
dislocation: § 

fi = eiklxkbm(aje)-^lmaje)) (28.7) 

(J. Weertman 1965). 
The total force on the entire dislocation loop is 

F, = eMbm (j)(<7(B1*» - U . O ' ) dxk. (28.8) 
D 

This is zero except in an inhomogeneous stress field: when olm
ie) = constant, the integral 

reduces to §dxk = 0. If the stress field varies only slightly along the loop, we can write 

'dx Ρ 
D 

the loop is assumed to be near the origin. The integrals here form an antisymmetric tensor: 

* kdx p. (j)xpdxk = -(j)xk 

We can then easily express the force in terms of the dislocation moment dkl in (27.12)11: 

fin {e) ( An (e) fin i e )\ 

t For example, the dislocation shown in Fig. 22 can move in the yz-plane only through a loss of material from 
the "extra" half-plane by diffusion. 

I Since such a process is limited by diffusion, it can be important in practice only at sufficiently high 
temperatures. 

§ Evidently, a uniform compression of the crystal cannot produce a force f, and the expression (28.7) has this 
property. 

H The derivation uses also the formula eiUeimtt = bkm6lH - Skm6lm, and the equilibrium equation dalm
ie)/dxm = 0. 
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In a homogeneous stress field this force is zero, as already mentioned. In that case, 
however, the loop is acted on by a torque 

PROBLEM 1. Find the force of interaction between two parallel screw dislocations in an isotropic medium. 

SOLUTION . The force per unit length acting on one dislocation in the stress field due to the other dislocation is 
determined from formula (28.5), using the results of §27, Problem 2. It is a radial force of magnitude 
f* pbybjlnr. Dislocations of like sign (fc,62 > 0) repel, while those of unlike sign (bxb2 < 0) attract. 

PROBLEM 2. A straight screw dislocation lies parallel to the plane free surface of an isotropic medium. Find 
the force acting on the dislocation. 

SOLUTION. Let the yz-plane be the surface of the body, and let the dislocation be parallel to the z-axis with 
coordinates χ = x 0, y = 0. 

The stress field which leaves the surface of the medium a free surface is described by the sum of the fields of the 
dislocation and its image in the yz-plane, considered to lie in an infinite medium: 

Such a field exerts a force on the dislocation considered which is equal to the attraction exerted by its image, i.e. 
the dislocation is attracted to the surface of the medium by a force / = μ^/4πχ0. 

PROBLEM 3. Find the force of interaction between two parallel edge dislocations in an isotropic medium 
which are in parallel glide planes. 

SOLUTION. Let the glide planes be parallel to the xz-plane and let the z-axis be parallel to the dislocation lines; 
as in §27, Problem 4 , we put τχ - - 1, bx = b. Then the force on unit length of the dislocation in the field of the 
elastic stresses aik has components fx - baxy, fy = -baxx. In the case considered, alk is determined by the 
expressions derived in §27, Problem 4 . If one dislocation is along the z-axis, it exerts on the other dislocation 
(passing through the point (x, y, 0)) a force whose polar components are fr = bxb2D/ry /φ = (bxb2D/r) sin 2<£, 
D « μ/2π(1 -σ). The component of this force in the glide plane is fx = (6,fc20/r)cos<£ cos2<£, which is zero 
when φ = {π or {η. The former position corresponds to stable equilibrium when bxb2 > 0, the latter when 
bxb2 < 0. 

§29. A continuous distribution of dislocations 

If a crystal contains several dislocations at the same time which are at relatively short 
distances apart (although far apart compared with the lattice constant, of course), it is 
useful to treat them by means of an averaging process: we consider "physically 
infinitesimal" volume elements in the crystal with a large number of dislocation lines 
through each. 

An equation which expresses a fundamental property of dislocation deformations can 
be formulated by a natural generalization of equation (27.6). We define a tensor pik (the 
dislocation density tensor) such that its integral over a surface spanning any contour L is 

(28.10) 

PROBLEMS 
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equal to the sum b of the Burgers vectors of all the dislocation lines embraced by the 
contour: 

P*d/; = fv (29.1) 

The continuous functions pik describe the distribution of dislocations in the crystal. This 
tensor now replaces the expression on the right of equation (27.6): 

eiimdwmJdxl = - pik. (29.2) 

This equation shows that the tensor pik must satisfy the condition 

dpik/dXi = 0; (29.3) 

for a single dislocation, this condition simply states that the Burgers vector is constant 
along the dislocation line. 

When the dislocations are treated in this way, the tensor wik becomes a primary quantity 
describing the deformation and determining the strain tensor through (27.4). A 
displacement vector u related to wIk by the definition (27.2) cannot exist; this is clear from 
the fact that with such a definition the left-hand side of equation (29.2) would be identically 
zero throughout the crystal. 

So far we have assumed the dislocations to be at rest. Let us now see how a set of 
equations may be formulated so as to allow in principle elastic deformations and stresses 
in a medium where dislocations are moving in a given mannerf (E. Kroner and G. Rieder 
1956). 

Equation (29.2) is independent of whether the dislocations are at rest or in motion. The 
tensor wik still determines the elastic deformation; its symmetrical part is the elastic strain 
tensor, which is related to the stress tensor in the usual way, by Hooke's law. 

This equation, however, is now insufficient for a complete formulation of the problem. 
The full set of equations must also determine the velocity ν of the points in the medium. 

It must be borne in mind that the movement of dislocations causes not only a change in 
the elastic deformation but also a change in the shape of the crystal which does not involve 
stresses, i.e. a plastic deformation. The motion of dislocations is, as already mentioned, a 
mechanism of plastic deformation. This is clearly illustrated by Fig. 25, where the passage 
of the edge dislocation from left to right causes the part of the crystal above the glide plane 
to be shifted to the right by one lattice period; since the lattice is then regular, the crystal 
remains unstressed. Unlike an elastic deformation, which is uniquely defined by the 
thermodynamic state of the body, a plastic deformation depends on the process which 
occurs. In considering dislocations at rest we have no need to distinguish elastic and plastic 
deformations, since we are concerned only with stresses which are independent of the 
previous history of the crystal. 

Let u be the geometrical displacement vector of points in the medium, measured, say, 
from their position before the deformation process begins; its time derivative ύ = v. If the 
"total distortion" tensor Wik = dujdxi is formed from the vector u, its "plastic part" w l k

( p l) 

t We shall not discuss here the problem of determining this motion itself from the forces applied to the body. 
The solution of such a problem requires a detailed study of the microscopic mechanism of the motion of 
dislocations and their retardation by various defects, which must take account of the conditions occurring in 
actual crystals. 
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FIG. 25 

is obtained by subtracting from Wik the "elastic distortion" tensor, which is the same as the 
tensor wik in (29.2). We use the notation 

-jik = dw^/dt- (29.4) 

the symmetrical part of j i k gives the rate of variation of the plastic strain tensor: the 
change in u j k

( p ,) in an infinitesimal time interval St is 

<Wp,)= - i ( 7 * ( 2 9 . 5 ) 

We may note, in particular, that, if a plastic deformation occurs without destroying the 
continuity of the body, the trace of the tensor j i k is zero: a plastic deformation causes no 
extension or compression of the body (which would always involve the appearance of 
internal stresses), i.e. u i J k

( p l) = 0, and therefore j k k = - dukk
ipl)/dt = 0. 

Substituting in the definition (29.4) w i k
( p l) = Wik — w i k, we can write it as 

— r - = T—+Jik> (29.6) 
dt 0Xi 

an equation which relates the rates of change of the elastic and plastic deformations. Here 
the j i k must be regarded as given quantities which must satisfy conditions ensuring the 

T O i ' -E 
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M / i = 0. (29.11) 

t The presence of a dislocation involves a certain bending of the crystal, as shown schematically in Fig. 26 
(greatly exaggerated). The condition Β = 0 means that there is no macroscopic bending of the crystal as a whole. 

compatibility of equations (29.6) and (29.2). These conditions are found by differentiating 
(29.2) with respect to time and substituting (29.6), and are 

d-g + eJj±-Q. (29.7) 

The complete set of equations is given by (29.2) and (29.6), together with the dynamical 
equations 

pvi = daik/dxk, aik = Xiklmulm = Xiklmwlm (29.8) 
(A. M. Kosevich 1962). The tensors pik and j i k which appear in these equations are given 
functions of the coordinates (and time) which describe the distribution and movement of 
the dislocations. These functions must satisfy the compatibility conditions of equations 
(29.2) with one another and with (29.6), which are given by (29.3) and (29.7). 

The condition (29.7) may be regarded as a differential expression of the "law of 
conservation of the Burgers vector" in the medium: integrating both sides of this equation 
over a surface spanning some closed line L, defining by (29.1) the total Burgers vector b of 
the dislocations embraced by L, and using Stokes' theorem, we obtain 

^ = - j> jadx, . (29.9) 

L 

The form of this equation shows that the integral on the right gives the "flux" of the 
Burgers vector through the contour L per unit time, i.e. the Burgers vector carried across L 
by moving dislocations. We may therefore call j i k the dislocation flux density tensor. 

In particular, it is clear that for an isolated dislocation loop the tensor j i k has the form 

jik = eilmPlkY m 

= W , W ( f t (29.10) 

in accordance with the expression (28.2) for the plastic strain when the dislocation moves; 
V is the velocity of the dislocation line at a particular point on it. The flux vector through 
the element dl of the contour L is; i f cd/, and is proportional to dl · τ χ V = V · d l x r , i.e. the 
component of V in a direction perpendicular to both dl and τ; from geometrical 
considerations it is evident that this is correct, since only that velocity component causes 
the dislocation to intersect the element dl. 

We may note that the trace of the tensor (29.10) is proportional to the component of the 
velocity of the dislocation along the normal to its glide plane. It has been mentioned above 
that the absence of any inelastic change in density of the medium is ensured by the 
condition j u = 0. We see that for an individual dislocation this condition signifies motion 
in the glide plane, in accordance with the previous discussion of the physical nature of the 
movement of dislocations; see the second footnote to §28. 

Finally, let us consider the case where dislocation loops are distributed in the crystal in 
such a way that their total Burgers vector (denoted by B) is zero.t This condition signifies 
that integration over any cross-section of the body gives 
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From this it follows that the dislocation density in this case can be written as 

pik = eiXmdPmkjdxx (29.12) 

(F. Kroupa 1962); then the integral (29.11) becomes an integral along a contour outside the 
body, and is zero. It may also be noted that the expression (29.12) necessarily satisfies the 
condition (29.3). 

It is easy to see that the tensor Pik thus defined represents the dislocation moment 
density in the deformed crystal, and may therefore be called the "dislocation polarization": 
the total dislocation moment Dik of the crystal is, by definition, 

D 

-A eumXiPmkdV, 

where the summation is over all dislocation loops and the integration is over the whole 
volume of the crystal. Substituting (29.12), we obtain 

dP, 
e U me m p qx l

: ^ j ! id V 

f (dPmk dPik\ 

and, after integrating by parts in each term, 

PikdV. (29.13) 

The dislocation flux density is given in terms of the same tensor Pik by 

-dPJdt. (29.14) 

This is easily seen, for example, by calculating the integral $jik d V over an arbitrary part of 
the volume of the body, using the expression (29.10), to give a sum over all dislocation 
loops within that volume. We may note that the expression (29.14) together with (29.12) 
automatically satisfies the condition (29.7). 

A comparison of (29.14) and (29.4) shows that <5wi k
( p ,) = SPik. If we agree to regard the 

plastic deformation as absent in the state with Pik = 0, then w l f c
( p l) = P , k, t and 

wik = Wik - w* ( p ,) = dujdx. - P i k, (29.15) 

t It is assumed that the entire deformation process occurs with Β = 0. This point must be emphasized, since 
there is a fundamental difference between the tensors Pik and w i k

( p l ): whereas Pik is a function of the state of the 
body, the tensor w l k

( p l) is not, but depends on the process which has brought the body into that state. 

FIG. 2 6 
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where uk is again the vector of the total geometrical displacement from the position in the 
undeformed state. Equation (29.6) is then satisfied identicaly, and the dynamical equation 
(29.8) becomes 

ρβ . · " K^ujdx^x, = - XiklmdPJdxk. (29.16) 

Thus the determination of the elastic deformation due to moving dislocations with Β = 0 
reduces to a problem of ordinary elasticity theory with body forces distributed in the 
crystal with density - XiklmdPlm/dxk. 

§30. Distribution of interacting dislocations 

Let us consider a large number of similar straight dislocations lying parallel in the same 
glide plane, and derive an equation to determine their equilibrium distribution. Let the 
z-axis be parallel to the dislocations, and the xz-plane be the glide plane. 

We shall suppose for definiteness that the Burgers vectors of the dislocations are in the 
x-direction. Then the force in the glide plane on unit length of a dislocation is boxjn where 
axy is the stress at the position of the dislocation. 

The stresses created by one straight dislocation (and acting on another dislocation) 
decrease inversely as the distance from it. The stress at a point χ due to a dislocation at a 
point x' is therefore bD/(x - χ'), where D is a constant of the order of the elastic moduli of 
the crystal. It may be shown that this constant D is positive, i.e. two like dislocations in the 
same glide plane repel each o ther . | 

Let p(x) be the line density of dislocations on a segment (at, a2) of the x-axis; p(x)dx is 
the sum of the Burgers vectors of dislocations passing through points in the interval dx. 
Then the total stress at a point χ on the x-axis due to all the dislocations is given by the 
integral 

ff„(x)= -dJ^^L (30.1) 

For points in the segment (ax, a2) this integral must be taken as a principal value in order 
to exclude the physically meaningless action of a dislocation on itself. 

If the crystal is also subjected to a two-dimensional stress field oxy
(e\x, y) in the xy-

plane, caused by given external loads, each dislocation will be subjected to a force 
b(oxy + p(x)), where for brevity p(x) denotes axy

(e){x, 0). The condition of equilibrium is 
that this force be zero: axy + ρ = 0, i.e. 

Γ ρ(ζ)άξ p(x) 

J 7^Γ = "ζΓΞ ω(χ)> ( 3 α 2 ) 

where Ρ denotes, as usual, the principal value. This is an integral equation to determine the 
equilibrium distribution p(x). It is a singular equation with a Cauchy kernel. 

The solution of such an equation is equivalent to a problem in the theory of functions of 
a complex variable which may be formulated as follows. 

t For an isotropic medium this has been proved in §28, Problem 3. 
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Ω(ζ) = (30.3) 

Let Ω + (χ) and Ω" (χ) denote the limiting values Ω(ζ) on the upper and lower edges of the 
cut. They are equal to similar integrals along the segment (at, a2) with an indentation in 
the form of an infinitesimal semicircle below or above the point ζ = χ respectively, i.e. 

Ω ± (χ) = Ρ J ± inp(x). (30.4) 

Α, 

If ρ( ί ) satisfies equation (30.2), the principal value of the integral is ω(χ), and we therefore 
have 

Ω +( χ ) + Ω ( χ ) = 2ω(χ), (30.5) 

Ω + (χ) - Ω" (χ) = 2ίπρ(χ). (30.6) 

Thus the problem of solving equation (30.2) is equivalent to that of finding an analytic 
function Ω(ζ) with the property (30.5); p(x) is then given by (30.6). The physical conditions 
of the problem in question also require that Ω(οο) = 0; this follows because far from the 
dislocations (x ± oo) the stresses axy must be zero (by the definition (30.3), oxy(x) = 
-Dil(x) outside the segment {au a2)). 

Let us first consider the case where there are no external stresses (p(x) = 0), and the 
dislocations are constrained by some obstacles (lattice defects) at the ends of the segment 
(aL, a2). When ω(χ) = 0 we have from (30.5) Ω + (χ) = - Ω" (χ), i.e. the function Ω(ζ) must 
change sign in a passage round each of the points ax, a2. This condition is satisfied by any 
function of the form 

Q(z> = lu PW ϊ ι · ( 3 0· 7 ) 
\ / Ι > 2 - - ζ ) ( ζ - α ι ) ] 

where P(z) is a polynomial. The condition Ω(οο) = 0 means that we must take P(z) = 1 
(apart from a constant coefficient), so that 

yjl(a2-z) ( z - a j ] 

The required function p(x) will, according to (30.6), have the same form. The coefficient is 
determined from the condition 

"2 

ί 
Ρ(ξ)άξ = Β, (30.9) 

where Β is the sum of the Burgers vectors of all the dislocations, and so we have 

P(x) = — ^ f r - (30.10) 

We see that the dislocations pile up towards the obstacles at the ends of the segment, with 
density inversely proportional to the square root of the distance from the obstacle. The 

Let Ω(ζ) denote a function defined throughout the complex z-plane (cut from ax to a2) as 
the integral 
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stress outside the segment (a{, a2) increases in the same manner as the ends of the segment 
are approached, e.g. for χ > a2 

BD 
G xy = JV{x-a2)(a2-ai)r 

In other words, the concentration of dislocations at the boundary leads to a stress 
concentration beyond the boundary. 

Let us now suppose that under the same conditions (obstacles at the fixed ends of the 
segment) there is also an external stress field p(x). Let Ω0(ζ) denote a function of the form 
(30.7), and let us rewrite equation (30.5) divided by Ω 0

 + = - Ω 0 ~ as 

Ω + (χ) Ω" (χ) 2ω(χ) 
Ω 0

 + (χ) Ω 0 ( χ ) Ω 0
 + (χ) ' 

A comparison of this with (30.6) shows that 

Ω Μ 1 Γ «ΧΟ d i _ + fam ( 3 a n) 
Ω(ζ) _ 1 Γ ω(< 

Μζ) "he J i V Ωο(ζ) ίπ)Ώ0
 + (ξ)ξ-ζ 

where P(z) is a polynomial. A solution which satisfies the condition Ω(οο) = 0 is obtained 
by taking as Ω0(ζ) the function (30.8) and putting P(z) = C, a constant. The required 
function p(x) is hence found by means of (30.6), and the result is 

<*2 

- - Τ 7 Γ , ^ ΰ Ρ f ω « ) > / [ ( β 2 - ί ) « - β ι ) ] ^ 
T t 1 s / i ( a 1 - x ) ( x - a l y ] J ξ -

X 

c 

^ JV{a2-x)(x-ax)]' 
(30.12) 

The constant C is determined by the condition (30.9). Here also p(x) increases as 
(a2 — x ) ~ 1 /2 when χ - > α 2 (and similarly when χ -* ax\ and a similar concentration of 
stresses occurs on the other side of the boundary. 

If there is an obstacle only on one side (at a2, say) the required solution must satisfy the 
condition of finite stress for all χ < a2 inc luding the point χ = αγ; the position of the latter 
point is not known beforehand and must be determined by solving the problem. With 
respect to Ω(ζ) this means that Ω ^ ) must be finite. Such a function (satisfying also the 
condition Ω(οο) = 0) is obtained from the same formula (30.11) by taking for Ω0(ζ) the 
function y/[(z - ai)/(a2 - z ) ] , which is also of the form (30.7), and putting P(z) = 0 in 
(30.11). The result is 

αΛΖΐ^. (30.13) 
ξ-αχ ξ-χ 

When χ α 1, ρ(χ) tends to zero as y/{x - at). The total stress axy(x) + p(x) tends to zero 
according to a similar law on the other side of the point ax. 

Finally, let there be no obstacle at either end of the segment, and let the dislocations be 
constrained only by external stresses p(x). The corresponding Ω(ζ) is obtained by putting 
in (30.11) Ω0(ζ) = . / [ ( ^ - z) (z - a j ] , P(z) = 0. The condition Ω(οο) = 0, however, here 
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requires the fulfilment of a further condition: taking the limit as ζ -» oo in (30.11), we find 

f ω{ξ)άξ 

J > / [ ( « 2 - 0 « ! - « , ) ] 

The function p{x) is given by 

p ( x ) = - ^ V C i f l a - x i i x - a i ) ] ? 

= 0. (30.14) 

(30.15) 

the coordinates al and a 2 of the ends of the segment being determined by the conditions 
(30.9) and (30.14). 

P R O B L E M 

Find the distribution of dislocations in a uniform stress field p(x) = p 0 over a segment with obstacles at one or 
both ends. 

SOLUTION. When there is an obstacle at one end (a2) the calculation of the integral (30.13) gives 

nD \ a2 — x 

The condition (30.9) determines the length of the segment occupied by dislocations: a2 - ax = 2BD/P0. Beyond 
the obstacle there is a concentration of stresses near it according to 

la2-al <7χ, = Ρθ J · 
V x-9i 

For a segment of length 2L bounded by two obstacles we take the origin of χ at the midpoint and obtain from 
(30.12) 

p ( x ) - — * T I ^ X + BY 

§31. Equilibrium of a crack in an elastic medium 

The problem of the equilibrium of a crack is somewhat distinctive among the problems 
of elasticity theory. From the point of view of that theory, a crack is a cavity in an elastic 
medium, which exists when internal stresses are present in the medium and closes up when 
the load is removed. The shape and size of the crack depend considerably on the stresses 
acting on it. The mathematical feature of the problem is therefore that the boundary 
conditions are given on a surface which is initially unknown and must itself be determined 
in solving the problem.! 

Let us consider a crack in an isotropic medium, with infinite length and uniform in the 
z-direction and in a plane stress field aik

(e)(x, y)\ this is a two-dimensional problem of 
elasticity theory. We shall suppose that the stresses are symmetrical about the centre of the 
cross-section of the crack. Then the outline of the cross-section will also be symmetrical 
(Fig. 27). Let its length be 2L and its variable width h(x); since the crack is symmetrical, 
fc(-*)«A(x). 

t The quantitative theory of cracks discussed here is due to G. I. Barenblatt (1959). 
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[ h{x) 

ι 

FIG. 27 

We shall assume the crack to be thin (h <ζ L). Then the boundary conditions on its 
surface can be applied to the corresponding segment of the x-axis. Thus the crack is 
regarded as a line of discontinuity (in the xy-plane) on which the normal component of the 
displacement uy = ±^h is discontinuous. 

Instead of h(x) we define a new unknown function p(x) by the formulae 

L 
h(x) = | p ( x ) d x , pi - x) = - p(x). (31.1) 

X 

The function p(x) may be conveniently, though purely formally, interpreted as a density of 
straight dislocations lying in the z-direction and continuously distributed along the x-axis, 
with their Burgers vectors in the y-direction.f It has been shown in §27 that a dislocation 
line may be regarded as the edge of a surface of discontinuity on which the displacement u 
has a discontinuity b. In the form (31.1) the discontinuity h of the normal displacement at 
the point χ is regarded as the sum of the Burgers vectors of all the dislocations lying to the 
right of that point; the equation p( - x) = — p(x) signifies that the dislocations to the right 
and to the left of the point χ = 0 have opposite signs. 

By means of this representation we can write down immediately an expression for the 
normal stresses (oyy) on the x-axis. These consist of the stresses oyy

ie)(x, 0) resulting from 
the external loads (which for brevity we denote by p(x)) and the stresses ayy

{cr)(x) due to the 
deformation caused by the crack. Regarding the latter stresses as being due to dislocations 
distributed over the segment ( - L, L), we obtain (similarly to (30.1)) 

L 

* < " > ( * ) = - D f ^ ; (31.2) 

- L 
for points in the segment ( - L, L) itself, the integral must be taken as a principal value. For 
an isotropic medium, 

D = ^ = ^—=- ; (31.3) 
2 π ( 1 - σ ) 4 π ( 1 - σ 2) 

see §28, Problem 3. The stresses axy due to such dislocations in an isotropic medium are 
zero on the x-axis. 

The boundary condition on the free surface of the crack, applied (as already mentioned) 
to the corresponding segment of the x-axis, requires that the normal stresses ayy = 

t It is for this reason that the theory of cracks is described here in the chapter on dislocations, although 
physically the phenomena are quite different. 
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P W = - - 2 J { L 2 - X 2 ) P 

The condition (30.14) must be satisfied, which in this case gives 
L 

J p(x)dx 

V ( L 2 - x 2 ) " J # 2 - ^ ) 
G W dx « (31.7) 

(where the integrals from - L to L have been replaced by integrals from 0 to L, using the 
symmetry of the problem). Since G(x) is zero except in the range L - χ — d, in the second 
integral we can put L2 - x 2 = 2 L ( L - x ) ; the condition (31.7) then becomes 

L 

ί 
p(x)dx Μ 

t In the macroscopic theory, the function G{x) is to be regarded as increasing smoothly, as L - χ decreases, up 
to a maximum value at the end of the crack. 

T O E - E' 

oyy
{CT) + p(x) be zero. This condition, however, needs to be made more precise, for the 

following reason. 
Let us make the assumption (which will be confirmed by the result) that the edges of the 

crack join smoothly near its ends, so that the surfaces approach very closely. Then it is 
necessary to take into account the forces of molecular attraction between the surfaces; the 
action of these forces extends to a distance r 0 large compared with interatomic distances. 
These forces will be of importance in a narrow region near the end of the crack where 
h <, r0; the length of this region will be denoted by d in order of magnitude, and will be 
estimated later. 

Let G be the force of molecular cohesion per unit area of the crack; it depends on the 
distance h between the surfaces.! When these forces are taken into account, the boundary 
condition becomes 

oyy
{CT) + p(x)-G = 0. (31.4) 

It is reasonable to suppose that the shape of the crack near its end is determined by the 
nature of the cohesion forces and does not depend on the external loads applied to the 
body. Then, in finding the shape of the main part of the crack from the external forces p(x), 
the quantity G becomes a given function G(x) independent of p(x) (over the region d, 
outside which it is unimportant). 

Substituting oyy
{QT) from (31.2) in (31.4), we thus obtain the following integral equation 

for p(x): 
L 

= i Ρ W - \ , 9 (x) = ω(χ). (31.5) ξ-χ D D 
-L 

Since the ends of the crack are assumed not fixed, the stresses must remain finite there. 
This means that, in solving the integral equation (31.5), we now have the last of the cases 
discussed in §30, for which the solution is given by (30.15). With the origin at the midpoint 
of the segment ( - L, L) this formula becomes 
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where Μ denotes the constant 

Ο 

which depends on the medium concerned. This constant can be expressed in terms of the 
ordinary macroscopic properties of the body, its elastic moduli and surface tension a; as 
will be shown later, the relation is 

Μ = y/[mE/(l-a2y}. (31.10) 

The equation (31.8) determines the length 2L of the crack from the given stress 
distribution p(x). For example, for a crack widened by concentrated forces/applied to the 
midpoints of the sides (p(x) = f δ(χ)) we find 

2L = f2/M2 

= / 2( 1 - < τ 2) / π α £ . (31.11) 

It must be remembered, however, that stable equilibrium of a crack is not possible for 
every distribution p(x). For instance, with uniform widening stresses (p(x) = constant 
= po) (31.8) gives 

2L = 4 Μ 2/ π 2ρ 0
2 

= 4 α £ / π ( 1 - σ 2) ρ 0
2. (31.12) 

This inverse relation (L decreasing when p 0 increases) shows that the state is unstable. The 
value of L determined by (31.12) corresponds to unstable equilibrium and gives the 
"critical" crack length: longer cracks grow spontaneously, but shorter ones close up, a 
result first derived by A. A. Griffith (1920). 

Let us now return to the consideration of the shape of the crack. When L - χ <, d, the 
region L - ξ * d is the most important in the integral in (31.6). The integral can then be 
replaced by its limiting value as χ L; the result is ρ = constant χ yJ(L — x), whence! 

h(x) = constant χ (L - x ) 3 /2 (L - χ ~ d). (31.13) 

We see that over the terminal region d the two sides of the crack in fact join smoothly. 
The value of the coefficient in (31.13) depends on the properties of the cohesion forces and 
can not be expressed in terms of the ordinary macroscopic parameters.t 

For the part farther from the end, where d <ζ L - χ <ζ L, the region L - ξ ~ d is again 
the most important in the integral in (31.6), and ω(ξ) = - G(^)/D. In addition to putting 
L2 — χ2 ^ 2L(L - x), L2 - ξ2 ^ 2L(L - ξ), we can here replace ξ - χ by L — x, obtaining 
ρ = M/n2DyJ(L-x), where Μ is the same constant as in (31.9), (31.10). Hence 

h(x) = 2M J(L -x)ln2D (d^L-x^L). (31.14) 

Thus the end of the crack has a shape independent of the applied forces (and therefore of 

t In order to proceed to the limit we must first divide the integral in (31.6) into two integrals with numerators 
ω(£)-ω(Ζ,) and co(L); the second integral makes no contribution to the limiting value. 

t An estimate of the coefficient in (31.13) gives a value of the order of y/a/d, where a is the dimension of an 
atom (using α - α£, Μ - Eyja). An estimate of the length d is obtained from the condition h(d) - r 0, whence 
d ~~ rQ

2/a ρ r 0. It should be mentioned, however, that in practice the required inequalities are satisfied only by a 
small margin, so that the resulting shape of the terminal projection of the crack is not to be taken as exact. 
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the length of the crack) throughout the range L - χ <ζ L: when L — χ ρ d the shape is given 
by (31.14), and when L -x ~~ d it has an infinitely sharp projection (31.13) (Fig. 28). The 
shape of the remainder of the crack does depend on the applied forces. 

FIG. 28 

If we ignore details, of the order of the radius of action of the cohesion forces, the 
crack therefore has a smooth outline with ends rounded according to the parabolas 
(31.14), and this shape is entirely determined by the applied forces and the ordinary 
macroscopic parameters. The small ( ~ d) terminal projections which actually occur are of 
fundamental significance, however, since they ensure that the stresses remain finite at the 
ends of the crack. 

The stresses caused by the crack on the continuation of the x-axis are given by formula 
(31.2). At distances χ - L such that d <̂  χ - L <ζ L, we havet 

ayy s ayy
(cx) * M/nJ(x - L). (31.15) 

The increase in the stresses as the edge of the crack is approached continues according to 
this law up to distances χ - L — d, and ayy then drops to zero at the point χ = L. 

It remains to derive the formula (31.10) already given above, which relates the constant 
Af to the ordinary macroscopic quantities. To do this, we write down the condition for the 
total free energy to be a minimum by equating to zero its variation under a change in the 
length L. 

Firstly, when the length of the crack increases by SL the surface energy at its two free 
surfaces increases by <5Fs u rf = 2OLSL. Secondly, the "opening" of the crack end reduces the 
elastic energy F el by ^σνν(χ)η(χ)άχ, where ^(x) is the difference in width between the 
displaced and undisplaced crack shapes. Since the shape of the crack end is independent of 
its length, η(χ) = h(x — 6L) — h(x). The stress cyy = 0 for χ < L, and h(x) = 0 for χ > L. 
Hence 

<7 (x)Ji(x -SL)dx. 

t The integral is easily calculated directly, but it is not necessary to do this if we use the relation between the 
functions p(x) for χ < L and ayy

{cr) for χ > L, which is evident from the results of §30. 
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Μ2 Γ iL + SL-x, 
~1?D J 

L 
iL 

M2 r s/ydy 
s/(SL-y) 

0 

M2 

2n2D 
bL. 

Finally, the condition SFsur{+6Fei = 0 gives the relation Μ 2 = 4n2ctD, and hence we have 
(31.10).t 

t It may be noted that the theory described above, including the relation (31.10), is in fact applicable as it 
stands only to ideally brittle bodies, i.e. those which remain linearly elastic up to fracture, such as glass and fused 
quartz. In bodies which exhibit plasticity the formation of the crack may be accompanied by plastic deformation 
at its ends. 

Substituting (31.14) and (31.15), we find 
L + tL 



C H A P T E R V 

THERMAL CONDUCTION AND VISCOSITY IN SOLIDS 

§32. The equation of thermal conduction in solids 

NON-UNIFORM heating of a solid does not cause convection as it generally does in fluids. 
Hence the transfer of heat is effected in solids by thermal conduction alone. The processes 
of thermal conduction in solids are therefore described by somewhat simpler equations 
than those for fluids, where they are complicated by convection. 

The equation of thermal conduction in a solid can be derived immediately from the law 
of conservation of energy in the form of an "equation of continuity for heat". The amount 
of heat absorbed per unit time in unit volume of the body is TdS/dt, where S is the entropy 
per unit volume. This must be put equal to — div q, where q is the heat flux density. This 
flux can almost always be written as — κ grad T, i.e. it is proportional to the temperature 
gradient (κ being the thermal conductivity). Thus 

TdS/dt = div (κ grad T). (32.1) 

According to formula (6.4), the entropy can be written as 

S = S0(T) + KaLulh 

where α is the thermal expansion coefficient and S0 the entropy in the undeformed state. 
We shall suppose that, as usually happens, the temperature differences in the body are so 
small that quantities such as κ, α, etc. may be regarded as constants. Then equation (32.1), 
after substitution of the above expression for S, becomes 

Τ——hQLKT—— = κ Δ / . 
dt dt 

According to a well-known formula of thermodynamics, we have 
Cp-Cv = K<x2T, 

whence 
a K i = ( C p - g / a . 

The time derivative of 5 0 can be written as (dS0/dT) · (dT/dt), where the derivative dS0/d Τ 
is taken for uu = div u = 0, i.e. at constant volume, and therefore is equal to Cv/T. 

The resulting equation of thermal conduction is 

dT C — C d 
Cv — + - 2 v- - div u = κ Δ Τ. (32.2) 

dt α dt 

In order to obtain a complete system of equations, it is necessary to add an equation 
describing the deformation of a non-uniformly heated body. This is the equilibrium 
equation (7.8): 

2(1 - σ) grad div u - (1 - 2σ) curl curl u = $α(1 + σ) grad Τ. (32.3) 

133 
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From equation (32.3) we can in principle determine the deformation of the body for any 
given temperature distribution. Substituting the expression for div u thus obtained in 
equation (32.2), we derive an equation giving the temperature distribution, in which the 
only unknown function is Γ(χ, y, z, t). 

For example, let us consider thermal conduction in a infinite solid in which the 
temperature distribution satisfies only one condition: at infinity, the temperature tends to 
a constant value T0, and there is no deformation. In such a case equation (32.3) leads to the 
following relation between div u and Τ (see §7, Problem 8): 

d i vu = 3 T T ^ j a ( r- r o )-

Substituting this expression in (32.2), we obtain 

= κ Δ Γ , (32.4) 
(\+o)Cp + 2(l-2a)CvdT 

3 ( 1 - σ ) dt 

which is the ordinary equation of thermal conduction. 
An equation of this type also describes the temperature distribution along a thin straight 

rod, if one (or both) of its ends is free. The temperature may be assumed constant over any 
transverse cross-section, so that Γ is a function only of the coordinate χ along the rod and 
of the time. The thermal expansion of such a rod causes a change in its length, but no 
departure from straightness and no internal stresses. Hence it is clear that the derivative 
dS/dt in the general equation (32.1) must be taken at constant pressure and, since (dS/dt)p 

= CpjT, the temperature distribution will satisfy the one-dimensional thermal conduction 
equation CpdT/dt — κδ2Τ/δχ2. 

It should be mentioned, however, that the temperature distribution in a solid can in 
practice always be determined, with sufficient accuracy, by a simple thermal conduction 
equation. The reason is that the second term on the left-hand side of equation (32.2) is a 
correction of order (Cp — Cv)/Cv relative to the first term. In solids, however, the difference 
between the two specific heats is usually very small, and if it is neglected the equation of 
thermal conduction in solids can always be written 

dT/dt = xAT, (32.5) 

where χ is the thermometric conductivity, defined as the ratio of the thermal conductivity κ 
to some mean specific heat per unit volume C. 

§33. Thermal conduction in crystals 

In an anisotropic body, the direction of the heat flux q is not in general that of the 
temperature gradient. Hence, instead of the formula 

q = - κ grad Τ 

relating q to the temperature gradient, we have in a crystal the more general relation 

<\i = -KikdT/dxk. (33.1) 

The tensor Kik, of rank two, is called the thermal conductivity tensor of the crystal. In 
accordance with (33.1), the equation of thermal conduction (32.5) has also a more general 
form. 
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A general theorem can be stated: the thermal conductivity tensor is symmetrical, i.e. 

= (33.3) 

This relation, which we shall now prove, is a consequence of the symmetry of the kinetic 
coefficients (see SP 1, §120). 

The rate of increase of the total entropy of the body by irreversible processes of thermal 
conduction is 

S , 0, = - ^ ^ ~ a V = - | d i v | d ^ + J q - g r a d ^ d F . 

The first integral, on being transformed into a surface integral, is seen to be zero. Thus 

or 
Γ 1 dT 

s - H ^ ' V " - (33·4) 

In accordance with the general definition of the kinetic coefficients,! we can deduce 
from (33.4) that in the case considered the coefficients T2 Kik in 

are kinetic coefficients. Hence the result (33.3) follows immediately from the symmetry of 
the kinetic coefficients. 

The quadratic form 
_ <3T _ dT dT 

^' dxt
 KikdXidxk 

must be positive, since the time derivative (33.4) of the entropy must be positive. The 
condition for a quadratic form to be positive is that the eigenvalues of the matrix of its 
coefficients be positive. Hence all the principal values of the thermal conductivity tensor Kik 

are always positive; this is evident also from simple considerations regarding the direction 
of the heat flux. 

The number of independent components of the tensor tcik depends on the symmetry of 
the crystal. Since the tensor Kik is symmetrical, this number is evidently the same as the 
number for the thermal expansion tensor (§10), which is also a symmetrical tensor of rank 
two. 

§34. Viscosity of solids 

In discussing motion in elastic bodies, we have so far assumed that the deformation is 
reversible. In reality, this process is thermodynamically reversible only if it occurs with 
infinitesimal speed, so that thermodynamic equilibrium is established in the body at every 
instant. An actual motion, however, has finite velocities; the body is not in equilibrium at 
every instant, and therefore processes will take place in it which tend to return it to 

t Wc here use the definition given in FM, §59. 
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equilibrium. The existence of these processes has the result that the motion is irreversible, 
and, in particular, mechanical energyf is dissipated, ultimately into heat. 

The dissipation of energy occurs by two means. Firstly, when the temperature at 
different points in the body is different, irreversible processes of thermal conduction take 
place in it. Secondly, if any internal motion occurs in the body, there are irreversible 
processes arising from the finite velocity of that motion. This means of energy dissipation 
may be referred to, as in fluids, as internal friction or viscosity. 

In most cases the velocity of macroscopic motions in the body is so small that the energy 
dissipation is not considerable. Such "almost irreversible" processes can be described by 
means of what is called the dissipative function.l If w e h a ve a mechanical system whose 
motion involves the dissipation of energy, this motion can be described by the ordinary 
equations of motion, with the forces acting on the system augmented by the dissipative 
forces or frictional forces, which are linear functions of the velocities. These forces can be 
written as the velocity derivatives of a certain quadratic function R of the velocities, called 
the dissipative function. The frictional force fa corresponding to a generalized coordinate 
qa of the system is then given by fa = —dR/dqa. The dissipative function R is a positive 
quadratic form in the velocities qa. The above relation is equivalent to 

where 6R is the change in the dissipative function caused by an infinitesimal change in the 
velocities. It can also be shown that the dissipative function is half the decrease in the 
mechanical energy of the system per unit time. 

It is easy to generalize equation (34.1) to the case of motion with friction in a continuous 
medium. The state of the system is then defined by a continuum of generalized 
coordinates. These are the displacement vector u at each point in the body. Accordingly, 
the relation (34.1) can be written in the integral form 

where ν = ύ and the f are the components of the dissipative force vector f per unit volume 
of the body; we write the total dissipative function for the body as j R d V, where R is the 
dissipative function per unit volume. 

Let us now determine the general form of the dissipative function R for deformed 
bodies. The function K, which describes the internal friction, must be zero if there is no 
internal friction, and in particular if the body executes only a general translatory or rotary 
motion. In other words, the dissipative function must be zero if ύ = constant or ύ = Ω x r. 
This means that it must depend not on the velocity itself but on its gradient, and can 
contain only such combinations of the derivatives as vanish when ύ = Ω x r. These are the 

i.e. the time derivatives of the components of the strain tensor.t Thus the dissipative 
function must be a quadratic function of vik. The most general form of such a function is 

t By mechanical energy we here mean the sum of the kinetic energy of the macroscopic motion in the elastic 
body and its (elastic) potential energy arising from the deformation. 

t S e e S P 1, §121. 

SR= - Σ / - * 4 μ (34.1) 
a 

(34.2) 

sums 
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§35. The absorption of sound in solids 

The absorption of sound in solids can be calculated in a manner entirely analogous to 
that used for fluids (see FM, §79). Here we shall give the calculations for an isotropic body. 
The total energy dissipated in the body is the sum 

Smech — ^ ) ( V r ) 2 d J / - 2 RdV, 

t Cf. the entirely analogous arguments on the viscosity of fluids in FM, §15. 
X The existence of the dissipative function is a consequence of Onsager's principle of the symmetry of the 

kinetic coefficients. This principle leads to the first equation (34.4) for the coefficients in the linear relations (34.7), 
whereby the dissipative function can be defined. This will be shown directly in a similar context in §42. 

R=HklmVikVlm. (34.3) 

The tensor ηίΙι1η, of rank four, may be called the viscosity tensor. It has the following 
evident symmetry properties: t 

*liklm = *\lmik = "hilm = Vikml · (34.4) 

The expression (34.3) is exactly analogous to the expression (10.1) for the free energy of a 
crystal: the elastic modulus tensor is replaced by the tensor iy i W m, and uik by vik. Hence the 
results obtained in §10 for the tensor Xiklm in crystals of various symmetries are wholly 
valid for the tensor ηχΊί1ιη also. 

In particular, the tensor ηχΜηχ in an isotropic body has only two independent 
components, and R can be written in a form analogous to the expression (4.3) for the 
elastic energy of an isotropic body: 

R = n(vik-^ikvll)2+ttvll\ (34.5) 

where η and ζ are the two coefficients of viscosity. Since R is a positive function, the 
coefficients η and ζ must be positive. 

The relation (34.2) is entirely analogous to that for the elastic free energy, δ j F d V — 
— \ Ffiux d V, where F, = Soik/dxk is the force per unit volume. Hence the expression for 
the dissipative f o r c e / in terms of the tensor vik can be written down at once by analogy 
with the expression for F, in terms of uik. We have 

f = da'ik/dxk, (34.6) 

where the dissipative stress tensor &xk is defined by 

a'ik = dR/dvik = F | . - f c J mt 7 l m. (34.7) 

The viscosity can therefore be taken into account in the equations of motion by simply 
replacing the stress tensor aik in those equations by the sum σ,λ + σ' ,Λ. 

In an isotropic body, 
&ik = 2η(νίΙί-$δίΙίνιι) + ζνιιδίΙί. (34.8) 

This expression is, as we should expect, formally identical with that for the viscosity stress 
tensor in a fluid. 
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= p^u2dV; 

for unit volume we have 
I == ipa> 2(u 0 y

2 + u 0 x
2) . 

The sound absorption coefficient is defined as the ratio of the mean energy dissipation 
to twice the mean energy flux in the wave; this quantity gives the manner of variation of the 
wave amplitude with distance. The amplitude decreases as e ~γχ. Thus we find the following 
expression for the absorption coefficient for transverse waves: 

y r = i | £ m e c h l / ^ = ^ 2 / 2 P C r
3 . (35.3) 

In a longitudinal sound wave ux = u 0c o s {kx - ωί), uy = ux = 0. A similar calculation, 
using formulae (35.1) and (35.2), gives 

7i = 2pc,3 (35.4) 

the first term being due to thermal conduction and the second to viscosity. Using the 
expression (34.5), we therefore have 

(grad Tf d V - 2η ^(vik - ^ikvtl)2 dV-ζ ^vu
2 dV. (35.1) 

To calculate the temperature gradient, we use the fact that sound oscillations are 
adiabatic in the first approximation. Using the expression (6.4) for the entropy, we can 
write the adiabatic condition as S0(T) + KOLUU = S0(T0), where T0 is the temperature in 
the undeformed state. Expanding the difference SQ(T) — S0(T0) in powers of T— T0, we 
have as far as the first-order terms S0(T)-S0(T0) = (T-T0) dS0/dT0 = CV(T-T0)/T0. 
The derivative of the entropy is taken for uu = 0, i.e. at constant volume. Thus 

T-T0= -T*KuJCv. 

Using also the relations Κ = K i so = ΟνΚΛά/€ρ and K a d/ p = c2 — 4c , 2/3 , we can rewrite 
this result as 

7 « p ( c , 2- 4 c , 2/ 3 ) 
Τ-To = γ, Uu. (35.2) 

Let us first consider the absorption of transverse sound waves. The thermal conduction 
cannot result in the absorption of these waves (in the approximation considered). For, in a 
transverse wave, we have u„ = 0, and therefore the temperature in it is constant, by (35.2). 
Let the wave be propagated along the x-axis; then 

ux = 0, uy = u0ycos(kx — o)t), uz = u0z cos(/cx - cot), 

and the only non-zero components of the strain tensor are uxy = — jkuQy sin (kx-ωή, 
uxz = jku0z sin (kx — a>t). 

We shall consider the energy dissipation per unit volume of the body; the (time) average 
value of this quantity is, from (35.1), 

£mech = - I ^ 4 ( " 0 y 2 + "θ2

2)/̂ Λ 
where we have put k = ω/c, . The total mean energy of the wave is twice the mean kinetic 
energy, i.e. 
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These formulae relate, strictly speaking, only to a completely isotropic and amorphous 
body. They give, however, the correct order of magnitude for the absorption of sound in 
anisotropic single crystals also. 

The absorption of sound in polycrystalline bodies exhibits peculiar properties. If the 
wavelength λ of the sound is small in comparison with the dimensions a of the individual 
crystallites (grains), then the sound is absorbed in each crystallite in the same way as in a 
large crystal, and the absorption coefficient is proportional to ω 2. 

If λ > a, however, the nature of the absorption is different. In such a wave we can assume 
that each crystallite is subject to a uniformly distributed pressure. However, since the 
crystallites are anisotropic, and so are the boundary conditions at their surfaces of contact, 
the resulting deformation is not uniform. It varies considerably (by an amount of the same 
order as itself) over the dimension of a crystallite, and not over one wavelength as in a 
homogeneous body. When sound is absorbed, the rates of change of the deformation (vik) 
and the temperature gradients are of importance. Of these, the former are still of the usual 
order of magnitude. The temperature gradients within each crystallite are anomalously 
large, however. Hence the absorption due to thermal conduction will be large compared 
with that due to viscosity, and only the former need be calculated. 

Let us consider two limiting cases. The time during which the temperature is equalized 
by thermal conduction over distances - a (the relaxation time for thermal conduction) is 
of the order of α2/χ. Let us first assume that ω <| χ/a2. This means that the relaxation time 
is small compared with the period of the oscillations in the wave, and so thermal 
equilibrium is nearly established in each crystallite; in this case we have almost isothermal 
oscillations. 

Let Τ be the temperature difference in a crystallite, and T0' the corresponding difference 
in an adiabatic process. The heat transferred by thermal conduction per unit volume is 
- div q = κ Δ T' ~ κΤ'/α2. The amount of heat evolved in the deformation is of the order 
of t0'C — a)T0'Cy where C is the specific heat. Equating the two, we obtain T' — Τ0' ωα2/χ. 
The temperature varies by an amount of the order of V over the dimension of the 
crystallite, and so its gradient is of magnitude - T'/a. Finally, T0' is found from (35.2), 
with Uu — ku - cou/c (u being the amplitude of the displacement vector): 

in obtaining orders of magnitude, we naturally neglect the difference between the various 
velocities of sound. Using these results, we can calculate the energy dissipated per unit 
volume: 

Dividing this by the energy flux cE ~~ cpa*2u2, we find the damping coefficient to be 

(C. Zener 1938). Comparing this expression with the general expressions (35.3) and (35.4), 
we can say that, in the case considered, the absorption of sound by a polycrystalline body is 
the same as if it had a viscosity 

Tocpcwu/C; (35.5) 

y ~ Τ<χ2ρεα2ω2/χϋ for ω <ξ χ/α2 (35.6) 

η ~ Ta2p2c*a2 
Ixc, 

which is much larger than the actual viscosity of the component crystallites. 
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Next, let us consider the opposite limiting case, where ω > χ/α2. In other words, the 
relaxation time is large compared with the period of oscillations in the wave, and no 
noticeable equalization of the temperature differences due to the deformation can occur in 
one period. It would be incorrect, however, to suppose that the temperature gradients 
which determine the absorption of sound are of the order of T0'/a. This assumption would 
take into account only thermal conduction in each crystallite, whereas heat exchange 
between neighbouring crystallites must be of importance in the case in question (M. A. 
Isakovich 1948). If the crystallites were thermally insulated the temperature differences 
occurring at their boundaries would be of the same order T0' as those within each 
individual crystallite. In reality, however, the boundary conditions require the continuity 
of the temperature across the surface separating two crystallites. We therefore have 
"temperature waves" propagated away from the boundary into the crystallite; these are 
damped at a distancef δ ~~ y/(x/co>). In the case under consideration δ <ζ α, i.e. the main 
temperature gradient is of the order of Τ0'/δ and occurs over distances small compared 
with the total dimension of a crystallite. The corresponding fraction of the volume of the 
crystallite is ~ α2δ\ taking the ratio of this to the total volume ~ a 3, we find the mean 
energy dissipation 

-x κ [To V α2δ KT0'2 

Substituting for T0' the expression (35.5) and dividing by cE ~~ cpw2u2, we obtain the 
required absorption coefficient: 

γ ~ TcL2pCy/(yo))/aC for ω > χ/α2 (35.7) 

It is proportional to the square root of the frequency.;): 
Thus the sound absorption coefficient in a polycrystalline body varies as ω2 at very low 

frequencies (ω <̂  χ/a2); for χ/a2 <̂  ω <̂  c/a it varies as ^ / ω , and for ω > c/a it again varies 
as ω2. 

Similar considerations hold for the damping of transverse waves in thin rods and plates 
(C. Zener 1938). If h is the thickness of the rod or plate, then for λ > h the transverse 
temperature gradient is important, and the damping is mainly due to thermal conduction 
(see the Problems). If also ω <ζ χ/h2, the oscillations may be regarded as isothermal, and 
therefore, in determining (for example) the characteristic frequencies of vibrations of the 
rod or plate, the isothermal values of the moduli of elasticity must be used. 

P R O B L E M S 

PROBLEM 1. Determine the damping coefficient for longitudinal vibrations of a rod. 

SOLUTION. The damping coefficient for the vibrations is defined as β = | £ m e c h| / 2 £ ; the amplitude of the 
vibrations diminishes with time as e~pt. 

In a longitudinal wave, any short section of the rod is subject to simple extension or compression; the 
components of the strain tensor are u„ = dujdz, uxx = uyy = - a a ddu 2/dz . We put ug = u 0 cos kz cos ωί, where 

t It may be recalled that, if a thermally conducting medium is bounded by the plane χ = 0, at which the excess 
temperature varies periodically according to Τ = Τ0'e~i(at, then the temperature distribution in the medium is 
given by the "temperature wave" Γ = Τ0' e~ioit e x p [ - ( 1 + ί ) χ ν/ ( ω / 2 χ ) ] ; see FM, §52. 

% The same frequency dependence is found for the absorption of sound propagated in a fluid near a solid wall 
(in a pipe, for instance); see FM, §79, Problems. 
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k = ω/yj(ΕΛά/ρ). Calculations similar to those given above lead to the following expression for the damping 
coefficient: 

ω2 ίη W - 4 c , 2 Cc,1 κΤ*?\ 

Iphitf-cfW ic,'-c*)iW-W) « V J ' 

Here we have written and ( 7 ad in terms of the velocities c,, c, by means of formulae (22.4). 

PROBLEM 2. The same as Problem 1, but for longitudinal oscillations of a plate. 

SOLUTION. For waves whose direction of oscillation is parallel to that of their propagation (the x-axis, say) the 
non-zero components of the strain tensor are 

« x x = dujdx, u„ = - O a d/ ( l - (ra d)] dujdx; 
see (13.1). The velocity of propagation of these waves is ^/[ΕΛά/ρ{\ - < 7 a d

2) ] . A calculation gives 

ω1 j q 3 c , 4+ 4 c , 4- 6 c , 2c , 

2p 13 cWtf-c*) 

2 Cc,2 κΤζ2ρ2(\+σΛά)2 

V ( c , 2 - c f
2 ) 9C2 

For waves whose direction of oscillation is perpendicular to the direction of propagation, uu = 0, and the 
damping is caused only by the viscosity η. In this case the damping coefficient is β = ηω2/2ρο2. This applies also 
to the damping of torsional vibrations of rods. 

PROBLEM 3. Determine the damping coefficient for transverse vibrations of a rod (with frequencies such that 
ω > χ/Λ2, where h is the thickness of the rod). 

SOLUTION. The damping is due mainly to thermal conduction. According to §17, we have for each volume 
element in the rod u„ = x/R, uxx = uyy = - aiax/R (for bending in the xz-plane); for ω > χ/Λ2, the vibrations 
are adiabatic. For small deflections the radius of curvature R = l/X", so that u{i = (1 — 2σΆά)χΧ", the prime 
denoting differentiation with respect to z. The temperature varies most rapidly across the rod, and so 
(grad Τ)2 ^ {dT/dx)2. Using (35.1) and (35.2), we obtain for the total mean energy dissipation in the rod 
- (κΤα2 £ a d

2S / 9 C p
2) j X"2 dz, where S is the cross-sectional area of the rod. The mean total energy is twice the 

potential energy £ A D/ Y J X"2 dz. The damping coefficient is 

^ = , c r a 2S £ a d/ 1 8 / yC p
2. 

PROBLEM 4. The same as Problem 3, but for transverse vibrations of a plate. 

SOLUTION. According to (11.4), we have for any volume element in the plate 

l - 2 a a d δ2ζ 
\-σΛά dx1 

for bending in the xz-plane. The energy dissipation is found from formulae (35.1) and (35.2) and the mean total 
energy is twice the expression (11.6). The damping coefficient is 

2*ra2£ad 1 + ( 7 ad _ 2κΤα2ρ (3c,2 - 4 c t
2) 2c , 2 

β ~ }Cp
2h2 l - * a d~ 3C,2>t2" (c2-c2)c2 

PROBLEM 5. Determine the change in the characteristic frequencies of transverse vibrations of a rod due to 
the fact that the vibrations are not adiabatic. The rod is in the form of a long plate of thickness h. The surface of 
the rod is supposed thermally insulated. 

SOLUTION. Let T a d(x , f) be the temperature distribution in the rod for adiabatic vibrations, and 7(x, t) the 
actual temperature distribution; χ is a coordinate across the thickness of the rod, and the temperature variation in 
the yz-plane is neglected. Since, for Τ = F A D, there is no heat exchange between various parts of the body, it is 
clear that the thermal conduction equation must be 

d d2T 

*lT-T«)m**?-
For periodic vibrations of frequency ω, the differences t ad = r a d—Γ 0, x—T-T0 from the equilibrium 
temperature T0 are proportional to e~ital, and we have τ" + ίωτ/χ = ιωτΛ ( 1/χ, the prime denoting differentiation 
with respect to x. Since, by (35.2), r ad is proportional to uu, and the components u lk are proportional to x (see 
§17), it follows that r ad = Ax, where A is a constant which need not be calculated, since it does not appear in the 
final result. The solution of the equation τ" + ίωτ/χ = ΐωΑχ/χ, with the boundary condition r' = 0 for x = ± {h 
(the surface of the rod being insulated), is 

/ sin/oc \ 
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The moment My of the internal stress forces in a rod bent in the xz-plane is composed of the isothermal part 
M9m l so (i.e. the value for isothermal bending) and the part due to the non-uniform heating of the rod. If My< ad is 
the moment in adiabatic bending, the second part of the moment is reduced from M y ad - M y i so in the ratio 

1 + / ( ω ) = J z r d z ^ J z t a dd z . 

- μ - μ 
Defining the Young's modulus £ )U for any frequency ω as the coefficient of proportionality between My and 
ly/R (see (17.8)), and noticing that £ ad - £ = E2 Ta2/9CP (see (6.8); £ is the isothermal Young's modulus), we can 
put 

£ W = £ + [ 1 + / M ] E2T<x2/9Cp. 

A calculation shows that / ( ω ) = (24//c3/i3)(i/c/i - tan \kh) . For ω -* oo we obtain / = 1, which is correct, since 
£„, = £ a d, and for ω -* 0, / = 0 and £ 0 = £. 

The frequencies of the characteristic vibrations are proportional to the square toot of the Young's modulus 
(see §25, Problems 4-6). Hence 

Γ , E T * 2 

ω = ω0̂  \ + / ( ω 0) — - -
where ω 0 are the characteristic frequencies for adiabatic vibrations. This value of ω is cornplex. Separating the 
real and imaginary parts (ω = ω +ι0), we find the characteristic frequencies 

£ Γ α 2 1 sinh ξ - sin ξ 
3Cp ξ* cosh ξ -r-cos ξ 

and the damping coefficient 

2ET(x2
x 

3C„/i2 

1 sinh ξ + sin ξ 

ξ cosh ξ + cos 4 j 

where ξ = Λ ν/ ( ω 0/ 2 χ ) . 
For large ξ the frequency ω tends to ω 0, as it should, and the damping coefficient to lETi1 x/lCph

2, in 
accordance with the result of Problem 3. 

Small values of ξ correspond to almost isothermal conditions; in this case 
/ £ 7 V \ 

ω ^ ω 0 y \ - — — J ^ ω 0 ν' ( £ / £ a d) , 

and the damping coefficient β = ETx2h2aj02/\&0Crx. 

§36. Highly viscous fluids 

For typical fluids, the Navier-Stokes equations are valid if the periods of the motion are 
large compared with times characterizing the molecules. This, however, is not true for very 
viscous fluids. In such fluids, the usual equations of fluid mechanics become invalid for 
much larger periods of the motion. There are viscous fluids which, during short intervals of 
time (though these are long compared with molecular times), behave as solids (for 
instance, glycerine and resin). Amorphous solids (for instance, glass) may be regarded as a 
limiting case of such fluids having a very large viscosity. 

The properties of these fluids can be described by the following method, due to 
Maxwell. They are elastically deformed during short intervals of time. When the 
deformation ceases, shear stresses remain in them, although these are damped in the 
course of time, so that after a sufficiently long time almost no internal stress remains in the 
fluid. Let τ be of the order of the time during which the stresses are damped (sometimes 
called the Maxwellian relaxation time). Let us suppose that the fluid is subjected to some 
variable external forces, which vary periodically in time with frequency ω. If the period 1/ω 
is large compared with the relaxation time τ, i.e. ωτ <̂  1, the fluid under consideration will 
behave as an ordinary viscous fluid. If, however, the frequency ω is sufficiently large (so 
that ωτ > 1), the fluid will behave as an amorphous solid. 
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In accordance with these "intermediate" properties, the fluids in question can be 
characterized by both a viscosity coefficient η and a modulus of rigidity μ. It is easy to 
obtain a relation between the orders of magnitude of r/, μ and the relaxation time τ. When 
periodic forces of sufficiently small frequency act, and so the fluid behaves like an ordinary 
fluid, the stress tensor is given by the usual expression for viscosity stresses in a fluid, i.e. 

nik = 2 ^ M l fc = -2ιωη^κ. 

In the opposite limit of large frequencies, the fluid behaves like a solid, and the internal 
stresses must be given by the formulae of the theory of elasticity, i.e. aik = 2μuik; we are 
speaking of pure shear deformations, i.e. we assume that uu = au = 0. For frequencies 
ω ~ l/τ, the stresses given by these two expressions must be of the same order of 
magnitude. Thus r/w/λτ ~ /iu/A, whence 

η ~ τμ. (36.1) 

This is the required relation. 
Finally, let us derive the equation of motion which qualitatively describes the behaviour 

of these fluids. To do so, we make a very simple assumption concealing the damping of the 
internal stresses (when motion ceases): namely, that they are damped exponentially, i.e. 
daik/dt = — σ^/τ. In a solid, however, we have aik = 2μuik, and so daik/dt = 2 / idu l k/d£. It 
is easy to see that the equation 

— + — = 2 / z — (36.2) 
dt τ dt 

gives the correct result in both limiting cases of slow and rapid motions, and may therefore, 
serve as an interpolatory equation for intermediate cases. 

For example, in periodic motion, where uik and aik depend on the time through a factor 
e~ioit, we have from (36.2) — ia>aik + aiklx = ~ 2 ί ω μ Μ ι Λ, whence 

n i k = r—r,— · (36.3) 
1 + ι/ωτ 

For ωχ > 1, this formula gives aik = 2μ^Ιί, i.e. the usual expression for solid bodies, while 
for ωτ < 1 we have aik = — 2ιωμτ^Ιί = 2μτύιΚ, the usual expression for a fluid of viscosity 
μτ. 
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MECHANICS OF LIQUID CRYSTALSt 

§37. Static deformations of nematics 

LIQUID crystals are, macroscopically, anisotropic fluids. The mechanics of these subst
ances has features characteristic of ordinary liquids and of elastic media, and is in this 
respect intermediate between fluid mechanics and elasticity theory. 

There are various types of liquid crystals. The nematic liquid crystals or nematics are 
substances which in the undeformed state are both macroscopically and microscopically 
homogeneous; the anisotropy of the medium is due only to the anisotropic spatial 
orientation of the molecules (see SP 1, §§ 139,140). The great majority of known nematics 
belong to the simplest type, in which the anisotropy is fully defined by specifying at each 
point in the medium a unit vector η along one particular direction; η is called the director. 
The quantities η and — η are physically equivalent, and so only a particular axis is 
distinguished, the two opposite directions along it being equivalent. The properties of 
these nematics in each volume element are invariant under inversion (a change in sign of all 
three coordinates).! Only this type of nematic liquid crystals will be discussed here. 

The state of a nematic substance is thus described by specifying at each point, together 
with the usual quantities for a liquid (density p, pressure ρ and velocity v), the director n. 
All these appear as unknown functions of coordinates and time, in the equation of motion 
of a nematic. 

In equilibrium, a nematic at rest under no external forces (which includes forces exerted 
by the boundary walls) is homogeneous, with η constant throughout its volume. In a 
deformed nematic, the direction of η varies slowly in space, the word "slowly" being taken 
in the sense usual in macroscopic theory: the characteristic dimensions of the deformation 
are much greater than molecular dimensions, so that the derivatives dnjdxk are to be 
regarded as small quantities. 

In this chapter, it will be more convenient to relate all thermodynamic quantities to unit 
volume of the deformed body, not of the undeformed body as in previous chapters. Then 
the free energy density F of a nematic substance is made up of the free energy F0 (ρ, T) of 
the undeformed nematic and the deformation energy FD. The latter is given by an 
expression quadratic in the derivatives of n, its general form being 

F d = F - F 0 

= i K 1( d i v n ) 2+ i / C 2 ( n c u r l n ) 2+ i / C 3 (nxcurln)2; (37.1) 

see SP 1, §140. For the unit vector n(r), since Vn2 = 0, 

t This chapter was written jointly with L. P. Pitaevskii. 
J Nematics not invariant under inversion are unstable with respect to a deformation which converts them into 

cholesterics; see SP 1, §140, and §44 below. 
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nxcurl η = - (η· V)n, (37.2) 

145 

and so the last term in (37.1) can be written in the equivalent form [ (n - V ) n ] 2. 
The energy (37.1) in nematic mechanics has a role similar to the elastic energy of a 

deformed solid, and its presence gives this mechanics some of the features of elasticity 
theory, t 

The three quadratic combinations of derivatives in (37.1) are independent; each can be 
different from zero when the other two are not. The condition for the undeformed state to 
be stable is therefore that all three coefficients Ku K2, X 3 (functions of density and 
temperature) be positive. We call these the elastic moduli or Frank's moduli of the nematic. 

Deformations in which only one of the quantities div η, η · curl η and η χ curl η is not zero 
are called respectively splays, twists and bends. In general, of course, the deformation of a 
nematic includes all three kinds simultaneously. To illustrate their nature, some simple 
examples will be given. Let a nematic medium occupy the space between two coaxial 
cylindrical surfaces; r, φ, ζ be cylindrical polar coordinates with the z-axis along the axis of 
the cylinders. If the director η is radial at every point in the medium (nr = 1, ηφ = nz = 0), 
the deformation is a splay (div η = 1/r). If it is everywhere along a circle whose centre is on 
the z-axis (ηφ = 1, nr = nz = 0), we have a pure bend (curl2n = 1/r). If the director changes 
across a plane parallel slab of nematic at right angles to the z-axis according to 
nx = cos0 (z) , ny = sin0(z), nz = 0, we have a pure twist (ncur l η = —φ'(ζ)). 

The walls which form the boundary of the volume occupied by a liquid crystal, and the 
free surface, tend to orient the medium, as will be discussed more fully below. Hence the 
mere presence of a boundary causes in general a deformation of a liquid crystal at rest. The 
question arises of finding the equations which describe this deformation, that is, which 
determine the equilibrium distribution n(r) for given boundary conditions (J. L. Ericksen 
1966). 

To do so, we start from the general thermodynamic condition of equilibrium: a 
minimum of the total free energy J FdV, which is a functional of n(r). Since η is a unit 
vector, this functional is to be minimized with the auxiliary condition n 2 = 1. With the 
familiar method of undetermined Lagrange multipliers, we must equate to zero the 
variation 

where A(r) is an arbitrary function. 
The integrand depends on the functions n,(r) and on their derivatives. We have J 

t Deformation of a liquid crystal causes in general dielectric polarization of it and accordingly the presence of 
an electric field (the piezoelectric or flexoelectric effect; see £CAf, §17). This effect is usually weak, and its influence 
on the mechanical properties of the substance will here be neglected. We shall also ignore the influence of an 
external magnetic field on the properties of liquid crystals; because of the anisotropy of the. magnetic (in practice 
diamagnetic) susceptibility of the nematic, a magnetic field has an orienting effect on it, which may be 
considerable. 

X In this chapter, to simplify the notation, we shall use the abbreviation d, = d/dxt for the operator of 
differentiation with respect to a coordinate, which is common in recent literature. 

δ { F - i A ( r ) n » } d K , (37.3) 

(37.4) 



146 Mechanics of Liquid Crystals §37 

The second term, an integral over the surface of the body, is important only in determining 
the boundary conditions. Putting at present δη = 0 at the boundaries, we thus find as the 
variation of the total free energy 

δηάν, (37.5) 

where Η is a vector whose components are 

Ht = dk Tlki - dF/dnh Tlki = dF/d(dk n,). (37.6) 

This Η acts as a field which tends to "straighten out" the direction of η throughout the 
liquid crystal, and is called the molecular field. 

Equation (37.3) becomes 

ί 
(H + An).<5ndK = 0, 

from which, since the variation δη is arbitrary, we find the equilibrium equation Η = - An. 
Hence λ = - Η · η, so that the longitudinal component of this equation is satisfied 
by choosing λ. The equilibrium equation thus reduces in practice to the condition that Η 
and η be collinear at every point in the medium; the longitudinal component of Η has no 
physical significance. The equilibrium condition may therefore be written as 

h = H - n ( n - H ) = 0, (37.7) 

with a vector h which is such that η · h = 0. 
An explicit expression can be found for the molecular field corresponding to the free 

energy (37.1). To differentiate with respect to dknh we note that 

div η = δ,η,, curl/ η = elki dkn{ 

(where eikl is the antisymmetric unit tensor), and so 

<3 div η d 

v(okni) d(dkn,) 

The resulting expression for the tensor Uki is 

Π*. = Ki<5ifc d\vn + K2(ncur\n)nlelki + K3[(nxcuT\ n ) x n ] , ^ . (37.8) 

The further differentiation in accordance with the definition (37.6) yields the following 
fairly complicated formula for the molecular field: 

Η = V (Κ j div η) - { Κ 2 (η · curl η) curl η + curl [ K 2 (η · curl η) η] } + 

+ Κ3 [ (nxcurl n)xcurl η ] + curl [ Κ 3 nx (nxcu r l η) ] . (37.9) 

The boundary conditions on the equations of equilibrium cannot be derived in a general 
form: they depend not only on the elastic energy (37.1) but also on the specific form of 
interaction between the liquid and the boundary wall. This surface energy would have to 
be included in the free energy which is minimized in order to obtain the equilibrium 
conditions. In practice, the surface forces are usually so great as to determine the direction 
of η at the boundary regardless of the type of deformation within the sample. If the solid 
boundary surface is anisotropic, this direction is entirely definite or is one of the few such 
directions. If it is isotropic, however, including the case of a free surface, only the angle 
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between η and the normal to the surface is specified. If this angle is zero, the direction of η is 
definite, along the normal to the surface. If the angle is not zero, the possible directions 
form a conical surface with a definite vertex angle. 

In the latter case, an additional boundary condition has to be imposed. This is 
determined by the requirement that the surface integral in (37.4) be zero for variations δη 
that are rotations of η about the normal at each point on the surface without change in the 
angle to the normal (that is, variations which do not affect the surface energy). Such 
variations have the form δη = vxn δφ, where ν is a unit vector along the normal, and δφ is 
the angle of rotation, which is arbitrary (at each point on the surface). Writing the surface 
element as df = v d / , we find 

Lastly, the following comment may be made regarding the elastic moduli occurring in 
(37.1). Since they are defined as coefficients in the free energy, they determine the 
isothermal deformations of the body. It is easy to see, however, that the same coefficients in 
nematics determine the adiabatic deformations also. We have seen in §6 that for a solid the 
difference between the isothermal and adiabatic moduli results from a term in the free 
energy that is linear in the strain tensor. A term linear in the derivatives dkn{ might play a 
similar role for nematics. Such a term would have to be a scalar and also invariant under a 
change in the sign of n. It is evident that no such term can be constructed: the product 
η · curl η is a pseudoscalar, and the only true scalar is div n, which changes sign with n. For 
this reason, the isothermal and adiabatic moduli of a nematic are the same, just as for the 
shear modulus of an isotropic solid (§6). These arguments can also be expressed in a 
slightly different manner. In the absence of a linear term, the quadratic elastic energy (37.1) 
is a first "small correction" to the thermodynamic quantities for an undeformed body. The 
theorem of small increments (SP 1, §15) shows that, when expressed in terms of the 
corresponding thermodynamic variables (temperature or entropy), this correction is the 
same for the free energy and the internal energy. 

§38. Straight disclinations in nematics 

The equilibrium state of a nematic substance with given boundary conditions does not 
necessarily have at all points a continuous distribution n(r) with a definite direction of the 
vector η everywhere. In the mechanics of nematics, it is necessary to consider also 
deformations where n(r) may have singular points or lines at which the direction of η is not 
definite. The linear singularities are called disclinations. 

The necessary occurrence of disclinations may be illustrated by means of simple 
examples. Let us consider a nematic in a long cylindrical vessel, the boundary conditions 
requiring η to be perpendicular to the surface of the vessel. It is reasonable to expect that in 
equilibrium the vector η at each point lies radially in the cross-section of the cylinder (Fig. 
29a); the direction of η is then obviously indeterminate on the cylinder axis, which is 

from which, since δφ is arbitrary, we get the boundary condition 

^ k i ^ i m n n nV mV k = 0, 

or, if the z-axis is along v, 

(37.10) 

nxxny-ntjix = o. (37.11) 
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ψ = π/2 

( α ) ( b ) 

FIG. 2 9 

therefore a disclination. If, on the other hand, the boundary conditions require η to be 
parallel to the vessel wall and in the cross-section plane, we get a distribution in which the 
vectors η are everywhere along concentric circles in the cross-section planes, with the 
centre on the cylinder axis (Fig. 29b); here again, the direction of η on the axis is 
indeterminate. 

These are two simple cases of straight disclinations. Let us now take the general problem 
of the possible distributions n(r) in straight disclinations in an infinite nematic medium. 
The distribution n(r) in such a disclination is evidently independent of the coordinate 
along its length, and we need therefore consider the distribution only in planes 
perpendicular to the disclination axis. We shall suppose that η itself is everywhere in such a 
plane. Thus we have a two-dimensional problem in the mechanics of nematics. Some 
general properties of the solution can be derived from general arguments without looking 
at any specific equilibrium equations. 

We use cylindrical polar coordinates r, φ, ζ, with the z-axis along the disclination axis. As 
already noted, the distribution n(r) is independent of z. It also cannot depend on r, since in 
the problem as formulated (a disclination in an infinite medium) there are no parameters 
having the dimensions of length from which a dimensionless function of r, such as n(r) is, 
could be constructed. The required distribution therefore depends only on the angle 
variable: η = η(φ). 

Let φ be the angle between η and the position vector in the plane ζ = constant through a 
given point (Fig. 30); the components of the two-dimensional (in this plane) vector η are 

The polar angle φ is measured from some chosen polar axis in the plane. We shall use also 
the angle 9 between η and the polar axis; evidently θ = φ + ψ. 

The required solution is given by the function ψ(φ). It must satisfy the condition of 
physical uniqueness: when φ changes by In (that is, in a passage round the origin), η must 

nr = cos φ, ηφ = sin φ. 

η 

FIG. 3 0 
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be unchanged apart from sign (a change of sign is permissible, since the directions η and 
- η are physically equivalent). This means that we must have 

#(φ + 2π) = S(0) + 2TWI, 

where η is a positive or negative integer or half-integer; η = 0 corresponds to the 
"undeformed" state η = constant. Hence φ(φ) = $-φ is such that 

ψ(φ + 2π) = 2π(η - 1) + φ(φ). (38.1) 

The number η is called the Frank index of the disclination. 
The equation of equilibrium (to be written out below) determines the derivative άφ/άφ: 

άψ/άφ = l/fm (38.2) 

the right-hand side does not contain the independent variable φ, because the equation 
must be invariant under any rotation of the whole nematic system about the z-axis (i.e. a 
transformation φ -+ φ + φ0). The function /(φ) is periodic, with period π, since the values 
ψ and φ + π are physically identical. Hence 

Ψ 

φ= f / ( x ) d x , (38.3) 

ο 
the constant of integration being chosen so that φ = 0 when </> = 0. Substitution in (38.1) 
gives 

/ ^ J 7 ( x ) d x = 1 

ο 
,ΓΓΤ' (38-4) 

Η ψ ψ + κ 

/ ( x ) d x = J7 (x )dx+ J /(χ)άχ = φ+/π. 

if η Φ 1; the bar denotes averaging over the period of the function. 
From this, we can draw an important conclusion as to the symmetry of the disclination: 

when the whole picture is rotated through φ0 = 2π/2(η - 1) about the z-axis, the angle φ 
changes by π, the distribution thus remaining unchanged: when the periodicity of / ( φ ) is 
taken into account, this transformation gives the identity 

ψ + Π ψ ψ + η 

Φ + Γ = 

ο ο φ 

Thus, simply from the condition of uniqueness, the z-axis is necessarily a symmetry axis Cm 

whose order is 
m = 2 | w - l | , ηφϊ. (38.5) 

The "streamlines" of the director are such that at each point the element of length dl 
(d/r = dr, άΙφ = r d0 ) is parallel to n. The differential equation of these lines is 

άϊφ/άΐ, = ηφ/ηη 

or 
άφ/dlogr = taniA. (38.6) 

From this we see, in particular, that the streamlines include some that are straight, with 
φ = ρπ and ρ an integer. These are 2 \n — 11 radii 

Φ = Γ~Τ;Ρ-ΦΡ> Ψ = ΡΠ' Ρ = 0, 1, 2, . . . , m - 1 . (38.7) \η- 1| 
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F dr d r d ^ = i ( K 1 + K 3 ) ( l - a c o s 2 ^ ) ( l - h ^ ' 2) d < / > d r / r , 

a = ( K 3 - K 1 ) / ( K 3 + /C1). 

The integral with respect to r is logarithmically divergent. In actual problems it is cut off 
above at some distance JR that is of the order of the dimensions of the sample, and below at 
distances of the order of the molecular dimensions a, where the macroscopic theory ceases 
to be valid. To determine the required solution at distances a <^r <ζ R, we can take the 
factor 

L = $ar/r^\og(R/a) 

to be a constant simply, so that the equilibrium distribution φ(φ) is found by minimizing 
the functional 

2π 

(1 - α cos 2φ) (1 4- φ'2) άφ = minimum. (38.8) 

Euler's equation for this variational problem is 

(1 - α cos 2φ) φ" = α sin 2φ (1 - φ'2). (38.9) 

This has, first of all, the two obvious solutions 

^ = 0 (38.10) 
and 

φ = ±π. (38.11) 

These are axially symmetrical solutions corresponding to Figs. 29a and 29b respectively.§ 
They are single-valued; that is, the Frank index for these disclinations is η = 1 (cf. (38.1)). 

t This problem was solved by C. W. Oseen (1933) and F. C. Frank (1958) for the particular case of a nematic 
with /C, = KY The general solution given below is due to I. E. DzyaloshinskiT (1970). 

J The integrand does not include the total derivative (1 - α cos 2φ)2ψ' = {2ψ - α sin 2ψ)'; this does not affect 
the formulation of the variational problem. We shall here derive the equation of equilibrium afresh, without 
reverting to the general equations (37.7), (37.8), which would in practice call for a more laborious calculation. 

§ In the "degenerate" case AC, = K3, α = 0, there are solutions with φ = any constant. 

The cross-section plane of the disclination is divided by these radii into m equal sectors. 
Let us now go on to the specific solution for a nematic whose deformation energy is 

given by (37.1).t 
For a two-dimensional distribution, 

1 άηφ nr 1 
div η = - —f + — = - cos φ · (1 + φ\ 

r άφ r r 

1 άηφ ηφ 1 . 
curl2n = - ~ + — = - sin (// · (1 + ^ ) , 

r d</> r r 

η · curl η = 0, 

with φ' = άφ/άφ. In the free energy only the Kl and K3 terms remain^ 
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To find solutions with η ψ 1, we note that (38.9) has a first integralt 

(1 -acos2<//) (ψ'2 - 1) = constant = \ - \ . (38.12) 
r 

From this, the solution has the form (38.3), with 

1 - α cos 2φ 
fix) = q 1 - aq2 cos 2ψ 

The constant q is found from the condition (38.4): 

(38.13) 

(n-\)q [Γ1"^082^ 1 άφ = π; (38.14) J U -ctq cos 2φ J 
ο 

here, we must have \ cc\q2 < 1. These formulae give the required solution. The solution is 
unique for each n; since the left-hand side of (38.14) increases monotonically with q, the 
equation is satisfied by only one value of q. S ince / (x) is even, φ (φ) is odd. The plane φ = 0 
is therefore a plane of symmetry for the distribution; since there is a symmetry axis C m, 
there are consequently another m — 1 planes of symmetry passing through the z-axis. 
Lastly, ζ = 0 is evidently a plane of symmetry. Thus a disclination with index η has the full 
symmetry of the point group Dmh. 

When η = 2, it is obvious from (38.14) that q = 1, and the corresponding solution is 
simply 

φ = φ = ±$. (38.15) 

To determine the qualitative nature of the solutions found, let us examine the behaviour 
of the streamlines near the radii φ = φρ (38.7). On these radii, φ = ρπ, and near them 
φ ^ ρπ; the function (38.13) becomes a constant: 

ά φ =fW)^q(J—^-YEEI (38.16) 
ά φ - " Ψ ' = ί ί\ \ - * ς

2 

Hence 

φ-πρ ^ (φ-φρ)/λ. 

The differential equation of the streamlines is 

d l o g r 1 
= cot φ ^ άφ Φ-Φ ρ Φ-Φρ 

from which we find the streamlines near the radius: 

r = constant χ \φ - φρ\λ. (38.17) 

With Cartesian coordinates and the x-axis along the radius, we have near the latter r ^ x, 
φ — φΡ = y/x\ the streamline equation becomes 

y = constant x x 1 + 1 M. (38.18) 

t If the integrand in (38.8) is regarded as the Lagrangian of a one-dimensional mechanical system (with ψ as 
the generalized Coordinate and φ as the time), then (38.12) is the energy integral. 

file:///
file://cc/q2
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FIG. 31 

§39. Non-singular axially symmetrical solution of the 
equilibrium equations for a nematic 

The axially symmetrical deformations (38.10), (38.11) (Fig. 29) are disclinations with 
Frank index η = 1 and are exact solutions of the equations of equilibrium for a nematic 
medium with specified boundary conditions at the walls of the container. They are not, 
however, the only solutions of such problems. They are unique only as two-dimensional 
solutions. If we abandon the hypothesis that the vectors η are everywhere in planes 
transverse to the axis of the vessel, other solutions are possible which do not have a 
singularity on the axis. For example, if the boundary conditions are such that η must be 
perpendicular to the wall, the director streamlines in such a singularity-free solution are in 
meridional planes as shown in Fig. 32. At the wall, they leave at right angles, then bend 
towards the axis r = 0, on which η therefore has a quite definite direction. Moreover, we 
shall see that the absence of singularities from such a solution makes it thermodynamically 
more favourable (the total elastic free energy is less) than one with a singularity on the axis 
(P. E. Cladis and M. Kleman 1972). Let us now proceed to construct this solution. 

We shall seek a solution that is axially symmetrical and uniform along the z-axis in 
cylindrical polar coordinates: 

nr = cos χ ( Γ ) , ηφ = 0, nz = sin x(r); (39.1) 

the angle χ is as shown in Fig. 32. The boundary condition at the wall is 

x = 0 for r = R (39.2) 

where R is the radius of the cylindrical vessel, and on the axis we impose the condition 

χ = ±π for r = 0, (39.3) 

Various cases have now to be considered. When η ^ η - 1 > 0, and from (38.14) q 
> 0, so that λ > 0. In this case, the streamlines start from the origin and the radius is a 
tangent to them. 

When η = \, q < 0, and so λ < 0. A numerical analysis of (38.14) shows that q2 > 1 and 
therefore \λ\ > 1. From (38.18), y increases with x. The region near the origin cannot be 
dealt with in this way, since according to (38.17), when λ < 0, small values of φ-φρ 

correspond to large r. 
Lastly, when M < 0 , - 1 < λ < 0, and from (38.18) y 0 as χ oo; the streamlines 

approach the radii asymptotically. 
Figure 31 shows schematically the streamlines for disclinations with η = | , \ and 
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which, as already shown, corresponds to the absence of any singularity. We have 

curl^n = - d n z / d r = - c o s ^ . d ^ / d r , 

1 d(rn r) dy cosy 
div η = - ^ = _ δ ΐ η χ_ Λ + 6L 

r dr dr r 
The free energy of the deformation per unit length along the z-axis is 

R LOG* 

^Fa-2nrar = n j" {{Kt s in2 χ + K3 cos 2 χ)χ'2 + Κ , cos 2 χ - Κ , ύη2χ·ϊ}άξ, 
0 - χ> 

(39.4) 
where the prime denotes differentiation with respect to the variable ξ = logr.f 

The first integral of the equilibrium equation (that is, Euler's equation for the 
variational problem of finding the minimum of the functional (39.4)) is 

(Κ ι s in2 χ + K3 co s 2 χ)χ'2 - Κ x cos 2 χ = constant. (39.5) 

According to the condition (39.3), we must have χ->{π and ξ - oo. This evidently 
implies that χ' -> 0 as χ -+ }π; the constant is therefore zero, so that 

X y ^ s i n ^ + Ka cos2 χ)-

From this we get the required solution, satisfying the condition (39.2), as 

l o g (* / r ). 1 f ^ * , * ^ * * , ^ ) ( 3 9 6) 

V ^ i J cosx 
0 

In contrast to the disclination (38.10), this solution is not self-similar, since it involves the 

t The last term in the integrand is unimportant in stating the variational problem, but is needed when 
calculating the total free energy. 
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dimensional length parameter R. The integral (39.6) can be expressed in terms of 
elementary functions. The result, if K3 > Kly is 

r/R = 
/ ( y / ( l - / c 2 sin2x)-k' sin χ 

\j(l-k2sm2x) + k' sin χ J "•'I k 

k2 = (K3-Kl)/K3, k'2 = \ - k 2 = KJK2 

(39.7) 

When \π — χ tends to zero as r, and the streamlines approach the z-axis 
exponentially: r oc exp (constant x z). The free energy associated with this solution is 
found to be 

Fd·27irdr = nKl{2 + ~ sin" 1 k |>. (39.8) 

This is independent of the radius R of the vessel. The energy of the disclination in Fig. 29a 
(the solution (38.10)) is 

R 
m 

Fd'2nrdr = nK1L, 
(39.9) 

where L = log (R/a) is a large logarithm arising from the singularity on the axis. We see 
that the solution without a singularity is energetically more favourable than the other, 
unless Kx is unusually small. 

The field n(r) of this axially symmetrical non-singular solution of the equations of 
equilibrium can be derived from that of a disclination with η = 1 by a deformation that is 
continuous, i.e. does not involve tearing, the vectors η being gradually brought away from 
the planes ζ = constant. This is one case of a very general situation to be discussed in §40. 

P R O B L E M S 

PROBLEM 1. Find the axially symmetrical solution of the equations of equilibrium for a nematic medium in a 
cylindrical vessel, having no singularity on the axis and corresponding to the boundary conditions in Fig. 29b. 

SOLUTION. We seek the solution in the form 

nr = 0, ηφ = cos x(r), nt = sin x(r) 

with the boundary conditions 

X(R) = 0, χ(0) = }π. 

Then 

curl^ η = - cos χ άχ/dr, 

curl, η = (1 /r) cos χ - sin χ άχ/dr, 

div η = 0. 

The free energy is 
R LOG A 

j 2nrFddr = π J { K 2( s i n * c o s * ~x')2 + * 3 c o s 4* } d { . 

0 - oo 

The first integral of the equilibrium equation is 
KiX'2 - ( * 2 s in 2 χ c o s 2 χ + K3 c o s 4 χ ) = 0. 
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Integration of this gives (if K 3 > K2) 

\J\y/(\-k2sin2x) + k' s i n * ] ' 

/c2 = ( K 3- K 2) / K 3, / c ' 2 = K 2/ K 3. 

As r -> 0, χ {π in the manner $π - χ = 2k'r/R. 

The free energy of this deformation is 
R 

J Fd · 2πΓ dr = πΚ2 ί^2 + ^ sin " 1 /c | , 

whereas that of the two-dimensional disclination in Fig. 29b is πΚ3 L. 

PROBLEM 2. Examine the stability of disclinations with η = 1 with respect to small perturbations having the 
form δη(φ) (S. I. Anisimov and I. E. Dzyaloshinskii 1972). 

SOLUTION, (a) The unperturbed field of a radial discliniation (Fig. 29a) is nr = 1, ηφ = nt = 0. The perturbed 
field will be written as 

n, = cos Θ cos Φ ̂  l - i ( 0 2+ < D 2) , 

ηφ = cos Θ sin φ = Φ, 

n2 = sin Θ = Θ. 

where the angles Θ and Φ are functions of the angle coordinate φ. The energy associated with this perturbation is 

jV^rdrd^ = ±K 2 Φ 2 + Κ2Θ'2 + (K 3 - Κ ^ Φ 2 - Κίθ2}άφ. 

For a general analysis, we should have to put 

θ ( φ ) = £ © y , Φ(φ)= t 
5 = - α ο ι = - α ο 

and express the energy as a function of all the 0 , and It is, however, immediately obvious that the disclination 
in question is always unstable with respect to the perturbation 0 O, because of the term - Kx θ 0

2 in the energy. 
(b) The unperturbed field of a circular disclination (Fig. 29b) is nr = ns = 0, ηφ = 1. We write the perturbed 

field as 
nr = cos θ cos ($π + Φ) ^ — Φ, 

ηφ = cos 0 sin (}π + Φ) s 1 - i ( ® 2 + Φ2). 

nz = sin Θ ^ 0 ; 

here, the definition of Φ is different from that in the preceding case. The corresponding energy is 

^,ΓάΓάφ^ίΚ2 ^{Κ3(Θ,2+Φ,2)-¥(Κι-Κί)Φ2 + (Κ2-2Κ3)Θ2}άφ. 

The most "dangerous" perturbations are 0 O and Φ 0; the stability conditions for these are 

Ki > K 3, K2 > 2K3. 

In itself, the result in the text and in Problem 1 that the free energy of the deformation in disclinations with 
η = 1 exceeds that of the non-singular axially symmetrical solution signifies only that these disclinations are at 
best metastable. We now see that the radial disclination is altogether unstable, and the circular one is stable (as 
regards perturbations of the type considered) only when certain relations exist between the elastic moduli. 

PROBLEM 3. A nematic medium occupies the space between two parallel planes; the boundary conditions 
require the director to be perpendicular to one plane and parallel to the other. Determine the equilibrium 
configuration n(r). 

SOLUTION. The equilibrium configuration is evidently two-dimensional; we take the relevant plane as the xz-
plane, with the z-axis perpendicular to the boundary planes (z = 0 and ζ « Λ). We put 

nx * 8 ίηχ ( ζ ) , nt = c o s * ( z ) . 
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The free energy of the deformation is 

{ K l Si n 2* + K 2 c o s 2* } * ' ' 2d z . 

The first integral of the equilibrium equation is 

(Kt s in2 χ + K2 c o s 2 χ)χ'2 = constant, 

whence, with the boundary conditions, 

X 
V ^ s i n ^ + K; ι s in2 x + K2 c o s 2 χ) άχ = {z/h) μ [Κ ι s in 2 χ + K2 co s 2 *)d*, 

0 

ζ = Λ£(χ ,* ) /£ (}π ,* ) , * 2 = (K2-Kx)IKl9 

where £(*, /c) is an elliptic integral of the second kind. 

§40. Topological properties of disclinations 

The definition of the Frank index given in §38 depended essentially on the assumption 
that the disclination deformation is two-dimensional and is uniform along the discli
nation. We shall now show how this concept can be used in the general case of any curved 
disclinations in a nematic medium. 

The energy of the nematic is not affected by a simultaneous arbitrary rotation of the 
director at every point. In this sense, we can say that the states of the nematic are 
degenerate with respect to the directions of the director, which are referred to as a 
degeneracy parameter. We can define degeneracy space as the range of variation of the 
degeneracy parameter that can occur without a change in energy. In the present case, this is 
the surface of a sphere with unit radius, each point of which corresponds to a particular 
direction of n. Here, however, we must also take into account that states of a nematic that 
differ by a change in the sign of η are physically identical. That is, diametrically opposite 
points on the sphere are physically equivalent. The degeneracy space of the nematic is 
therefore a sphere on which every pair of opposite points are regarded as equivalent^ 

Let us imagine that, in the physical volume of the nematic, we pass along a closed 
contour γ round a disclination line. We trace this passage in terms of the direction of n. The 
point representing it in the spherical degeneracy space describes another closed contour 
Γ. Two cases are to be distinguished here. 

In one case, Γ is literally closed. In returning to its original position, the point describes 
an integral number η of loops (for instance, η = 1 and 2 for the contours Γ χ and Γ 2 in 
Fig. 33). This number is the integral Frank index. 

FIG. 33 

t In topology, this geometrical picture corresponds to what is called a projective plane. 
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In the other case, Γ starts from a point on the sphere and ends at the diametrically 
opposite point. Such a contour also is to be regarded as closed, since diametrically 
opposite points are equivalent. The Frank index is defined as the half-integral number of 
"loops" then described by the point (for instance, η = \ for the semicircle Γ^). 

Any closed contour on a sphere can be transformed into any other by a continuous 
deformation (i.e. one that does not break the contour). Moreover, any closed contour can 
be continuously shrunk to a point, t 

It is also possible to transform into one another any contours which begin and end at 
diametrically opposite points on the sphere. Such contours cannot be shrunk to a point, 
however: when deformation occurs, the ends of the contour may move, but must remain at 
the two ends of the some diameter of the sphere. 

The Frank index is therefore not a topological invariant. Only its being integral or half-
integral has this property. 

It follows from the above that all disclinations in a nematic medium fall into two 
categories, each containing topologically equivalent disclinations which can be converted 
into one another by a continuous deformation of the field n(r) (S. I. Anisimov and 
I. E. Dzyaloshinskii 1972). One category includes disclinations with integral Frank indices, 
which are topologically unstable and can be removed by a continuous deformation. 
Disclinations with integral index may terminate within the nematic. 

The other category consists of disclinations with half-integral indices. These discli
nations are not removable and are topologically stable. 

The question of which of the topologically equivalent structures will in fact occur under 
any specified conditions depends on the relative thermodynamic favourability of these 
structures and is therefore outside the range of a topological analysis. 

There can be point singularities in a nematic medium, as well as the linear disclination 
singularities. The simplest example is a point from which the vectors η radiate in all 
directions (a "hedgehog"). 

To determine the topological classification of point singularities, we again use the 
mapping on a unit sphere as degeneracy space. In the physical space occupied by the 
nematic, we take two points A and Β joined by a contour γ surrounding the singularity Ο 
(Fig. 34). The contour γ corresponds to a certain contour Γ on the unit sphere, If now y is 
rotated about the straight line AB, it describes a closed surface σ in physical space during a 
complete rotation back to its original position. The image Σ of a, described by Γ, covers 
the unit sphere, possibly more than once. The number Ν of times it does so is a topological 
characteristic of the singular point. It is possible to regard Σ as a closed film drawn over the 
sphere, which evidently cannot, without cutting it in some way, be shrunk to a point; this 

+ A deformation of the contour may represent either a change in the contour γ in physical space or a change in 
the held n(r) itself. 

A θ 

FIG. 34 
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corresponds to the irremovability of the singularity. The value Ν = 0 (incomplete 
covering) corresponds-to an absent or removable singularity: a film that does not 
completely cover the sphere can be shrunk to a point on the sphere. For singular points in a 
nematic, the sign of Ν has no significance; if the sign is changed, the directions of η are 
simply reversed in all space, and this does not affect the state of the nematic. 

The number Ν corresponding to a point singularity can only be integral. It is easy to see 
that a half-integral Ν would in fact signify the presence of an irremovable line, not point, 
singularity. If Σ covers half the sphere {N = i ) , this means that, if we follow any one point 
on y , we find that its image describes a contour on the sphere like in Fig. 33, which 
would indicate the presence of an irremovable disclination with Frank index η = ^-t 

In connection with this discussion of the topological properties of singularities in 
nematics, let us briefly consider the topological interpretation of dislocations, i.e. line 
singularities in crystal lattices. We take an infinite lattice with the x{, x2, x 3 axes along the 
three basic lattice periods au a2, a 3. The lattice energy is unchanged by parallel 
displacements through any distances along the axes. The ranges of variation of the 
degeneracy parameters (amounts of displacement) are segments with length au a2, a 3, for 
each of which the two end-points are regarded as equivalent, because a displacement by 
one period leaves the lattice in the same position and therefore in identically the same state. 
A segment with equivalent ends is topologically the same as a circle. Thus the degeneracy 
space of the lattice is a three-dimensional region based on three circles. This region can be 
regarded as a cube with pairs of opposite faces equivalent or, alternatively, as the three-
dimensional surface of a torus in four-dimensional space. J On such a torus there are 
contours Γ that cannot be shrunk to a point, each of which is described by three integral 
topological invariants nu n2, n 3, the numbers of passages around the three circular 
generators of the torus. If Γ is the image of a contour γ which in physical space passes 
round a singular line (a dislocation), then its three invariants are the three components of 
the Burgers vector measured in units of the corresponding periods au a2, a3. Thus 
dislocations are topologically stable irremovable singular lines, and their Burgers vectors 
are topological invariants. 

§41. Equations of motion of nematics 

The state of a nematic medium in motion is defined by the spatial distribution of four 
quantities: the director n, the mass density p , the velocity v, and the entropy density S. 
Accordingly, the complete system of hydrodynamic equations of motion of a nematic 
consists of four equations giving the time derivatives of these (J. L. Ericksen 1960, F. M. 
Leslie 1966, T. C. Lubensky, P. C. Martin, J. Swift and P. S. Pershan 1971). 

Let us begin with the equation for the director. If the nematic is in equilibrium, so that 
h = 0, and moves as a whole with a velocity constant in space, then this equation simply 
expresses the fact that the values of η are transported in space at the same velocity. That is, 
each liquid particle moves in space with its own fixed n. This is expressed by equating to 
zero the total or substantial time derivative: 

£ . £ + (, . V , „ . 0 . , 4 U , 

t A corresponding conclusion does not follow from similar arguments when Ν is integral, since a disclination 
with integral index is removable, and the image with integral Ν corresponds to an irremovable singularity. 

t Just as a square with pairs of opposite sides equivalent is topologically the same as the two-dimensional 
surface of a torus in three-dimensional space. 
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In the general case of any motion, the right-hand side contains terms which depend on h 
and on the space derivatives of the velocity; in the first non-vanishing hydrodynamic 
approximation, we take just the terms linear in these quantities. The derivatives dvi/dxk 

form a tensor, which may be divided into symmetrical and antisymmetrical parts: 

Vuc = 4(<5, vk + dk Vi), Qik = i(<9, vk - dk Vi). (41.2) 

To determine the dependence on Ωι Λ, it is sufficient to note that, in uniform rotation of the 
nematic as a whole with angular velocity Ω, the entire field n(r) rotates with that velocity. 
Such a rotation is represented by 

dn/d i = j c u r l vXn or dn,/df = Qkink: 

the velocity of points in a body rotating as a whole is ν = ΩΧ r, and so curl ν = 2Ω, and the 
rate of change of the director is given by a similar expression, dn/dr = Ω χ η . The terms 
depending on vik are subject to the condition n - d n / d i = 0, since n 2 = 1 is constant. We 
thus arrive at the following general form of the equation of motion of the director: 

dri./di = ϋ^ηΙί-{-λ(δΗ-ηίηι)ηΙίνΜ + Νί, (41.3) 
where f 

Ν = h / y . (41.4) 

The term Ν represents the relaxation of the director towards equilibrium under the action 
of the molecular field; the second term in (41.3) gives the orienting effect of the velocity 
gradient on the director. The coefficients y , with the dimensions of viscosity, and A, 
dimensionless, in these terms are kinetic, not thermodynamic, coefficients. J 

The equation for the time derivative of the liquid density is the continuity equation 

dp/<3t + div(pv) = 0. (41.5) 

This essentially determines the hydrodynamic velocity as the material flux density per unit 
mass. 

The equation for the time derivative of the velocity is the dynamical equation 

p d v / d i = F, (41.6) 

where F is the force on unit volume. In accordance with the general arguments in §2, body 
forces can be written as a tensor divergence: 

where aik is the stress tensor. The dynamical equation then becomes 

dt); Γ dt): 
P ^ = p | ^ - + ( v V ) ^ =<W (41.7) 

The form of the stress tensor will be established later. 
Lastly, there is an equation for the entropy. In the absence of dissipative processes, the 

motion of the liquid would be adiabatic, and would be so in each volume element, which 

t The notation Ν is used to show more clearly the structure of some of the following formulae, and with a view 
to further generalizations in §44. 

t The absence of terms containing the gradients of density and entropy (or temperature) on the right of (41.3) 
is due to the necessary invariance under spatial inversion and under a change in the sign of n. This is further 
discussed in §44. 
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would move with a constant entropy. The entropy conservation equation would be simply 
the entropy continuity equation: 

dS/dt + div (Sv) = 0, 

where S is the entropy per unit volume and S\ the entropy flux density, f When dissipative 
processes are included, the entropy equation becomes 

^ + d i v ( S v + q / R ) = 2R/T. (41.8) 

Here R is the dissipative function, and 2R/T gives} the rate of increase of entropy; it is a 
quadratic form in the components of the tensor viki the vector h, and the temperature 
gradient vector VT. The vector q is the heat flux density, related to the thermal 
conductivity. The components of this vector are linear functions of the temperature 
gradient components: 

«,· = -*ikdkT. (41.9) 

In a nematic medium, the thermal conductivity coefficient tensor KIK has two independent 
components and may be put in the form 

KIK = K^nK̂ KL (Sik-nink\ (41.10) 

where and KL describe the thermal conductivity in the directions longitudinal and 
transverse relative to n. 

The energy conservation law in hydrodynamics is expressed by 

! ( i p v 2 + £) + d i v Q = 0, (41.11) 

where Ε is the internal energy density and Q the energy flux density. The energy density is 
Ε = E0 + Ed, where E0(p, S) relates to the undeformed homogeneous medium and Ed is 
due to the distortion of the field n(r). According to the remark at the end of §37, Ed is the 
same as the free energy Fd (37.1), except that the elastic moduli KUK2,K3 are supposed to 
be expressed in terms of the density and the entropy, not the temperature. 

The energy conservation law is, of course, contained in the equations of motion. We 
shall use it to establish the relation between the function R9 the tensor aik and the vector Ν 
defined above. 

We expand the time derivative in (41.11), using the thermodynamic relations 

(dE/dS)pm=T, (δΕ/δρ)5. = μ, 

t This equation can be put in the equivalent form 

d 3 
- ( S / p ) = - ( S / p ) + (v-V)(S/p) = 0, 
di dt 

which expresses the constancy of the entropy per unit mass transported by the liquid particles. 
X 2R itself is, as in §34, the rate of dissipation of mechanical energy (FM, §79). 
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where μ is the chemical potent ial^ Then 

d . * j ι -\ ι 2 dp d\ dp dS (dEA 
J t { W + E) = V £ t + p v • Έ + »it + T a + (1Γ ) Λ Ι

 ( 4 L , 2 ) 

Let us consider separately the last term. With nti from (37.6), we write 

= -h-dn/dt + dk(nkidni/dt); 

here we replace Η by h, since the longitudinal part of Η disappears at once by virtue of the 
equation n*dn/dt = 0. Substituting dn/dt from (41.3), we write 

dE \ 
-τ*-) = (uk3kw,-+ Q i kn k - A i ; i j kf i K) * I - Ν - h +d iv (. . .) 

and, separating another total divergence, 

) = _ G - v - / i 2 / 7 + div(. . .), (41.13) 
d t JP,S 

where 
Gi = -hkdink +±dk(nX-nkhi)-:

2-Adk(nihk + nkhi). (41.14) 

Here and henceforward, the total divergences are not written in full, so as to make the 
formulae less complicated; these terms are not important in solving the problem stated, 
though we shall return to them at the end of the section. 

The expression (41.14) can be written as 

G,-= W  ̂ + to^VS, (41.15) 
where 

olk
ir) = - nkldtnt - ±λ(η\ + ηΛ) + iM* - M I ) . (41.16) 

The transformation makes use of the equation 

(dlEd)pS = {dEd/dnk)dink + Π , ^ , ^ . 

The definition of the tensor aik
(r) is not unique: the expression (41.15) is unchanged if we 

add to Gik
r) any term dtxilk, where xilk is any tensor antisymmetrical in the last pair of 

suffixes (xilk = - xikl). Although the tensor (41.16) is not symmetrical, it can be made so by 
adding a term of this form with an appropriate choice of the tensor xilk. The practical 
execution of this quite laborious operation will be left till the end of the section. Here, we 
will continue with the derivation of the equations of motion, assuming that oik

r) has 
already been symmetrized. 

t It should be emphasized that £ relates to a specified (unit) volume; the number Ν of particles (molecules) in 
that volume is variable. In SP 1, the chemical potential is everywhere relative to one particle, i.e. is defined as μ 
= dE/dN. Since Ν = pjm, where m is the mass of one molecule, the definition used here differs from that in SPl 
only by a factor m. To avoid misunderstanding when comparing with the thermodynamic identity (3.2a), note 
that £ here is the internal energy per unit volume in the strict sense, whereas in §3 6 was defined as the energy of 
the matter in unit volume of the undeformed body. 
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t Since E0 = £0(/», 5), {diEd)PiS = (diE)p,s. 
t Sometimes called the reactive part, whence the superscript (r). 
§ This situation is paralleled, for example, by the Hall effect in the electrodynamics of conductors, which is 

likewise not accompanied by dissipation. 

Substituting (41.15) in (41.13) and separating in one term a total divergence (using the 
symmetry of a i k

r )\ we g e t | 

-djJ s= - Ν ^ + σ Λ - ( 5 . . £ ) ρ , 5 ^ + <1ίν(. . . ) . (41.17) 

Lastly, substituting in (41.12) the time derivatives from (41.5), (41.7), (41.8) and (41.17), 
and expressing the partial derivative (with ρ and S constant) of Ε in terms of the total 
derivative by 

diE = (diE)pS + pdip + TdiS, 

we find after some algebra (separating total divergences) 

~ ( i p v 2 + E) = - alk'vlk - Ν · h + (l/T)q · VT + 2R + div (. . .), (41.18) 
ct 

where oik is related to aik by 

*.·*= - ρ ί , · * + ** ( Γ) + *.·*' , (41.19) 

and the pressure is thermodynamically defined: 

p = ρμ-Ε + TS; (41.20) 

ρμ = Φ is the thermodynamic potential (Gibbs free energy) of unit volume of material and 
determines, as it should, the isotropic part of the stress tensor. 

Comparison of (41.18) with the energy conservation equation (41.10) shows that 

2R = aIK'OIK + N-h-(l/T)q-VT. (41.21) 

This function determines the entropy increase due to dissipative processes. It is therefore 
clear that the tensor aik in (41.19) is the dissipative (viscous) part of the stress tensor. The 
tensor aik

(r) does not appear in (41.21); it is the non-dissipative (additional to the pressure-
dependent) part of the stress tensor J and is specific to a nematic (as opposed to an 
ordinary) liquid. 

It should also be noted that the coefficient λ does not appear in the dissipative function. 
Although the effect represented by this dimensionless coefficient is clearly a transport and 
not a thermodynamic effect, it is not dissipative. § 

The density of body forces in a moving nematic medium is 

F i = -dlP + dkaik
(r) + dkalk' = - ^ p + F ^ + F,-'. 

In a medium that is at rest in equilibrium (even if deformed), F ' = 0, and according to the 
equilibrium condition (37.7) h = 0 also. According to (41.14) and (41.15), in this case 

F<'>= -(VEd)PtS, F= - V p - ( V E - ) p . s . 

If we assume the elastic moduli to be constants independent of ρ and S, then 
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t If these assumptions are not made, the force F at constant temperature can be written as F = - ρ¥μ, and the 
equilibrium condition thus reducbs to the usual μ = constant: by differentiating the expression (41.20) for the 
pressure and using the thermodynamic relation d £ = TdS + μάρ + ( d £ d) p <s , we find - V p = - p V > - S V T 
+ (WEd)p>s, whence, if Τ = constant, we get the above expression for F. 

(VEd)pS = VEd, and F = - V ( p + £d) .f In equilibrium, we must also have F = 0. It 
follows that (on the assumption stated) the pressure distribution in a nematic medium in 
equilibrium is 

ρ = constant - Ed. (41.22) 
Let us now carry qut explicitly the above-mentioned operation of symmetrizing the 

tensor oik
(r). First, we calculate explicitly the antisymmetrical part of this tensor. To 

calculate the difference aik
{r) — aki

(r\ we have to use the fact that 

dEd 

Bik = — nk + dftk - Ukl 6i w, 

is symmetrical in the suffixes i and k. It is not easy to verify this symmetry directly. A 
simpler method is an indirect one using the fact that the energy Ed is a scalar and therefore 
invariant under any rotations of the coordinates. With an infinitesimal rotation through 
an angle δφ, the coordinates are transformed according to 

r' = r + <5r, δτ = δφχτ, 
that is dXi = eikxk, eik = exek δφι = - eki. 

The changes in the vector η and the tensor are correspondingly 

δη{ = ε,·,Η,, o(dknt) = εα dknt + ekl d{ nx. 

The in variance of Ed under this rotation signifies that Bikeik = 0. Since eik is any 
antisymmetrical tensor, it follows that Bik is symmetrical. 

We can then easily bring the antisymmetrical part of the tensor aik
{r) to the form (2.11), 

w i th ^ . ι ^ Π , ι - ^ Π , , . . 

The symmetrized tensor oik
r) is then found immediately from (2.13). After some 

simplification, the result is 

<Tikr) = -&(nihk + nkhi) - ± ( Π ΜΔ Ί Π , + nadknt) -

- * 0 ι [ ( Π Λ + Π„)π, - nwn, - n„nk]. (41.23) 

This actually involves only the transverse (relative to the subscript k) components of the 
tensor Tiik. If the latter is written as 

so that nik
(t)nk = 0, only the nik

<0
 terms remain in (41.23). 

Lastly, let us consider the total divergence terms, which so far have not been written out. 
Comparison of (41.18) and (41.11) shows that the argument of div in all these terms 
determines the energy flux density. The final result thus obtained is 

Qi = ( ^ ^ ^ ^ - ^ { - ν ^ + ίΐ^^λη^ν^-^η^)}^ 

+ ι ( " Λ - nkhi)vk 4- iA(nA + nkhi)vk - aik'vk - KikdkT, (41.24) 

where W = ρ + Ε is the heat function. The first term is the same as the energy flux in 
ordinary fluid dynamics. 
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§42. Dissipative coefficients of nematics 

The Ν and aik terms in the equations of motion represent relaxation processes arising 
from the departure of the medium from thermodynamic equilibrium, which causes h and 
vik to have non-zero values. In the ordinary hydrodynamic approximation, the departure 
from equilibrium is assumed to be weak; that is, h and vik are in some sense small. Then the 
aik are linear functions of them. 

However, with the above form of the equations of motion, the terms in aik that depend 
on h need not be written out. The reason is that such terms from the components of h and η 
would have the form constant χ (π,/ι* + nkhi). Such a term is already present in the non-
dissipative part of the stress tensor aik

r) (41.18); the addition of a similar term in aik would 
therefore simply amount to redefining the coefficient λ. 

The general form of the linear dependence of aik on vik is 

tf.fc' = nihlmVlm- (42.1) 
where the rank-four tensor ηΜιη has the obvious symmetry properties (resulting from the 
symmetry of oik and vik) _ 

yjiklm — Hkilm ~ ^ikml · (HZ.ZJ 
This tensor also has a deeper symmetry which results from Onsager's general 

principle of the symmetry of the kinetic coefficients (see SP 1, §120; as in §33, in the rest of 
this section we shall formulate this principle as in FM, §59, and use xa and Xa as defined 
there). The expression R/Τΐοτ the rate of increase of entropy shows that, if the xa are taken 
to be the components of the tensor aik, then the Xa thermodynamically conjugate to them 
are the components of the tensor - i W ^ - t The components of the tensor ηΜηι act as the 
kinetic coefficients y a b. Onsager's principle requires that y a b = y b a, i.e. 

bikini = llmik · (42.3) 

The tensor ηΜη has to be constructed from only the unit tensor dik and the vector n, 
taking account of the symmetry properties mentioned. There are only five linearly 
independent combinations of this kind: 

n i n k n t n m, n t n k dlm + η^δ*, 

W i δ km + n kn t oim + n { n m 6U + n k n m δ α, 

διιί <5/m, δα okm + 6kl oim. 

Accordingly, ηίΜη has five independent components; the stress tensor formed from it may 
be written as j 

oik = 2ηιϋΛ + (ι/2 - Y]\)δ* vu + (ηΑ + ηχ - η2) (Sik n t n m vlm + ηρ^) + 
(42.4) 

+ (to - 2 7̂i) ( W t o i + n k W u ) * (η5 + >?i + Άι ~ 2 ^ 3 ~ 2 i y 4) n#iknxnMOLM. 

The suitability of this definition of the various coefficients is seen from the following 
expression for the dissipative function when the z-axis is taken parallel to n: 

2R = 2ηι (ναβ - $δαβνγ7)2 + η2ναΛ
2 + 2η3ναζ

2 + 

+ 2η*ν„ναΛ + η5 ν„2+γ{κ^χΤ)2 + κL(daT)2} + h2/y, (42.5) 

t In the literature, the xa and Xa are often called thermodynamic fluxes and thermodynamic forces respectively. 
X The dissipative coefficients of nematics were introduced (in a different form) by F. M. Leslie (1966) and O. 

Parodi (1970). The choice of definitions of the viscosity coefficients of nematics seems to be not yet agreed upon in 
the literature. 



§43 Propagation of small oscillations in nematics 165 

where the suffixes, α, β , γ take the values χ and y. Since we must have R > 0 (the entropy 
increasing), the coefficients η χ , η 2 , η 3 , >/5, Kp K L , and γ are positive, and 

η 2 η 5 > η * 2 . (42.6) 
A nematic medium thus has a total of nine kinetic coefficients: five viscosity coefficients, 

two thermal conductivities, the coefficient γ (which also has the dimensions of viscosity), 
and the non-dissipative dimensionless coefficient λ . 

The number of viscosity coefficients which appear in the equations of motion is smaller 
in the important case where the fluid in motion may be regarded as incompressible; for 
this, its velocity must be much less than that of sound. The equation of continuity for an 
incompressible fluid is just div ν = v u = 0. The second term in the stress tensor (42.4) 
disappears, and the third becomes constant χ 6ik(ninmvlm). The latter term makes no 
contribution to the dissipative function, since it gives zero in the product aik v i k because of 
the resulting factor vikdik = vkk = 0; it has the same tensor structure as - poik in the 
complete stress tensor aik. On the other hand, in incompressible fluid dynamics the 
pressure appears (like the velocity) as just one of the unknown functions of coordinates 
and time, determined by solving the equations of motion; it is here not a thermodynamic 
quantity related to other similar ones by the equation of state. The terms - poik and 
constant χ δ ^ η ^ ν ^ ) in the stress tensor can therefore be combined; this simply amounts 
to redefining the pressure. The viscous stress tensor for an incompressible nematic fluid 
therefore reduces to 

Oik = 2ηινΛ + {η3--2ηι)(ηίηινιι1 + ηΙιηιυα) + (ή2 + ηι -2η3)ηιηΙίηιη„νι„, (42.7) 

where ή2 = n2 + r/5 — 2J/4; it contains only three independent viscosity coefficients. The 
corresponding dissipative function is (with the z-axis along n) 

2R = 2 η ι ( υ Λ β- ) ί δ α ί βυ γ γ) 2 + ή 2 ν ζ ζ
2 + 2 η 3 ν α ζ

2 + 

+ ~{Kl{{dzT)2 + K L {da Τ)2) +h2/y, (42.8) 

since υ α α + v z z = 0; the inequality (42.6) makes the coefficient ή 2 positive. 

PROBLEM 

Determine the force on a straight disclination (with Frank index η = 1) moving transverse to itself (H. Imura 
and K. Okano 1973). 

SOLUTION. Let us consider the disclination in coordinates for which it is at rest and along the z-axis, while the 
liquid moves at a constant speed ν in the x-direction. The distribution n(r) in the disclination in these coordinates 
is steady, and is given (for a disclination with radial director streamlines, Fig. 29a) by 

nx = cos0, ny = sine/), 

where the polar angle φ = t a n -1 (y/x). In equation (41.3), we have dn/dt = 0 and vik = 0 (the flow being 
uniform), leaving 

vdn/dx = h/y. 

This gives for the weak molecular field resulting from the motion 

h = yv ν x η δφ/dx, 

where ν is a unit vector in the z-direction; in the absence of motion, h = 0, since a disclination at rest is an 
equilibrium state of the medium. The dissipative function is 

2R = h2/y = γν2(δφ/δχ)2 = yv2y2/(x2 + y 2) 2. 

The energy dissipated per unit time and per unit length of the disclination is represented by the integral 

j*2K dx dy = nyv2 L, L = log( R/a), 

where R is the transverse dimension of the region of motion and a the molecular dimensions. This dissipation 
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must be compensated by the work vf done by the force f acting on the disclination. Hence 

/= nyvL. 

A similar result is obtained for a disclination with circular streamlines (Fig. 29b). 

§43. Propagation of small oscillations in nematics 

The complete system of exact equations for the hydrodynamics of nematics is very 
complicated, but it is simpler for small oscillations, where the equations can be linearized. 

In considering the propagation of small oscillations in nematic media, let us first recall 
the oscillation types (modes) that exist in ordinary liquids. Firstly, there are ordinary 
sound waves, for which the dispersion relation between the frequency ω and the wave 
vector k is ω = ck and the propagation speed is 

c = J(dp/dp)s. (43.1) 

The oscillations in a sound wave are longitudinal (see FM, §64). 
Next, there are strongly damped viscous waves, with dispersion relation 

ϊω = ηΙί2/ρ9 (43.2) 

where η is the viscosity coefficient (see FM, §24). These waves are transverse (the velocity ν 
is perpendicular to k), and are therefore often called shear waves. They can have two 
independent directions of polarization; the dispersion relation does not depend on these. 

Lastly, in a liquid at rest, small oscillations of temperature (and entropy) are propagated 
as waves, likewise strongly damped, with dispersion relation 

ίω = xk2, (43.3) 

where χ is the thermometric conductivity of the medium (see F M , §52). 
Analogous types of wave exist in nematic media, but the presence of an additional 

dynamical variable, the director n, gives rise to further types peculiar to these media. 
Let us begin with ordinary sound in nematics. It is easy to see that, in the limit of 

sufficiently long waves (i.e. sufficiently small /c), the corrections to the speed of sound that 
are due to the presence of the additional dynamical variable are slight, so that the speed of 
sound is again given by the simple formula (43.1). We can write the director in the 
oscillating medium as n = n0+<5n, where n 0 is the unperturbed value, constant 
throughout the medium, and δη is a small variable part; since n 2 = n 0

2 = 1, n 0 -δη = 0. 
Comparison of the left-hand side of (41.3) with the first two terms on the right shows that 
ωδη ~ kv, or δη — v/c; the term Ν = h/y is a higher-order small quantity, since by (37.9) 
the molecular field h oc k2. The term Ed in the energy density of the liquid is therefore 

£d~ Κψδη)2 ~K(kv/c)2, 

i.e. is of the order of k2 relative to the leading term ~ pv2. In the approximation 
considered, this energy may therefore be neglected, and this proves the above statement 
regarding the speed of sound. 

In the next approximation with respect to fc, there is absorption of sound arising from 
dissipative processes. The specific feature of a nematic, as compared with an ordinary 
liquid, is that this absorption is anisotropic, depending on the direction of propagation of 
the sound wave; see Problem 1. 

The remaining types of oscillation in nematics have a dispersion relation similar to 
(43.2) and (43.3): ω oc k2. This means that, for sufficiently small /c, we always have ω <^ ck. 
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In turn, it follows that in such oscillations the fluid may be regarded as incompressible, f 
The continuity equation then reduces to div ν = 0 or, for a plane wave, k · ν = 0. The 
oscillations considered are therefore transverse shear oscillations relative to the velocity 
oscillations. 

To investigate these various oscillations, we linearize the equations of motion, putting 
η = n 0 + <5n, ρ = p 0 + δρ. In the first approximation, the molecular field is linear in the 
derivatives of n, and therefore linear in δη: 

Η = Κι V d i v ^ n - X 2c u r l [ n 0( n 0c u r l i 5 n ) ] - | - i C 3 C u r l [ n o X (no x c u r l ^ n ) ] . (43.4) 

The first term in the "reactive" part of the stress tensor (41.16) is quadratic in <5n and is 
therefore to be omitted. We have also to omit the quadratic terms which arise in taking the 
tensor divergence dkaik

(r) in (41.7) and (v-V)v on the left-hand side. This equation thus 
becomes 

pdvi/dt = -^iδp-l·^(n0î khk-n0k̂ khi)-\λ(n0î khk-l·n0k̂ khi)-l·^kσik . (43.5) 

In (41.3), it is sufficient to replace η by no in the first two terms on the right and omit 
(v-V)(5n on the left: 

ddni/dt = ζΙίίηοΙί + λ(δί1-η0ίηοι)ηΟΙίνίί1 + hjy. (43.6) 

Because n 0 · δη = 0 and ν · k = 0, the vectors δη and ν have only two independent 
components each. The equations (43.5) and (43.6) thus form a set of four linear equations. 
They define four oscillation modes, in each of which the velocity and the director undergo 
coupled oscillations. Usually, however, the situation is considerably simplified by the fact 
that the dimensionless ratio „ . 2 /A«>-,^ 

μ = Kpjn1 (43.7) 
is small, ~ 1 0 " 2 - 10 ~ 4; here Κ and η denote the order of magnitude of the elastic moduli 
of the nematic and its viscosity coefficients, η^ή2, η3ι γ. It will be shown below that we can 
then distinguish two substantially different types of oscillation, for each of which (43.5) 
and (43.6) allow certain simplifications. 

In one type, the frequency is related to the wave number by 

i a ) - r j f c 2/ p , (43.8) 

which is similar to (43.2); for a reason to be explained below, these are called fast shear 
oscillations. In both equations (43.5) and (43.6), we can then neglect all terms containing h: 
it is seen from (43.8) that , , 

on — kv/ω — ρν/ηκ, 
and so the molecular field is 

h^Kk2 <5n - pvkK/η. 
Using these estimates, we can readily verify that the terms in h in the equations are small in 
comparison with those in vik, their ratio being ^ μ. The equations of fast shear oscillations 
thus reduce to a . , - s / / nm 

pdvi/dt = dk aik - di δρ, (43.9) 
dSn'i/dt = Qki n0k + λ(δα - n0i n0l)n0k vkl. (43.10) 

The first equation does not involve <5n, and determines the velocity oscillations and the 
dispersion relation, after which the second equation immediately gives the accompanying 
oscillations of the director (see Problem 2). 

t It may be recalled (see FM, § 10) that a fluid in non-steady motion may be regarded as incompressible if t <ζ c 
and τ > l/c, where τ and / are the times and distances over which the velocity changes appreciably. For oscillatory 
motion, the first condition is always satisfied at sufficiently low oscillation amplitudes, while the second implies 
that ω/k <ζ c. 
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t Here we denote this quantity by Γ to avoid confusion with the dissipative coefficient y. 
X In calculating the quadratic terms, all oscillatory quantities must of course be written as real, their 

dependence on t and r being given by factors cos (k · r - ωί). 
§ To simplify the formulae, the suffix 0 is omitted from n 0 in the remainder of the Problems. 

Let us now turn to the second type of shear oscillations with the condition μ <ζ 1, the 
slow director oscillations that are specific to nematics. In these, the order of magnitude of 
the alternating part of the director is determined by the balance between the derivative 
δδη/dt on the left of (43.6) and the term h/y on the right: ωδη ~~ h/y, and, since h ~~ Kk2 δη, 
the dispersion relation for these oscillations is qualitatively 

ia)^Kk2/y. (43.11) 

Evidently, the derivative pd\/dt - ρνω on the left of (43.5) is then small compared with the 
terms dkaik ~ nvk2 on the right, and may therefore be omitted. The equation 

- di δρ + i (n0i dk hk - n0k dk Ait) - \ λ { η ο κ dk hk + n0k dk ht) + dk oik = 0 (43.12) 

gives the relation between the velocity and director oscillations, and the dispersion relation 
. 6 then found from (43.6); see Problem 3. 

Note that the ratio of the frequencies (43.11) and (43.8) is ω$/ωί — μ. Thus, for a given k, 
a>s is much less than ωί, and this is the reason for calling the oscillations slow and fast 
respectively. 

Lastly, the temperature oscillations in a nematic medium at rest differ from the 
corresponding ones in an ordinary liquid only by the anisotropy in the dispersion relation, 
which is similar to (43.3); see Problem 4. 

P R O B L E M S 

PROBLEM 1. Determine the absorption coefficient of sound in a nematic medium. 

SOLUTION. The absorption coefficientt is calculated as the ratio 

Γ = R/cpv2 

(see §35); the dissipative function is given by (42.5), in which the term h2/y may be omitted: as already mentioned, 
the molecular field h oc k2, and therefore h2/y oc /c4, whereas the other terms in R are proportional to k2, a lower 
power of the wave number. A simple calculation givesj 

Γ = j(fji + η 2) + 2(η3 + rj4 - f i ~n2)cos2e + (ηγ + η2 + η5 - 2η3 - 2rj4)cos40 + 

+ [*ι + (*|| - i c i) c o s 20 ] ( — - —• 

where Θ is the angle between k (and therefore v) and n. The calculation of the thermal-conduction part of the 
absorption is entirely analogous to the similar one for an ordinary liquid (FM, §79); cp and cv are the specific 
heats per unit mass of material. 

PROBLEM 2. Find the dispersion relation for fast shear oscillations. 

SOLUTION. For a plane wave, with ν α exp(ik τ - ίωί), (43.9) becomes 

— ipoMi = — iktop + ikkaik'. 

For an incompressible nematic, the viscous stress tensor is given by (42.7), and a simple calculation (using the fact 
that ν is transverse, v k = 0) brings the equation to the form§ 

ι'ρων = i\LOp + a x k 2 \ + a 2k 2n { n ' \ ) + a2kk{n-\), (1) 
where 

0 i = f i + i ( * 7 3 - 2 ' h ) c o s 20 , 

a 2 = + + - 2 , j 3) c o s 20 , 

«3 = itii -2 , / , )cost f , 
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t When k is real, the real quantity ίω must be positive, and the oscillations are damped in the course of time, 
not spontaneously amplified. All the dispersion relations found in Problems 2 and 3 have this property. 

with θ the angle between k and n. Multiplying (1) by k, we get an expression for the pressure oscillations in terms 
of the velocity oscillations: 

δρ = ik(n-v) (a3 +tf2 cos 0). (2) 

The required dispersion relation is given by the transverse components of (1). Multiplying this by nxk, we get 

ΐω± =k2aA0)/p 

= / c ^ s i n ^ + i ^ c o s ^ / p , 

corresponding to oscillations of ν at right angles to the plane through k and n. The dispersion relation for 
oscillations polarized in this plane is found by multiplying (1) by η and eliminating δρ by means of (2): 

ίω|( = k2{al(0) + s'm2ea2(e)}/p 

= k2{i(ni + , / 2) s i n 22 ^ 4 - ^ 3 c o s 2 2Θ}/ρ, 

where ή2 is as in (42.7). 

Both dispersion relations agree, of course, with the qualitative estimate (43.8). 

PROBLEM 3. Find the dispersion relation for slow shear oscillations. 

SOLUTION. For a plane wave, δηοζ exp ( i k - r - u o t ) , the linearized molecular field is 

h = H - n ( n - H ) 

= - K i { k - n ( n - k ) } k - < 5 n - / C 2v ( v - < 5 n ) - K 3( k - n ) 2( 5 n , 

where ν = n x k and v2 = /c2s in20. Equation (43.12), with a ' ik from (42.7), becomes 

- iVbp -axk2\ - a2k2n(n · ν) - a3kk[n · v) + 

+ - A ) n ( h - k ) - i / ( l +A)h(n-k) = 0; (1) 

the functions ax (Θ) and α2(θ) have been found in Problem 2. Multiplying this by v, we rind the relation between 
the oscillations of ν and δη polarized perpendicularly to the plane of k and n: 

fli(v-v) = -il~(n-k){h-v) = + A)(n-k)K J v - d n ) , (2) 
2/r 

where 

KL = K2sin20 + K3cos26. 

Equation (43.6) multiplied by ν is 

-ιω(ν·<5η) = if(1 + i ) ( n ' k ) ( v v ) - k 2K ± (v<5n)/y. 
Eliminating (v · v) by means of (2), we find the dispersion relation for oscillations polarized perpendicularly to the 
plane of k and n: 

. i l ( i+A)2cos2tf 
ω ι = - - - - -

To find the dispersion relation for oscillations polarized in the plane of k and n, we take the component of (1) in 
the direction perpendicular to k in that plane, and multiply by n, obtaining 

(η·ν) {αι + a 2s i n 2t f ) = -^"(1 + Λ cos 20) Κ (k-dn), 
where 

K. = K 1s i n 2^ + K 3c o s 2( i . 

Similar operations on (43.6) give 

Mk-(5n) = iik2(\ + / c o s 2 0 ) (n-y) + k2K (k -dn ) / y . 

Elimination of n-v from these two equations gives the dispersion relation 

. i l ( l + ; . c o s 2 0 ) 2 { 
ιω., = k2K <- + — r— }. 

\γ 4(flj +a2sin2e)\ 
Both relations are in agreement with the qualitative estimate (43.11 ).t 

PROBLEM 4. Find the dispersion relation for temperature oscillations in a nematic at rest. 
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SOLUTION. The transformation of ( 4 1 . 8 ) for an incompressible nematic is made in exactly the same way as for 
an ordinary liquid (see FM, § 5 0 ) , and the result is 

dTidt = X l kd i d j , 

Xik = Kik/pCp = XJI n,nk + xL(oik - n ^ ) , 
with Kik from ( 4 1 . 1 0 ) . For oscillations with OTcc exp (ik · r - ι'ωί), we find the dispersion relation 

ϊω = k2 (χ|j c o s 2θ + χ L sin2Θ). 

§44. Mechanics of cholesterics 
Cholesteric liquid crystals or cholesterics differ from nematics in that there is no centre of 

inversion among their symmetry elements. The directions η and - η of the director remain 
equivalent; see SP 1, §140. 

The absence of a centre of symmetry has the result that the free energy of a deformation 
may contain a term linear in the derivatives—the pseudoscalar η · curl n. The general form 
of the free energy may be written as 

FD=±KV (divn)2 +±K2(n curl η + q)2 +iK3(nXcurl n)2, (44.1) 

where q is a parameter having the dimensions of reciprocal length. This difference causes a 
fundamental change in the nature of the equilibrium state of the medium (in the absence of 
external interactions): it is no longer uniform in space (n = constant) as in nematics. 

The equilibrium state of a cholesteric corresponds to a distribution of directions of η for 
which 

divn = 0, ncurln=-g , nxcurln = 0; (44.2) 

the free energy (44.1) then has its minimum value of zero. The solution of these equations is 

n x = cos q z , n y = sin q z , n z = 0. (44.3) 

This helicoidal structure can be regarded as the result of twisting about the z-axis a nematic 
medium originally oriented with η = constant in one direction in the xy-plane. The 
orientational symmetry of a cholesteric is periodic in one direction in space (the z-axis). 
The vector η returns to its previous value after every interval 2n/q in the z-direction; since η 
and - η have equivalent directions, however, the true period of repetition of the structure 
is half this, or π/q. Of course, the macroscopic description of the helicoidal structure of a 
cholesteric by the equations (44.3) is meaningful only if the pitch of the structure is much 
greater than molecular dimensions. In actual cholesterics this condition is satisfied 
(π/q - 1 0 " 5 cm). 

In deriving the equations of equilibrium and motion of nematics, no use was made of 
their possession of a centre of inversion. The same general equations are therefore valid for 
cholesterics. There are, however, a number of differences. First, there is a change in the 
expression for FD with which the molecular field h is to be calculated from the definition 
(37.5). Next, the presence of a term iri the free energy that is linear in the derivatives causes 
a difference between the isothermal and adiabatic values of K 2; cf. the end of §37. In the 
hydrodynamic equations as formulated in §§41 and 42, the basic thermodynamic 
variables are the density and entropy. Accordingly, the adiabatic elastic moduli (as 
functions of ρ and 5) are to be used. 

Lastly, there is a substantial change in the hydrodynamic equations of cholesterics, as 
compared with those for nematics, in that further terms appear in the dissipative parts of 
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the equations, namely in the stress tensor oik\ the heat flux q, and the quantity Ν on the 
right of (41.3) (F. M. Leslie 1968): 

Oik = W l n e m + Z i ^ + W k ^ h i l T ' , 
Ni = ( ^ ) η β ιη + νέ^η*<5/7; (44.4) 

the terms with the suffix nem denote the expressions given by the hydrodynamics of 
nematics. The additional terms in these relations are a pseudotensor and pseudovectors, 
not a true tensor and vectors. This removes the symmetry under spatial inversion, and for 
that reason the terms do not appear in nematic hydrodynamics. Note that the construction 
of similar terms that are true tensors or vectors is not possible, owing to the requirement 
that the equations are invariant under a change in the sign of n. For example, a term in aik 

having the form constant χ (nidkT+ nkdiT) or a term in q having the form constant χ h 
would change sign with n, whereas the stress tensor and the heat flux must be invariant 
under this transformation. Similarly, a term constant χ VTin Ν is impossible, since it is 
invariant under a change in the sign of n, whereas Ν (which determines the derivative 
dn/di) would have to change sign. 

The coefficients in (44.4) are connected by relations which follow from Onsager's 
principle. In applying this principle (cf. §42), we choose as the xa (the thermodynamic 
fluxes) the quantities aik\ qx and /V,. The form of the dissipative function (41.21), or more 
precisely that of 2R/T, which determines the increase of entropy, shows that the 
corresponding thermodynamic forces Xa are the quantities — vik/T, diT/T2 and - Λ , / Γ . It 
must also be noted that the aik are even and the q> and N( odd under time reversal, as is seen 
from their positions in (41.3), (41.7) and (41.8). If the xa and xb have the same parity under 
this transformation, then the corresponding kinetic coefficients are related by yab = yha\ if 
they have opposite parities, then yab = —yba> Now, comparing the cross coefficients in 
(44.4),f we find 

ν, = νΓ, μι = μΤ. 

We can thus write (44.4) in the final form 

ο* = (Oik')ncm-vl"i(nxVT)k + M n x V r ) , ] , 

N = N n em + vnxVr , (44.5) 

<1 = < I n e m + vFnxh + 2μ Tnx(t;n), 

where (vn) denotes the vector with components viknk. 
In the mechanics of cholesterics, there is thus a dependence of the stress tensor and the 

vector Ν on the temperature gradient.:): The form of this dependence (the vector product 
n x ν Γ ) signifies that the temperature gradient gives rise to twisting moments acting on the 
director and on the mass of the liquid. The molecular field which accompanies a rotation 
of the director relative to the liquid, and the liquid velocity gradients, cause heat fluxes. 

t When comparing, note carefully the order of suffixes in the factor eiU. 
X The presence of terms containing the gradient of a second independent thermodynamic quantity, such as the 

pressure, among the dissipative terms in the equations of motion is forbidden {FM, §49) by the law of increase of 
entropy. The presence of such terms would lead to terms in the dissipative function which contain the products 
Vp · VT and h · Vp, and these, in the absence of terms containing (Vp)2, would make it impossible for R to be 
positive definite. 
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One hydrodynamic effect peculiar to cholesterics may be illustratively described as the 
percolation of a liquid through a helicoidal structure at rest (W. Helfrich 1972). It is as 
follows. 

Let us imagine a cholesteric medium whose helicoidal structure is fixed in space, for 
example by some form of adhesion to the boundary walls of the medium. We shall show 
that there can then exist a uniform flow of the liquid along the axis of the structure (the z-
axis). 

Since the structure (44.3) corresponds to the equilibrium state of the medium, it makes 
the molecular field zero: h = 0. The presence of the percolating flux causes some distortion 
of the structure and accordingly a small molecular field (together with the flow velocity ν). 
This field can be determined from the equation of motion (41.3) of the director. Since the 
field n(r) is at rest in the zero-order approximation with respect to the velocity, dn/dt = 0, 
and, since the liquid flow is assumed uniform (v2 = ν = constant), vik = Qik = 0. The 
equation thus becomes 

(v · V)n = vdn/dz = h/y. 

With n(z) from (44.3), we then find 

h = yvqxn, (44.6) 

where the vector q, with magnitude q, is in the z-direction. Under the conditions 
considered, the expression (41.21) for the dissipative function becomes 2R = h2/y and, 
with h from (44.6), 

2R = yv2q2. (44.7) 

This gives the energy dissipated per unit time and per unit volume of the liquid. In steady 
motion, it is balanced by the work done by the external sources that maintain the pressure 
gradient p' = dp/dz acting along the z-axis. The body force density in the medium is given 
by just the gradient - Vp; the work done by these forces per unit time and per unit volume 
is - p'v, and on equating this to 2R, we find the percolation velocity 

v = \p'\/yq2. (44.8) 

The director η rotates with angular velocity vq relative to a liquid particle percolating 
through the helicoidal structure. This rotation is accompanied by "friction" described by 
the coefficient y, which determines the velocity of the flow. 

Under actual conditions, the velocity cannot be constant over the whole width of the 
flow: it must be zero at the walls of the containing tube. The velocity decreases in a layer 
having a thickness δ. Now the only parameter of length for the motion in question is l/q. If 
we suppose that all the viscosity coefficients of a cholesteric are of the same order of 
magnitude, there are also no dimensionless parameters other than — 1. Under these 
conditions, evidently only δ ~ l/q is possible. Thus, for flow in a tube whose radius is 
much greater than l/q, (44.8) is valid everywhere except in a very thin layer at the wall, with 
thickness of the order of the pitch of the helicoidal structure. 

§45. Elastic properties of smectics 

According to the accepted terminology, smectic liquid crystals or smectics comprise 
anisotropic liquids with various layer structures. At least some of these have a microscopic 
molecular density function that depends on only one coordinate (z, say) and is periodic in 
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that coordinate: ρ = p(z). It may be recalled (see SP 1, §128) that the density function 
determines the probability distribution of various positions of particles in the body; in this 
case, such positions can be treated as a whole, that is, ρ d V is the probability for the centre 
of mass of an individual molecule to be in the volume d V. A body with density function 
p(z) may be regarded as consisting of equidistant plane layers with free relative movement. 
In each layer, the molecular centres of mass are arranged randomly, and in this sense each 
is a two-dimensional liquid, but the liquid layers may be either isotropic or not. This 
difference may be due to the nature of the ordered orientation of molecules in the layers. In 
the simplest case, the anisotropy of the orientation distribution is specified only by the 
direction of n, say the direction of the longest axis of the molecule. If this direction is at 
right angles to the plane of the layers, then the latter are isotropic, so that the z-axis is an 
axis of symmetry in the body; this appears to be the structure of what are called 
smectics A. If the direction of η is oblique to the xy-plane, that plane contains a preferred 
direction, and there is no axial symmetry; this appears to be the structure of what are called 
smectics C. 

In the following, we shall discuss only the simpler smectics A, and call them just 
"smectics". In all known smectics A, as well as the axial symmetry about the z-axis, there is 
equivalence of the two directions of the z-axis. If the smectic has also a centre of inversion, 
its macroscopic symmetry (the point symmetry group) is the same as in nematics; the 
microscopic symmetry, and therefore the mechanical properties, are of course quite 
different. 

There is a very important reservation concerning what has been said so far. The 
existence of a structure in which the density varies within the body presupposes that the 
displacements caused in small regions of the body by the thermal fluctuations are 
sufficiently small. However, for a structure with ρ = ρ (ζ) these fluctuational displacements 
increase without limit as the body becomes larger; see SP 1, §137. Strictly speaking, this 
means that there cannot exist a one-dimensional periodic structure in an infinite medium. 
In practice, however, this statement has only a highly conventional significance, because 
the fluctuations increase only slowly (logarithmically) as the body becomes larger. 
Estimates using typical values for the material constants show that the one-dimensional 
periodic structure could be lost only for enormous sizes impossible in practice, and so the 
p(z) structure is feasible in any realistic problem. 

It should be emphasized, at the same time, that the medium does not become an 
ordinary liquid when the p(z) structure is disturbed by fluctuations and ρ = constant. The 
fundamental difference from a liquid lies in the properties of the density fluctuation 
correlation function between different points, (δρ(χι) δρ(τ2) >. In an ordinary liquid, this 
function is isotropic, and decreases exponentially as r = | r 2 - r{ | x>;seeSP 1, §116. In a 
system with ρ = ρ (ζ), the correlation function remains anisotropic, and as r -• oo it 
decreases only slowly, as a power function, and more slowly as the temperature falls; see 
S P 1 , §138. 

In going on to construct a mechanics of smectics, we have to begin by finding an 
expression for the deformation free energy density. Because of the microscopic 
homogeneity of the medium in the xy-plane, the displacements of its points in that plane 
are related to the change in energy only in so far as they change the density of the 
substance. We therefore choose as the fundamental hydrodynamic variables (in addition 
to the temperature, which is assumed constant throughout the medium) the density ρ and 
the displacement u2 = u of the points in the medium along the z-axis. The deformation 
energy depends on the density change ρ - p0 (where p0 is the density of the undeformed 
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Fd = F-F0(T) 

= HA/Po)(P ~Po)2 + C(p -pQ)du/dz + $Bp0(du/dz)2 + $Κγ(ΔLu)2, 

Δ ± = d2/dx2 + d2/dy2. 

(45.1) 

A term§ (du/dz)Δ λ u is prohibited by the assumed equivalence of the two directions of the 
z-axis, i.e. by the symmetry under the transformation u -> — u, ζ -* — ζ, χ, y χ, y 
(reflection in the χ y-plane) or u - u, ζ — ζ, y -+ — y, x - > x (rotation about the 
horizontal second-order axis, the x-axis); for the same reason, there is no term (p 
- P o ) Δ ! u. Including the first term of the expansion in second derivatives (which does not 
appear in the elasticity theory for solids) is necessary since Fd does not contain first 
derivatives with respect to χ and y. The stability conditions for the undeformed state, i.e. 
the conditions for the energy (45.1) to be positive, are 

A > 0, Β > 0, AB > C2. (45.2) 

The use of the notation Kl in (45.1), as in (37.1), is deliberate. A deformation of a layer 
structure of smectics can be described by a distribution n(r) of the director, regarded as the 
normal to the deformed layers specified by the equations u(r) = constant. For a small 
distortion of the layers, 

nx ^ du/dx, ny ^ du/dy, nz ~ 1, (45.3) 

and then ( Δ ±u)2 = (div n)2, which is just the quantity in the corresponding term in (37.1). 
The coefficients Β and C in (45.1), however, characterize the specific crystal nature of 
smectics which distinguishes them from nematics.1 

t These derivatives occur in the elastic energy of solids in combinations of uV2 and u YZ with the derivatives of u x 
and uy, which are unaffected by the rotation mentioned. 

I In this sense, the range of application of the mechanics of smectics as developed here is narrower than for the 
nematic mechanics considered previously, which allowed director fields n(r) differing to any extent from the 
undeformed uniform distribution. 

S Such as occurred in SP 1, §137. 
%. The director η (regarded as the preferred direction of orientation of the molecules in the layers) is not an 

independent hydrodynamic variable in smectics A. With a variable η in nematic hydrodynamics it is characteristic 
that a uniform rotation of n(r) throughout the body causes no change in the energy. It is for this reason that a 
slow change in η through the body involves only a small change in the energy, which depends only on the 
derivatives of η and can be expanded in powers of these. In smectics, however, such a rotation alters the 
orientation relative to the layer structure and would change the energy considerably. In smectics C, where the 
director is at some definite angle to the normal, a uniform rotation of η about the normals at a constant 
inclination would again not affect the energy. This provides another hydrodynamic variable, namely the 
component of η in the plane of the layers. 

medium) and on the derivatives of the displacement u with respect to the coordinates. The 
first derivatives du/dxy du/dy cannot occur in the second-order terms in the free energy: if 
the body is rotated rigidly about the χ or y axis, these derivatives change, whereas the 
energy must obviously remain constant.! 

As always in elasticity, the spatial variation of all quantities will be assumed to be 
sufficiently slow, so that the deformation energy is determined by the first non-vanishing 
terms in the expansion in powers of the spatial derivatives. We shall also, however, assume 
an even stronger condition: the displacements u themselves are so small that the layers 
everywhere remain almost parallel to the same xy-plane.J 

Under these assumptions, and using the symmetry of the medium, we find for the free 
energy of the deformation of the smectic 
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j i^dK -yl j p d K 

(where A is a constant Lagrange multiplier) with respect to p, we find 

A(p-p0)/p0 + Cdu/dz = A, 

relating the density change to the deformation of the layers. Taking p 0 to be the density 
when du/dz = 0, we have λ = 0 and 

ρ - Po = — p0mdu/dz, m = Cp0/A. (45.4) 

The dimensionless coefficient m is related to Poisson's ratio σ for a rod cut from the 
smectic in the z-direction. For 

(see (1.6)), where u22 = du/dz and uxx, uyy are the strain tensor components in the xy-plane. 
Putting uxx = uyyj we have 

uxx = - i ( l -m)u2Z, 

and comparison with (5.4) shows that 

o = i{\-m). (45.5) 

When m — 0, σ = ^, the value for a liquid. 
Eliminating the density change from (45.1) and (45.4) gives the free energy in terms of u 

only: 
F< = ±p0B'(du/dz)2+$Ki(&jLu)\ (45.6) 

where 
B' = B-C2/A. (45.7) 

Variation of the total free energy with respect to u now gives, after some integrations by 
parts, 

S^FddV= - FzdudV, (45.8) 

where 
Fz = p0B'd2u/dz2-Kl&1

2u. (45.9) 

Evidently Fz is the force per unit volume acting in the z-direction in the deformed smectic if 
the density change is not "adjusted" to the deformation. 

In equilibrium, Fz = 0, and the displacement u satisfies the linear differential equation 

pQB'd2u/dz2 - Kv Δ _L2U = 0. (45.10) 

If the body is also subjected to externally applied body forces, these must be included on 
the left-hand side; cf. (2.8). 

In the approximation (45.3), η · curl η = curlz η = 0. The term η · curl η thus does not 
occur in the free energy of smectics, nor therefore does the cholesteric distortion of the 
structure (§44), whether or not the symmetry elements include a centre of inversion. 

The equations of equilibrium of a smectic are found by minimizing the total free energy 
with respect to the variables ρ and u, with the added condition J ρ d V = constant, 
expressing the constancy of the total mass of the body. Minimizing the difference 
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G(r) = 

This integral is logarithmically divergent as k ->0. To give it a definite significance, we 
have to eliminate the motion of the body as a whole, assuming some arbitrarily chosen 
point r = r 0 in the body to be fixed; the numerator of the integrand then becomes 
e ' k r —e ,k r°, and the divergence is eliminated. 

Let us now return to the influence of thermal fluctuations on the properties of smectics, 
and consider their elastic properties. The problem can be formulated most definitely as 
follows: how do the fluctuations affect the deformation due to a concentrated force 
applied to the body, i.e., how does the Green's function G(r) vary? It is found that the 
change is given by replacing k2 and k±

4 in (45.12) by kz
2[\og(\/akz)] ~4 5 and 

/C 1
4[ log( l /<3 /C 1) ] 2 /5 respectively, a being of the order of the structure period.f In turn, this 

change can be intuitively interpreted as a change in the effective values of the elastic moduli 
B' and K{ when the characteristic wave number of the deformation decreases, and so its 
extent ( ̂  \/k) increases. We see that B\ndecreases as [log (1 /akz\\ ~ 4 /5 when kz 0, and 
ΚlefT increases as [log ( l / f l / C 1) ] 2 5 when k± - • 0 . In practice, however, such effects could 
become significant only for unrealistically large dimensions. 

To conclude this section, we shall show that the expression (45.6) for the elastic energy 
of a smectic can be somewhat generalized by including some higher-order terms, though 
without bringing in further coefficients. 

To do so, we note that the energy contribution given by the first term in (45.6) is 
physically due to the change in the distance a between the layers; the derivative cu/dz is 
equal to the relative change in this distance under a displacement uz = u, and the term may 
therefore be written as jpo Β'(δα/α)2. The distance between the layers may, however, 
change because of the dependence of u on χ and y as well as that of z. This is easily seen by 
imagining all the layers to be simultaneously rotated through an angle θ about the y-axis, 
say, in such a way that the period of the structure in the z-direction remains equal to a; the 

t See G. Grinstein and R. A. Pelcovits. Physical Review Letters 47,856, 1981; Physical Review A 26,915 (19X2); 
Ε. I. Kats. Soviet Physics JETP 56, 791. 1983 It is necessary in the analysis to include the terms of the third and 
fourth order in u in the expansion of the free energy. 

The ratio y j (Kl/p0B') has the dimensions of length, and a rough estimate of it is 
y j (Kxl ρ0Β') ~ a, where a is the period of the one-dimensional structure, i.e. the distance 
between layers. If the smectic is subjected to a deformation that varies considerably in the 
xy-plane over distances ^ lL> a, then it follows from (45.10) that in the z-direction the 
deformation varies considerably only over distances / | ~~ / ±

2/ f l > l±. 
As an example, let us find the Green's function for (45.10), i.e. the displacement 

u = G z z( r ) = G(r) at a variable point r due to a single concentrated force applied at r = 0 
and acting in the z-direction; cf. §8, Problem. This function satisfies the equation 

p0Bd2G/dz2 - K,A ±
2G + δ {¥) = 0. (45.11) 

Taking the Fourier transform of this equation (i.e. multiplying it by e ~ , k" r and integrating 
over d 3x) , we find for the Fourier components of G(r) 

Gk = lp0B,kM
2 + Klk1*yl, 

where k±
2 = kx

2 + k2. The inverse Fourier transformation gives the function sought, as 
the integral 

e-ik-r di k 

(45.12) 
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distance between the layers, measured along the normal to them, becomes a cos 0. For 
small 0, the change in the distance between the layers is 

δα = a ( c o s 0 - 1) ^ ~\αθ2. 

Since at the same time the displacement in the rotation considered is u = constant 
+ χ tan 0 = constant + x0, we have 

δα/α= -$(du/dx)2. 

In this form the expression is valid for any dependence of u on x; if u depends on y also, 
(du/dx)2 becomes ( V ±u ) 2. 

Taking this effect into account, we must write the free energy (45.6) as 

'--**[i-*(£)'-'(£)7+»K"(^ 
This expression will be used in the Problem. 

PROBLEM 

A layer of smectic with thickness h and plane boundaries parallel to the layer structure planes is uniformly 
stretched in the z-direction perpendicular to the layer. Find the critical tension beyond which the layer structure 
becomes unstable with respect to transverse perturbations (W. Helfrich 1971).f 

SOLUTION. A uniform stretching is a deformation u = yz, where the constant γ > 0. To investigate the 
stability, we put u = yz + <5u(x, z), where Su is a small perturbation which satisfies the boundary conditions 6u 
= 0 for ζ = ±\h (the xy-plane being taken in the middle of the layer). As far as the second-order terms, the total 
elastic energy of the perturbation, per unit length in the y-direction, is 

j ^ d x d z = ^{p0B'{dou/dz)2 -p0B'y{dSufdx)2 + K^ou/dx^jdxdz; (1) 

the term in ydou/dz disappears on integration over dz, because of the boundary conditions. 
We shall consider perturbations having the form 

6u = constant χ cos ktz cos kxxy kz — ηπ/h, η - 1 , 2 , . . . , 

i.e. a transverse modulation of the layer structure. The condition for the structure to be stable is that the energy (1) 
be positive. Replacing all s in 2 and c o s 2 factors in the integrand by their mean values \ , we obtain this condition in 
the form 

pQB'{k2-ykx
2) + Kxkx

A>Q. 

The limit of stability as y increases is determined by the occurrence of a real root kx
2 of the trinomial on the left of 

this inequality; complex kx do not satisfy the condition that the perturbation be finite throughout the xy-plane. 
The first such root appears for the perturbation with η = 1, and gives the critical value of γ with the 
corresponding kx = kcx\% 

y cr = (27T//i)(K1/poB'A Kr = (n/h)(p0Bf / K^. 

§46. Dislocations in smectics 

The concept of a dislocation in a smectic has the same significance as in an ordinary 
crystal. The only difference is that, since the microscopic structure of smectics has one-
dimensional periodicity (in the z-direction), the Burgers vector of a dislocation is always 

t This instability is analogous to that of a straight rod under compression (§21). 
t The value of fcCT determines only the wave number of the perturbation in the xy-plane, not the whole 

symmetry of the deformation that occurs. To find the latter, it is necessary to go beyond the approximation of 
equilibrium equations linear in δη; the situation here is srmilar to that of convective instability in a plane-parallel 
layer of liquid (see FM, §57, and J. M. Dclrieu, Journal of Chemical Physics 60, 1081, 1974). 



1 7 8 Mechanics of Liquid Crystals § 4 6 

"(r) = ~Kkiz*> π , — G ( r - r ' ) d / ' (46 .4 ) 
dxk 

where G = G2Z is the function (45 .12 ) . 
Let us consider two particular cases: straight screw and edge dislocations. In the first 

case, the dislocation axis is parallel to the Burgers vector (the z-axis). This case requires no 
further calculations. It is evident a priori that the deformation u will depend only on the 
coordinates χ and y. The medium is isotropic in the xy-plane. We can therefore apply 
immediately the results of § 2 7 , Problem 2 , according to which 

u = b<$>/2n, (46.5) 

where φ is the polar angle of the position vector in the xy-plane. 
The edge dislocation case is more complicated (P. G. de Gennes 1972) . Here the 

dislocation axis is at right angles to the Burgers vector; suppose it to be along the y-axis. 
Then the surface SD in the integral ( 4 6 . 4 ) can be taken as the right-hand half of the xy-
plane, and the vector η normal to it will be along the negative z-axis. The only non-zero 
component X2k22 is λ2222 = p0B\ so that ( 4 6 . 4 ) becomes 

00 00 

u(T) = bPoB' j ^dG{T
d~r)dx-dy'. 

- αο 0 

We substitute G from (45 .12 ) ; the differentiation with respect to ζ gives a factor i/c2, and 
the integration with respect to y gives 2nS(ky); the delta function is then eliminated by 
integration with respect to ky. In the integral 

ί 
e-^'dx' 

t The remaining components X i k lm can be chosen so that Fx — Fy — 0; these components do not occur in (46.4). 

along the z-axis and its magnitude is always an integral multiple of the period a of the 
structure. 

Bearing this in mind, we find that the deformation around a dislocation in a smectic is 
described by the same formula (27 .10 ) , with an appropriate definition of the elastic 
modulus tensor Xiklm. For this purpose, we define the stress tensor aik in the smectic in 
accordance with the usual relationship 

Fz = dka2k, ( 4 6 . 1 ) 

where F2 is the "internal stress" body force (45 .9 ) . We also use the strain tensor 
corresponding to the displacement uz = u; its non-zero components are 

u22 = du/dz, uX2 = \du/dx, uyz = \dujdy. ( 4 6 . 2 ) 

The force ( 4 5 . 9 ) can be put in the form ( 4 6 . 1 ) if we express the stress tensor in terms of the 
strain tensor by aik = kiklmulm, withf 

λΖζζζ = Po& > λ2ΧΖΧ = Azyzy — — K J A J L , λζχζν = λζχζζ = kzyzz = 0 ; ( 4 6 . 3 ) 

some of these are operators. 
Formula ( 2 7 . 1 0 ) for the displacement u2 = u becomes 

file:///dujdy
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CXJ 

ί 
. exp(i/cAx) d/cx i i ( r ) = - f c — — I(kXJ ζ)—, 

κ - / Ο 2π 

where 

- 0 0 

This last integral is calculated by closing the contour of integration with an infinite 
semicircle in the upper or lower half-plane (for ζ > 0 and ζ < 0 respectively) of the 
complex variable kz and taking the residue at the pole kz = ikkx

2 or kz = — ikk2\ 

1= ± I I E X P ( - A / c x
2| z | ) , 

where the upper and lower signs correspond to ζ > 0 and ζ < 0. The displacement is thus 

b 
"(x, ζ) = ± — 

4πι 
dk 

exp { - kkx
21 ζ I + i/cxx} ^ — ^ . (46.6) 

The spatial derivatives of this are, however, more interesting than the displacement 
itself. The derivative dujdx is 

00 

du b Γ 
= ± 4 - exp { - Xkx

21 ζ I + ikxx} d*, 
- oo 

= ± 4 ^ W X P { - X 2 / 4 A 1 Z | } - ( 4 6 7 ) 

According to (46.6), the derivatives with respect to ζ and χ are related by 

du/dz = ±Xd2u/dx2, 
whence 

Jr= - « , 3 , e x p { - x 2/ 4 A | z | } . (46.8) dz 8 ̂ / (πλ I ζ I ) 
The deformation tends to zero exponentially as | χ | oo, but much more slowly (by a 

power law) as | ζ | -* oo. 

§47. Equations of motion of smectics 

The mechanics of smectics has in common with that of nematics the fact that both 
involve hydrodynamics with extra variables in comparison with an ordinary liquid. For 
nematics, the variable concerned is the director n; for smectics it is the displacement u of 
the layers (P. Mar t in ,0 . Parodi and P. S. Pershan 1972). The latter point needs elucidation. 
The velocity is defined in hydrodynamics as the momentum of unit mass of matter. Its 
component vz need not, in the present case, be equal to du/dt. In a smectic, mass transfer (in 
the z-direction) can take place not only by the deformation of layers but also by the 

in order to ensure convergence, we must treat kx as kx — iO. The result of integrating with 
respect to χ', y' and ky is then 
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t Strictly speaking, cu/cz in (47.1) should be written as cu/cz-d0(s), where d0(s) is the value of du/cz for 
entropy s in the absence of external forces. Considering the motion with a given 5, we can take as the undeformed 
state this particular state and put dQ(s) = 0. It should be emphasized, however, that we then cannot, for example, 
differentiate the expression (47.1) with respect to s in order to determine the temperature from T= [ce;cs)P. 

t Although we are ultimately concerned only with the linearized equations of motion, the linearization will 
not be performed at every stage of the derivation, since this would complicate the formulae. 

percolation of matter through a one-dimensional structure at rest, as described for 
cholesterics in §44. This phenomenon is not specific to liquid crystals; a similar effect can 
occur in solid crystals, where it is due to diffusion of defects (see the first footnote to §22). 
In smectics, however, it cannot in principle be eliminated by increased blurring of the 
periodic structure with a large number of defects (vacancies) and a greater mobility of the 
molecules. 

In adiabatic motion, each element of the liquid transfers its constant entropy s (per unit 
mass); if at some initial instant 5 is constant throughout the medium, it remains so. Since 
the condition of constant s relates to the entropy per unit mass, it will be convenient to use 
the internal energy of the medium per unit mass also; this will be denoted by ε. For a 
deformed smectic, ε is given by a formula analogous to (45.1): 

εά = ε - ε0 (s) 

= \(A/p0
2)(p-p0)2 + (C/p0)(p-p0)du/dz + ±B(du/dz)2+i(KJ 

where p 0 is the density of the undeformed medium; the coefficients A, B, C here are not the 
same as in (45.1), being now the adiabatic values of the elastic moduli (assumed to be 
expressed as functions of s), not the isothermal ones as in (45.1). The isothermal and 
adiabatic values of Κ are equal, for the same reasons as in nematics; see the end of §37.t 

The volume of unit mass is 1/p. The thermodynamic relation for the energy differential 
is therefore 

άε = Tds-pdV 

= Tds + pdp/p2. 

The pressure in the medium can therefore be found by differentiating the expression (47.1): 

ρ = ρ2(δε/δρ)5 £ A(p-pQ) + p0Cdu/dz. (47.2) 
The sequence of operations in constructing the equations of motion of smectics is then 

very similar to the derivation of those of nematics in §41. To emphasize this analogy, we 
shall, as in §41, use the energy Ε = ρε and the entropy S = ps per unit volume. 

The equation of continuity has the usual formj 

(3p/df+ div(pv) = 0. (47.3) 

The dynamical equation for the velocity must have the form 

pdvi/dt = dkaik\ (47.4) 

cf. (41.7). The form of the stress tensor will be established later. 
One further equation arises from the presence of the additional variable, and expresses 

the difference between v: and du/dt: 

du/dt-vz = N. (47.5) 

The quantity - Ν gives the rate of percolation, i.e. the velocity of the liquid relative to the 
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H-Hse 

δζ \δ(δ2 

= P o B ^ + C F C ^ - K lA > . ( 4 7 . 8 ) 

If h is regarded as the z-component of a vector h = n/ι (where η is a unit vector in the z-
direction), we can easily see that this vector may be written as a divergence: 

hi = W r ), ( 4 7 . 9 ) 

where the symmetrical tensor cik
(r) has the components 

°Jr) = < r ) = * ι Δ ± du/dz, = p0Bduldz + C(p - p0), Ί 
Γ ( 4 7 . 1 0 ) 

σ „ « = - Κ, Δ λ du/dx, σ, ^ = - K i A 1 du/dy, σ , /> = 0 . J 

Substituting in ( 4 7 . 7 ) du/dt from ( 4 7 . 5 ) and again separating a total divergence in one 
term, we can write 

(dEd/dt)PtS - - fcN - υ fa„!» + div { . . . } 

= ~hN + vikaik" + div { . . . } . 

This expression differs from ( 4 1 . 1 7 ) only in the significance of h and N.% Proceeding as in 
§ 4 1 , we obtain the same expression ( 4 1 . 2 1 ) for the dissipative function: 

2R = aik'vik + Nh - (1/T)q · V 7 , ( 4 7 . 1 1 ) 

where aik is the viscous part of the stress tensor: 

- Ρ ^ + < Χ * ( Γ )+ *.*'· ( 4 7 . 1 2 ) 

t Here and henceforward, we neglect the change in the elastic moduli within the medium. 
t And in the absence of the term i>, (diE)PtS. Such a term would, however, occur in this case also as a third-order 

small quantity, negligible in comparison with the second-order ones. 

one-dimensional lattice; it is a transport quantity, and an expression for it will be derived 
later. 

Lastly, the entropy equation, taking account of dissipative processes in the medium, has 
the form (41 .8) : 

— + div (Sv + q/T) = 2R/T. ( 4 7 . 6 ) 
dt 

As in § 4 1 , we calculate the time derivative of the total energy per unit volume of the 
medium, which appears in the energy conservation equation ( 4 1 . 1 1 ) . The only difference is 
in the form of the last term in (41 .12 ) : we now ha vet 

(dEd\ ( dEd \ d du ^ / A / du\ 

- - » ^ + d l v { . . . J ; ( 4 7 . 7 ) 

as in § 4 1 , the total divergence terms are not written out. The notation here is 
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The dynamical equation (47.4) with this stress tensor is, after linearization, omitting the 
term (v-V)v, 

Podvjdt = - diP + ^ + dkaik\ (47.13) 

the vector h = nh being defined by (47.8). 
The viscous part oik of the stress tensor, the heat flux q and the percolation rate Ν 

(thermodynamic fluxes) are, as usual, given by expressions linear in the thermodynamic 
forces - vik/T, ( l / T ^ d . T a n d -h/T; the coefficients in these expressions satisfy relations 
which follow from Onsager's principle. We shall not repeat the derivation (cf. §§42 and 
44), but simply give the result, assuming that (as is usually the case) the smectic has a centre 
of inversion; this has not so far been assumed. 

The viscous part of the stress tensor is then given by the same expression (42.4) as for 
nematics, with η in the z-direction. The heat flux and the percolation rate are 

(47.14) 
qx = - Kl{dT/dz + μΗ, q ± = - κ : Ι Ν ι Γ , 

Ν = Xph — (μ/Τ)8Τ/δζ; 

since the dissipative function is positive, we must have 

, c | , f c 1, A p > 0 , μ2<Τλρκν (47.15) 

Percolation makes possible in smectics an effect similar to that described for 
cholesterics at the end of §44. If the periodic structure of the smectic is in some way fixed in 
space, there can be a uniform steady flow in the z-direction. It follows from (47.13) that for 
such a flow άρ/άζ = h, and from (47.5), with Ν from (47.14), 

vz = -Xph = -λράρ/άζ. (47.16) 

There is one important remark to be made regarding the above discussion of the kinetic 
coefficients in smectics. The divergence of the fluctuations in smectics (§46) has a 
particularly marked effect in transport phenomena and may substantially alter their 
nature.t 

§48. Sound in smectics 

In ordinary liquids, and in nematic liquid crystals, there is only one branch of weakly 
damped acoustic vibrations, namely longitudinal sound waves. In solid crystals and 
amorphous solids, there are three acoustic branches of the linear dispersion relation (§§22, 
23). One-dimensional crystals, i.e. smectics, occupy once again an intermediate position, 
having two acoustic branches (P. G. de Gennes 1969). 

The attenuation coefficients of these waves are of no interest in the present discussion, 
and in order to determine just their speed of propagation we shall neglect all dissipative 
terms in the equations of motion. The complete set of linearized equations comprises: the 
continuity equation 

dp'/dt+pdiw = 0 (48.1) 

(here and henceforward, we omit the subscript zero in p0\ p' and p' are the variable parts of 
the density and pressure); equation (47.16), which reduces to 

vz = du/dt, (48.2) 

t See Ε. I. Kats and V. V. Lebedev, Soviet Physics JETP 58, 1172, 1984. 
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there being no percolation; and the dynamical equation (47.13), 

pdy/dt = - V p ' + n/i, (48.3) 

where, according to (47.2), 

ρ' = Ap' + pC du/dz. (48.4) 

In (47.8) for h, the term KtA±
2u, which contains higher-order derivatives, is to be omitted, 

since it is of too high an order in the wave number k, which in acoustic waves is to be 
regarded as a small quantity: 

h = pBd2u/dz2 + Cdp'/dz. (48.5) 

In actual smectics, Β and C are usually small in comparison with A. Under these 
conditions, which will be assumed to hold, the nature of the two acoustic branches in 
smectics is more readily perceived. 

If we neglect in the equations of motion all terms containing the small coefficients Β and 
C, they reduce to those of an ordinary liquid with the equation of state p' = Ap\ i.e. with 
compressibility (dp'/dp')s = A. The corresponding vibrations are ordinary sound waves— 
longitudinal compression and rarefaction waves in the medium. Their speed of 
propagation is 

cx = J A (48.6) 

and is, in the approximation considered, independent of the direction. 
The speed c2 of propagation of waves in the second acoustic branch is, as we shall see, 

much less than cx: ω/k = c2 < cl. As regards these vibrations, therefore, the medium may 
be treated as incompressible; see the first footnote to §43. The continuity equation then 
reduces to the incompressibility condition div ν = 0; in (48.5), we omit the second term, so 
that (48.3) becomes 

pdy/dt = - Vp' + npBd2u/dz2. (48.7) 

Differentiating the z-component of this equation with respect to ζ and substituting 
v2 = du/dt gives 

pd2b/dt2 = -d2p'/dz2+pBd2b/dz2, 

where δ = du/dz. Taking the divergence of (48.7) gives, with the incompressibility 
condition, 

Λρ' = pBd2S/dz2. 

Lastly, eliminating p' from these two equations, we obtain one equation for δ: 

d2AO/dt2 = B{- d+6/dz4 + d2^/dz2}. (48.8) 

The dependence of the displacement u on the coordinate ζ means that the distances a 
between adjacent layers vary: δα = adu/dz, and the relative change in a is given by 
δ = du/dz. Thus (48.8) describes the propagation of a transverse (k · ν = 0) wave in which 
the distances between the layers oscillate at constant density. For a plane wave, in which δ 
oc exp (ik - r - ΐωί), (48.8) gives 

w2k2 = BkL
2k2 

and hence the velocity of propagation 

c2 = ^JB sin θ cos 0, (48.9) 
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where θ is the angle between k and the z-axis. The velocity is anisotropic, and is zero for 
propagation either parallel to the z-axis (Θ = 0) or in the xy-plane (θ = π/2). 

PROBLEM 

Find the speed of propagation of acoustic waves in smectics for any relation between the moduli A, Β and C . 

SOLUTION. Differentiating (48.3) with respect to t and eliminating dp'/dt and du/dt by means of ( 4 8 . 1 ) and 
(48.2), we find the equation 

d2y/dt2 = AV div ν - CVdvJdz + n[ - Cd div y/dz + Bd2vjdz2\ 

For a plane wave, in which ν oc exp (ik · r - ιωί), this becomes 

- ω 2ν = -Ak(k-y) + Ckktvt + n[Ckt{k-y)-Bkt\l ( 1 ) 

Let the wave vector k be in the xz-plane. Then it follows from (1) that ν is in the same plane, its χ and ζ 
components being given by the two equations 

t>,02 — (A + B — 2C)cos2iT| + vx(C - A)sin θ cos θ = 0 , 

vt(C - A) sin θ cos θ + vx[c2 - A s in2 0 ] = 0 , 

where c = is the speed of propagation of the wave, and θ the angle between k and the z-axis. Equating to zero 
the determinant of this system gives the dispersion relation 

c 4 - c2[A + (B - 2 C ) c o s 2 β] + (AB — C2)s in2 θ c o s 2 θ = 0 . 

The larger and smaller roots of this quadratic in c2 give the speeds cx and c 2. In particular, 
ci = J A. when 0 = ^π, 

c, = ^ ( / t + β - 2C) when 0 = 0 . 

The speed c 2 in these directions is zero. 
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