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Preface

This book is an expanded and reorganized version of the lecture notes for a course
taught at the Ludwig-Maximilians University, Munich, in the spring semester of
2003. The course is an elementary introduction to the basic concepts of quantum
field theory in classical backgrounds. A certain level of familiarity with general
relativity and quantum mechanics is required, although many of the necessary
concepts are introduced in the text.

The audience consisted of advanced undergraduates and beginning graduate
students. There were 11 three-hour lectures. Each lecture was accompanied by
exercises that were an integral part of the exposition and encapsulated longer but
straightforward calculations or illustrative numerical results. Detailed solutions
were given for all the exercises. Exercises marked by an asterisk (*) are more
difficult or cumbersome.

The book covers limited but essential material: quantization of free scalar
fields; driven and time-dependent harmonic oscillators; mode expansions and
Bogolyubov transformations; particle creation by classical backgrounds; quantum
scalar fields in de Sitter spacetime and the growth of fluctuations; the Unruh effect;
Hawking radiation; the Casimir effect; quantization by path integrals; the energy-
momentum tensor for fields; effective action and backreaction; regularization of
functional determinants using zeta functions and heat kernels. Topics such as
quantization of higher-spin fields or interacting fields in curved spacetime, direct
renormalization of the energy-momentum tensor, and the theory of cosmological
perturbations are left out.

The emphasis of this course is primarily on concepts rather than on compu-
tational results. Most of the required calculations have been simplified to the
barest possible minimum that still contains all relevant physics. For instance,
only free scalar fields are considered for quantization; background spacetimes
are always chosen to be conformally flat; the Casimir effect, the Unruh effect,
and the Hawking radiation are computed for massless scalar fields in suitable

ix



X Preface

1 + 1-dimensional spacetimes. Thus a fairly modest computational effort suffices
to explain important conceptual issues such as the nature of vacuum and parti-
cles in curved spacetimes, thermal effects of gravitation, and backreaction. This
should prepare students for more advanced and technically demanding treatments
suggested below.

The authors are grateful to Josef Gafner and Matthew Parry for discussions and
valuable comments on the manuscript. Special thanks are due to Alex Vikman
who worked through the text and prompted important revisions, and to Andrei
Barvinsky for his assistance in improving the presentation in the last chapter.

The entire book was typeset with the excellent LyX and TgX document prepa-
ration system on computers running Debian GNU/Linux. We wish to express our
gratitude to the creators and maintainers of this outstanding free software.

Suggested literature

The following books offer a more extensive coverage of the subject and can be
studied as a continuation of this introductory course.

N. D. BirreLL and P. C. W. DAvVIEs, Quantum Fields in Curved Space (Cambridge
University Press, 1982).

S. A. FULLING, Aspects of Quantum Field Theory in Curved Space-Time
(Cambridge University Press, 1989).

A. A. Gris, S. G. MAMAEV, and V. M. MOSTEPANENKO, Vacuum Quantum Effects
in Strong Fields (Friedmann Laboratory Publishing, St. Petersburg, 1994).
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Canonical quantization and particle production






1

Overview: a taste of quantum fields

Summary Quantum fields as a set of harmonic oscillators. Vacuum state. Particle
interpretation of field theory. Examples of particle production by external fields.

We begin with a few elementary observations concerning the vacuum in quantum
field theory.

1.1 Classical field

A classical field is described by a function ¢ (x, 7), where x is a three-dimensional
coordinate in space and  is the time. At every point the function ¢ (x, t) takes
values in some finite-dimensional “configuration space” and can be a scalar,
vector, or tensor.

The simplest example is a real scalar field ¢ (x, f) whose strength is charac-
terized by real numbers. A free massive scalar field satisfies the Klein—Gordon
equation
Ry i ¢

W+m2¢5;¢;_m+m2¢=o, (1.1)
J

—t
which has a unique solution ¢ (x, ) for ¢ > #, provided that the initial conditions
¢ (x, 1y) and ¢ (x, 1) are specified.

Formally one can describe a free scalar field as a set of decoupled “harmonic
oscillators.” To explain why this is so it is convenient to begin by considering
a field ¢ (x, 7) not in infinite space but in a box of finite volume V, with some
boundary conditions imposed on the field ¢. The volume V should be large
enough to avoid artifacts induced by the finite size of the box or by physically
irrelevant boundary conditions. For example, one might choose the box as a cube
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with sides of length L and volume V = L3, and impose the periodic boundary
conditions,

d(x=0,y,z,)=¢p(x=L,y,z2,t)

and similarly for y and z. The Fourier decomposition is then

1 .
b (x,1) = —= 3 P (n)e™™, (1.2)
VV &
where the sum goes over three-dimensional wavenumbers k with components
2mn,
k,= 7 n,=0,%1,£2,...

and similarly for k and k.. The normalization factor V'V in equation (1.2) is
chosen to simplify formulae (in principle, one could rescale the modes ¢, by
any constant). Substituting (1.2) into equation (1.1), we find that this equation is
replaced by an infinite set of decoupled ordinary differential equations:

b+ (K2 +m?) ¢y, =0,

with one equation for each k. In other words, each complex function ¢, (7)
satisfies the harmonic oscillator equation with the frequency

oy =V k2 +m?,

where k = |k|. The “oscillators” with complex coordinates ¢ “move” not in
real three-dimensional space but in the configuration space and characterize the
strength of the field ¢. The total energy of the field ¢ in the box is simply equal
to the sum of energies of all oscillators ¢y,

Ly, 201
E=Y"|<|b| +501|¢ 2]
%[2‘ k‘ zwk| Kl

In the limit of infinite space when V — oo the sum in (1.2) is replaced by the
integral over all wavenumbers K,

3
(2‘;)12 e XXy (7). (1.3)

dx.0)= [

1.2 Quantum field and its vacuum state

The quantization of a free scalar field is mathematically equivalent to quantizing
an infinite set of decoupled harmonic oscillators.

Harmonic oscillator A classical harmonic oscillator is described by a co-
ordinate ¢(#) satisfying

i+ w*q=0. (1.4)
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The solution of this equation is unique if we specify initial conditions ¢ () and
q (ty). We may identify the “ground state” of an oscillator as the state without
motion, i.e. g(f) = 0. This lowest-energy state is the solution of the classical
equation (1.4) with the initial conditions ¢(0) = ¢(0) = 0.

When the oscillator is quantized, the classical coordinate ¢ and the momentum
p = ¢ (for simplicity, we assume that the oscillator has a unit mass) are replaced
by operators g(¢) and p(¢) satisfying the Heisenberg commutation relation

[4(), p(D] = [a(2), 4(n] = ih. (1.5)

The solution g(z) = 0 does not satisfy the commutation relation. In fact, the
oscillator’s coordinate always fluctuates. The ground state with the lowest energy
is described by the normalized wave function

1 2
w13 wq
=|—| exp| —— ).
4 [wh] P < 2h )
The energy of this minimal excitation state, called the zero-point energy, is Ey =
%hw. The typical amplitude of fluctuations in the ground state is 6g ~ /h/w and
the measured trajectories g(¢) resemble a random walk around ¢ = 0.

Field quantization In the case of a field, each mode ¢, (7) is quantized as a
separate harmonic oscillator. The classical “coordinates” ¢ and the corresponding
conjugated momenta 7, = ¢ are replaced by operators ¢y, 7. In a finite box
they satisfy the following equal-time commutation relations:

[ 30, 71 (0] = 85 e

where 8y _j is the Kronecker symbol equal to unity when k = —k’ and zero
otherwise. In the limit of infinite volume the commutation relations become
[&k(z), %k,(t)] =i (k+K), (1.6)

where 6 (k + k') is the Dirac 6 function. To simplify the formulae, we shall almost
always use the units in which h=c = 1.

Vacuum state The vacuum is a state corresponding to the intuitive notions
of “the absence of anything” or “an empty space.” Generally, the vacuum is
defined as the state with the lowest possible energy. In the case of a classical
field the vacuum is a state where the field is absent, that is, ¢ (x, ) = 0. This
is a solution of the classical equations of motion. When the field is quantized
it becomes impossible to satisfy simultaneously the equations of motion for the
operator (}5 and the commutation relations by cAﬁ (x, t) = 0. Therefore, the field
always fluctuates and has a nonvanishing value even in a state with the minimal
possible energy.
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Fig. 1.1 A field configuration ¢(x) that could be measured in the vacuum state.

Since all modes ¢, are decoupled, the ground state of the field can be char-
acterized by a wave functional which is the product of an infinite number of
wave functions, each describing the ground state of a harmonic oscillator with
the corresponding wavenumber k:

2
\P[«Munexp(—%)=exp{—%zwk|¢k|2] (1)
k k

The ground state of the field has the minimum energy and is called the vacuum
state. Strictly speaking, equation (1.7) is valid only for a field quantized in a
box. Note that if we had normalized the Fourier components ¢, in equation (1.2)
differently, then there would be a volume factor in front of w,.

The square of the wave function (1.7) gives us the probability density for
measuring a certain field configuration ¢(x). This probability is independent of
time ¢. The field fluctuates in the vacuum state and the field configurations can
be visualized as small random deviations from zero (see Fig. 1.1).

When the volume of the box becomes very large, we have to replace sums by
integrals,

1% 3 (2m)3
%—»@ﬂy/dk b\ (1.8)
and the wave functional (1.7) becomes
1 3 2
Vgl ocexp| =3 [ dklil i |- (1.9)

Exercise 1.1
The vacuum wave functional (1.9) contains the integral

IE/fkmeW+w, (1.10)
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where ¢, are defined in equation (1.3). This integral can be expressed directly in terms
of the function ¢ (x),

1=/d3xd3y¢(X)K(X,Y)¢(Y)-

Determine the required kernel K (x, y).

1.3 The vacuum energy

Let us compute the energy of a free scalar fleld in the vacuum state. Each oscillator
qbk is in its ground state and has energy zwk, so that the total zero-point energy
of the field in a box of finite volume V is

1
EO = Z E(J)k.
k

Taking the limit V — oo and replacing the sum by an integral according to (1.8),
we obtain the following expression for the vacuum energy density,

k1
__/ G (1.11)

The integral diverges at the upper bound as k*. Taken at face value, this would
indicate an infinite vacuum energy density. If we impose an ultraviolet cutoff, for
example, at the Planckian scale, where one expects quantum gravity to induce new
physics, then the vacuum energy density is of order unity in the Planck units. This
corresponds to a mass density of about 10°* g/cm>. We recall that the mass of
the entire observable Universe is only ~ 103g! Therefore, if the vacuum energy
contributes to the gravitational field, such a huge energy density is in obvious
contradiction with observations.

The standard way to resolve this problem is to postulate that the vacuum
energy density given in (1.11) does not contribute to the gravity. Another way
to avoid this problem is to consider a supersymmetric theory where every field
has a supersymmetric partner that contributes an equal amount to the vacuum
energy with an opposite sign. However, experiments show that supersymmetry
must be broken at some energy scale that is larger than the energy currently
accessible to particle accelerators. This leads to a mismatch of the superpart-
ner contributions to the vacuum energy of order the supersymmetry breaking
scale, which is still too large when compared with observational limits. Therefore
the supersymmetric solution of the vacuum energy problem is not immediately
successful.



8 Overview: a taste of quantum fields

1.4 Quantum vacuum fluctuations

Amplitude of fluctuations As we found above, the typical amplitude of quan-
tum fluctuations for the mode k is

S = /(1) ~ w1 (1.12)

Field values cannot be measured at a point; in a realistic experiment, only their
values, averaged over a finite region of space, are measured. Let us consider the
average value of a field ¢ (x) in a cube-shaped region of volume L3,

1 ,L2 L2 L2
b, /_ dx/ dy dz b (x).

-3 L2 —L)2 —L)2

Exercise 1.2
Justify the following order-of-magnitude estimate of the typical amplitude of fluctuations

51,
s~ [ ] k=L,

where k = |k| and d¢, is the typical amplitude of fluctuations in the mode ¢,.
Hint: The “typical amplitude” éx of a variable x fluctuating around 0 is 6x = /{x2).

Taking into account that for vacuum fluctuations, 6¢y is given in (1.12), we
find that the typical amplitude of 6¢; is
k3
8py ~ |, k,=L"". (1.13)

ka

We conclude that 8¢p; diverges as L™! for small L <« m~" and decays as L=3/2
for large L > m™.

Observable effects of vacuum fluctuations Quantum vacuum fluctuations
have observable consequences that cannot be explained by any other known
physics. The three well-known effects are the spontaneous emission of radiation
by atoms, the Lamb shift, and the Casimir effect. All of them have been measured
experimentally.

The spontaneous emission of a photon by a hydrogen atom in vacuum occurs
as a result of the transition between the states 2p — 1s. This effect can only be
explained if we consider the interaction of electrons with the vacuum fluctuations
of the electromagnetic field. Without these fluctuations, the hydrogen atom would
have remained forever in the 2p state.

The Lamb shift is a small difference between the energies of the 2p and 2s
states of the hydrogen atom. This shift occurs because the electron “clouds” have
different geometrical shapes for the 2p and 2s states and hence interact differently
with vacuum fluctuations of the electromagnetic field. The measured energy
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difference, corresponding to the frequency ~ 1057MHz, is in a good agreement
with the theoretical prediction.

The Casimir effect is manifested as an attractive force between two parallel
uncharged conducting plates. The force decays with the distance L between the
plates as F ~ L™, This effect is explained by considering the shift of the energy
of zero-point fluctuations of the electromagnetic field due to the presence of the
conductors.

1.5 Particle interpretation of quantum fields

The classical concept of particles involves point-like objects moving along spe-
cific trajectories. Experiments show that this concept does not actually apply on
subatomic scales. For an adequate description of photons and electrons and other
elementary particles, one needs to use a relativistic quantum field theory (QFT)
in which the basic objects are not particles but quantum fields. For instance, the
quantum theory of photons and electrons (quantum electrodynamics) describes
the interaction of the electromagnetic field with the electron field. Quantum states
of the fields are interpreted in terms of corresponding particles. Experiments are
then described by computing probabilities for specific field configurations.

The energy levels of a “quantum oscillator ¢y are E, y = (% +n) w; where
n=0,1,... Atlevel n the energy E, y is greater than the ground state energy by
AE = nw;, = nvk? +m?, which is equal to the energy of n relativistic particles
of mass m with momentum k. Therefore the excited state with energy E, y is
interpreted as describing n particles of momentum k. We refer to such states as
having the occupation number n.

A classical field corresponds to states with large occupation numbers, n >> 1. In
this case, quantum fluctuations can be very small compared to expectation values
of the field.

A free, noninteracting field with given occupation numbers will remain in the
corresponding state forever. On the other hand, in an interacting field occupation
numbers can change with time. An increase in the occupation number for a mode
k is interpreted as production of particles with momentum k.

1.6 Quantum field theory in classical backgrounds

“Traditional” QFT deals with problems of finding cross-sections for transitions
between different particle states, such as scattering of one particle on another. For
instance, typical problems of quantum electrodynamics are:

(i) Given the initial state (at time  — —o0) of an electron with momentum k; and a pho-
ton with momentum K,, find the cross-section for the scattering into the final state
(at t — +o0) where the electron has momentum k; and the photon has momentum k.
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This problem is formulated in terms of quantum fields in the following manner.
Suppose that i is the field representing electrons. The initial configuration is translated
into a state of the mode , with the occupation number 1 and all other modes of
the field ¢ having zero occupation numbers. The initial configuration of “oscillators”
of the electromagnetic field is analogous — only the mode with momentum Kk, is
occupied. The final configuration is similarly translated into the language of field
modes.

(ii) Initially there is an electron and a positron with momenta k, and k,. Find the cross-
section for their annihilation with the emission of two photons with momenta k;
and k,.

These problems are solved by applying perturbation theory to a system of infinitely
many weakly interacting quantum oscillators. The required calculations are usually
rather tedious because of the vacuum polarization effects which are due to the
couplings of the excited “oscillators” with infinitely many “oscillators” in the
ground state.

In this book we study quantum fields interacting only with a strong exter-
nal field called the background. It is assumed that the background field is
adequately described by a classical theory and does not need to be quantized.
In other words, our subject is quantum fields in classical backgrounds. A
significant simplification comes from considering quantum fields that inter-
act only with classical backgrounds but not with other quantum fields. Such
quantum fields are also called free fields, even though they are coupled to the
background.

Typical problems of interest to us are:

(i) Computation of probabilities for transitions between various configurations of quan-
tum field under the influence of a classical background field, which describe the
process of particle production by the external field.

(ii) Determination of the energy level shifts for the quantum fluctuations due to the
presence of the background. Since the vacuum contribution to gravity is assumed to
have been subtracted already, it is likely that these energy shifts contribute to gravity.

(iii) Calculation of the backreaction of a quantum field on the classical background. For
example, the external gravitational field influences the vacuum fluctuations shifting
their zero-point energy levels. As a result, the vacuum fluctuations begin to contribute
to a gravitational field. Their contribution can be described by an effective energy-
momentum tensor, which is determined by the strength of the external gravitational
field.

1.7 Examples of particle creation

A quantum oscillator in an external classical field A nonstationary gravita-
tional background influences quantum fields in such a way that the frequencies
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w; become time-dependent, w,(r). We shall examine this situation in detail in
Chapter 6. For now, we simplify our task and consider the behavior of a single
harmonic oscillator with a time-dependent frequency w(¢). The energy of such an
oscillator is not conserved and the oscillator exhibits transitions between different
energy levels.

Let us assume that an oscillator satisfies the following equation of motion:

§(1) + wiq(t) =0, for t<0 and ¢ > T; (1.14)
q(t) — Q(Z)q(t) =0, forO<t<T,
where wg and () are real constants.

Exercise 1.3
Given the solution of equation (1.14), ¢(f) = ¢, sinw,t for t < 0, and assuming that
Q,T > 1 verify that for t > T

4(t) = gy sin (w1 + ).

1 w?}
D54 1+Q—%exp(QOT). (1.15)

It follows from (1.15) that the oscillator has a large amplitude, ¢, > ¢q,, for > T.
Thus the final state has much larger energy than the initial state and it can be
then interpreted as a state with many particles produced within the time interval
T>1t>0.

where « is a constant and

Exercise 1.4
Estimate the number of particles produced, assuming that the oscillator is initially in the
ground state.

The Schwinger effect A static electric field can create electron—positron
(ete™) pairs. This effect, called the Schwinger effect, is currently on the verge
of being experimentally verified.

To understand the Schwinger effect qualitatively, we may imagine a virtual
eTe™ pair in a constant electric field of strength E. If the particles move apart
from each other a distance /, they receive energy leE from the electric field. In the
case when this energy exceeds the rest mass of the two particles, leE > 2m,, the
pair becomes real and the particles continue to move apart. The typical separation
of the virtual pair is of order the Compton wavelength 27r/m,. More precisely,
the probability of separation by a distance [ turns out to be P ~ exp (—mm,l).

Therefore the probability of creating an e*e™ pair is

2
P ~exp <—m—£> (1.16)
e
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The exact formula for P can be obtained from a full consideration in quantum
electrodynamics.

Exercise 1.5
Consider the strongest electric fields available in a laboratory today and estimate the
corresponding probability for producing an ete™ pair.

Hint: Rewrite equation (1.16) in SI units.

Particle production by the gravitational field Generally, a static gravita-
tional field does not produce particles. Both particles in a virtual pair have the
same “‘gravitational charge,” i.e. mass, so they fall together and are never separated
far enough to become real particles. However, a time-dependent gravitational field
generally produces the particles.

One would expect that a nonrotating black hole could not produce any particles
because its gravitational field is static. Therefore it came as a surprise when, in
1973, Hawking discovered that static black holes emit particles with a blackbody
thermal spectrum of temperature

hel
T= ;
8TGM
where M is the mass of the black hole and G is Newton’s constant.

One can qualitatively understand Hawking radiation by appealing again to the
picture of the virtual particle—antiparticle pairs. It may happen that one of the
virtual particles is just outside the black hole horizon while the other particle is
inside. The particle inside the horizon inevitably falls to the center of the black
hole, while the other particle can escape and may be detected by an observer far
from the black hole. The existence of the horizon is crucial in this case.

The Unruh effect This effect concerns an accelerated particle detector in
empty space. Although all fields are in their vacuum states, the accelerated detec-
tor will nevertheless find particles with a thermal spectrum (a heat bath). The
temperature of this heat bath is called the Unruh temperature and is equal to
T = a/(27), where a is the acceleration of the detector (both the temperature and
the acceleration are expressed in Planck units).

In principle, the Unruh effect can be used to heat water in an accelerated
container. The energy for heating the water comes from the agent that accelerates
the container.

Exercise 1.6
A glass of water is moving with a constant acceleration. Determine the smallest acceler-
ation that makes the water boil due to the Unruh effect.
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Reminder: classical and quantum theory

Summary Action principle. Functional derivatives. Lagrangian and Hamilto-
nian formalisms. Canonical quantization. Operators and vectors in Hilbert space.
Schrodinger equation.

2.1 Lagrangian formalism

Quantum theory is built by applying a quantization procedure to a classical theory.
The starting point of a classical theory is the action principle.

The action principle The state of a classical system is described by a (set of)
generalized coordinate(s) ¢(t). The variable ¢ is a “symbolic combined notation,”
which includes all degrees of freedom of the system. For a system with N degrees
of freedom we have g = {q,, ¢»,...qn}. A field theory describes systems with
an infinite number of degrees of freedom. For example, the configuration of
a classical real scalar field at a given moment of time is characterized by a
function ¢ (x). In this case g(7) = {¢y (7)}, where the spatial coordinate x can be
considered as an “index” enumerating the infinite number of degrees of freedom
of the scalar field.

The classical trajectory g(f) connecting the states at two moments of time f;
and ¢, is an extremum of an action functional’

Slg01= [ L(q(). 40 d. @.1)

L
The function L (t,q, q,...) is called the Lagrangian. In the case of a field the-
ory, the Lagrangian is a functional too. Different Lagrangians describe different
systems. For a harmonic oscillator with unit mass and frequency w we have

1
. -2 2 2
L(g.4) =5 (1" —o’q). (2.2)
! See Appendix Al.1 for more details concerning functionals.

13
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If w is time independent this Lagrangian has no explicit time dependence.
Equations of motion The requirement that the function ¢(¢) extremizes the
action leads to a differential equation for ¢(¢). Let us derive this equation for the
action
5]
Slal= [ L(t.q.4)d. (2:3)
1
If the function ¢(¢) is an extremum of the action functional (2.3), then a small
variation d¢q(r) of the trajectory ¢(f) changes the value of S[g] only by terms
which are quadratic in &¢(7). In other words, the variation

0S[q,8q]=S[q+0q]—S[q]

does not contain any first-order terms in 6q. To obtain the differential equation
for ¢(7), let us compute 8S:

6S[q; 6q] = S[q(1) + 69(1)] = S[4q(1)]

n [ AL (t, q, ¢ aL(t, q,q) .
= [ [%5(1@ + #M@] dt+ 0 (8¢%)
f q q
aL|* oL d L 5

If we impose the boundary conditions ¢ (¢;) = ¢; and ¢ (,) = ¢, and require that
the perturbed trajectory also satisfy them, then &¢q (¢;) = d¢(t,) = 0. Hence the
boundary terms in equation (2.4) vanish and we obtain

o[AL(t,q.q) d OL(1,q.§
85:/2[ (.9.9) _dIL(t.q.9)
t

P TP ]6q(t)dt+0(8q2). (2.5)

1

The requirement that 65 is second order in 6 means that the first-order terms

should vanish for any 6¢(z). This is possible only if the expression inside the

square brackets in equation (2.5) vanishes. Thus we obtain the Euler-Lagrange
equation

IL(t.q.q) daL(1.q.q)

dq dt aq B

which is the classical equation of motion for a system with the Lagrangian

L (t,q, g). Note that in a field theory, where L (¢, ¢, ¢) is also a functional, the

derivatives with respect to ¢ and ¢ in equation (2.6) are replaced by the functional

derivatives (see below).

0, (2.6)

Example 2.1 For the harmonic oscillator with Lagrangian (2.2), the Euler—
Lagrange equation reduces to

i+ w*q=0. (2.7)
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Generally the path g(f) that extremizes the action and satisfies the boundary
conditions is unique. However, there are cases when the extremum is not unique,
and sometimes it does not even exist.

Exercise 2.1
Find the solution of equation (2.7) satisfying the boundary conditions ¢ (¢,) = ¢, and
q (t,) = q,. Determine when this solution is unique.

2.1.1 Functional derivatives
The variation of a functional can always be written in the form
B oS
dq(t)
The expression denoted by 85/0¢(z) in (2.8) is called the functional derivative
(or the variational derivative) of S [q] with respect to g(¢).
Comparing the definition in (2.8) with (2.5), we find that the functional deriva-
tive of the functional S[g] given in (2.3) is
8S  dL(t,q.q) dIL(1,4.9)
dq(t) dq dt ag

88 8q(t)dt+ 0 (8¢%). (2.8)

(2.9)
Example 2.2 For a harmonic oscillator with the Lagrangian (2.2) we have

o = e 0= (0. 2.10)

It is important to keep track of the argument ¢ in the functional derivative
05/04q(t). A functional S [¢] generally depends on the values of ¢ at all moments
of time ¢. Discretizing the time interval t, > ¢ > ¢; as t;, = t; + €k, where £ is
integer, we may approximate the function ¢ () by its values at points #;. Then the
functional S[g(¢)] can be visualized as a function of many variables ¢, = ¢ (t;,),

Sla]="S(q1 92> q3>---)"-

In the limit & — 0, the properly normalized partial derivative of this “function”
with respect to one of its arguments, say g, = ¢ (#,), becomes the functional
derivative 05/8q (t;). Clearly the derivative 6S/8¢q (t;) is in general different
from 05/0¢ (t,) and therefore 6S/8¢ (¢) is a function of ¢.

For a functional S[¢] of a field ¢ (x, 1), the functional derivative with respect
to ¢ (x, t) retains both the arguments x and ¢ and is written as 6S/8¢ (X, 1).

To calculate the functional derivatives, one has to convert the functionals to
an integral form. When the original functional does not contain any integration,
the Dirac 0 function must be used. (See Appendix Al.l to recall the definition
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and the properties of the 6 function.) Below we demonstrate how the functional
derivative is calculated in a few simple cases.

Example 2.3 For the functional

Algl= [ dar
the functional derivative is
8A[q]
=34’ (ty).
dq(ty)

Example 2.4 The functional
B[q] =3v/q(1)+sin[q(2)]
- / [38(z — 1)v/q(1) + 8(t — 2) sin q(l‘)] di

has the functional derivative
O0B|[q] _ 36(t—1)
dq()  2,/q(1)

+6(t—2)cos[gq(2)].

Example 2.5 For the functional

S[d] = % | #xar(ve)?,

which depends on a field ¢ (x, 1), the functional derivative is found after an
integration by parts:

SOl _ _apxn.

o0 (x,1)
The boundary terms have been omitted because the integration in S[¢] is per-
formed over the entire spacetime and the field ¢ is assumed to decay sufficiently
rapidly at infinity.
Remark: alternative definition The functional derivative may equivalently be defined

with the help of the § function:

8Alq]  d
8q(r))  ds

Alg(1) +56 (1 —1))].

s=0

One can prove that this definition is equivalent to (2.8).
Because the 6 function is a distribution, the definition above can be understood in a
more rigorous way as

Alg, (0],
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where ¢,(t), n=1,2, ... is a sequence of functions that converges to ¢(f) +s6 (f —t,) in
the sense of distributions.

Second functional derivative A derivative of a functional is a functional
again. Therefore we can define the second functional derivative via

828 _ 9 { 58S }
8q(1)8q(ty)  8q (1) | 8q(r))])"

Exercise 2.2
Calculate the second functional derivative
8°S[q]
84 (1,) 8q (1)

for a harmonic oscillator with the action

Slql= / % (if - wzqz) dt.

2.2 Hamiltonian formalism

The starting point of a canonical quantum theory is a classical theory in the
Hamiltonian formulation. The Hamiltonian formalism is based on the Legendre
transform of the Lagrangian L (t, g, ¢) with respect to the velocity g.

Legendre transform Given a function f(x), one can introduce a new variable
p instead of x,
af
as

and map the function f(x) to a new function

g(p) =px(p)—f(x(p)).

Here we imply that x has been expressed through p using (2.11); the function
f(x) must be such that p, which is the slope of f(x), is uniquely related to x. The
function g(p) is called the Legendre transform of f(x). A nice property of the
Legendre transform is that when applied to the function g(p), it restores the old
variable x = dg(p)/dp and the old function f(x).

The Hamiltonian To define the Hamiltonian, one performs the Legendre
transform of the Lagrangian L (z, ¢, ¢) replacing ¢ by a new variable

b IL (. q. q)
aq ’
called the canonical momentum. The variables ¢ and ¢ remain as parameters

and the ubiquitously used notation d/dg means simply the partial derivative of
L (t, q, q) with respect to its third argument.

(2.11)

(2.12)
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Remark If the coordinate g is a multi-dimensional vector, g = g;, the Legendre transform
is performed with respect to each velocity g; and the momentum vector p; is introduced.
In field theory there is a continuous set of “coordinates,” so we need to use a functional
derivative when defining the momenta.

Assuming that equation (2.12) can be solved for the velocity ¢ as a function of
t, q and p,

g=v(p;q.1), (2.13)
one defines the Hamiltonian H(p, g, t) by
H(p.q.1) =[pg—L(t. 4 D)]i=v(p:q.1) - (2.14)

In the above expression, ¢ is replaced by the function v (p; ¢, 7).

Remark: the existence of the Legendre transform The possibility of performing the
Legendre transform hinges on the invertibility of equation (2.12) which requires that
the Lagrangian L (¢, g, ¢) should be a suitably nondegenerate function of the velocity §.
Many physically important theories with constraints, such as gauge theories or Einstein’s
general relativity, are described by Lagrangians that do not admit an immediate Legendre
transform in the velocities. In those cases (not considered in this book) a more complicated
formalism is needed to obtain an adequate Hamiltonian formulation of the theory.

The Hamilton equations of motion The Euler-Lagrange equations (2.6) are
second-order differential equations for ¢(z). In the Hamiltonian formalism they
are replaced by first-order differential equations for the variables ¢(z) and p(z).
Due to the definition (2.12), we can recast (2.6) as

dp _9L(1,4,9)

, 2.15
dt dq 215)

g=v(p;q.t)

where the substitution ¢ = v must be carried out after the differentiation dL/dq.
The other equation is (2.13),

d

q
— = ) ’[ . 216
i v(p; g, 1) (2.16)

Using the Hamiltonian H(p, ¢, t), defined in (2.14), we can rewrite the above
equations in a more symmetrical form. As a result of straightforward algebra, one
has

oH 9 dv 0L OL dv dL
—=—(pv-L)=p——F——F7—=——,
dg  dq dg dq 0dqdq dq
8H_8( L)— + v (9L¢9v_
op ap T T Py T aqap Y
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and hence equations (2.15)—(2.16) become
_O0H . 0H
T T g

These are the well-known Hamilton equations of motion.

g (2.17)

Example 2.6 For a harmonic oscillator described by the Lagrangian (2.2), the
canonical momentum is equal to p = ¢ and the corresponding Hamiltonian is
) 1 1
H(p,q) =pg—L=3p"+50°q". (2.18)
The Hamilton equations are then

g=p, p=-w’q

The action principle The Hamilton equations follow from the action principle

Sula(0), p()] = [ [pq—H(p. ¢, D] d1, (2.19)

where the Hamiltonian action Sy is a functional of two functions ¢(¢) and p()
which must be varied independently to extremize Sy.

Exercise 2.3

(a) Derive equations (2.17) by extremizing the action (2.19). Determine the boundary
conditions which must be imposed on p(¢) and ¢(¢).

(b) Verify that the Hamilton equations imply dH/dt = 0 when H(p, q) does not depend
explicitly on the time 7.

(c) Show that the expression pg — H evaluated for the classical trajectory (on-shell) is
equal to the Lagrangian L (q, g, t).

2.3 Quantization of Hamiltonian systems

In quantum theory we replace the canonical variables ¢(z), p(f) by noncommuting
operators g(1), p(r) for which one postulates the equal-time commutation relation

[(0), (D] = a()p(1) = p(Da (1) = i1. (2.20)

(We shall frequently omit the identity operator 1 in formulae below.) Relation
(2.20) reflects the impossibility of simultaneously measuring the coordinate and
the momentum with unlimited accuracy (Heisenberg’s uncertainty relation). Note
that the commutation relations for unequal times, for instance [g (#,), p (#,)], are
not postulated but are derived using the equations of motion.

Exercise 2.4
Simplify the expression ¢p*§ — p*§* using the commutation relation (2.20).
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The problem of operator ordering Consider the following classical Hamiltonian
H(p, q) =2p*q. Since pg # gp, it is not a priori clear whether the corresponding
quantum Hamiltonian should be p?§+ gp?, or perhaps 2pgp, or some other
combination of the noncommuting operators p and g. The difference between the
possible Hamiltonians is of order A or higher, so the classical limit 7 — 0 is
the same for any choice of the operator ordering. The ambiguity in the choice of
the quantum Hamiltonian is called the operator ordering problem.

The operator ordering needs to be chosen by hand in each case when it is
not unique. In principle, only a precise measurement of quantum effects could
unambiguously determine the correct operator ordering in such cases.

Remark For frequently used Hamiltonians of the form
1
H(p, q) = 5—-p" +U(q)
m

there is no operator ordering problem.

2.4 Hilbert spaces and Dirac notation

The non commuting operators g and p can be represented as linear transformations
(“matrices”) in a suitable vector space (the space of quantum states). Since relation
(2.20) cannot be satisfied by any finite-dimensional matrices,” the corresponding
space of quantum states is necessarily infinite-dimensional and must be defined
over the field C of complex numbers.

Infinite-dimensional vector spaces A vector in a finite-dimensional space
can be visualized as a collection of components, e.g. @ = (a;, a,, a3, a,), where
each a; is a (complex) number. A vector in infinite-dimensional space has
infinitely many components. An important example of an infinite-dimensional
complex vector space is the space L? of square-integrable complex-valued func-
tions Y(q) for which the integral

Foe 2
| ol dg

converges. One can check that a linear combination of two such functions,
A (gq) + Ar(g), with constant coefficients A, and A, € C, is again an ele-
ment of L?. A function ¢ € L? can be thought of as a set of infinitely many
“components” ¢, = {(q), where the “index” g is continuous.

It turns out that the space of quantum states of a system with one degree of
freedom is exactly the space of square-integrable functions (q), where ¢ is a

2 This is easy to prove by considering the trace of a commutator. If A and B are arbitrary finite-dimensional
matrices, then Tr [A, B] = TrAB — TrBA = 0 which contradicts equation (2.20). In an infinite-dimensional
space, this reasoning no longer holds because the trace is not well-defined for an arbitrary operator.
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generalized coordinate of a system (for example, position of a particle moving in
one dimensional space). In this case the function /(g) is called the wave function.
In the case of two degrees of freedom the wave function depends on both coor-
dinates g, and g, characterizing the state of the corresponding classical system,
Y =1 (q;, ¢»). In quantum field theory, the “coordinates” are field configurations
¢(x) = ¢, and the wave function depends on infinitely many “coordinates” ¢y;
in other words, it is a functional, ¥ [¢(x)].

The Dirac notation Linear algebra is used in many areas of physics, and
the Dirac notation is a convenient shorthand for calculations in both finite- and
infinite-dimensional vector spaces.

To denote vectors in abstract linear space, Dirac proposed to use symbols such
as |a), |x), |A) ..., which he called “ket”-vectors. Then the symbol 2 |v) —3i |w),
for example, denotes a linear combination of the vectors |v) and |w).

Dual space In a vector space V one can define linear forms, which act on a
vector to produce a (complex) number; f: V — C. A linear form is called covector
or “bra”-vector and denoted by (f|. A complex number produced by linear form
(f| as a result of acting on a vector |v) is denoted by (f|v) (the mnemonic rule
is: “bra”-vector acting on “ket’-vector makes a “bracket”, which is a complex
number). The fact that a form is linear means that

(fl(afv) +Blw)) = a(flv) + B(fw),

where « and 3 are arbitrary complex numbers. In the space of all linear forms
one can define the multiplication by a complex number and a sum of two linear
forms in a natural way as

(a(fl+B g |v) = alflv) +B(glv),

valid for any vector |v). Then the space of all linear forms becomes a vector space
called the dual space. At this stage one still has to distinguish the dual space from
the original linear space because they have a different mathematical origin. For
the reader familiar with differential geometry we point out that the dual space is
an analog of the space of one-forms.

Hilbert space A linear space of quantum states must possess an extra struc-
ture, namely, a Hermitian scalar product. A scalar product maps any two vectors
|v) and |w) into a complex number (|v), |w)). A complete, separable vector
space’ with a Hermitian scalar product is called a Hilbert space. The Hermitian

3 A normed vector space is complete if all Cauchy sequences converge in it; then all norm-convergent infinite
sums always have a unique vector as their limit. The space is separable if there exists a countable set of vectors
{|e,)} which is dense everywhere in the space. Separability ensures that all vectors can be approximated
arbitrarily well by finite combinations of the basis vectors.
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scalar product satisfies the usual axioms, while the hermiticity means that

(lv) o),

where the asterisk * denotes the complex conjugate.

The scalar product allows us to establish a one-to-one correspondence between
“bra”- and “ket”-vectors. We say that the “bra”-vector (v| corresponds to a “ket”
vector |v) if

(vlw) = (Jv) , [w))

for any vector |w). The scalar product of two “bra”-vectors (w| and (v| can then
be defined as

([, () = (Jv), [w)),

and the dual space also becomes a Hilbert space. Because the original Hilbert
space and its dual space are isomorphic, we can “identify”” them from now on and
consider |v) and (v| as simply different symbols designating the same quantum
state. The scalar product (|v), [w)) can then be always written in somewhat more
concise form as (v|w).

Exercise 2.5
Verify that the “bra”-vector a* (v| 4+ 8* (w| corresponds to a “ket’-vector « |v) + 8 |w).

2.5 Operators, eigenvalue problem and basis in a Hilbert space

Operators An operator A maps a vector space to itself; it transforms a vector
|v) to the vector |w) = A |v). For example, the identity operator 1 does not change
any vectors: 1 |v) = |v). In quantum theory it is enough to consider only linear
operators for which

A(alv)+Blw)) = aA|v) +BA|w).

The product of two operators A and B is defined in a natural way as

(1) =A(B1v)

for any vector |v). Generically, operators do not commute with each other, that
is,
[A, B]= AB—BA +0.
The notation (v| A |w) denotes the scalar product of the vectors |v) and A |w>
and the quantity (v| A|w) is also called the matrix element of the operator A
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with respect to the states |v) and |w). Acting on a “bra”-vector {v| the operator
A produces the “bra”-vector (v| A, such that

(CwIA) [w) = (vl A fw)

for any |w).
Let us consider a “ket”’-vector

l§) = Av).

To the “ket”-vectors |g) and |v) there correspond the “bra”-vectors (g| and (v|
respectively. Generlcally, (g| # (v| A, and the vectors (g| and (v| are related by
another operator AT,

(g] = (v] AT,

which is called the Hermitian conjugate of operator A. Because (glw) = {w|g)*
we have

(o] At |w) = (<w|A|U>)*. 2.21)

It is easy to see that the operation of Hermitian conjugation has the following
properties:

A+B)T=AaT+B", (AAT =T, (AR =BTAT.

The following subsets of all operators play a particularly important role in a
quantum theory: Hermitian operators for which At = A, skew-Hermitian operators
satisfying Bt = —B, and unitary operators: U'o0=00"=1.

Eigenvalue problem Given an operator A one can consider the equation

Alv) =v|v). (2.22)

The vector |v) # 0 satisfying this equation is called an eigenvector of the operator
A corresponding to the eigenvalue v.

According to quantum theory the result of any measurement of some quantity
corresponding to an operator Ais always an eigenvalue of this operator. Therefore,
observables must be described by operators with real eigenvalues. Setting |w> =
|v) in equation (2.21) and assuming that |v) is an eigenvector of an operator A we
find that if this operator is Hermitian, AT = A, then its eigenvalues are always real.
This motivates an important assumption made in quantum theory: the operators
corresponding to all observables are Hermitian.

Remark The operators of position § and momentum p must be Hermitian, §* = § and
p' = p. The commutator of two Hermitian operators A, B is anti-Hermitian: [A, B]" =
—[A, B). Accordingly, the commutator of § and p contains the imaginary unit i. The
operator p{ is neither Hermitian nor skew-Hermitian: (p§)" = §p = pg+ il # +£pg.
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Eigenvectors of an Hermitian operator corresponding to different eigenvalues
are always orthogonal. This is easy to see: if |v;) and |v,) are eigenvectors of an
Hermitian operator A with eigenvalues v, and v,, then (v;| A = v, (v;| because
v; is real. Consequently,

(1] Afvy) = vy (vy|va) = vy (Vy]vy) s

and (v;|vy) =0 if v # v,.

Basis in Hilbert space In an N-dimensional vector space, one can find a
finite set of linearly independent vectors |e;), ..., |ey) and uniquely express any
vector |v) as a linear combination of these vectors,

N
|U> = Z Uy |en> .
n=1

The coefficients v, are called the components of the vector |v) in the basis
{le,)}. In an orthonormal basis satisfying (e,,|e,) = 0,,,, the scalar product of
two vectors |v), |w) is expressed through their components v,,, w,, as

N
(vlw) = 3 vyw,.
n=1

By definition, a vector space is infinite-dimensional if no finite set of vectors
can serve as a basis. In that case, one might expect to have an infinite countable

basis |e;), |e;) , ..., such that any vector |v) is uniquely expressible as
[v) =2 valen) - (2.23)
n=1

However, the convergence of this infinite series is a nontrivial issue. For instance,
if the basis vectors |e,) are orthonormal, then the norm of the vector |v) is

vy = X vk, (enl | [ X valen) ) =X lval?. (2.24)
m=1 n=1 n=1

This series must converge if the vector |v) has a finite norm. Therefore, for
example, the sum ) 7, n*e,) does not correspond to a vector that belongs
to a Hilbert space. The coefficients v, must fall off sufficiently rapidly so that
the series (2.24) is finite and only in this case is it plausible that the infinite
linear combination (2.23) converges and uniquely specifies the vector |v). This
does not hold in all infinite-dimensional spaces. However, as we have already
mentioned, the required properties, known in functional analysis as completeness
and separability, are fulfilled in a Hilbert space. When defining a quantum theory,
one always chooses the space of quantum states as a separable Hilbert space. In
some instances we have to “enclose” the system inside a large finite box and only
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then will a countable basis {|e,)} exist. Once an orthonormal basis is chosen,
any vector |v) is unambiguously represented by a collection of its components
(vq, vy, ...). Therefore a separable Hilbert space can be visualized as the space of
infinite sets of complex numbers, |v) = (vy, v,, ...), such that the sums » 7" | |v,, B
converge. The convergence guarantees that all scalar products (v|w) =37 | viw,
are finite.

Example 2.7 The space L? of square-integrable wave functions i/(¢g) defined
on an interval a < g < b is a separable Hilbert space, although it may appear to
be “much larger” than the space of infinite rows of numbers. The scalar product
of two wave functions ;(g) and ¥, (g) is defined by

b
(i) = / i (@ (9)dg,

and the canonical operators p, g can be represented as linear operators in the
space L? that act on functions /(g) as

bou(g) > —ih%, i 0(a) — a(q). (2.25)

It is straightforward to verify that the commutation relation (2.20) holds.

Remark When one considers a field ¢(x) in an infinite three-dimensional space, the
corresponding space of quantum states is not separable. Therefore, to obtain a mathe-
matically consistent theory, we need to enclose the field inside a finite box and impose
appropriate boundary conditions.

Decomposition of unity Let {|e,)} be a complete orthonormal basis in a
separable Hilbert space. Then any vector |v) can be written as

oo

W= vl = 3 (ealt) len) = <§ o) <en|> 1.
n=1 n=1

n=1

Hence, the identity operator 1 can be decomposed as
R oo
1=23"1le,) (e,
n=1

The symbol |e,) (e, | must be interpreted as the operator which acts on a vector
|v) according to the rule

[v) = (len) (enl) [v) = (en[v) [e,) -

It projects a vector |v) onto the one-dimensional subspace spanned by |e,,). Thus,
the identity operator 1 can be written as a sum of projectors onto orthonormal
basis vectors.
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The choice of basis in Hilbert space corresponds to a choice of a certain
representation in quantum theory (for example, coordinate or momentum repre-
sentation). The decomposition of unity is very useful for establishing the relation
between different representations (“coordinate systems”).

Remark One must carefully distinguish the symbols {(w|v) and |w) (v|. The first one is
a number, while the second is the operator which acts on the “ket”- and “bra”-vectors as

(Jw) (v]) ) = (vlg) [w) and (g| (|w) (v]) = (g|w) (v] respectively.

2.6 Generalized eigenvectors and basic matrix elements

We can build a basis in a Hilbert space if we take all eigenvectors of a suitable
Hermitian operator. This operator must have a discrete spectrum because its
eigenvectors must form a countable set.

In calculations, however, it is often more convenient to use as a basis in Hilbert
space the eigenbasis of the major operators ¢ and p. The position operator has a
continuous spectrum and its eigenvalues are all possible generalized coordinates
q. Therefore, it turns out that the operator g has no eigenvectors which belong
to a separable Hilbert space. It is possible, however, to extend a Hilbert space
to a larger vector space and introduce the “generalized vectors” |g) that are the
eigenvectors of operator g. Assuming the completeness of the basis {|¢)} we can
expand a vector |{) as

) = [ dgw(@)1a). (2.26)

Note that |¢/) belongs to the Hilbert space while the generalized vectors |g) do
not. This is very similar to the situation in the theory of distributions (generalized
functions), where for example the delta-function, 6(x — y), is well-defined only
when applied to some function f(x) from the space of base functions.

Since the operator ¢ is Hermitian, its different eigenvectors |¢,) and |g,) are
orthogonal:

(q11q2) =0 for q, # q,.

The generalization of the decomposition of unity for the case of continuous ¢
must be

i=[dqla)al (227)

Substituting this decomposition into (2.26) we obtain

) = [ daw(9)ilg) = [ dadg w(9)(q'la)|a) = [ da'v(a)]|q)
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and hence the identity
¥(q) = / dqy(q){q'lq)
must be satisfied for an arbitrary ¢ (¢). This is possible only if

(d'la)=8(4"—q).

Thus, the basis {|g)} is normalized on the delta-function and in particular (g|q) =
8(0) is undefined. Generally, the matrix elements such as (g|A|q’) are also
distributions.

The basis {|p)} of generalized eigenvectors of the momentum operator p is
constructed in a similar way and has the same properties as the basis {|g)}.

Below we will use the commutation relation (2.20) to calculate the basic matrix
elements for the position and momentum operators.

The matrix elements (q,| p|q,) and {p,|g|p,) To determine (q,|p|q,) let
us consider the matrix element of the commutator [g, p]:

(a1l1a. Plla2) = (a1l ap — Palaz) = (a1 — @2) {a1| P |42) -

Taking into account the commutation relation (2.20) we find that on the other
hand

(a11a Pllg2) = (q1lihlqr) = ihd (g1 — o) -

Therefore the matrix element {q,|p|q,) = F (q;, ¢,) must satisfy the equation

ihd (g — q2) = (91 — q2) F (91> 42) - (2.28)

To solve this equation for F(q,, g,) we cannot simply divide both sides by ¢; — ¢,
because the expression obtained, x~!8(x), is undefined. Therefore we first apply
the Fourier transform to (2.28). Introducing the variable ¢ = q; — ¢, and taking
into account that

/S(q) e Pidg =1,
we obtain
ih= [ qF (g1, g1 —q) e"dg = ia%f Fqy, q1—q) e "dq.
Integration over p gives
hp+C(q1) = / F (g1, q1—q) e "dg,

where C (gq,) is an undetermined function. The inverse Fourier transform yields

1 : L 0
Flara) = 5 [ G+ Oemdp=| =i 400 |00~ ),
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and hence

(@11Pgr) = —ihd" (g1 — q2) + C(q1) 6 (g1 — q2) » (2.29)

where the prime denotes the derivative of 6(q) with respect to ¢ = q; — ¢,. The
function C(g,) cannot be determined from the commutation relation alone because
the replacement of the operator p by p+ c(g), where c is an arbitrary function,
does not destroy the commutation relation. The above transformation changes the
matrix element {g;|p|q,) by the term c(q;) 6 (q; — ¢,) and therefore the term
proportional to 8 (¢; — ¢,) in (2.29) can always be removed by redefinition of the
operator p. Thus the final result for {(g,|p|q,) is

(@11 Dlaa) = —ihd (¢ — qo) - (2.30)

Remark Note that for a given p the term C(q,)8(q, — ¢,) in (2.29) can be removed
by redefining the basis vectors |g) themselves. Multiplying each |¢) by a g-dependent
phase,

|3y = eV q),
we obtain
(@1 P13) = hc' ()8 (g — q,) —ihd" (g, — ¢,) + C (q,) 8 (1 — ¢») -
The function ¢(g) can always be chosen such that C(g,)6(g, — g,) is canceled.

Because ¢ and p enter the commutation relation on the same “footing” (up to the
sign) the matrix element (p;|g|p,) can be immediately inferred by interchanging
g <— p in (2.30) and changing the sign:

(P11 q|p2) = ihd" (py — p2). (2.31)
The matrix elements (p|g) To calculate (p|g), we consider the matrix element
(plplg)=p(plg). (2.32)

On the other hand, we have

plpla) =l | [ daylar) al] pla) = [ day plar) il pla) =m% (Pla).

(2.33)
where we have substituted the expression in (2.30) for {(g;|p|q). Comparing
(2.32) and (2.33) we obtain

piplay =i {pla).
q

Similarly, considering the matrix element (p| g |q), one derives

4(pla) = ih- - {pla).
P
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Integrating these equations, we find

ipq ipq
(plg) = Ci(p)exp [_7} . (plg) = Cy(q)exp [_T] ,
respectively. The above solutions are compatible only if C,(p) = C,(g) = const,
and thus
ipq
(plg) = CeXp[—7}, (2.34)

where the constant of integration C is determined (up to an irrelevant phase factor)
by the normalization condition C = (27h)~!/? (see Exercise 2.6). Thus, the final

result is
exp [—ﬁ] . (2.35)

1
((alp))" = (plg) =
V2mh
Exercise 2.6
Let |p), |¢) be the 6-normalized eigenvectors of the momentum and the position operators,
ie.

f7|P1> =pilp). (pilp) =0 —pa).

and the same for g. Show that the coefficient C in equation (2.34) satisfies |C| =
2mh)~1/2.

2.7 Evolution in quantum theory

Heisenberg picture In the limit 7 — O the expectation values of the position and
momentum operators must satisfy the classical equations of motion. Therefore the
simplest way to implement the time evolution in quantum theory is to postulate
that the state vector of the system is time-independent, while the operators g ()
and p (t) satisfy the “Hamilton equations of motion”:

dq OoH . . dp oH ,

E—%(P’ g, 1)+ O(h), E__E(p’ g, 1)+ O(h), (2.36)
where p, ¢ are substituted into dH/dq, 0H/dp after taking the derivatives. The
expressions on the right-hand side are well-defined if the Hamiltonian H is a
polynomial function in p and g. The operator ordering induces the terms which
are proportional to /2 and hence does not influence the classical limit. Most non-
polynomial functions can be approximated by polynomials and therefore below we
shall not dwell on the mathematical details of defining the operator H=H (p,q,1)
for a general case.

Of course, ultimately the correct form of the quantum equations of motion is
decided by their agreement with experimental data. Presently, in most cases a
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theory based on the “classical equations of motion” for the p, g operators is in
excellent agreement with experiments.
It is convenient to rewrite the equations

dg OoH , dp oH .
9 sy, P 2.37
dr ap(pq ) dr aq(pq ) ( )

in a purely algebraic form. Using the identities (see Exercise 2.7):
A L Of N an L Of L
2. f (b Dl =ih—-(P.q).  [P..f (. D] =—ih (D Q).
p dq
the equations (2.37) become:
dg iT. » dp i, »
9 _ _t ,H}, _=——[,H], 2.38
dt h [q dt nl? (2.38)
They are called the Heisenberg equations of motion.
Exercise 2.7
(a) Using the canonical commutation relation, prove that
[a’ ‘}ml’\?n] — iﬁn?]"’f?"_l.
This relation can symbolically be written as

A A

An . J Aman
[9.4"p"] = ih—= (4" ")
P
Derive the similar relation for p,
Noaman : J aman
[p.p"q"] = —ih—> (P"q").
q

(b) Suppose that f(p, ¢) is an analytic function in p, g given by a series expansion
that converges for all p and g. The operator f (p, g) is defined by substituting the

operators p, g into that expansion (the ordering of g and p must be somehow fixed).
Show that

(9. f (P D] = ihaif (P, 9)- (2.39)
p

Here it is implied that the derivative d/dp acts on each p with no change to the
operator ordering, e.g.

Exercise 2.8

Show that an operator A = f (P, ¢, 1), where f (p, g, ) is an analytic function, satisfies
the equation

. i[A ﬁl]+8;‘ (2.40)
dt- hl” at’ '
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So far we have considered the time-dependent operators g(¢), p(t) that act
on fixed state vectors |i); this description of quantized systems is called the
Heisenberg picture.

Schrodinger picture An alternative way to describe the time evolution in
quantum theory is to refer the time dependence to the state vector assuming that
the operators are time-independent. In fact, what is relevant for the measurements
is not the operators themselves, but only their eigenvalues and the expectation
values. It turns out that the time evolution of the expectation values can be
entirely encoded in |/(7)). Let us consider for simplicity an operator which does
not depend on time explicitly, that is, A = f(p,§). The general solution of
equation (2.40) is then

A() = exp [% (t— to)ﬁl} Agexp [—% (t—1t0) H} : (2.41)

where A, = A(1y) = const, and for an arbitrary quantum state |1J,) the time-
dependent expectation value of A(t) is

(A1) = (o A1) [rg) = (g eFH =0 A= #HE=10) |y

This relation can be rewritten using a time-dependent state

(1)) = e A0 |y (2.42)

and the time-independent operator AO as

(A1) = (0| Ag [9(1)) -

The description of dynamics using evolving state vectors and time-independent
operators is called the Schrddinger picture.

Taking the time derivative of (2.42), we find that the state vector |/(7)) satisfies
the Schrédinger equation,

WD) _ by, (2.43)

The above quantization procedure is equally well applicable to nonrelativistic
mechanics, to solid state physics (a very large but finite number of degrees of
freedom), and to relativistic field theory (infinitely many degrees of freedom).
In the case of a system with local symmetries, some complications (mainly of
technical nature) arise, but the general idea of quantization remains the same. It is
clear that the Schrédinger equation (2.43) is simply a way to implement the Hamil-
tonian dynamics in quantum theory and it can be either relativistically invariant
or not, depending on the Hamiltonian of the physical system. If the Hamiltonian
H describes a relativistic system, then the corresponding Schrodinger equation

ih
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is also relativistically invariant. For example, in field theory the Hamiltonian
depends on infinitely many degrees of freedom and, as we will see later, equation
(2.43) becomes a functional differential equation. The relativistic invariance
of this equation is not manifest and is only revealed with extra effort. This is
related to the fact that the quantization procedure is based on the commutation
relations which are naturally implemented only in the Hamiltonian approach,
where Lorentz invariance is also not manifest.

Remark: Schrodinger equations The use of a Schrodinger equation does not neces-
sarily imply nonrelativistic physics. There is a widespread confusion about the role of the
Schrodinger equation vs. that of the basic relativistic field equations: the Klein—-Gordon
equation, the Dirac equation, or the Maxwell equations. It would be a mistake to think
that the Dirac equation and the Klein—Gordon equation are ‘“relativistic forms” of the
Schrodinger equation (although some textbooks say that). This was how the Dirac and
the Klein—Gordon equations were discovered, but their actual place in quantum theory
is quite different. The three field equations named above describe classical relativistic
fields of spin 0, 1/2 and 1 respectively. These equations need to be quantized to obtain a
quantum field theory. Their role is analogous to that of the harmonic oscillator equation: they
provide a classical Hamiltonian for quantization. The Schrodinger equations corresponding
to the Klein—Gordon, the Dirac and the Maxwell equations describe quantum theories of
these classical fields. (In practice, Schrodinger equations are rarely used in quantum field
theory because in most cases it is much easier to work in the Heisenberg picture.)

Remark: second quantization The term “second quantization” is frequently used to
refer to quantum field theory, whereas “first quantization” means ordinary quantum
mechanics. However, this is obsolete terminology originating from the historical devel-
opment of QFT as a relativistic extension of quantum mechanics. In fact, a quantization
procedure can only be applied to a classical theory and yields the corresponding quantum
theory. One does not quantize a quantum theory for a second time. It is more logical to
say “quantization of fields” instead of “second quantization.”

Historically it was not immediately realized that relativistic particles can be described
only by quantized fields. At first, fields were regarded as wave functions of point par-
ticles. Old QFT textbooks present the picture of (1) “quantizing” a relativistic point
particle to obtain the Klein—Gordon or Dirac equations, which are sometimes mistakenly
identified with the relativistic generalization of the Schrodinger equation; and (2) “second-
quantizing” the “relativistic Schrodinger wave function” to obtain a quantum field theory.
The confusion between Schrodinger equations and relativistic wave equations has been
cleared, but the old illogical terminology of “first” and “second” quantization persists. It
is unnecessary to talk about a “second-quantized Dirac equation” if the Dirac equation is
actually quantized only once.

The modern view is that one must describe relativistic particles by fields. Therefore one
starts right away with a classical relativistic field equation, such as the Dirac equation (for the
electron field) and the Maxwell equations (for the photon field), and applies the quantization
procedure (only once) to obtain the relativistic quantum theory of photons and electrons.
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Driven harmonic oscillator

Summary Quantization of harmonic oscillator driven by external classical force.
“In” and “out” states. Matrix elements and Green’s functions.

A quantum harmonic oscillator driven by an external classical force is a simple
physical system which allows us to introduce several important concepts, such as
Green’s functions, “in” and “out” states, and to formulate the problem of particle
production.

3.1 Quantizing an oscillator

A harmonic oscillator driven by a given external force J(¢) satisfies the classical
equation of motion

§=—w’q+J(1)

which follows from the Lagrangian
) 1, 1
L(1.4.9) = 54° = 50°¢* +J(1)q.
2 2
The corresponding Hamiltonian is
2 2.2

pr . wyq
H(p,q)=7+ 3

—J(1q, (3.1)
and the Hamilton equations of motion are
g=p, p=-w’q+J1). (3.2)

Note that the Hamiltonian depends explicitly on the time ¢ and therefore the
energy of the harmonic oscillator is not conserved.

In quantum theory the coordinate g and the momentum p become the operators
q (1) and p (¢) satisfying the equal time commutation relation [g, p] = i. (From

33
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now on, we use the units where i = 1.) In the Heisenberg picture these operators
satisfy the Heisenberg equations which are obtained by replacing ¢ and p in (3.2)
by the corresponding operators:

dq

dﬁ 2 A
—-—=— J(1). 33
L—p L=+ i0) (33)

It is convenient to introduce two Hermitian conjugated operators a~(¢) and
a* (r) instead of p(r) and g():

r0=\2w0+Si0]. a0=/2[10-Lw).

These operators, called the annihilation and creation operators respectively, satisfy
the commutation relation

[a=(1),a*(n] =1 (3.4)
at every moment of time «.

Exercise 3.1
Using the commutation relation [g, p] =i, verify that [a(¢), a* ()] = 1.

The equations of motion for the operators a™ () follow immediately from (3.3):

4o = ot +—— 1), (3.5)
dt V2w

d.. . ..

Ea =lwa — Ej(t) (36)

They are readily integrated to give

. |
4 () = [a;ﬁ\/%_w /0 et J(t’)dt’} emiot (3.7)

t

Gt (r) = [a; e—iwf’J(/)dz’} et (3.8)

i
V2w /0
where a; = aT (t = 0) are the operator-valued constants of integration.

Exercise 3.2
Derive solutions (3.7) and (3.8).

Substituting

(a=—a") (3.9)
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J()
in out
0 \/T t

Fig. 3.1 The external force J(¢) and the “in”/“out” regions.

into (3.1), we find the following expression for the Hamiltonian in terms of the

creation and annihilation operators a=,

J(t). (3.10)

3.2 The “in” and “‘out” states

To simplify the calculations, we assume that the external force J(¢) is nonzero
only during a time interval 7> ¢t > 0. The regions ¢+ <0 and ¢ > T, where the
oscillator is unperturbed, are called the “in” and “out” regions respectively (see
Fig. 3.1). Our purpose is to determine the relation between the states of the
oscillator in these regions.

It follows from (3.7) and (3.8) that

a () =age™ '™, at(t)=a; e (3.11)
in the “in” region. Correspondingly in the “out” region we have
a () =age ™, at(t)=ate" (3.12)
where

A

as, = a; + ()l = ag +Jy,  ak, = at + I (3.13)

i / T
— [ e
V2w Y0
It is obvious that both pairs of the time-independent operators Zzi and El(j;n satisfy
the commutation relation [a~, a*] = 1. Substituting (3.11) and (3.12) into (3.10),
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we find that the Hamiltonian
a1
. w | a;a;, + 3 for t <0,
H= 1 (3.14)
o | atag, + 5) for t>T,
does not depend on time in the “in” and “out” regions.
Hilbert space It is well known how to construct the Hilbert space of quantum
states for the unperturbed oscillator. We assume the existence of the unique
normalized vector |0) for which a~ |0) = 0. This vector corresponds to the ground
(vacuum) state. One can then prove that the orthogonal normalized vectors
1
~A+\n
—(a™)"10), 3.15)
m( 10) (
describing the excited states for n > 1, form a complete basis in the Hilbert space.
In other words, all possible quantum states of the oscillator are of the form

In) =

W) =3 w,ln), Y |yl =1 (3.16)
n=0 n=0

This is a standard result and we omit its proof. Details can be found e.g. in
the book by P. A. M. Dirac, Principles of Quantum Mechanics (Oxford, 1948).
Ultimately, the agreement between the theory and experiment determines whether
a particular Hilbert space is suitable for describing a physical system; for a
harmonic oscillator, the space spanned by the orthonormal basis {|n)}, where
n=0,1,..., is adequate.

In the case under consideration there are two regions where the external classical
force vanishes. Therefore, two annihilation operators, &i; and a_., define two

out?
different vacuum states — the “in” vacuum |0;,) and the “out” vacuum [0, ):

a;l |Oin> =0, &(;ut |00ut> =0.

It follows from (3.14) that the vectors |0;,) and |0, ) are the lowest-energy states
for t <0 and for ¢ > T respectively. One can easily see that the vectors |0;,) and
|0, ) are different: The state |0, ) is an eigenstate of the operator a_,, with zero
eigenvalue, while

out

Aoy 10in) = (a3, +Jo) 03) = Jo [0i)

that is, the vector |0;,) is an eigenstate of the same operator with the eigenvalue
Jo. (We recall that the eigenstates of the annihilation operator with nonzero eigen-
values are called the coherent states.) Conversely, a;_|0;,) =0 and a;_[0,,) =

_‘IO |00ut>'
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+

. . A+ A~
Using the creation operators a; and agy,,

mal sets of excited states,

we can build two complete orthonor-

at n=1,2,...

1 . 1
|nin> = ﬁ (a1+n)n |Oin> > |n0ut> = ﬁ ( out)n |00ut> s

It is easy to verify that
N 1
H(t) [ny) = @ nts M), 1=<0;

~ 1
(1) Ingw) = o (n+ 5) o), 2T

Hence, the vectors |n;,) are the eigenstates of the Hamiltonian (3.14) for r <0
(but not for r > T), and |n,,) are its eigenstates for r > T. For this reason it is
natural to interpret |n;,) as “n-particle states” of the oscillator for r < 0, while for
t > T the n-particle states are |n,,)-

Remark: interpretation of the “in” and “out” states We work in the Heisenberg
picture where quantum states are time-independent and operators change in time. In this
picture the physical interpretation of a constant state vector |¢/) depends on time. For
example, we have found that the vector |0,,) is no longer the lowest-energy state for
t > T. This happens because the energy of the system changes due to the external force
J(1). In the absence of this force, a;, = a,,, and the state |0,,) describes the vacuum state
at all times.

Relation between “in”” and ‘“‘out” states Both sets of states {|n;,)} and
{|nyy )} form separately a complete basis in the Hilbert space. Therefore the vector
|0;,) can be written as a linear combination of the “out” states,

|Om> = Z An |n0ut> . (317)
n=0

The coefficients A, satisfy the recurrence relation

Jo
A, 3.18
vn+1 ( )

An-i—l =

Exercise 3.3
Derive the recurrence relation (3.18) from (3.13).

It is easy to see that the solution of (3.18) is

1
A, = mAO.
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The constant A is fixed by the normalization condition (0;,| 0;,) = 1. To compute
Ay, we consider the normalization

0l 0i) = D AP = [A)* Y
n=0 n=0

and hence
1
Aol =exp 5 1.

The unimportant phase of A, remains undetermined.
Thus, the state |0;,) can be expressed in terms of the “out” states as
o0
Jo

1 2:| Y
0;,,) =exp|—= |/ — |nout) 3.19
) = exp | 5 1P| ) (.19

or, equivalently,
1 .
00) = exp | 5 1ol + o | O

Hence for ¢ > T the state vector |0;,) describes the coherent state of the harmonic
oscillator, which is an eigenstate of a_, with eigenvalue Jj,.

It follows from (3.19) that the initial vacuum state is a superposition of excited
states for # > T. In particular, the probability of detecting the oscillator in an
excited state n is

2n
2 |J,
A2 = el &'
n!
If we interpret a state with the occupation number n as describing n particles,
then one concludes that the presence of the external force J(¢) leads to the particle
production.

3.3 Matrix elements and Green’s functions

The experimentally measurable quantities are expectation values of various Her-
mitian operators such as (0;,|g(7) |0;,). Unlike the expectation values, “in-out”
matrix elements, e.g. (O, g(¢) |0;,) , cannot be directly measured and they are in
general complex numbers. However, as we shall see in Chapter 12, such matrix
elements are sometimes useful in intermediate calculations. Therefore we shall
now calculate the expectation values and the matrix elements for various operators
for t < 0 (the “in” region) and ¢ > T (the “out” region).
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Example 3.1 First we compute the expectation value of the Hamiltonian H (1)
for the “in” vacuum state |0;,). It follows from (3.14) that

(Ol H (1) 10) = 5

for t <0 and

A | 1
Oul H0)04) = Ol (5 + i ) 0w) = (5415 ) o

+

out in terms

for t > T, where the relations in (3.13) have been used to express a
f ~t
of az.

It is now apparent that the energy of the oscillator becomes larger than the

zero-point energy %w after applying the force J(7). The constant |Jy|* is expressed

in terms of J(7) as

1 T /T ,
ol =5 [ [ dndne™ =2 (1)J (1)
w JO 0

Example 3.2 The occupation number operator, defined as

A A

A n . a.' a..
N =at(na~ (1) = {&;n o

out®out

for <0,
for t>T,

has the expectation value

0 for t<O0,

A ) = - 2
Ol B0 = {7, 2 o [0 (3.20)

The in-out matrix element of N(7) is
<Oout| N(I) |Oin> =0
fort<0Oandr>T.

Example 3.3 The expectation value of the position operator,

q(1) = \/;_w (@ (n+a*(n), (3.21)

is equal to zero,

(Oin] (2 = 0)10;,) =0, (3.22)
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for ¢t < T. Tt follows from (3.12) and (3.13) that

(
(

>

(> T) — &;me—iwt — (&1; +JO) e—iwt’
(e

a T) = (a} +Jg5) &,

%

and therefore

Tsinw(t—1')

(0l 4(0) [00) = —= (Joe ™™ +J5e) = [ syt

1
V2w
fort>T.

Introducing the retarded Green’s function for the harmonic oscillator,

_ sina)(t—t/)e

Gret(t’ t/) = (t_t/)’
results (3.22), (3.23) can be rewritten as
“+o0
a0 = [ J)Grey(t, 1)ar

Example 3.4 The in-out matrix element of the position operator g is
(Oou| 4(r < 0)[0in) _ ™" (Oguil @55 10i) _ e
Ooull) V2o OoulOi) V2w
Oou 4= 1) 10) _ ™" Ol [00) _ , e
) Vio  Ooul0n) V20
In general, these matrix elements are complex numbers. Noting that

1 : i T /
_Joe—zwt — _/ e—zw(t—t )J(l/)dt/,
V2w 2w Jo

and introducing the Feynman Green’s function

ie—iw\t—t’|
Gp(t, 1) = e

result (3.26) can be rewritten as

X o0
<Oo<u(;| Q(|3|(>)in> — / J(I/)GF(Z, l‘/)dl‘/.

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

Other matrix elements, such as (0i,| ¢ (¢;) g (t,)|0i,), can be calculated

similarly.
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Exercise 3.4
Verify that for ¢, 1, > T

R A |
(0l g (1) g (2,) 10;) :2_6 (2=n)
®

T T
+ [ dty [ BT (£) T (5) G (11, ) G (1, 12)
0 0

and

Ooul 4(1) g (1) 100) 1 sy
=—¢€
<Oout|0in> 2w

T T
[ [ (@) 5) G (1.1) Ge (12, 13).

41
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From harmonic oscillators to fields

Summary Ensemble of harmonic oscillators. Field quantization and mode expan-
sion. Vacuum energy. Schrodinger equation for quantum fields.

4.1 Quantum harmonic oscillators

A free field can be treated as a set of infinitely many harmonic oscillators.
Therefore we quantize a scalar field by simply generalizing the method used to
describe a finite set of oscillators.

The most general classical action describing N harmonic oscillators with gen-
eralized coordinates ¢y, ..., gy 1S

1 N N
NAES E/ |:Z‘1i2_ > Mijqiqj:| di, (4.1)
i=1 ij=1

where the matrix M;; is symmetric and positive-definite.
By choosing an appropriate set of normal coordinates

N
Zla = Z Cai‘]i
i=1
the matrix M;; can be diagonalized, M;; — M,p = Saﬁwi, and the oscillators

“decoupled” from each other. In terms of these new coordinates the action (4.1)
reduces to

Slal =5 [ é(‘qi—wiai) .

where w,, are the eigenfrequencies.

Exercise 4.1
Find a linear transformation which “decouples” the oscillators.

42
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For brevity, we shall omit the tilde and write g, instead of g, below. The normal
modes ¢, are quantized (in the Heisenberg picture) by introducing the operators
q,(1), po(t) which satisfy the standard equal-time commutation relations:

[Ga- Pp] = 10ap.  [dar 8] = [Pa- Pp] = 0.

In turn, the creation and annihilation operators a=(f), defined as

=% (1007 a0,

obey the equations similar to (3.5) and (3.6):

iAi(r) =tiw, a=(1).

dt o a~ o

The general solution of these equations for each oscillator is

A:t(t)_(O) At il(ut

where (0)&25 are operator-valued constants of integration which satisfy the com-
mutation relations

[(0)51;’ (%g] ST

Below we shall use mostly fime-independent operators (©a, so we skip the cum-
bersome superscript (¥) and denote them simply by az.

The Hilbert space for the system of oscillators is constructed, as usual, with the
help of the operators a=. In particular, the vacuum state |0, ..., 0) is the unique
eigenvector of all annihilation operators a,, with eigenvalue O:

ay,l0,...,0)=0fora=1,...,N.

The state |ny, n,, ..., ny) with occupation numbers n, for each oscillator g, is
defined by
fr )"
|ny,..,ny)= 0,0,...,0), 4.2)
a= 1 AY a'
and the vectors |n, ..., ny), with all possible choices of occupation numbers 7,

span the whole Hilbert space.

4.2 From oscillators to fields

A classical field is described by a function, ¢ (x, ), characterizing the field
strength at every moment ¢ and at each point x in space. One can interpret a
field as an infinite set of oscillators g, (1) <= ¢(t) “attached” to each point
x. Note that the oscillator “position” ¢, () “takes its values” in the configuration
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space, i.e. in the space of the field strength. The spatial coordinate x plays the
role of index labeling the oscillators, similarly to the discrete index i for the
oscillators g;.

Using this analogy, we treat the scalar field ¢ (X, ¢) as an infinite collection of
oscillators. Replacing the sums over the discrete indices i by the integrals over
the continuous indices x in (4.1) we find that the action for the scalar field must
be of the form

Siol = [ @i [ @xd (- [ @xdyd s ndnmy]. @3

where the function M is yet to be determined. This action must be invariant
with respect to the Lorentz transformations and to the spacetime translations (the
Poincaré group). The simplest Poincaré-invariant action for a real scalar field
¢ (x, t) is obtained if we set

M (x,y) = [—AX + mz] o(x—y). (4.4)
Then action (4.3) becomes
1
S[91=5 [ d'x [ (3,9) (3,6) —m’¢"]
1 .
= / Pxd [¢2 _ (V) — m2¢2] , (4.5)
where n*” = diag(1, —1, —1, —1), x° = ¢ and (x!, x%, x*) = x. It is obviously
translationally invariant, and Lorentz invariance is the subject of the next exercise.

Exercise 4.2
Verify that the action (4.5) does not change under the Lorentz transformations:

X X = AR, b (x, 1) > P (x, 1) = (X, 7), (4.6)
where the matrix A* satisfies
anVAZAE = 77043-

Calculating the functional derivative, we find that the scalar field satisfies the
equation of motion

oS

oo~ PN A (x D)+ (x.1) =0. @.7)

Exercise 4.3
Derive equation (4.7).
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It is clear from (4.7) that the “oscillators” ¢ (X, t) = ¢,(t) are “coupled.” To
see this, note that the Laplacian A¢ contains the second derivatives of ¢ with
respect to the spatial coordinates and, in particular,

32¢x A d)x—i-ﬁx - zd)x + ¢x—8x
dx2 (6x)2
Therefore the behavior of the oscillator ¢, depends on the nearby oscillators at

points x & dx.

To decouple the oscillators, we use the Fourier transform,
d’k

0= | G

Substituting (4.8) into (4.7), we find that the complex functions ¢y () satisty the
following ordinary differential equations,

XXy (7). (4.8)

dZ
2%+ (K +m?) b (1) =0, (4.9)
and thus describe an infinite set of decoupled harmonic oscillators with frequencies
w k =V k2 + mz.

It is easy to verify that in terms of ¢y () the action (4.5) takes the following form

s=3 [ drdk (b~ widnd ). (4.10)

Exercise 4.4
Show that for a real scalar field ¢ (x, t) the relation (¢, )" = ¢_, must be satisfied.

4.3 Quantizing fields in a flat spacetime

To quantize the scalar field, we first need to reformulate the classical theory in
the Hamiltonian formalism. Noting that the action is an integral of the Lagrangian
only over the time (but not over space), we conclude that for the system described
by the action (4.5) the Lagrangian is

1 1

where £ is called the Lagrangian density. Taken at a given moment of time, the
Lagrangian is a functional that depends on the field configuration. Therefore, the
canonical momenta are defined as the functional derivatives of the Lagrangian
with respect to the generalized “velocities” d) = d¢/dt,

_ OL[o] _ .
7(X,t) = 5% (x.1) =¢(x,1).
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The classical Hamiltonian is then
. 1
H= / 7(x, 1) b (x, 1) dPx— L = 5/ Px [+ (V) +mP ], (4.11)

and the Hamilton equations of motion are

o (x, 1) 0H
a o (X, 1) =70,
ar (X, t) oH
P Py R m*¢ (x, 1), (4.12)

Remark: Lorentz invariance We have noted previously that the Hamiltonian formal-
ism is better suited for quantization. Although the Lorentz invariance is not manifest in the
Hamiltonian formalism, this does not mean that the resulting quantum theory breaks this
invariance. If the classical theory is relativistically invariant, then the resulting quantum
theory is also relativistically invariant.

To quantize the scalar field, we introduce the operators (Aﬁ (x,t) and 7 (X, 1)
and postulate the standard commutation relations

[$0n). 7] =is (x—y): (4.13)
[$n. b0 =[F (0. 7 (y.0]=0.

Substituting

3 - A o
GRG0, B0 = [ G @

into these commutation relations, after some algebra we find the following result
for the mode operators:

5 d*k’
dxn= -

|$(0), o)) =8 (k+K).

Note that the plus sign in 6(k +K’) indicates that the variable conjugate to <§5k is
#_ = (7). This is also evident from the action (4.10).

Remark: complex oscillators For the real scalar field ¢, the variables ¢, (¢) are com-
plex and each ¢, may be thought of as a pair of real-valued functions, ¢, = l((l) + i(f)l((z),
satisfying the constraints ¢(_1) = ¢l((l) and d)(_zl)( =— f). Accordingly, the operators a)k are
not Hermitian and ((}k)"' = (2’—1(- In principle, one could rewrite the theory in terms of the
Hermitian variables, but it is more convenient to keep the complex ¢,.

Substituting (4.14) into the Hamilton equations (4.12) we obtain

dy . dm .
7 = Tk, W = —(,()]%(ﬁk (415)
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Similarly to Section 4.1, it is convenient to introduce the creation and annihilation
operators,

0= % (B ) a0 =@y = [ % (3= T, o)
Wi Wi

which satisfy the commutation relations

[ax (1), a5 (0] =8 (k—K), [ag (1), ap ()] =[a; (1), &}, ()] =0, (4.17)

and obey the equations

d
i (1) = o (1),

The general solution of these equations is
ag (1) = Oace™, (4.18)

where the time-independent operators (O)&lj{E obviously also satisfy the commuta-
tion relations (4.17). Below we will mainly use these time-independent operators
and will omit the superscript () for brevity.

The Hilbert space is built in the standard way. We postulate the existence of
the vacuum state |0) which is annihilated by all operators ,_, that is, @, [0) =0
for all k. The state with the occupation numbers 7, in every mode Kk, is

(at)”
a

‘)

|n1,n2,...>= H

s /!

where s = 1,2, ... enumerates the excited modes and |0) = |0, 0, ...). The vector
(4.19) corresponds to the quantum state in which n; particles have momentum Kk,
n, particles have momentum k,, etc. The vectors |n;, n,, ...) with all possible
choices of n, form the complete orthonormal basis in the Hilbert space.

The Hamiltonian (4.11) can be rewritten as

|0), (4.19)

. L .
fi=> / d3k[wkw_k+w§¢k¢_k]. (4.20)

Equivalently, we may express H in terms of the creation and annihilation opera-
tors:

N 1
= / d3k% (axéy +a) o) = / d*k oyl i +5870)] (4.21)

Exercise 4.5
Derive equations (4.20) and (4.21).
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4.4 The mode expansion

Taking into account (4.18) we find from (4.16) that

~ 1 . .
bi (1) = (a e " +at ).

\/ 2(1)k

Substituting this expression into (4.14) gives the following expansion of the
field operator ¢ (X, ) in terms of the time-independent creation and annihilation

operators,
d*k 1
217)3/2 /—

where we have replaced —k by k in the second term. The obtained expression is
called the mode expansion of the quantum field é’) (x,1).

This observation suggests an alternative quantization procedure without explic-
itly introducing the operators (;Sk and 7r,.. We can begin immediately with the
field operator expansion

d) (X Z) / ( [e—iwkt-‘rik.x&l: + eiwkt—ik-xali»] , (422)

P’k 1

(2 )3/2 «/_

and postulate the commutation relations for the time-independent operators a,
At

and ay :

é(x,1) = [vi(Ne™*ag + v (Ne ™ & ], (4.23)

[a. a5 | =6 (k—K'); [ay.ap]=[a).a5]=0. (4.24)
Because the field operator satisfies (4.7), the mode functions v, (#) must obey the
equation
Uy + oo, =0, (4.25)
where wk k* + m?. Substituting (4.23) together with
a¢> .0 _ k1
at 2m)32 2

into (4.13), we find that the canonical commutation relations are compatible with
(4.24) only if the normalization conditions,

Uk (1) Vi () — v () Vi (£) = 24, (4.27)

are satisfied. The expression on the left-hand side is the Wronskian of the two
independent complex solutions vy (¢) and vi(#) of equation (4.25), and therefore
does not depend on time. Substituting the general solution of equation (4.25),

w(y, 1) =

[0k (™Y + iy (Ne ™ Yay]  (4.26)

1 . )
V(1) = —— (@' + Be '), 428
k(1) «/"’_k( Kk Kk ) (4.28)
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into (4.27), we find that the constants of integration ¢y, and B must obey
lonl* = 1Byl* = 1. (4.29)

This condition does not suffice to determine the two constants of integration, oy
and By. Therefore the operators a, and &: are not yet unambiguously defined.
To resolve this ambiguity, let us calculate the Hamiltonian. Substituting (4.23)
and (4.26) into (4.11), and using v, () given in (4.28), we obtain

[,'\I:/ d3k (,l)k [aiﬁi’;&;&:k—{—akﬁk&;{&fk
+ (a4 1B (a5 + 1090) | (4.30)

where we have used ay = a_y and By = B_y. It is obvious from (4.30) that
the vector |0), defined by the conditions &, |0) = 0 for all k, is an eigenvector
of the Hamiltonian only if oy B = 0. Combined with (4.29) this condition tells
us that

ax = eiﬁk, Bk = 0,

where 8, are the irrelevant constant phase factors which we set to zero. Thus, the
vector |0) can be interpreted as the vacuum state with the minimal energy only if
the mode functions in the expansion (4.23) are taken as

ve(1) = \/Lw_kei‘”k’. (4.31)

The obtained result is in complete agreement with (4.22).

Remark: positive and negative frequency modes The modes v} () oc e and v, (¢)
¢! are usually referred to as the positive and negative frequency modes respectively.
Alternatively, these solutions are called positive and negative energy solutions. This rather
confusing terminology has no particular meaning and is of historical origin. In “first
quantized relativistic theory” the field was interpreted as the wave function of a relativistic
particle. Therefore the solution v}(f) o« e~ was regarded as describing particles with
positive energy,

vy (1)
ot

Hvi (1) = ih = hwvi (1),
and the solution v, (f) o ¢+ as corresponding to negative-energy states. However, this
interpretation does not make sense in a quantum field theory where particles always have
positive energy.
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4.5 Vacuum energy and vacuum fluctuations

Vacuum energy It is easy to see from (4.21) that the total energy of the field
in the vacuum state |0) is

— (0| H|0) = (3)(0) f Pk w,. (4.32)

This energy is divergent: there is an infinite multiplicative factor 8 (0) in (4.32)
and in addition the integral

/d3kwk:/ Amk*y/m? + K2dk
0

diverges as k* at the upper limit of integration.

The origin of the divergent factor ) (0) is easy to understand: It is simply the
infinite volume of space. Indeed, the factor 8 (0) arises from the commutation
relation (4.17) when we evaluate 6 (k—K’) at k =k’ (note that ) (k) has
the dimension of 3-volume). For a field in a finite box of volume V, the vacuum
energy is (see (1.11)):

Vv
Z k 2(2 )3/d3k(1)k.

Comparing this expression with (4.32), we find that the formally infinite factor
83)(0) arises when the box volume V goes to infinity. In this limit, the vacuum
energy density is equal to

d’k

V;oo = f Gy (4.33)

and it also diverges at |k| — oo. This ultraviolet divergence arises because the
number of “oscillators” with large momentum grows as k> and each of them has
zero-point energy w; /2 ~ k/2.

In a flat spacetime there is a simple recipe to circumvent the problem of the
vacuum energy divergence. The energy of an excited state |n;, n,, ...) can be
computed using equations (4.17), (4.21) and taking into account that

e, (&) = n(a)"™'8 (k—K).

As a result we obtain
E(nl, nyp, .. .) = E()+f d3k (ZT’ISS (k—ks)> Wy = E0+Znswkx.
) S

Thus the total energy is always a sum of the divergent vacuum energy E; and a
finite state-dependent contribution. The absolute value of the energy is relevant
only for the gravitational field. If we neglect gravity, then the presence of the
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vacuum energy cannot be detected in experiments involving only transitions
between the excited states. Therefore, we can postulate that the vacuum energy
E\ does not contribute to the gravitational field and simply subtract E, from the
Hamiltonian. After this subtraction, the modified Hamiltonian becomes

A= [ dkoafa,
and the vacuum is an eigenstate of the Hamiltonian with zero eigenvalue:
H0)=0.

Vacuum fluctuations The subtraction of the vacuum energy density does
not, however, remove the vacuum fluctuations of the quantum fields. To estimate
the magnitude of fluctuations, let us calculate the correlation function

€ (x—y) =(01$(x.0) $(y.1)[0).
Substituting the mode expansion (4.22), we obtain

1 K sin (k |x —y|) dk
A7?) w, k|x—y| k’

€ (Ix—yl) =

where the integration over the angles was performed. It follows that the typical
squared amplitude of the scalar field fluctuations on scales L ~ 1/k is of order

IS

472 w,

SO (4.34)

k~L7U 12 1 4 (mL)?

Thus, the amplitude of the vacuum fluctuations 8¢, decays as L~! for L < m~
and as L73/2
(see (1.13)).

82 =

1

for L > m~'. This result is already familiar to us from Section 1.4

4.6 The Schrodinger equation for a quantum field

So far we have been working in the Heisenberg picture. However, the fields can
also be quantized using the Schrodinger picture. Let us begin with the Schrédinger
equation for an ensemble of harmonic oscillators. Their Hamiltonian is obtained
from action (4.1) in the standard way:

1 1
H= 5 >+ 3 > M;qq;.
i i

In the Schrodinger picture, the operators p;, g; are time-independent and act on the
time-dependent wave function |s(¢)). The Hilbert space is spanned by the basis
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vectors |qy,...,qy) which are the generalized eigenvectors of the coordinate
operators ¢g;. In this basis a state vector /(7)) can then be decomposed as

(1)) =/d611 e dgn (qys s qn> D grs -5 an)
where
b (qrs--sqns 1) ={q1> > qn|P(D)) -

The momentum operators p; act on the wave function ¢ (¢, ..., gy, t) as deriva-
tives —id/dq;. The Schrodinger equation then takes the form

.1 s
i—zH(ﬁ:—Zj( 8”8q¢9q +Ml/qlqj)¢ (4.35)

To generalize this Schrodinger equation to the case of quantum scalar field,
we replace the oscillator coordinates g; by field values ¢, = ¢ (x) and the wave
function ¥ (qy, ..., qy, t) becomes a wave functional ¥ [¢ (x), t] defined in the
space of the field configurations ¢ (x) (recall that the spatial coordinate x plays
here the role of the index 7). The wave functional has a simple physical interpreta-
tion, namely, the probability of measuring a particular spatial field configuration
¢ (x) at time ¢ is proportional to |V [¢ (X), t]|2.

The Schrodinger equation for the scalar field is obtained from (4.35) by replac-
ing the partial derivatives d/dg; by functional derivatives 6/8¢ (x) and the sums
over discrete indices i by an integral over the spatial coordinate x:

(?\If / d3 52w ]
- 56 (x) 56 (x) 8¢ )
+ % / d*xd’yM (x,y) ¢ (x) $ (y) ¥ [, 1].

For the kernel M (x,y) given in (4.4), this equation is relativistically invariant
although this invariance is not immediately manifest from the form of the equation.

In quantum field theory, the wave functionals and the functional Schrédinger
equation are rarely used. We wrote this equation here mainly for illustrative
purposes and will proceed to use the Heisenberg picture and the basis of the
Hamiltonian eigenstates in the following chapters.

Remark: canonical quantum gravity The use of the wave functional is inevitable in
canonical nonperturbative quantum gravity. In this theory the metric is quantized and
the role of generalized coordinates of the gravitational field is played by the spatial part
of the metric g; (x). In the coordinate basis, the wave functional ¥ depends on g;, (X)
and the matter field configuration ¢ (x), that is, W [g;. ¢]. This wave functional is
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constrained to respect three-dimensional diffeomorphism invariance. In addition, it obeys
the Schrodinger-like equation which takes an unusual form,

HW gy, ] =0, (4.36)

where H is a constraint quadratic in momenta conjugate to g,. This constraint generates
the dynamics in classical gravity and therefore it plays the role of the Hamiltonian. One
can crudely understand why the “Hamiltonian” vanishes by considering a closed universe
where the positive energy of matter is exactly compensated by the “negative energy” of
the gravitational field. Equation (4.36) is called the Wheeler-DeWitt equation.

The most remarkable feature of canonical quantum gravity is the disappearance of time
in the fundamental theory and hence an explicit breaking of the spacetime diffeomorphism
invariance. This invariance and the concept of time are recovered only at the quasiclassical
level. Note that the time-dependent Schrodinger equation for the matter fields can be
obtained from (4.36) assuming a quasi-classical background metric. The wave functional
W (g, @] describes the availability of the corresponding three-geometries, which are the
“building blocks” for the four-dimensional quasiclassical spacetimes.

Unfortunately, at present the canonical quantum gravity remains only a formal scheme.
In spite of many years of effort, this scheme has not yielded reliable physical results
which could highlight the nonperturbative aspects of quantum geometry.
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Reminder: classical fields

Summary Action functional in general. Minimal and conformal coupling of
scalar field to gravity. Internal symmetries and gauge fields. Gravitational field.
The energy-momentum tensor. Conservation laws.

5.1 The action functional

In this book we mainly consider a quantum scalar field interacting with the

classical gravitational or electromagnetic fields. To determine the admissible form

of their couplings we have to recall the basic principles of classical field theory.
A theory of a classical field ¢, (x) is based on the action

S[d)]:/ d*x £ (¢, 3,50 ) (5.1)

where i is an “internal index,” d,¢; = d¢;/dx*, and the Lagrangian density £
depends on the field strength and its derivatives. The variable ¢; can designate
a real or complex scalar field, a vector field, or a tensor field. For instance,
in the case of the gravitational field ¢; = g,5(x”), where g,p is the metric.
Consideration of fermionic fields is beyond the scope of this book.

Choosing the action functional The action functional is usually chosen in
accordance with the following guiding principles:

(i) The action must be real-valued because otherwise the total probability is not con-
served in the corresponding quantum theory.

(i1) Local theories have so far been successful in describing experiments and therefore
the action is usually taken as a local functional of the fields and their derivatives. The
Lagrangian density £ is then a function of the fields and their derivatives. Otherwise,
as for example in the case

/ dxd*x' ¢p*(x—x)p ,(x),

54
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the Lagrangian density is also a functional and the values of the field at separated
points x and x" are “coupled.”

(iii) Usually it is sufficient to specify the initial conditions for the field itself and at most
for its first derivatives in order to unambiguously predict the subsequent evolution
of the field. This means that the equations of motion contain derivatives of at most
second order and hence we can restrict ourselves to actions which depend only on
the field strength and its first derivatives, that is, £L = £ (qﬁi, o, #).

(iv) In the absence of gravity, the action must be Poincaré-invariant in order to respect
the translational and Lorentz invariance of the flat spacetime. This requirement
strongly constrains possible Lagrangians. In particular, the Lagrangian density £
cannot depend explicitly on x or ¢.

(v) In an arbitrary curved spacetime, the action must be invariant with respect to general
coordinate transformations since physical properties of the system are independent
of the coordinate system used (“geometrical character” of nature).

(vi) The conservation of different charges is usually related to the existence of some
internal symmetries, among which gauge symmetry is of particular importance. In
such cases the action must respect these symmetries. For example, the Lagrangian
describing an electrically charged complex scalar field must be invariant with respect
to U(1) local gauge transformations because otherwise the electric charge would not
be conserved. The Standard Model of particle physics is based on SU(3) x SU(2) x
U(1) group of local gauge transformations.

As we will see shortly, the above requirements usually suffice to fix the coupling
of the different fields almost unambiguously.

Equations of motion The requirement that the action takes an extremum value
for a classically allowed field configuration ¢;(x) leads to the Euler-Lagrange
equations of motion,

oS
i)

For a Lagrangian density £ = £ (¢;, ¢; ), the variation of the action is

PN (R A Y :
55=[d x(a(bi " aqﬁi’“)&bl( )+0(1361),

and so the equations of motion are

8S[¢] oL 9 oL

8¢i(x)  dg;  oxr 0, ;. a
Here summation over u is implied and we have assumed that the boundary terms
vanish sufficiently rapidly as |x| — oo, |t| = oo.

The formula (5.2) holds for all Lagrangians that depend on the field strength and
at most on its first derivatives. If the Lagrangian contains second-order derivatives

(5.2)
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such as ¢ ,,, the corresponding equations of motion are generally of third or
fourth order.

5.2 Real scalar field and its coupling to the gravity

The simplest relativistically invariant Lagrangian density for a real scalar field
¢(x) in a flat spacetime takes the form

£(6.3,9) = 376 6.~ VD), 53

where n*¥ = diag(1, —1, —1, —1) is the Minkowski metric and V(¢) is a potential
that describes the self-interaction of the field. For a free (i.e. noninteracting) field
of mass m the potential is

V(@) = 5m' .

Note that a linear term A¢ in the potential can be always removed by a field
redefinition ¢(x) = ¢ (x) + ¢y

To generalize the Lagrangian (5.3) to the case of a curved spacetime with an
arbitrary metric g,,,,, we have to:

(i) replace n,, with the metric g,,;
(ii) replace ordinary derivatives by covariant derivatives (note that the first covariant
derivative of a scalar function coincides with the ordinary derivative);
(iii) use the covariant volume element d*x,/—g, where g = det 8u»» instead of the usual
volume element d°*x dt.

The resulting action,

s= [ d*e ngd’,mu - V(¢)] : (5.4)

explicitly depends on g,, and describes a scalar field minimally coupled to
the gravity. This coupling necessarily follows from the requirement of general
covariance.

Remark: covariant volume element To understand the appearance of the factor \/E
in the volume element, let us consider a two-dimensional Euclidean plane covered by
curvilinear coordinates X, y. In these coordinates, the metric g;;(x), where i, j = 1,2, is
generally different from the Euclidean metric 9;;. Infinitesimal coordinate increments dX,
dy define an area element corresponding to the infinitesimal parallelogram spanned by
the vectors 1, = (dx, 0) and 1, = (0, d¥). The length of the vector 1, is given by

L= gijllil{ = /8 dx.
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Similarly, we find |l,| = ,/g,,dy. The scalar product of the vectors 1, and 1, is
L oL =g |} = g,dxdy.

On the other hand, one can express the scalar product 1, -1, through the angle 6 between
the vectors (according to the cosine theorem),

I,-L =|l;| || cos 0 = /g, 8,dXdy cos 6.
Comparing the two expressions for 1, -1,, we find that

812

\/811822’

and the infinitesimal area dA of the parallelogram is

dA=l,| L] sin 6 = \/ g, 85, — (81,)°dXdy =, /det g;;d%d5.

In n dimensions this formula is generalized to dV = d"x,/|g(x)|. In a four-dimensional
spacetime where the metric has the signature (+, —, —, —), the determinant g is always
negative and hence the volume element is d*x.,/—g.

cosf =

Nonminimal and conformal couplings The action can in principle contain
additional terms which directly couple the fields to the curvature tensor R, .
Such couplings to the gravity are called nonminimal and they violate the strong
equivalence principle, which states that all local effects of gravity must disappear
in the local inertial frame. However, curvature does not vanish in a local inertial
frame and hence influences the behavior of fields in theories with nonminimal
coupling. However, the only criterion for the legitimacy of a theory is agreement
with experiment. Theories violating the strong equivalence principle are allowed
as long as they agree with available experiments.

The simplest action for a nonminimally coupled scalar field is

4 1 v f 2
s= [ d'xy=g [5gﬂ b, —Vd)~ SRS ] , (55)
where R is the Ricci curvature scalar and £ is a constant parameter. The additional
term induces a “mass” correction which is proportional to the scalar curvature.
With V =0 and & = 1/6, this theory has an additional symmetry, namely, the
action (5.5) is invariant under conformal transformations,

= _ 02
g/.w - g/.w =0 (x)g/,w’ (56)

where the conformal factor Q2(x) is an arbitrary function.'
! Verifying the conformal invariance of the above action takes a fair amount of algebra. We omit the details

of this calculation which can be found in Chapter 6 of the book by S. Fulling, Aspects of Quantum Field
Theory in Curved Space-Time (Cambridge, 1989).
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As we will see later, the energy-momentum tensor of a conformally invariant
field is traceless in the classical theory. Conformal invariance has also another
important aspect: In conformally flat spacetimes, where the metric can be written
down as g, = Q?(x) Muy- the influence of the gravitational field on the behavior
of the conformally invariant quantum field is greatly simplified. An important
example of a conformally flat spacetime is the Friedmann universe.

The equation of motion for the real scalar field ¢ coupled to the gravity follows
from the action (5.5),

, 98
“0h 8¢>

For the minimally coupled scalar field we have & = 0.
Equation (5.7) can also be rewritten in a manifestly covariant form

= (V=a05) +( ¢+§R¢)¢— 0. ()

v
i +£+§R¢ 0, (5.8)

where ; a denotes the covariant derivative with respect to the coordinate x“.

5.3 Gauge invariance and coupling to the electromagnetic field

A real scalar field is electrically neutral and does not couple to the electromagnetic
field. The conservation of the electric charge is related to the existence of internal
symmetry associated with U (1) gauge transformations. These transformations are
implemented as multiplication of the field by exp (i), where « is an arbitrary
real constant. Therefore they cannot be realized for the real scalar field and the
electrically charged scalar field is necessarily described by the complex variable
@, or equivalently, by two real scalar fields.
The action

1
= / d*x /=g [Ego‘ﬁ @ 0@z —V (qoso*)] (5.9)
is clearly invariant with respect to the global gauge transformation

¢(x) = p(x) = e p(x), (5.10)

where « is a real constant, i.e. « is the same number for all points in the spacetime.
This explains why transformation (5.10) is called global.

The minimal coupling of the charged scalar field with the electromagnetic field
is unambiguously determined by the requirement of the local gauge invariance.
Generalizing (5.10) to a local gauge transformation,

o(x), (5.11)

ia(x)

P(x) > o(x) =e
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where a(x) an arbitrary function of the spacetime coordinates, we find that

qo,M(x) — (D,M(x) = ¢l (QD,M —i—ia,Mgo) .

Hence, action (5.9) is not invariant under local gauge transformations. To regain
its local gauge invariance we are forced to introduce an additional vector field A,
called the gauge field, which compensates the extra term in the derivative ¢ .
(In the present case the field A, is interpreted as the electromagnetic field.) Then,

replacing the ordinary derivatives d,, by the gauge covariant derivatives D,
¢,—~> D=9, +iA, 0, (5.12)

and postulating for the field A* the transformation law

A, = A=A, —a,, (5.13)
we find
DM¢ = (8M + i;llu) (eia(x)go> = ei“(x)DMgo.
It follows that the action
1
5= [ 5 /E | 3% (0u0) (Dge) =V (06| .14
4 1 af * *
=[ d’xy/=8 | 78" .a¥p =V (0¢7)
1 af; * * 1 af *
+58"iA, (W,B —¢ qo,,;) +58 A Apee (5.15)

is invariant under local gauge transformations (5.11)—(5.13). This action describes
the minimal coupling of the charged scalar field to the electromagnetic field and
to gravity. In the following chapters we consider the behavior of a quantum scalar
field in the presence of the classical gravitational and electromagnetic fields.

5.4 Action for the gravitational and gauge fields

In the second part of the book we will need the action for the classical gravita-
tional and electromagnetic fields themselves. The simplest possible action for the
gravitational field is the Einstein—Hilbert action:

1
ey _W/ d*xJ=g(R+2A), (5.16)

where G is Newton’s gravitational constant, R is the Ricci scalar curvature and
A is a constant parameter (the cosmological constant). The Einstein equations are
obtained by extremizing this action with respect to g®%.
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Exercise 5.1
Derive the Einstein equations in the absence of matter and cosmological constant using
the Palatini method: assume that the metric g,, and the Christoffel symbol I‘(’:B are
independent and vary the action with respect to both of them.
Hint: The expression for the Ricci tensor in terms of g, and I’ 53 is
— %P — o%B "o " _ I

R=g"R.5=2g" (00— gk, + il =T, T5,). (5.17)
First find the variation of R./—g with respect to I' and assuming that F;’“B is symmetric
in «,f3 establish the standard relation between I" and g,

1 v
Tip = 58" (8unp T 8pna = Zapis) - (5.18)
Then compute the variation of R,/—g with respect to 2%# and obtain the vacuum Einstein
equation
S5Serav \/_—g 1
=~ Terc \Ras — 38R | =0. 5.19
8¢ 167G ( @~ 8 ) (5.19)

Remark: higher-derivative gravity The Einstein equations are the only possible
second-order covariant equations for the gravitational field. Any modification of the
Einstein—Hilbert action in four dimensions leads to a higher-derivative gravity. At present,
the Einstein theory is in a very good agreement with experiments. However, it is likely
that this theory breaks down in regions with an extremely strong gravitational field,
where the curvature radius is comparable to the Planck length. In this case, the correct
gravitational action must contain additional terms quadratic in the curvature, such as R?,
R,,R", or R,,,R*"?, and the Einstein equations are modified by higher derivative
terms. The R? terms can be of fundamental origin or, as we will see later, can arise due
to vacuum polarization effects.

The simplest action describing the dynamics of the electromagnetic field A,
itself can be easily built out of the gauge invariant field strength

Fo,=A,,-Au,=A,  —Au, (5.20)

and the result is

1
S[au) =1 / d*x=gg™P ¢ F oy (5.21)

It also describes the coupling of the electromagnetic field to gravity. Action (5.21)
is conformally invariant: under the conformal transformation (5.6) the factors
/—& and g are multiplied by Q* and Q=2 respectively, resulting in no net
change in the action. Therefore the evolution of the electromagnetic field in
conformally flat spacetimes is greatly simplified. In particular, the gravitational
field in the Friedmann universe does not produce any photons.
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5.5 Energy-momentum tensor

The total action describing gravity coupled to the matter fields ¢; can be written as

S [d’i’ gw] = SE [g/w] + 5" [d’i’ g,uV] :

The equations of motion for the gravitational field are obtained by varying this
action with respect to the metric:

N [¢i’ g,uv] 0 o "
5g%F 5gaP 3¢ [bir8u,] =0. (522

These equations must coincide with the Einstein equations,

Sgrav [gp,v] +

1
GC“B = RaB — EgaBR = 87TGT01/3’ (523)

where T,z is the energy-momentum tensor of the matter fields ¢;. Taking into
account (5.23) we find that the equations (5.22) and (5.23) are consistent only if
T . 2 os"

aB - H Sg()(ﬁ :

Thus equation (5.24) can be viewed as a definition of the energy-momentum

tensor (EMT) for the matter fields. The resulting tensor T,z is automatically
symmetric and covariantly conserved,

(5.24)

Tg.o =0. (5.25)
Example 5.1 The energy-momentum tensor of the minimally coupled scalar
field ¢ with the action (5.4) is
2 oS
V=805 (x)
Conservation of the EMT The covariant conservation of the EMT is a

consequence of the invariance of the action with respect to general coordinate
transformations. Considering an infinitesimal coordinate transformation

Top(x) = — bt 58t -V | (526)

x* = X% =x*+£%(x), (5.27)
we find that the metric transforms as
g (1) > 3 (x) = g (1) + £P + P01 0 (1€P)

Note that g®# (x) and g*B (x) refer to different points of the manifold which have
the same coordinate values in two different coordinate systems x and x. The
specific form of the transformation law for the matter field,

i(x) = di(x) = bi(x) + 8¢ (x),
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depends on the type of the field. For example, for the real scalar field

$(x) = $(x) = d(x) — d p¢~. (5.28)

The action does not depend on the coordinate system and hence its variation under
the coordinate transformation (5.27) must vanish, that is,

_ / 5gaﬁ(x) (ga B g a) Y+ / 5¢S:1 ) 8¢ (x)d*x=0.  (5.29)

Taking into account (5.24), one obtains

ssm
8B (x)

~[[(5#) - 75 |t [ 1w e

(£m0 + £8) dx = [ T,peF y=ga'

where we have assumed that £* vanishes sufficiently quickly at infinity. Consid-
ering the real scalar field ¢ and substituting (5.30) and (5.28) into (5.29), we find
that 6S™ = 0 only if
6
o¢

It follows that the energy-momentum tensor is covariantly conserved, Tz, =0,
if the equations of motion

2 = (5.31)

os™
W =0 (5.32)
are satisfied.

Moreover, one can easily see from (5.31) that the covariant conservation of
TE‘ is equivalent to the equations of motion (5.32). The Einstein tensor G,g
defined in (5.23) satisfies the Bianchi identities G§., = 0 and hence the con-
servation of the energy-momentum tensor is incorpo,rated in the Einstein equa-
tions. Therefore the equations of motion for matter do not need to be postulated
separately.

If the action for the matter field is invariant with respect to the conformal
transformations (5.6) then the trace of the corresponding EMT vanishes. In fact,
considering an infinitesimal conformal variation of the metric,

8P = g*P50, (5.33)
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where 60(x) is an arbitrary function, we find that

os™ Ve N&
55" = [ 5 22 5g%Bdty / N BT 5eP80d / V8 ras@aty,
and hence 79 =0 if S™ is invariant with respect to transformation (5.33). We
will show in the second part of the book that the vacuum polarization effects
generally spoil conformal invariance of the original classical theory and generate
a nonzero value of T;'. This phenomenon is called the trace anomaly.
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Quantum fields in expanding universe

Summary Quantization of a scalar field in a Friedmann universe. Bogolyubov
transformations. Choice of the vacuum state. Particle production. Correlation
functions. Amplitude of quantum fluctuations.

Scalar field quantization is tremendously simplified in an isotropic and homoge-
neous expanding universe. Homogeneity and isotropy dictate a preferable choice
of the spacetime foliation and a preferable time parametrization. In this chapter
we will consider a minimally coupled quantum scalar field and study how its state
changes in a homogeneous and isotropic gravitational background.

6.1 Classical scalar field in expanding background

For simplicity, we consider only the case of the spatially flat Friedmann universe.
In the preferred coordinate system where the symmetries of the spacetime are
manifest, the metric takes the form

ds* = dt* — a®(1)6,,.dx' dx*. (6.1)

Note that although the three-dimensional surfaces of constant time are flat, the
spacetime is nevertheless curved. It is convenient to introduce the conformal time

rdt
=] o

instead of the physical time z. With this new coordinate interval (6.1) is
ds® = a*(n) [a’n2 — Bikdxidxk] = az(n)nwdx“dx”, (6.2)

and it is obvious that the metric is conformally equivalent to the Minkowski
metric 7,,,.

64
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A real minimally coupled massive scalar field ¢(x) in a curved spacetime is
described by the action

1
S = 3 f . /—gd4x [gaﬁq,'),ad),ﬁ — mquz] . (6.3)
With the substitution g*# = a~21* and ./—g = a* this action becomes

S = % / dxdnd®[$2 — (Vp)? —m*a*$?*], (6.4)

where the prime ' denotes derivatives with respect to the conformal time 7.
Moreover, introducing the auxiliary field

x =an)o, (6.5)
we can rewrite action (6.4) in terms of y as
1 , a’
S = 5/ d*xdn |:)( 2 (Vy)?— <m2a2 — —) )(2] , (6.6)
a

where the total derivative terms were omitted.

Exercise 6.1
Derive (6.6) from (6.4).

Variation of the action (6.6) with respect to y gives the following equation of
motion,
a//
X' —Ax+ <m2a2 - —) x=0. (6.7)
a
Comparing (6.7) with (4.7), we find that the field y obeys the same equation of

motion as a massive scalar field in Minkowski spacetime, except that the effective
mass,

4

a
mge(m) = m*a” — e (6.8)

becomes time-dependent. This time dependence of the effective mass accounts
for the interaction of the scalar field with the gravitational background.

Thus, the problem of quantization of a scalar field ¢ in a flat Friedmann
universe is reduced to the mathematically equivalent problem of quantization of a
free scalar field y in Minkowski spacetime. All information about the influence of
the gravitational field on ¢ is encapsulated in the time-dependent mass mg(7).
Note that action (6.6) is explicitly time-dependent, so the energy of the scalar
field y is not conserved. In quantum theory this leads to particle creation; the
energy for new particles is supplied by the classical gravitational field.
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6.1.1 Mode expansion

Expanding the field y in Fourier modes,

3
X (x,m) = f (;;%Xk(n)e“‘"‘, (6.9)

and substituting this expansion into (6.7) we find that the Fourier modes x;(7)
satisfy a set of decoupled ordinary differential equations

Xk + o (Mxi =0, (6.10)
where
a//
0F(n) = K> +m(n) = K + m’a® () — —. (6.11)

Because the field y (x, ) is real, i.e. x*(x, n) = x (X, n), the complex Fourier
modes xj (1) must satisfy the condition

Xic(m) = X_x(n). (6.12)

Since w?(m) in equation (6.10) depends only on k = |K|, its general solution can
be written as

Xe(m) = % [ vi(m) +a ™o ()] 6.13)

Here v;(7) and its complex conjugate v} (n) are two linearly independent solutions
of (6.10) which are the same for all Fourier modes with the given magnitude of
the wavevector k = |k|, and alf are two complex constants of integration that can
depend also on the direction of vector k. The index —k in the second term and
the factor 1/ «/5 are chosen for later convenience. Since y is real, it follows from
(6.12) that ¢ = (ai)".

Exercise 6.2
Verify that if v, satisfies (6.10), then the Wronskian

W v, vi] = v 0] — v 07 = 2ilm (V'v*) (6.14)

is time-independent. Show that W [v,, v{] # 0 if and only if v, and v; are linearly
independent solutions. Verify that the coefficients aj° can be expressed in terms of x, (7)
and v, (n) as:

ﬁULXk — U X _ 2W (Vs Xl .

: ; soa = (). (6.15)
UV — Vg W [, vi] ) K

a, =
Note that the numerators and denominators in (6.15) are time-independent.

When v(n) is multiplied by a constant, v(1) — Av(n), the Wronskian W [v, v*]
scales as |/\|2. Therefore if W # 0 we can always normalize v, in such a way that
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Im(Dv*) = 1. In this case a complex solution v,(7n) is called a mode function.
It follows from the results of Exercise 6.2 that v;(n) and v;(n) are linearly
independent.
Substituting (6.13) into (6.9) we find
1 d3 — % + ik-x
xm =5 | o [ax vi () + at v ()] e

d*k
\/—/( )3/2 akvk(n)elkx

where in the second term the integration variable k was changed from k to —k
to make the integrand a manifestly real expression.

+a:vk(n)e_ik'x] , (6.16)

Remark: isotropic mode functions In equation (6.13) we expressed all Fourier modes
X (m) with a given |k| =k in terms of the same mode function v,(n). This isotropic
choice of the mode functions is possible because of the isotropy of the Friedmann universe
where w, depends only on k = |k|.

6.2 Quantization

The field y is quantized by imposing the standard equal-time commutation rela-
tions on the field operator } and its canonically conjugate momentum 7 = Y/,

(X (x.m), 7 (y. )] =i6(x—y); (6.17)
(X, 0), x (v, 0] =[7r(x,2), 7 (y, )] =0. (6.18)
The Hamiltonian for the quantum field Y is
. 1 R N N
() = 3 [ x|+ +mb i) (6.19)

The creation and annihilation operators Elljf can be introduced via the mode oper-
ators Yy as in Chapter 4. However, a quicker way is to begin directly with the
mode expansion (6.16) considering the constants of integration af as operators

&f. Then the field operator Y is expanded as

§(x.m) = fj@)w (v +e ™ u(ay).  (6.20)

where the mode functions v (7)) obey the equations

o0} =0, () = K2+ my(n), (6.21)

and satisfy the normalization condition
v Uf — vy

=1. 6.22
2i (622)

Im (vkvk)
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Substituting (6.20) into (6.17) and taking into account (6.22) we find that the
operators &lf satisfy the commutation relations
and thus can be interpreted as the creation and annihilation operators.

Exercise 6.3
Verify this last statement.

Remark: complex scalar field If y were a complex field, then in general x; # x_y
and the mode expansion would be written as
(x, 1) = 1 d’k
YoM =51 G

(e i (may +e ™ u (i},

where the operators &, and b, are independent. In this case we have two sets of cre-
ation and annihilation operators, & and b, satisfying (&;)" = & and (by)" = b;. The
operators &, and l;f{ create the particles and antiparticles respectively. This agrees with
the picture that a complex scalar field describes particles which are different from their
antiparticles. For a real scalar field particles are their own antiparticles.

6.3 Bogolyubov transformations

The operators Ell:i: can be used to construct the basis of quantum states in the
Hilbert space. However, the corresponding states acquire an unambiguous physical
interpretation only after the particular mode functions v, (n) are selected. The
normalization condition (6.22) is not enough to completely specify the complex
solutions vy (7) of the second-order differential equation (6.21).

In fact, the functions

u(n) = ave(n) + Brvg (), (6.24)

where «;, and B, are time-independent complex coefficients, also satisfy equation
(6.21). Moreover, if the coefficients «;, and 3; obey the condition

l* = 1B =1, (6.25)

then the functions u;(7) satisfy the normalization condition (6.22) and therefore
they can be used as the mode functions instead of v, ().

Exercise 6.4
Verify that if (6.25) is satisfied then Im(uju}) = 1.

In terms of the mode functions u;(n) the field operator expansion takes the

following form,

3 A~
X (x,m) = WG f (2217)1;2[ ®Xyr ()b +e ™ uk(n)b;f], (6.26)



6.4 Hilbert space; “a- and b-particles” 69

where I;f is another set of the creation and annihilation operators satisfying the
standard commutation relations (6.23). To determine how the operators blf are
related to a;F, we note that the two expressions (6.20) and (6.26) for the same
field operator Y (x, 1) agree only if

M up by + (b | = e [ (i +v(maty].

Substituting here the expression for u; in terms of v, from (6.24), we find the
following relation between the operators &lﬂf and bf :

ay = &by +Bibty, @ = ayby +BibT,. (6.27)

The above relations are called the Bogolyubov transformation. One can reverse
(6.27) to obtain

b = aly —Braty, bl =ajay) —Biazy. (6.28)
The Bogolyubov coefficients a, and 3, can in turn be expressed in terms of the
mode functions v, (7)) and u;(n). From the relations
ur (n) = o () + B (M),
i (m) = eyvy () +Brvi (m)

we find
w (”k’ ”z)
2i

_ W (v, uy)

s Bk 2[ s

ap = (629)

where W is the Wronskian.

6.4 Hilbert space; “a- and b-particles”

Both sets of the operators &lf and I;lf can be used to build orthonormal bases in
the Hilbert space. The two different “vacuum vectors” ‘(a)0> and ‘(b)O) can be
defined in the standard way,

for all k. We call them the “a-vacuum” and the “b-vacuum” respectively. Two
sets of excited states,

oy s ) \/% (@) (@) Jlwo) 630

and

M, Ty » > = «/% [(I;l:)m (i?é)n . ] ‘(b)0>, (6.31)
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describe the “a- and b-particles” respectively. An arbitrary quantum state |¢/) can
be written as a linear combination of the excited states,

|lp> = Z Cr(rfra ‘(a)mkl . I’lkz, . > = Z Cr(rfrz ‘(b)mkl . I’lkz, .. > .

2
and the probability to find m “a-particles” in the mode k;, etc. is ‘C,(,,an) . For

2
the “b-particles” the corresponding probabilities are given by ’C,(,z’
The b-states are in general different from the a-states. In particular, if 3, # 0

then the “b-vacuum” contains “a-particles.” To verify this let us calculate the

expectation value of the a-particle number operator Néa) = &I a, in the state

| (10)- Using (6.27) we obtain
(0] 8 [0 = (0] & i [ 0}
= (0] (it +Bib=) (eibic +Biby ) | y0)
= (0] (B:55) (Beb™4) [0) = 182890 (6:32)

The divergent factor 83 (0) accounts for an infinite spatial volume and hence the
mean density of the a-particles in the mode k is

2
ne = |Bel”-
The total mean density of all particles,
n=[ &k|B,

is finite only if | Bk|2 decays faster than k~ for large k.
The “b-vacuum” can be expressed as a superposition of excited a-particle states
as (see Exercise 6.5)

1 TR
)= [nﬁp (f—)] w0}
1 o] n
=[l—5 (Z <&> | (@) n_k)> . (6.33)

k ol =0 \ 20

Because of the isotropy the particles come in pairs with opposite momenta k
and —k.

Exercise 6.5
Derive (6.33).
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Quantum states defined by an exponential of a quadratic combination of cre-
ation operators acting on the vacuum, as in (6.33), are called squeezed states.
The “b-vacuum” is therefore a squeezed state with respect to the “a-vacuum.”
Similarly, the “a-vacuum” is a squeezed state with respect to the “b-vacuum.”

The “b-vacuum” is normalized by the infinite product [] |a|. This product
converges only if |a;| tends to unity rapidly enough as k — oo or, more precisely,
if | Bk|2 vanishes faster than k3 for large k. Otherwise, the vacuum state ‘(b)0>
is not expressible as a normalized combination of a-states, and the Bogolyubov
transformation is not well-defined. Note that the same condition guarantees that
the total mean number density is finite.

6.5 Choice of the physical vacuum

It is clear from the above consideration that the particle interpretation of the theory
depends on the choice of the mode functions. We have seen that the a-vacuum
‘(0)0), being a state without a-particles, nevertheless contains b-particles. A natu-
ral question is whether the a- or b-particles correspond to the observable particles.
So far, all mode functions related by linear transformations (6.24) are on the
same footing and our problem here is to determine the preferable set of the mode
functions that describe the “actual” physical vacuum and particles.

6.5.1 The instantaneous lowest-energy state

In Chapter 4 the vacuum was defined as an eigenstate of the Hamiltonian with
the lowest possible energy. This allowed us to choose the preferable set of mode
functions and thus to unambiguously determine the physical vacuum. However,
in the case under consideration the Hamiltonian (6.19) depends explicitly on time
and thus does not possess time-independent eigenvectors that could serve as a
vacuum. Nevertheless, given a particular moment of time 7, we can still define
the instantaneous vacuum |n00> as the lowest-energy state of the Hamiltonian
H (7o)

To find a set of mode functions that determine

noO), we first compute the
expectation value (0| (1) | (,)0) for the “vacuum” state |(,,0) determined by
arbitrarily chosen mode functions v;, (n). Then we shall minimize this expectation
value with respect to v, (7). (A standard result of the linear algebra is that the
minimization of (x| A |x) with respect to normalized vectors |x) is equivalent

to finding the eigenvector |x) of the operator A with the smallest eigenvalue.)
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Taking into account that 77 = ¥’ and substituting the mode expansion (6.20) into
(6.19) we find:

H(n) = % / PPk [a;a:kF; Vatat F+ (234&; n 5<3>(0)) Ek] . (6.34)
where

2
E, () = v + o () v, (6.35)
F () = v + of (o} (6.36)

Exercise 6.6
Derive (6.34).

Since a; ‘(U)O> =0, the expectation value of H (M) in the state }(U)O) is

. 1
{()O] H (1) | ()0) = 15(3)(0)/ d’KE; (1) -
As discussed above, the divergent factor §)(0) is a harmless manifestation of
the infinite total volume of space. The energy density is then

e(m) = ; [ @ (o) = 5 [ % (o}, o) +oFm0) o o)) . (637

and our task is to determine which mode functions v, (n) minimize & (7). It
is clear that for each mode k its contribution to the energy must be minimized
separately. Thus, for a given k we have to determine v (1) and v} (ny) which
minimize the expression

2
Ey (mo) = |vi (mo)|” + o (o) vy (mp) > (6.38)
while obeying the normalization condition (6.22),
v (10) 5 (1) — vy (1m0) Vi (1) = 2i. (6.39)

Substituting
v = rexp (ioy)
into (6.39), we infer that the real functions r; and «; obey
ria) = 1. (6.40)
With this relation we find that

2 2
Ey (no) = ‘UH + wf vy

1
2, 2.2, 22 2 2.2
=1’ triaf +wiry =1y +ﬁ+‘"k’”k (6.41)
k
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is minimized when 7, (1) =0 and r; (1) = a)k_l/2 (19)- We thus find that the
initial conditions

1 o )
v E——— R =iJw (M) — gy , (6.42
x (M0) m «(M0) x(Mo) kVk(10)s ( )

select the preferred mode functions which determine the vacuum (the lowest-
energy state) at a particular moment of time 7. Although the phase factors a;, (1)
remain undetermined, they are irrelevant and we can set them to zero. Note that
the above considerations are valid only if a)i > 0. For wi(no) < 0 the function
E; has no minimum. In this case the instantaneous lowest-energy vacuum does
not exist.

Remark: Hamiltonian diagonalization The mode functions satisfying the conditions
(6.42) define a certain set of operators a;° and the corresponding vacuum ],,00). For these
mode functions one finds E, (1,) = 2w, (1,) and F; (n,) = 0, so the Hamiltonian at time

7, 18
) = [ @o(n) | atd +5590). (643

At m = 7, this Hamiltonian is diagonal in the eigenbasis of the occupation number
operators Nk = a; a,, which consists of the vacuum state ‘n00> and the corresponding
excited states. Accordingly, the state |n0 O) is sometimes called the vacuum of instantaneous
Hamiltonian diagonalization. The vacuum states at two different moments of time are
related by Bogolyubov coefficients «, and (,, so particles are produced if 8, # 0.

Remark: zero-point energy As before, the zero-point energy density of the quantum
field in the vacuum state }%0) is divergent,

1 1
Z/ d3kEk(770) = E/ d’k ().

This quantity is time-dependent and cannot be simply subtracted. A more sophisticated
renormalization procedure (developed in Part II of this book) is needed to obtain the
correct value of the energy density.

For a scalar field in Minkowski spacetime, w,; is time-independent and the
prescription (6.42) yields the standard mode functions (4.31), which determine
the time-independent vacuum state. But if w; changes with time then the mode
functions satisfying (6.42) at n = 1, will generally differ from the mode functions
that satisfy the same conditions at a different time 1; # 7y. In other words, the
vacua ‘n00> and ‘n10> are different and the state ‘,700> is not the lowest-energy
state at a later moment of time 7). In this case there are no states which remain
eigenstates of the Hamiltonian at all times. This can be easily seen from (6.34).
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A vacuum state could remain an eigenstate of the Hamiltonian only if F; =0 for
all n, i.e.

Fe () = (v) + 0} (n)v} =0.

This differential equation has the exact solutions,

v(m) = Cexp |+ [ wy(m)dn],

which do not satisfy the mode function equation (6.21) if w;(n) depends on time.

The operators a5 (1) and a;f (1) defining the instantaneous vacuum states
‘,]00) and ‘n10> at two different moments of time are related by a Bogolyubov
transformation. The expectation value of the Hamiltonian A (1) in the vacuum
state ‘n00> is

(w01 1) 11,0) = 5,0 [ @by n) [ (1) () + 5500 1,0

=5°0) [ dkwr(n) [ +1B:I7).

where B, is the corresponding Bogolyubov coefficient. Unless 8, = 0 for all k,
this energy is larger than the minimum possible value and hence the state ‘%O)
contains particles at time 7;.

Remark: minimal fluctuations The value of the mode function v,(7,) can be chosen
to be arbitrarily small without violating the normalization condition (6.22). However, in
this case v} (1),) must be very large. This is the consequence of the Heisenberg uncertainty
relation. In this case v, would acquire large values within a short time, leading to large
field fluctuations. In the lowest-energy state both v,(7,) and v;(n,) are optimized so
that the generation of large fluctuations within a short time is avoided. In this sense the
vacuum state is the state with the minimal quantum fluctuations.

6.5.2 Ambiguity of the vacuum state

Minimization of the instantaneous energy is not the only possible way to define the
“vacuum state” and there is no unique “best” physical prescription for choosing
the vacuum state of a field in a general curved spacetime. The physical reason
for this ambiguity is easy to understand. The usual definitions of the vacuum
and particle states in Minkowski spacetime are based on a decomposition of
fields into plane waves exp (ikx —iw;t). A localized particle with momentum
k is described by a wavepacket with a momentum spread Ak and the particle
momentum is well-defined only if Ak < k. The spatial size A of the wavepacket is
inversely proportional to Ak, so that A ~ 1/Ak, and therefore A > 1/k. However,
when the geometry of a curved spacetime varies significantly across a region
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of size A, the plane waves are not a good approximation to the solution of the
wave equation and the usual definition of a particle with momentum k fails. This
definition is meaningful only if the curvature scale (the distance below which
the spacetime can be well approximated by Minkowski space) exceeds k~!. Note
that the relevant quantity is the four-dimensional curvature. Therefore, even in a
spatially flat Friedmann universe the vacuum and particle states are not always
well-defined for some modes. For example, those modes of the scalar field for
which the squared frequency,

7
wi(n) = k* +m*a* — —

is negative, do not oscillate and for them the analogy with a harmonic oscillator
breaks down. Formally, even for w% < 0 mode expansions still make sense,
but the interpretation of the corresponding states in Hilbert space in terms of
physical particles is problematic. In particular, the “excited” states can have
negative energy. Moreover, an eigenstate with the lowest instantaneous energy
does not exist for such modes: For w% < 0 the condition F} (1) = 0 contradicts
the normalization condition (6.22) and hence the lowest energy eigenstate cannot
be defined.

Further complications arise in curved spacetimes without symmetries. We shall
see in Chapter 8 that an accelerated detector in a flat spacetime registers particles
even when the field is in the true Minkowski vacuum state. Thus the definition
of particles depends in general on the coordinate system which is preferred “from
the point of view” of a detector. In a curved spacetime there is no a priori
preferable coordinate system. Moreover, in the presence of gravity the energy is
not necessarily bounded from below and the definition of the “true” vacuum state
as the lowest energy state can therefore also fail.

Remark: short distances We have seen that the minimal energy state does not exist
for modes with w? < 0. However, because w; = k*+ m2;(n), modes with large enough
k, namely,

"

>k =—mi = % —mid?, (6.44)

min

have positive @7 > 0 even if m?%; < 0, and therefore the lowest-energy state is well-defined
for these modes. In cosmological applications, a negative mZ; can arise because of the
field interaction with the gravitational background. In such cases a natural length scale is
the radius of curvature and w? is negative only for modes exceeding the curvature scale.
On much shorter scales, the spacetime can be treated as approximately flat. Therefore
the field modes with wavelengths much smaller than the curvature radius are almost
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unaffected by gravitation. On very small scales, corresponding to large k, we can neglect
|m.q| < k and set w, ~ k. Then the mode functions are those given in (4.31),

|-
v (n) &~ —=e". (6.45)
This leads to a natural definition of the minimal excitation state, which is unambiguous
in the leading order and adequate only on small scales, L < Ly, ~ kI ~ |meff|_1.

Remark: adiabatic vacaum As we have noted above, the notion of the particle in
an arbitrary curved spacetime does not have an absolute meaning. Instead one has to
consider the detector response which can be unambiguously determined for a given
quantum state of the fields. Nevertheless sometimes it is useful to have “an approximate
particle definition” which suits our intuition in the best possible way. In spacetimes with
slowly changing geometry, the so-called adiabatic vacuum leads sometimes to a more
meaningful notion of particles compared to the instantaneous vacuum prescription. In
particular, in anisotropic universes a procedure based on the adiabatic vacuum allows one
to separate the non-local contribution to the energy-momentum tensor resulting from the
“particle production” from the local vacuum polarization effects in a more meaningful
manner.

The adiabatic vacuum prescription relies on the WKB approximation for the solution
of equation (6.21) in the case of slowly varying w?(n). Substituting the ansatz

b (n) = ﬁ exp [i [ Wk(n)dn] (6.46)

into (6.21) we find that the function W, (n) must obey the nonlinear equation

Llwy 3w\’
W=wl—=-| L) |. 6.47
K= W 2|:Wk 2<Wk (6.47)

Let us consider the case when w, is a slowly varying function of time. More precisely,
we assume that w, and all its derivatives change substantially, i.e. Aw,/w, ~ O (1), only
during time intervals 7 > 1/w,. In this case, equation (6.47) can be used as a recurrence
relation which allows us to find a particular solution for W, in the form of the asymptotic
series in the powers of small parameter (w, 7). For example, to zeroth order in (w, 7)™
we have

OW, = o,

while to second order

lw] 3 wf
2) — k k
( Wk_wk<1_3w_,§+§w_i>'

In principle one could find ™ W, to an arbitrary order N. However the series obtained
is asymptotic, and so the accuracy of the approximation reaches an optimum value at a
particular N and subsequently becomes worse as N grows. Substituting ™ W, in (6.46)
we obtain an approximate WKB solution v,((N)(n) of the mode equation (6.21) to adiabatic
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order N. Then the mode functions v, (n) determining the adiabatic vacuum of order N
at a particular time 7, are defined by the requirement that the exact solution v,(n) of
equation (6.21) satisfies the following initial conditions,

v (m0) = v (M), (o) = v (o).

All vacuum prescriptions agree if w;(7) is exactly constant. In particular, in the
case when w;(n) tends to a constant both in the remote past (n < 7;) and in
the future (1> 7,) one can unambiguously define “in” and “out” particle states
in the past and future respectively. If the frequency w;(7) is time-dependent
within some interval n; < 1 < m, then the positive-frequency solution for n < 1,
evolves to a mixture of positive and negative frequency solutions for n > 1,. As a
consequence, particles are produced and the number density of these particles can
be unambiguously determined in the “out” region 1 >> 1,. On the other hand, the
notion of the particle is ambiguous in the intermediate regime, 1n; < 1 < 1,, when
w;, is time-dependent. The reason is that in this case the vacuum fluctuations are
not only “excited” but also “deformed” by the external field. This latter effect is
called the vacuum polarization. There is no unique way to separate the “particles”
and the vacuum polarization contributions in the total energy-momentum tensor.
However, this does not lead to ambiguities in physical predictions because only
the total energy-momentum tensor is relevant as the source of the gravitational
field. The response of a specific particle detector can also be unambiguously
determined given a quantum state of the field.

Thus, the absence of a generally valid definition of the vacuum and particle
states does not impair our ability to make predictions for specific observable
quantities in a curved spacetime. All well-posed physical questions can always
be unambiguously answered even in the absence of such a definition.

Remark: a quantum-mechanical analogy Note that the stationary Schrodinger equa-
tion for a particle in a one-dimensional potential V(x),
2

L E -V p=o.

dx?
coincides with the mode equation (6.21) after we replace the spatial coordinate x by the
time m and substitute w?(7n) for E — V(x). The wave function ¢ then “plays the role” of
the mode function v,. This allows us to draw a formal mathematical analogy between
the problem of particle creation and the problem of a quantum-mechanical penetration
through a potential barrier. Considering a plane wave with an amplitude « falling onto
the potential barrier from the right (see Fig. 6.1) we find that the incident wave “splits”
into reflected and transmitted waves. Normalizing the amplitude of the transmitted wave
to unity (7 = 1) we obtain from the conservation of probability that |a|* = |B|* + 1, the
condition analogous to (6.25). The transmitted wave in this consideration corresponds
to the initial vacuum fluctuations in the problem of particle creation, while the reflected
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V(X)
incoming(c)
-~
— tgoi
T=1 outgoing(f)

Xq Xo X

Fig. 6.1 Quantum-mechanical analogy: motion in a potential V(x).

wave “describes the produced particles.” We would like to stress once more that this
analogy is entirely formal and is useful only to those who have a solid intuition for the
corresponding quantum-mechanical problem.

6.6 Amplitude of quantum fluctuations

Correlation function Given a quantum state of the field |¢/), the amplitude of
quantum fluctuations is always well-defined irrespective of whether the particle
interpretation of the field is available. Let us consider the equal-time correlation
function (| x (x, n) X (¥, m) |). For a “vacuum state” |0) determined by a set
of mode functions v (7)), we obtain

2 Sin kL
kL

O xR 1) 10) = 55 [ Kk ()

where L = |x —y]|.

(6.48)

Exercise 6.7
Derive (6.48) using the mode expansion (6.20).

Generically the main contribution to the integral in (6.48) comes from
wavenumbers k ~ L~!, and therefore the magnitude of the correlation function
can be estimated as

O] % (x,m) X (v, 1) |0) ~ & [v |, (6.49)

with k ~ L~!. Note that in the Friedmann universe the comoving coordinate
distance L = [x —y| is related to the physical distance L, as L, = a(n)L, where
a(m) is the scale factor. The field y is related to the original, physical field ¢ by
¢ = x/a(n).

Fluctuations of spatially averaged fields One can consider a field operator
averaged over a region of size L (e.g. a cube with sides L x L x L),

N 1 N
(=13 / X (x,m) &x,
LxLxL
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and calculate
Sxz(m) = (| [Re (] |v).

This is another way to characterize the typical fluctuations on scales L. Sometimes
instead of integrating over the box with the sharp boundaries it is more convenient
to define the window-averaged operator

fum = [ X xmw0dx,

where W, (x) is a window function W(x) which is of order 1 for |x| < L and
rapidly decays for |x| 3> L. This function must satisfy the normalization condition

/ W (x)d®x = 1. (6.50)

The prototypical example of a window function is the Gaussian function

1 x|
W, (x) = SEETE el by

which selects |x| < L. In the general case it is rather natural to select a window
function with the following scaling properties:

L3 L
WL/ (X) = ﬁWL Ex .
In this case
/ W, (x)e ®*@Px = w (kL),

and the Fourier image w (kL) satisfies w|,_, = 1 and decays rapidly for |k| > L~!.
Given the mode expansion (6.20) for the field operator Y (x, 1), after straight-
forward algebra we find

4’k
(2m)3

2
st m = Ol [ @xwpxm] 100 =5 [ P k)P

Since the function w (kL) is of order unity for |k| < L~! and quickly decays for
|k| > L~', one can estimate the above integral as

d*k
(2m)3

Thus the amplitude of fluctuations 8y; is of order

L1 1
[ 1ol )P s~ [ R Pk~ Sl kLT

dxi ~ 1 [l (6.51)

where k ~ L~!.
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Comparing (6.49) and (6.51), we see that the correlation function and the mean
square fluctuation both have the same order of magnitude and both characterize
the typical amplitude of quantum fluctuations on scales L. Therefore we refer to

1
8 (k)= 2—k3/2 vy | (6.52)
aw

as the spectrum of quantum fluctuations.

6.6.1 Comparing fluctuations in the vacuum and excited states

Intuitively one may expect that the fluctuations in an excited state are larger than
those in the vacuum state. To demonstrate this, let us compare the fluctuations
of a scalar field for the vacuum and excited states in Minkowski spacetime.
The spectrum of the vacuum fluctuations in Minkowski spacetime was already
calculated in Chapter 4, equation (4.34), and the result is
3/2 3/2
6vac(k)zzik_:L . /4"
T o, 27 ( K2+ mz)
This time-independent spectrum is sketched in Fig. 6.2. When measured with a
high-resolution device (small L or large k), the field shows large fluctuations.
On the other hand, if the field is averaged over a large volume (L — o), the
amplitude of fluctuations tends to zero.

(6.53)

Fig. 6.2 A sketch of the spectrum of fluctuations oy, in Minkowski space;
L =2mk™". (The logarithmic scaling is used for both axes.)
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Let us consider the (nonvacuum) state |b) annihilated by all operators 131:
defined via the field operator expansion
A 1 ikx, %7 — —ikx,, 7.+ dgk
X—E/(e Ukbk +e vkbk)m,
where

1 . .
v, = —— (a, &M+ B e '“kM) . 6.54
k m( k Bk ) ( )

Substituting (6.54) in (6.52), we find the spectrum of fluctuations in the state |b) :

5 (k) 1 k3/2 |:| |2 + |B |2 7R ( B 2iwk7]):| 1/2 (6 55)
=——||a —2Re (@ Be . .
b 2 oy k k kP
Thus for the ratio of the amplitudes we obtain
82 .
571’ = 142 |B;|* — 2Re (e B ¥ ™) . (6.56)

vac

After averaging over a sufficiently long time interval, An > w;l, the oscillat-
ing term Re (ak,BkeZi‘“k”) vanishes and the result in (6.56) simply reduces to

1428

6.7 An example of particle production

For illustrative purposes we now perform explicit calculations for a rather artificial
but simple case when the effective mass of the scalar field changes as follows,

m(z), n<0and > 7n;

mge(m) = 2

(6.57)
—my, 0<m<m.

In the regions < 0 and n > m; the vacuum states are well-defined; they are
called the “in” vacuum |0;,) and the “out” vacuum |0, ) respectively. We assume
that initially (for n < 0) the scalar field is the “in” vacuum state and compute
(a) the mean particle number, (b) the mean energy of produced particles, and (c)
the spectrum of quantum fluctuations for n > 7.

Mode functions The “in” and “out” vacuum states are entirely determined
by specifying the negative frequency mode functions, which are

o™ () = —en, (6.58)

for n <0 and

1 .
'U]((OM) (77) _ — el(”)*”fll)wk , (659)
A Wk
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for n > n,, where w, 51/k2+m%.

Since w?(n) = k* +m%; () changes at =0 and 1 = 7, the mode functions

(m)(n) evolve into superposition of the negative and positive frequencies for
n=>m:

(in) — L[ * Liwp(n—mn;) * —iwk(ﬂ—ﬂl)] 6.60

v (M) o ae + Bye . (6.60)

The Bogolyubov coefficients «, 3; are determined by the requirement that the

solution and its first derivative must be continuous at n =0 and 1 = n;. The
result is

e~ wk Qk eMhm wy Qk
a o " Q_k -
Wy

! Qk i =iy
= — _— ! _ ! = _— Q
Bk 4 (wk Qk) < > 2 (,()k Qk Sln( knl)

where 0, = \/k2+m} and Q; = \/k2 —m}.

Exercise 6.8
Derive the above expressions for the Bogolyubov coefficients.

Particle number density For 1 > 7, the state |0,,) is different from the true
vacuum state |0,,) and so the state |0;,) contains particles. The mean particle

number density in a mode K is
sin (”fh\/ k* — m%)

Note that this expression remains finite as k — m,. Let us consider separately
two limiting cases: k > m,, (ultrarelativistic particles) and k < m,, (nonrelativistic
particles).

For k > m, we have w; ~ (), and assuming that mym; is not too large one
can expand (6.61) in powers of the small parameter (m/k). After some algebra
we obtain

2
(6.61)

4
ne =Bl = ﬁ

4

mS
n, = F O gin?(kn,)+ O ( 5 ) (6.62)

It follows that n;, < 1 or, in other words, very few relativistic particles are created.
The situation is different for k < my. In this case ,/k? — mg ~ imy 1s imaginary
and we obtain

n; ~ sinh? (mgm,) . (6.63)
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If mgm; > 1, the density of the produced particles is exponentially large.
Particle energy density Since n, ~ k~* for k — oo, the energy density of
the produced particles,

€0 = / n,wdK, (6.64)

logarithmically diverges for large k (ultraviolet limit). This divergence is, how-
ever, entirely due to the discontinuous change of mgff (n) and it disappears for
any smooth function mgff (n). Therefore, we ignore this divergence and assume
that there is an ultraviolet cutoff at some k_,,,. Then for myn; > 1, the main con-
tribution to the integral comes from the modes with k < my, for which |w;| ~ my,.
Using (6.63) we can estimate the energy density of the produced particles as

my
&~ mo/O dk k* exp (2mgm,;) ~ mé exp (2mon;) .

Exercise 6.9%

Assuming that the integral in (6.64) is performed over the range 0 < k < k,,,,, show that
for mym, > 1 the dominant contribution to the integral comes from k =~ ,/m,/m, and
derive a more precise estimate for g:

g
&) X ————7 eXp 2mym,) .
(mgm,

Amplitude of fluctuations Neglecting the oscillating term in (6.55) we imme-
diately obtain the following estimate for the amplitude of quantum fluctuations at

n>mn:

Fig. 6.3 A sketch of the spectrum 8y, after particle creation; L = 27k~!. (The
logarithmic scaling is used for both axes.) The dotted line is the spectrum in
Minkowski space.
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32

k 1/2 k, k> mgy;
\/(,()_k |Bk| k3/2m0 l/zexp(mom), k<K m.

Thus, we see that on large scales the amplitude of fluctuations is enhanced by
the factor exp (mqm,) compared to the amplitude of the vacuum fluctuations (see
Fig. 6.3).
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Quantum fields in the de Sitter universe

Summary Field quantization in de Sitter spacetime. Bunch—Davies vacuum.
Time evolution of quantum fluctuations.

7.1 De Sitter universe

We now apply the formalism developed in the previous chapter to study the
behavior of quantum fluctuations in the de Sitter universe. The de Sitter universe
is a particular case of a homogeneous and isotropic universe with a positive
cosmological constant A. Formally this cosmological constant can be thought of
as an “ideal hydrodynamical fluid” with the equation of state

PA = —Ej- (7.1)
In this case, the energy-momentum tensor of the perfect fluid becomes
T} = (e+p)u*u, — pd}; = ,8),

and it follows from the conservation law Tg; o = 0 that £y = const. This is
the energy-momentum tensor corresponding to a cosmological constant. For a
flat isotropic universe, the 0-0 component of the Einstein equations (called the
Friedmann equation) reduces to

.\ 2

877G

Hz(f) UL (72)
a 3

where a(t) is the scale factor and the dot denotes the derivative with respect to
the physical time ¢. This equation has the obvious solution

a(t) = age™, (7.3)

85
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which describes a flat de Sitter universe with the time-independent Hubble
parameter

87G
HA: 3 EA-

In this case it is easy to verify that all curvature invariants are constant and
therefore the metric

ds* = dt* — Hy > exp (2H 1) §;dx'dx* (7.4)

(where for convenience we set ag = HXI) describes a static maximally symmetric
spacetime in expanding coordinates. There exist no static coordinates which can
cover the de Sitter spacetime on scales larger that the curvature scale Hy !, and
even the expanding coordinates in (7.4) are incomplete. To verify this, let us first
rewrite metric (7.4) in terms of the conformal time

77=—/t00% = —exp(—H,t),

instead of the physical time ¢ and the spherical coordinates instead of x'. The
result is
1

ds* =
Hin?

[dn* — dr* — r* (d6” +sin® 6d¢?) ], (7.5)

where —oo <1 < 0 and 0 < r < co. Next we change from 7, r to the new
coordinates 7), y which are related to the old ones (in the region where both
overlap) via
sin 7 sin y
r

nN=——"—, =— (7.6)
COS 1) +cos Y COS 7 +COoS Y
Metric (7.5) then takes the form
1
ds* = ————[di’ —dx* —sin® x (d6° +sin” 0d¢?)] , (7.7)
Hj sin" 7

and describes a closed de Sitter universe which first contracts for —7 < 1 < —/2,
reaches the minimal radius at 7 = —7/2 and then expands so that a — oo as
n — —0. It is obvious, however, that (7.7) simply corresponds to another coordi-
nate choice for the same de Sitter spacetime. In this sense the de Sitter universe
is a very special case of the Friedmann universe. Generally, the energy density in
the Friedmann universe is time-dependent and the geometry of hypersurfaces of
constant energy density is unambiguously determined; hence the closed and flat
universes are physically distinguishable. In the de Sitter universe, however, the
energy density is time-independent and therefore any hypersurface is a hypersur-
face of constant energy. As a consequence, the flat, closed, and open de Sitter
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universes describe the same spacetime in different coordinate systems. The coor-
dinates in (7.7) span the ranges

—mT<n<0, 0<y<m,

covering the entire de Sitter spacetime. The nontrivial time-radial part of this
spacetime can be graphically represented by a square in Fig. 7.1, called a confor-
mal diagram. Note that each point of the diagram corresponds to a two-dimensional
sphere and the radial null geodesics, determined by equation ds*> = 0, are straight
lines at +45° angles.

Using relations (7.6) to draw the hypersurfaces 17 = const and r = const in the
7N — x plane, we find that the coordinates in (7.5) cover only a half of the entire
de Sitter spacetime (see Fig. 7.1). Therefore, these coordinates are incomplete.
In cosmological applications, however, only a relatively small region of the de
Sitter spacetime (shaded in Fig. 7.1) is used to approximate the inflationary epoch
in the history of the universe. Within this region the closed and flat coordinates
are similar and hence the incompleteness of the flat coordinates is not a problem.
On the other hand, the analysis of the behavior of quantum fields is significantly
simplified in these coordinates. Therefore, we shall use the flat coordinates and
ignore their inability to cover events in the distant past which are irrelevant for
physical applications.

Our history

Fig. 7.1 A conformal diagram of de Sitter spacetime. The flat coordinate system
covers only the left upper half of the diagram. Dashed lines are surfaces of
constant 7.
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Remark: horizons An interesting feature of de Sitter spacetime is the presence of both
particle and event horizons. Given a particular moment of cosmic time, the particle horizon
is the boundary of the spatial region which consists of the points causally connected to
an observer. Let us consider the closed de Sitter universe. Taking into account that the
radial light geodesics are described by

x (M) = £71+ const,
we find that at time 7) only those points which have comoving coordinates
X<x,(m=n+m (7.8)

are causally connected to an observer at y = 0. The physical size of the particle horizon,

. . n+m
d, = = - : 7.9
»=a(m) x, (M) H sn7 (7.9)
grows as d, o« —1/7 ocexp (H, 1) when 7 — —0.
Any event happening at time 7 at distances
X> X () =-7 (7.10)

will never be seen by an observer at y = 0. The sphere with comoving radius x, (1) is
called the event horizon. Its physical size,

oy on 7
de=a(@x. (M) =7 —. (7.11)
A sinm

approaches the curvature scale Hy ' as ) — —0. This limit corresponds to the exponentially
expanding universe: a o exp (H,t). The origin of the event horizon in the de Sitter

universe is rather curious. An observer never catches lightrays emitted at a distance
d > H, ' because the intervening space expands too quickly.

7.2 Quantization

1
Now we quantize a massive scalar field ¢ (x, 1) with the potential V(¢) = Emzdﬂ

in the de Sitter background. Because the flat de Sitter universe is a particular
case of the flat Friedmann universe, we can use the formulae from the previous
chapter without any alterations by simply substituting for the scale factor

1

—, —o00<m<0.
Hym

a(n) =—

Introducing the auxiliary field y = a¢ and noting that

a’ m? 1
wi(n):k2+m2a2—;:k2+<——2> =, (7.12)
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we find that the mode function satisfies (see (6.21)):

2
, 5 m 1 _
vk/+|:k —(2——i>—n2:|vk—0. (7.13)

The general solution of this equation is given in terms of the Bessel functions
J, (x) and Y, (x):

9 m?

v(n) = VKTl (A, (k) + BY, (k)] n= 2=
A

(7.14)

(see Exercise 7.1). The normalization condition Im (UZUL) =1 (see (6.22)) con-
strains the integration constants A, and B; by

i
Exercise 7.1

Assuming that m/H, < 3/2, find a change of variables which reduces (7.13) to the Bessel
equation

with the general solution
f(s) = AJ,(s)+ BY,(s).

Using the asymptotics of the Bessel functions, determine the behavior of v, (n) for
k|m| > 1and k|n| < 1.

The asymptotic behavior of the solutions can be found directly from equation
(7.13). Given a wavenumber £, let us consider the early time asymptotic & |n| > 1
(which corresponds to large negative 7). In this case the physical wavelength,

1

. Hy
L, ~a(n)k I~ A

, (7.15)
k|nm|

is much smaller than the curvature scale HXI. Thus we expect that the corre-
sponding mode is not affected by gravity and behaves as in Minkowski space.
For k |n| > 1 one can neglect the =2 term compared with k2 in (7.12) and hence
w; ~ k. The two independent solutions of (7.13) are then o exp (£ikm) and we
can define the minimal excitation (“vacuum”) state for the corresponding modes
by choosing the negative-frequency mode as

v () ~ %e"k”. (7.16)
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This determines the vacuum state only to the leading order in |kn|_1, that is
with precision which is enough to find the amplitude of the minimal quantum
fluctuations.

As the universe expands, the absolute value |n| decreases, and so for a given
k the value of k|m| eventually becomes smaller than unity. It is clear from
(7.15) that the physical scale of the mode with a given k becomes of order the
curvature scale HXl at 1 = 1, when k|n;| ~ 1. We call this time the moment of
(event) horizon crossing and refer to the modes with k|n| > 1 and k|n| < 1 as
the subhorizon and superhorizon modes respectively. The subhorizon modes are
eventually stretched by expansion and start to feel the curvature of the universe.
After horizon crossing, for k || < 1, we can neglect the k> term in (7.13) and

hence
vl —|2— m_2 ivk =0
k -_— .
H | n?

The general solution of this equation is

ve(m) = Ay " + Bi Iml™ (7.17)
where
. 1 9 m?
2= m

At late times (1 — 0) the term proportional to B|n|" dominates.

7.2.1 Bunch-Davies vacuum

The superhorizon modes do not oscillate and hence the notion of a particle is not
well-defined for k < |n|™". Moreover, for m? < 2H3 the effective mass squared,

m?\ 1
meg (1) = — (2— H_/2\> ?,
is negative and the lowest energy state does not exist for the superhorizon modes.
However, there exists a preferred quantum state called the Bunch—Davies vacuum.
This state is de Sitter invariant and does not change with time. Let us construct
the mode functions for the Bunch—-Davies vacuum. Considering a mode with a
given comoving k, we find that in the far remote past (n — —oc), when k |9 > 1,

this mode does not feel the curvature and one can fix the initial conditions by
requiring that

1 .
vi(n) > ——=e" " (7.18)
~ @k
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as n — —oo. In other words, we select the minimal excitation state in the remote
past. Assuming that m < %HA and using the results of Exercise 7.1, we find that
the functions

v = T, k) = v, ). =2 =T (9)

have the required asymptotic (7.18). These mode functions determine the Bunch—
Davies vacuum |Ogp) in the standard way: |Ogp) is annihilated by all operators
a, entering expansion (6.20) with vy given in (7.19). To verify that |Ogp) actually
describes a time-independent state, let us find how the amplitude of fluctuations
of the original field ¢ depends on the physical wavenumber k., = k/a. The
field ¢ is related to the auxiliary field by ¢ = a~'y. Taking into account that
k|n| = kth_l, we find (see (6.52))

1 _
B (kpn) = 5—a YA o ()]

H k 3/2 k k 1/2
) [GR)ee )] o
87w \Hy Hy Hy
and hence the amplitude of the fluctuations on a given physical scale does not

depend on time. Using the asymptotics of the Bessel functions, one obtains from
(7.20) that

k
2_p7Th5 kph >>HA7
O¢ = 2T (n) . (kpn 3-n Coen (7.21)
=RV

In Fig. 7.2 we show the amplitude of quantum fluctuations as a function of
the physical wavelength L., = 2/ky,. For short-wavelength modes, the Bunch-
Davies spectrum is in agreement with the spectrum of fluctuations in Minkowski
space (see (6.53)). This confirms our naive expectations that the curvature is not
very relevant on subcurvature scales. When m?> <« H2, we have

—m?/3H3%

o (7.22)

for L, > HKl and the amplitude of the fluctuations decays only weakly with the
scale. In the case of a massless field, this amplitude becomes scale independent
on supercurvature scales.
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o¢

H1 Lph

Fig. 7.2 The fluctuation amplitude 8¢Lph(n) as function of L, at fixed time 7.

The dashed line shows the amplitude of fluctuations in Minkowski spacetime.
(Logarithmic scaling is used for both axes.)

7.3 Fluctuations in inflationary universe

The de Sitter universe plays an important role in cosmology. It can be used as
a good approximation for the stage of accelerated expansion, known as infla-
tion. The inflationary stage has a finite duration and therefore we need only
a “piece” of the entire de Sitter spacetime to describe it. Let us assume that
inflation begins at time 7 = 7; and is over by n = n,. Within the time inter-
val m; < m < ny, we approximate the expansion by a flat de Sitter solution. In
this case the quantum state of fields at the beginning of inflation depends on
the previous history of the universe and can be very different from the Bunch-
Davies state. Let us show that regardless of the initial conditions, the spectrum
of fluctuations converges to the Bunch—Davies spectrum as the universe expands.
To simplify the calculations we assume that at = 7); the subhorizon modes
are in the state of minimal excitation. This means that for the modes with

~ L ikm
ve(m) N (7.23)
for ; < m < —1/k (recall that 7 is negative). At n = 7; the minimal excitation
state cannot be defined for the modes with k |n;| < 1 and their spectrum is entirely
determined by the unknown preinflationary evolution. Let us see what happens
to a subcurvature mode when it crosses the horizon at time m;, >~ —1/k. For
1 > m; the asymptotic solution for v, (m) is given in (7.17) where the first term
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eventually becomes negligible. Ignoring the numerical coefficients of order unity
and matching solutions (7.23) and (7.17) at i, >~ —1/k, we obtain

1 1
ve(m) ~ —= [km[>™" (7.24)
k \/z
for n > m. Thus, after the beginning of inflation we have
—1 —1
Loy 3 Loy <H,",
n—3

K2 [ ()] Ln |7 i -
S8y (Loyy,m)=——"2~1 H\| — , HI ' —>L,>H,",

¢( ph 77) 27761(,'7) A HX1 A n ph

unknown, Ly, > HXIE.

(7.25)

The evolution of the spectrum with time is shown in Fig. 7.3. We see that the
perturbations stretched from subhorizon scales build the longwave part of the
Bunch-Davies spectrum. The unknown part of the spectrum is redshifted by the
expansion to very large physical scales

Loy > Hy' (mi/m) = Hy'exp (Hy (1—1,)).

If inflation continued forever (1 — —0), then an arbitrary initial state would evolve
into the Bunch-Davies vacuum. However, because the duration of inflation is
finite, the Bunch-Davies spectrum is formed only on the scales L, < Hxln /M-

o¢

H_l Lph

Fig. 7.3 The fluctuation spectrum at time 1 = 7, (solid curve) and at later time
1n = 1, (dashed curve). The wiggly lines in the infrared region of the spectrum
correspond to the scales where the fluctuation amplitude is unknown; this region
moves towards very large scales.
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In realistic models, the Hubble parameter H = a/a changes slightly and
decreases towards the end of inflation. Let us find how this influences the spec-
trum of the generated fluctuations for a massless scalar field. We have found that
in this case the amplitude of the large-scale fluctuations must be scale-independent
or, in other words, the spectrum is flat, if H is strictly constant. It is clear that the
change in H will cause deviations from the flat spectrum. For a massless scalar
field (m = 0) the mode equation takes the form

a//
v+ <k2 - —) v, =0. (7.26)
a

The effective mass squared is expressed in terms of the Hubble parameter H as

2 a’ 2 2, 7
Mg =—— =—d (2H*+H),

where the dot denotes the derivative with respect to the physical time ¢. During
inflation, the Hubble parameter changes insignificantly during a Hubble time H !
and hence |H| <« H?. Given a mode with a comoving wavenumber & >> aH = 4,
we find that this mode which had originally a physical wavelength L, < H -1
is stretched to the curvature scale at the moment ¢, determined by the condition
k >~ a; H,. Later on, at f > 1, its physical wavelength exceeds the curvature scale.
Note that subcurvature scales can be stretched to supercurvature scales only during
inflation when the expansion is accelerating (a grows). In a decelerating universe,
a decreases and the condition k 3> aH = a holds at all times if it is satisfied
initially. Thus in a decelerating Friedmann universe the subcurvature modes will
never feel the effects of curvature.

Considering a subcurvature mode with k > a;H;, we find that for t; <t < ¢,
the mode function corresponding to the minimal excitation state is

1 .
v A —=e*7, (7.27)

N

At t = 1, this mode leaves the (event) horizon and for 7 > 1, we can neglect the
k?* term in equation (7.26) which then becomes

1/
/!
v, — —v, 0.
koa

The general solution of this equation is

d
v, = Aya+ Ba f a—? (7.28)



7.3 Fluctuations in inflationary universe 95

One can verify that the first term (proportional to @) becomes dominant at late
times. Therefore, neglecting the second mode in (7.28) and matching solutions
(7.27) and (7.28) at t = ¢, (by order of magnitude), we obtain

Lal)  H
N L
where a, and H, are the values of the scale factor and the Hubble parameter

at the moment of horizon crossing determined by the condition k >~ a; H). The
spectrum of the fluctuations at ¢ > ¢; is then

v

a(t), (7.29)

K32 oy |
¢ a)

H, for H'(1) < Ly, < H™! (a ?) ) . (7.30)
a(t;)
Because the Hubble parameter is decreasing during inflation, the value of H is
larger for those modes which left the horizon earlier. As a result, the amplitude of
fluctuations is slightly higher toward the large scales and the resulting fluctuation
spectrum is red-tilted within the corresponding range of scales (see Fig. 7.4).
These results can be directly applied to derive the spectrum of long-wavelength
gravitational waves produced during inflation. One can show that the quantization
of gravitational waves in an expanding universe can be reduced to the problem
of quantization of a massless scalar field. Therefore the spectrum of gravitational
waves produced in an accelerated universe also deviates from the flat spectrum.
Since the Hubble parameter changes very slowly, the amplitude of fluctuations
depends on the scale only logarithmically. The observed structure of the universe

¢

ph

EEE—
Hi"H™ H;

Fig. 7.4 The fluctuation spectrum resulting from inflation at three consecutive
moments of time where the Hubble parameter has values H; ', Hy', Hy'. The
spectrum is red-tilted towards large scales in the region L, > H -1,
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can be explained by considering the quantum scalar metric perturbations dur-
ing inflation. This is a technically much more involved problem. However, the
physical explanation of the production of the primordial inhomogeneities with a
nearly scale-invariant spectrum is not very different from that presented above.
In the case of matter inhomogeneities the “backreaction” of the gravitational field
potential makes the m? term in (7.22) negative and this adds to the red tilt of the
spectrum of scalar metric perturbations when compared to the spectrum of gravity
waves.'

! For a detailed treatment of the quantum theory of cosmological perturbations, we refer the reader to the book
Physical Foundations of Cosmology by V. Mukhanov (Cambridge University Press, 2005).



8
Unruh effect

Summary Uniformly accelerated observer. The Rindler spacetime. The Rindler
and Minkowski vacua. The Unruh temperature.

W. G. Unruh discovered that an observer accelerating in the Minkowski vac-
uum sees particles which have a thermal spectrum, with the temperature being
proportional to the acceleration. This effect is called the Unruh effect, and in
this chapter we shall derive it in a simplified case. We shall consider a massless
scalar field and assume that the observer moves with a constant acceleration in a
1+1-dimensional spacetime.

8.1 Accelerated motion

The metric of the two-dimensional Minkowski spacetime is
ds* = d* — dx* = n,pdx®dxP, (8.1)

where the Greek indices «,  run over the values 0 and 1. If we use the proper
time 7 to parametrize the observer’s trajectory x (7), then the 2-velocity

“()

u® () = (t(T) x(’r)) (8.2)

satisfies the normalization condition
Naguu = 1,45 (1) P (1) = 1, (83)

where the dot denotes the derivative with respect to the proper time 7. Taking
the time derivative of (8.3), we find that the 2-acceleration a® (1) = u® (1) is
orthogonal to the velocity,

nalgaau'g =0. (8.4)

97
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To understand the physical meaning of constant acceleration, one can imagine
a spaceship with a propulsion engine that exerts a constant force. In this case,
we intuitively expect that the acceleration of the spaceship is constant. In an
instantly comoving inertial frame the observer is at rest and x (7) = 0; hence
u® (1) = (1, 0). It then follows from (8.4) that a® (7) = (0, a), where a = const.
Since this is valid at any moment of time 7, the condition of constant acceleration
can be formulated in the following completely covariant form, applicable in any
(not necessarily comoving) inertial frame:

Napa® (1) &P (1) = Mopi® (1) ¥ (1) = —a’. (8.5)

We have seen in the previous chapters that the notion of a particle crucially
depends on the definition of the positive-frequency modes. For an inertial observer,
these modes should be defined with respect to the time ¢ of some inertial frame
(the notion of a particle is Lorentz-invariant). However, when we consider an
accelerated observer it is natural to expect that the positive-frequency modes must
be defined with respect to the proper time of this observer. Then a “particle”
registered by an accelerated detector can be very different from a “particle” of an
inertial observer. As a result an accelerated observer views the Minkowski vacuum
as a state containing particles. To verify this statement we need to (a) determine
the trajectory of the accelerated observer in an inertial frame, (b) construct an
accelerated comoving coordinate frame, and finally (c) solve the wave equation
and compare the definition of particles in both coordinate frames. All these steps
are significantly simplified if we use the lightcone coordinates instead of 7 and x.

Lightcone coordinates The inertial lightcone coordinates are defined as

U=t—x, v=1+x (8.6)
and metric (8.1) then becomes

ds* = dudv= géﬁg)dxadxﬁ, (8.7)

o _ (0 1/2
8ap = (1/2 0 ) (8.8)

is the Minkowski metric in the lightcone coordinates. One can easily see that the
coordinate transformation

where x0 = u, x! = v and

- - 1
U—n=ou,v— 0= —u, (8.9)
a

with a = const, preserves metric (8.7) and therefore corresponds to a Lorentz
transformation.
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Exercise 8.1
Find an expression for « in terms of the relative velocity of the two inertial frames.

The trajectory of an accelerated observer Let us now determine the tra-
jectory of a uniformly accelerated observer in the inertial frame. In the lightcone
coordinates this trajectory is described by

x* ()= (u(r),v(1)). (8.10)
Replacing 7,5 by ggg) in (8.3), (8.5) and substituting (8.10) for x“ (7) we obtain
w(r)v(r) =1, (8.11)
it (1) 0 (1) = —d°. (8.12)
Since it (7) = 1/0 (1), we have
=2
02’

and (8.12) reduces to

This equation can be easily integrated, yielding the result
A
v(1) = —e“"+B,
a
where A and B are integration constants. It then follows from i (7) = 1/0(7) that
1 aT
T)=——¢ C,
u(r)=——_—e '+

where C is a further integration constant. Performing a Lorentz transformation
(8.9), one can set A = 1. Furthermore, shifting the origin of the corresponding
inertial frame we can make both the integration constants B and C vanish, and
then the trajectory of the accelerated observer is described by

1 1
u(r)=——e7,  v(r)=—e". (8.13)
a a

Using definitions (8.6) and going back to the original Minkowski coordinates ¢
and x we obtain
vtu 1 v—u

t(r) = 7 =Zsinha1', x(1)= 7

Thus, the worldline of the accelerated observer is a branch of the hyperbola
x> —t> =a~? in the (¢, x) plane (see Fig. 8.1). For large |f|, the worldline
approaches the lightcone. The observer arrives from x = 400, decelerates and
stops at x = a~!, then accelerates back towards infinity.

1
= —coshar. (8.14)
a



100 Unruh effect

R

Fig. 8.1 The worldline of a uniformly accelerated observer (proper acceleration
a = |a|) in Minkowski spacetime. The dashed lines show the lightcone. The
observer cannot receive any signals from the events P, Q and cannot send signals
to R.

8.2 Comoving frame of accelerated observer

As the next step, we will find an appropriate comoving frame (&%, £!) for an
accelerated observer. We are looking for a coordinate system in which the observer
is at rest at &' = 0. In addition, the time coordinate & must coincide with the
proper time 7 along the observer’s worldline. Finally, we would like the metric
in the comoving frame to be conformally flat,

ds* =07 (£, &) (a¢°) — (a¢")’] (8.15)

where Q(£°, £') is a function to be determined. The conformally flat form of
the metric greatly simplifies quantization of fields. Our present task is to show
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that such a coordinate system can be found and to establish the relation between
&9 €' and the Minkowski coordinates 7, x.
It is convenient to use the lightcone coordinates of the comoving frame,

i=& ¢ v=£"4¢", (8.16)
where metric (8.15) takes the form
ds* = 02 (i1, ) dit db. (8.17)
In terms of the lightcone coordinates, the observer’s worldline,
E(m=r ¢&(n=0, (8.18)
takes the form
v(r)=u(r)=r. (8.19)

Since £V is the proper time at the observer’s location, the conformal factor Q2 (i, D)
must satisfy

QC=rv=1)=1. (8.20)

Metrics (8.7) and (8.17) describe the same Minkowski spacetime in different
coordinate systems and therefore

ds* = dudv = Q? (i, V) dit dv. (8.21)

The functions u (i, v) and v (&, v) can depend only on one of two arguments,
either & or ; otherwise there will arise the terms d#i? and d?? in the latter equality
in (8.21). To be definite, let us choose

u=u(u), v=v(D). (8.22)

We shall now determine the required functions u(u) and v(?).
Considering the observer’s trajectory in two coordinate systems, we have

du(r) _ du(@) dii ()

8.23
dr du dr (8:23)
It follows from (8.13) and (8.19) that
du(t)  _,; dii (1)
= = — s = 1’
dr ¢ au (r) dr

and (8.23) reduces to the following equation for u (it):

d

d—; = —au; (8~24)

hence

—ait
u= Cle .
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where C; is an integration constant. Similarly we find

V= C2eaa
Condition (8.20) restricts integration constants to satisfy a>C,C, = —1. Taking
C, = —C; we obtain
1 _ - 1
u=——e ", v=—e", (8.25)
a a
and
ds® = dudv = "V dii dv. (8.26)

With the help of the definitions in (8.6) and (8.16), one can rewrite relations (8.25)
in terms of 7, x and &0, £!:

(&, &) = a e sinh ag?, x (&%, &) = a1 coshag?. (8.27)
The metric in accelerated frame,
ds* =" | (a€")” - (ag")’] (8.28)

describes the Rindler spacetime, which is locally equivalent to Minkowski space-
time and therefore has zero curvature. In Fig. 8.2 we show the hypersurfaces
&9 = const and &' = const in the (¢, x) plane. The coordinates &0, &' span the
ranges

—oo<§0<—|—oo, —oo<§1<—|—oo,

covering only one quarter of the Minkowski spacetime (the domain x > |¢|). Hence,
the coordinate system (£°, £') is incomplete. The accelerated observer cannot
measure distances larger than a~! in the direction opposite to the acceleration. To
see this, let us consider a hypersurface of constant time £° = const. An infinite
range of the spacelike coordinate, —oo < &' < 0, where &' =0 is the observer’s
location, spans a finite physical distance,

d/ £ qg! =

Therefore, there is no comoving accelerated frame which could cover the entire
Minkowski spacetime. The lightcone ¢ = x plays the role of the event horizon;
for example, the events P and Q will never become visible to the accelerated
observer.
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t

R

Fig. 8.2 The proper coordinate system of a uniformly accelerated observer in
Minkowski spacetime. The solid hyperbolae are the lines of constant proper
distance ¢'; the hyperbola with arrows is &' =0, or x> — 1> = a~2. The lines of
constant £° are dotted. The dashed lines show the lightcone which corresponds
to ' = —a~!. The events P, O, R are not covered by the proper coordinate
system.

8.3 Quantum fields in inertial and accelerated frames

What a particular detector registers as a particle depends on the clocks used:
Particles are determined by the positive frequency modes with respect to the
proper time of the observer. An inertial observer defines these modes using the
Minkowski time #, while the accelerated observer must use the proper time 7 = &£°.
Since # and &9 are related in a nontrivial way, one expects that the positive
frequency mode with respect to ¢ is a superposition of the positive and negative
frequency modes with respect to £°. As a result the Minkowski vacuum can
appear as a state containing particles from the point of view of the accelerated
observer.

The goal of this section is to show that this really takes place. The problem
is greatly simplified for a massless scalar field in 1+1-dimensional spacetime
because the action

SI81= 5 [ 806 a0 53/ "8d"s (829)
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is conformally invariant. Under a conformal transformation
8ap > 8ap = Qz(xy)gaﬁ’
the determinant ,/—g and the contravariant metric change as
Vg V/-g=00=g g >t =07g, (8.30)

and the factors 2 cancel in the action. (Note that a minimally coupled massless
scalar field in 3+1 dimensions is not conformally invariant.) This explains why
the action looks similar in both the inertial and the accelerated frames:

1
=3 [ @) - @) ] diax
1 2
= / [(agod)) - (aflqb)z] devde'. (8.31)
Rewritten in terms of the lightcone coordinates, this action takes the form

S=2 / 3,9, dudv =2 / 3. o b dind.
The field equations
9,9, =0, 9059 =0,
have simple solutions,
d(u,v) = A(u) +B(v), $(it, v) = A() + B(0), (8.32)
where A, A etc. are arbitrary smooth functions. In particular,
¢ o e ion — e—iw(z—x)

describes a right-moving, positive-frequency mode with respect to the Minkowski
time ¢, while

b o0 _ e—iQ(go—gl)

corresponds to a right-moving positive-frequency mode with respect to 7 = &°.
The solutions ¢ o< e~V and ¢ ox e~ describe left-moving modes. Since u =
u (1) and v = v (v), and the solutions of the wave equation have the form (8.32),
the left- and right-moving modes do not affect each other and can be considered
separately. In all formulae below we write explicitly only the right-moving modes.
The reader can easily recover the contributions of the left-moving modes.
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The actions in (8.31) have a canonical form. Therefore, in the domain x > |¢|
of the spacetime where both coordinate frames overlap, we can immediately write
the standard mode expansions for the field operator ¢ as

= / (277_)1/2 [e‘i“’“&; +¢'“"a} ]+ (left-moving)

7'Q~A7 'Q~A .
/(277)1/2@[6 b+ e “b;;]—i—(left—movmg), (8.33)

where both sets of operators &= and I;Si) satisfy the standard commutation relations:

[a,. a5 =8(w—0o), [bg,bi]1=8(Q—Q), et. (8.34)

Because we consider one spatial dimension, the normalization factor (277)'/? in
these formulae replaces the factor (277)3/2 used in the three-dimensional case.
The Minkowski vacuum |0y) is the zero eigenvector of all annihilation opera-

tors a,, that is,
Ay [On) =0

In turn, the operators 1;5 define the Rindler vacuum state |Og),

b [0g) =0

The corresponding particle states are then built with the help of the creation
operators in the standard way.

The states |0y;) and |Og) are different and a natural question to ask is which
of them is the “correct” vacuum. The answer to this question depends on the
particular physical experiment considered. For example, for normalization of
energy which contributes to the gravitational field we have to use the Minkowski
vacuum |Oy). On the other hand, the detector of the accelerated observer reacts to
particles associated with the Rindler vacuum |Og ). The detector remains unexcited
only if the quantum field is in the state |Og), while the Minkowski vacuum |Oy;)
is, from the point of view of the accelerated observer, a state containing particles.
This is a manifestation of the Unruh effect.

In the rest of this chapter we find the relation between operators &f and l;zc
and calculate the occupation numbers of the Rindler particles in the Minkowski
vacuum state.

Remark: Rindler vacuum In contrast to the Minkowski vacuum, the Rindler vacuum
is an unphysical state which is singular on the horizons # =0 and v = 0. To get a rough
idea why this is so, let us consider the appropriately regularized expectation values of the
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operators (6u(?>)2 and («9;,(})2 for the Minkowski and Rindler vacuum states respectively.
It follows from the expansions in (8.33) that

(O0ul (3,8) 10 = (0l (2:8) 100 (835)

and as a result we have

a2 FIAN N\ 2 1 2
01 (2.8) 100 = (51 ) Ol (38) 00 = s 0l (0) 0. (830
u a’u

where (8.25) has been used. Thus, the expectation values of (9,$)? taken for the Rindler
and Minkowski vacua are related by a coordinate-dependent factor which becomes infinite
on the future horizon u = 0. Because the Minkowski vacuum is a physically well-defined
state, the Rindler vacuum is a singular state which requires an infinite energy to be
prepared. Note that only the right-moving modes contribute to (3uq?>)2 and they are
responsible for the singularity of the Rindler vacuum on the future horizon. Similarly,
by considering (9,$)? and (3,$)?, we can find that the left-moving modes lead to a
singularity of the Rindler vacuum on the past horizon at v = 0.

8.4 Bogolyubov transformations

The operators a* and b* are related by the Bogolyubov transformations

oo

b = f do [aguiy — Bawil]. (8.37)
0

Because the Rindler coordinates cover only a quarter of Minkowski spacetime, the
inverse Bogolyubov transformation is not defined. The transformations (8.37) have
a more general form than in (6.28) because all positive and negative frequency
modes with respect to ¢ contribute to the positive frequency mode with respect to
T, whereas the Bogolyubov transformations in (6.28) are “diagonal,” with «, and
B,a proportional to 6(w — Q). The normalization condition for the Bogolyubov
coefficients,

[ do(@auaty, ~ BauBly,) = 3(Q - ), (8.38)
0

follows from the compatibility of the commutation relations in (8.34). (This is the
generalization of the condition |ay|* — |,6'k|2 = 1 we encountered before.)

Exercise 8.2
Derive (8.38).
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Substituting (8.37) into (8.33) we infer that

1 —iwu dqy —iQ'n * iQu
ﬁe = J ﬁ <a9/we —BQ,we ) . (839)

Multiplying both sides of this relation by exp (£i{Q), taking into account that

+o00
[ ¢ =278 (- ),

—00

and integrating over # we obtain the result in terms of the I'-function:

o0 0
Xow _ Fiout+iQu g7 _ L 9 _ —%—1 Fiou
{an - / e dit=£5—\/= /( au)” e LUy (8.40)

1 /Q i= Q) 19
—t [t exp (l—ln ﬂ) F(—l—). (8.41)

2maV w a a a

It follows that « and B obey the useful relation,

27Q

2 £l 2
|aQw| =e ¢ |ﬁ0w| . (842)

Exercise 8.3
Derive (8.41).

Exercise 8.4
Derive (8.42) directly from (8.40) without using the I'-function.

8.5 Occupation numbers and Unruh temperature

The vacua |0y;) and |Og), annihilated by the operators a,, and Z’s_)’ are different.
The Minkowski a-vacuum is a state with Rindler b-particles and vice versa. We
now compute the number of b-particles in the a-vacuum state. The expectation
value of the b-particle number operator NQ = I;gipa in the Minkowski vacuum

(Rio) = (Oul Bisbia 10) = (Ol ([ doo [l — B

2 (8.43)

x ([ 4o [auaiy — Buwail]) 10m) = [ do|Bug

and this is interpreted as the mean number of particles with frequency () found
by the accelerated observer.
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For () = Q) the normalization condition (8.38) becomes
[ do (laqul® = 1Baul”) = 5(0). (8.44)
0

and taking into account (8.42) we find

. +oo 27Q) !
)= [ dwlual = e (70 <1] 80 (349
The divergent factor §(0) is due to the infinite volume of the entire space. If the
field were quantized in a finite box of volume V, the momenta w and () would
be discrete and 6(0) would be replaced by the volume V, that is, 6(0) = V. Thus

the mean density of the particles with frequency () is

o= 000 g (222) 1] 840

This is the main result of this chapter.

We have computed nq only for right-moving modes (with positive momenta).
The result for left-moving modes is obtained similarly. Massless particles detected
by the accelerated detector in the Minkowski vacuum obey the Bose—Einstein
distribution (8.46) with the Unruh temperature

a
=5 (8.47)
Thus an accelerated observer will see a thermal bath of particles. A physical
interpretation of the Unruh effect is the following. The accelerated detector is
coupled to the quantum vacuum fluctuations and these fluctuations act on the
detector and excite it as if the detector were in a thermal bath with the temperature
proportional to the acceleration. However, vacuum fluctuations in Minkowski
spacetime cannot supply their own energy to excite the detector and they serve only
as a “mediator” borrowing the energy from the agent responsible for acceleration.
The acceleration required to produce a measurable temperature is enormous and
therefore it is unlikely that the Unruh effect can be verified in the near future
(see Exercise 1.6 on p. 12 for a numerical example). The energy spent by the
accelerating agent is exponentially large compared with the energy in detected
particles.
Finally, we note that the consideration above can be straightforwardly gen-
eralized to the case of four-dimensional spacetime, as well as to spinor- and
vector-valued quantum fields.
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Summary Quantization of fields in a black hole background. Vacuum choice.
Hawking radiation and black hole evaporation. Thermodynamics of black holes.

9.1 Hawking radiation

Black holes are massive objects which have such a strong gravitational field that
even light cannot escape from them. According to the classical General Relativity,
a black hole can only absorb matter and its size never decreases. In 1974 Hawking
considered quantum fields in a classical black hole background and discovered
that the black hole emits thermal particles and thus evaporates. This theoretical
result came to a certain extent as a surprise. In fact, at that time one thought that
particles can be produced only by a nonstatic gravitational field. For example, for
a rotating black hole there exist negative-energy states outside its horizon, and
therefore the gravitational field can convert a virtual particle—antiparticle pair into
a pair of real particles with zero total energy. The positive-energy particle can
then escape to infinity, while the negative-energy particle falls into the black hole.
In this case the black hole can emit energy. This effect is known as superradiance.
On the contrary, a nonrotating black hole has no negative energy states outside its
horizon. Therefore, at first glance its mass cannot decrease and hence no particles
can be produced from the quantum fluctuations outside the black hole horizon. To
understand why particle production is nevertheless possible, we have to consider
a virtual pair in the vicinity of the horizon. There are negative-energy states inside
the horizon, and therefore one of the virtual particles (inside horizon) can have
negative energy while the other one (outside horizon) has a positive energy. The
first virtual particle can never escape from the black hole, but the second one can
move away from the horizon to infinity thus becoming a real particle. As a result,
the black hole can emit radiation and its mass decreases.

109
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To get a rough estimate for the typical energy of the emitted quanta, we
note that the de Broglie wavelength of particles with energies E < hc/r,, where
re =2GM/ c? is the gravitational radius, is larger than the size of the black hole.
Therefore, one could naively expect that the probability that such particles might
escape falling into the black hole is non-negligible. If the produced particles were
thermal, then their temperature must be of order

hc hel
T N — N —
re GM

We would like to warn the reader that the arguments above should not be taken
too seriously. They are simply a naive guess which presumably could help our
intuitive understanding of the origin of the Hawking radiation. However, from
these arguments it remains completely unclear whether and how the radiation is
actually emitted.

In this chapter we derive the Hawking result for a massless scalar field in
two-dimensional spacetime. We will see that the calculations can then be formally
reduced to those we performed for an accelerated observer. After that we discuss
how the results should be modified in the realistic case of the four-dimensional
black hole.

9.1.1 Schwarzschild solution

A 4-dimensional nonrotating black hole without electric charge is described by
the Schwarzschild metric,

2M dr?
ds* = (1 — _) dr’ — r2M —r* (d6* + d¢? sin* 0), 9.1
r
1— ==
-

where M is the mass of a black hole (from now on we use the natural units where
G = h=c=1). To simplify the calculations, we first consider a two-dimensional
black hole, assuming that its metric is the same as the time-radial part of the
Schwarzschild metric:

T dr?
ds® = g dx"dx’ = (1 - —g) ar— (9.2)
r -
.

where r, = 2M. It is convenient to introduce the “tortoise coordinate” r*(r)

according to
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so that
r*(r):r—rg—i—rgln (i—l>. (9.3)
Te
Metric (9.2) then becomes
r
ds* = (1——=_)[di* —dr?], 9.4
o= (1= o ar) o4

where r must be expressed through r* using (9.3). The tortoise coordinate r* is
defined only for r > r, and varies in the range —oo < r* < +o0. As r approaches
ry the coordinate r* goes to —oo (this explains the origin of the name for this
coordinate) and far away from the black hole r* — r as r — oo.

Introducing the tortoise lightcone coordinates

n=t—r*, v=t+r", (9.5)

we can rewrite metric (9.2) in the form

ds* = <1 — r(i b)) dii dv. (9.6)

9.1.2 Kruskal-Szekeres coordinates

The Schwarzschild coordinates are singular on the horizon at r = r,. The tortoise
lightcone coordinates i, v are also singular and they cover only the “exterior”
of the black hole, r > rg- To describe the entire spacetime, we need another
coordinate system. It follows from (9.3) and (9.5) that

T T, V—Uu
1-2="Sexp I—L exp v ,
r r ro 2r,

and hence metric (9.6) can be rewritten as

r TR
ds* = & exp (1—i>e s ¢ i d. 9.7)
r Ty

In the Kruskal-Szekeres lightcone coordinates, defined as

U= —2ryexp _ . v=2rgexp v , (9.8)
2r, 2r,

this metric takes the form

.
ds? = —% _exp (1 _rw “)> dudv (9.9)

Ty
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and becomes regular at r = r,. Thus the singularity that occurs in the

Schwarzschild metric as r — r, is merely a coordinate singularity, which can be
removed by a coordinate transformation. A freely falling observer will see nothing
peculiar while crossing the horizon. As defined in (9.8), the Kruskal-Szekeres
coordinates vary in the intervals —oo < u <0 and 0 < v < +o0, covering the
“exterior” of the black hole at r > r,. However, they can be analytically extended
to u > 0 and v < 0 where metric (9.9) is still well-defined. The Kruskal-Szekeres
coordinates span the ranges —oo < u < oo and —oo < v < oo, and thus cover the
whole Schwarzschild spacetime.

The relation between the lightcone Kruskal coordinates u, v and the original
Schwarzschild coordinates #, r can be easily found from (9.8), if we take into

account (9.5) and (9.3):

uuz—4rg2exp I”_ :—4rg2 L—l exp L—l , (910)
T T Ty

(2 =exo (2_) ©.11)

Note that these relations make sense (via analytic continuation) for an arbitrary
u and v, that is they are valid also outside the range of applicability of (9.8). It
follows from (9.10) that the black hole horizon, r = r,, corresponds to u = 0 and
v = 0. Thus, the Schwarzschild spacetime has in fact two horizons resolved only
in the Kruskal-Szekeres coordinates. We see from (9.11) that v = 0 corresponds
to t = —oo (the past horizon), while u = 0 corresponds to t = +oco (the future
horizon).
Introducing the timelike and spacelike coordinates 7" and R according to

u=T—R, v=T+R, (9.12)

we can draw in the (7, R) plane the Kruskal diagram for the Schwarzschild
spacetime, as shown in Fig. 9.1. Null geodesics u = const and v = const are straight
lines at £45° angles in this plane. It follows from (9.10) that the hypersurfaces
r = const correspond to uv = T? — R? = const. For r > rg, we have uv < 0 and the
lines r = const are timelike, while for r < r,, where uv > 0, they are spacelike.
Therefore, the Schwarzschild r coordinate has the usual interpretation as the
spacelike radial coordinate only outside the horizon (r > r,). We infer from (9.11)
that the surfaces 7 = const are straight lines in the (7, R) plane. The Schwarzschild
coordinate ¢ is interpreted as the time for r > r, but becomes a spatial coordinate

for r < r,. There is a physical singularity at » = 0 where the curvature invariants
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Fig. 9.1 A spacetime diagram in Kruskal-Szekeres coordinates (R, T'). Shaded
regions I-IV are the different asymptotic domains of the spacetime. Dashed lines
represent the horizon # = 0 and v = 0. Dotted lines are surfaces of constant r.
Thick dotted lines represent the singularity r = 0.

become infinite. This spacelike singularity (occurring at the given moment of
time) corresponds in fact to two singularities resolved as

T::I:,/R2—|—4e—1r§, (9.13)

in T, R coordinates. The spacetime is not extendable beyond the singularities.
The spacetime shown in Fig. 9.1 describes four different physical objects. It has
two singularities (one in past and the other in future), two horizons (« = 0 and v = 0)
and two asymptotically flat regions (as R — oo and R — —o0). Therefore, the fully
extended Schwarzschild solution contains two white holes that share the same past

singularityat 7 = — /R? 4+ 4¢~! rg2 buthave two different asymptotically flat regions

as R — too, and two black holes sharing the same future singularity. What can be
realized in nature is only one of these four possibilities. When we are interested in
describing a black hole formed as a result of collapse, the relevant part of the diagram
includes the regions / and I/ with omitted past horizon. It is clear that the physics of
the formed black hole should not depend on the other domains of the fully extended
Schwarzschild spacetime, shown in the Kruskal diagram.

Conformal diagram Sometimes it is convenient to represent the causal struc-
ture of the manifold using coordinates that vary within finite ranges. Then the
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spacetime diagram is also finite. One can easily map a coordinate with an infinite
range to a finite interval. For example, we can use the coordinates

» =arctanu, v = arctanv, (9.14)

instead of the Kruskal-Szekeres lightcone coordinates u and v. These coordinates
change from —/2 to 7/2 as u and v run from —oo to +oo, and metric (9.9)
takes the form

ds = —% exp (1 _riay)

r (s, v) ro

dxdv. (9.15)
cos2 s cos? v

In the bounded timelike and spacelike 7, y coordinates, defined via

x=m—x, v=m+tx, (9.16)

the Schwarzschild spacetime is shown in Fig. 9.2. This diagram can be viewed
as a deformed Kruskal diagram where infinities are moved to a finite “distance.”
Null geodesics corresponding to s = const and v = const are straight lines at
+45° angles. This is the main defining property of a conformal diagram, along
with the fact that the diagram has a finite size. Although spacelike and timelike
hypersurfaces can be arbitrarily deformed, null geodesics defining the causal
structure of the manifold must always remain straight lines at £45° angles.

The black hole horizon r = r, corresponds to 5 =0 and v = 0. In Fig. 9.2 one
can easily recognize the different kind of infinities occurring in the Schwarzschild
spacetime. In particular, there are two future timelike infinities i* where all
timelike lines end (7 — +o0, R is finite). The past timelike infinities (T — —oo,
R is finite) are denoted by i~. The spacelike infinities i® correspond to |R| — oo
at finite 7. The straight lines connecting i® and i+ are the future null infinities
JH(T — 400 with T+ R or T — R finite), the regions toward which null geodesics
extend. The past null infinities 7~ are the regions where null geodesics originate.

Exercise 9.1
Draw a conformal diagram for Minkowski spacetime.

Fig. 9.2 A conformal diagram of the fully extended Schwarzschild spacetime,
using the coordinates (9.15)—(9.16). Dashed lines represent the horizons. Thick
dotted lines are the singularities. The shaded regions are the same as in Fig. 9.1.
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9.1.3 Field quantization and Hawking radiation

Let us consider a scalar field with the action

=3 [ &P b 5750 ©.17)

in a two-dimensional spacetime. Since this action is conformally invariant, the
solution of the scalar field equation can be written either in terms of the lightcone
tortoise coordinates (9.5) as

¢ = A(it) + B(V), (9.18)
or in the lightcone Kruskal-Szekeres coordinates as
¢ =A(u)+ B(v), (9.19)

where A, A etc. are arbitrary smooth functions. The situation is similar to the
case of the scalar field in the Rindler spacetime. In particular,

L T
q')oce ol _ , iw(t—r*)

describes a right-moving positive-frequency mode with respect to time ¢, which
propagates away from the black hole. The proper time of an observer at rest
located far away from the black hole coincides with ¢ since

ds®> — didv = di* — dr*?

as r — oo (see (9.0)). Therefore this observer associates “particles” with the
positive-frequency modes with respect to the time ¢. The expansion of the field
operator,

_/ (277)1/2 \/m [ _iml}ﬁ + eim‘iazg] + (left-moving), (9.20)
0

determines the corresponding creation and annihilation operators 133 As before,
to simplify the formulae we do not write explicitly the contribution of the left-
moving modes. The eigenstate |Og) defined via

ba 0g) =0
is called the Boulware vacuum. It contains no particles from the point of view
of the far-away observer. The tortoise coordinates cover only the part of the
Schwarzschild spacetime outside the black hole horizon. In this sense they are
similar to the Rindler coordinates of an accelerated observer, and the Boulware
vacuum is similar to the Rindler vacuum. Therefore the Boulware vacuum |0g)
is singular on the black hole horizon and hence it is physically unacceptable (see
remark at the end of Section 8.3). In particular, the regularized energy density
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diverges on the horizon, and hence the backreaction of the quantum fluctuations
makes the picture of a quantum field in the background of the almost unperturbed
classical black hole inconsistent.

The Kruskal-Szekeres coordinates are nonsingular on the horizon and cover
the whole Schwarzschild spacetime. In this sense they are similar to the inertial
coordinates in Minkowski spacetime. In the vicinity of the horizon,

ds* — dudv=dT?> — dR?,

and particles registered by an observer crossing the horizon should be associated
with positive-frequency modes with respect to the time 7. Expanding the field
operator in terms of the Kruskal-Szekeres lightcone coordinate,

. do 1 T .
b= / NN [e""a, + e “"a} ]+ (left-moving), (9.21)
0

we define the creation and annihilation operators a= that determine the Kruskal
“vacuum’ state,

i 0x) = 0.

The state |Ox) is obviously regular on the horizon. Moreover, it leads to a
finite energy density (after a subtraction of the zero-point energy), which for a
large black hole is small everywhere except at the singularities. As a result, the
backreaction of quantum fluctuations is negligible and they do not destroy the
classical background. Hence the Kruskal state |Ogx) is a natural candidate to be
the true physical “vacuum” in the presence of the black hole.

From the point of view of a remote observer, the Kruskal vacuum |Og ) contains
particles. To determine their number density, we can simply exploit the formal
similarity between the formulae describing the accelerated observer and the black
hole in two dimensions. Comparing (9.8) and (8.25), we see that the Kruskal—
Szekeres and tortoise lightcone coordinates are related exactly in the same way as
the Minkowski and Rindler lightcone coordinates, if the acceleration a is replaced
by the surface gravity k = (2rg)_1. Then the mathematical similarity between the
two cases becomes obvious:

Accelerated observer Schwarzschild spacetime
Minkowski vacuum |0y}  Kruskal vacuum |0 )
Rindler vacuum |0 ) Boulware vacuum |0g)
Acceleration a Surface gravity k = (2rg)’1
u=—a"'exp(—ait) u=—«"'exp (—«it)

v=a"'exp(ad) v=k"lexp(k?)
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Using this similarity and recalling (8.43) and (8.45), we find that the remote
observer must see particles with the thermal spectrum,

~1

(o) = (0415503 100 = [ e (P70 ) <1] 00, 022)

corresponding to the temperature
K 1
H=2m = 8aM’

Note that the state |Og) contains not only outgoing (right-moving) particles, but
also the incoming (left-moving) particles with the same thermal spectrum. Only
in this case the Kruskal vacuum is nonsingular on the past horizon (v = 0) of the
eternal Schwarzschild spacetime (see the remark in Section 8.3). Therefore, in the
presence of quantum fields the picture of an eternal black hole is consistent only if
the black hole is placed in a thermal reservoir with the temperature 7};. Because the
black hole absorbs particles, it should also emit them to maintain the equilibrium.
It then follows that the black hole placed in an empty space must evaporate by
emitting thermal radiation with the temperature given in (9.23). If we consider a
non-eternal black hole formed as a result of gravitational collapse, the past horizon
at v =0 does not exist, and therefore there is no need to choose for the left-moving
v-modes the Kruskal state annihilated simultaneously by the operators a~ entering
(9.21) for both right- and left-moving modes. Instead, it is more natural to choose
the state annihilated by the operators a~ for the right-moving modes and by the
operators b~ for the left-moving modes. Because there is no past horizon, this
state is also non-singular and does not contain incoming particles from the point
of view of the remote observer. Hence this observer sees only thermal radiation
coming from the black hole. The corresponding choice of the quantum state is
justified by the consideration of the black hole formed as a result of a spherical
shell collapse. In the remote past before the collapse takes place, the spacetime is
almost flat and the initial “in”-state of quantum fields is the Minkowski vacuum
containing no particles. One can show that in this case the final “out”-state of
the quantum fields in the remote future contain the thermal flux of particles
coming from the formed black hole. These particles are associated with the modes
which spent a very long time near the horizon before they managed to escape
(see Fig. 9.3).

One more way to derive the Hawking radiation is with the help of the renormal-
ized energy-momentum tensor 7),, of a quantum field in classical black hole back-
ground. It was explicitly calculated for conformal fields in two-dimensional space-
time,' and it was found that along with a local vacuum polarization contribution

(9.23)

1 V. P. Frolov and G. A. Vilkovisky (1979), published in Proceedings 2nd Marcel Grossmann Meeting, Trieste,
Italy, Jul. 5-11, 1979 Grossmann Mts. 1979:0455; V. P. Frolov and G. A. Vilkovisky, Phys. Lett. B 106
(1981), 307.
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o '4

Fig. 9.3 Black hole (shaded region) formed by gravitational collapse of matter
(lines with arrows). The wavy line marks the singularity at the BH center. A
light-like trajectory (dotted line) may linger near the horizon (the boundary of
the shaded region) for a long time before escaping to infinity.

the energy-momentum tensor also contains a non-local contribution from the
Hawking thermal flux. The Hawking radiation has been derived in many different
ways, and at present there is very little doubt that the Hawking effect is a valid
and inevitable prediction of classical general relativity combined with quantum
field theory.

Exercise 9.2

Rewrite (9.23) in SI units and compute the Hawking temperature for black holes of
masses M, = M, = 2-10*kg (one solar mass), M, = 10"g, and M; = 10~>g (of order of
the Planck mass).

Exercise 9.3

(a) Estimate the typical wavelength of photons radiated by a black hole of mass M and
compare it with the size of the black hole (the Schwarzschild radius R =2M).

(b) The temperature of a sufficiently small black hole can be high enough to efficiently
produce baryons (e.g. protons) as components of the Hawking radiation. Estimate the
required mass M of such black holes and compare their Schwarzschild radius with
the size of the proton (its Compton wavelength).

9.1.4 Hawking effect in 3+1 dimensions

So far we have considered the two-dimensional spacetime. It is natural to ask how
the derivations and results above are modified for the realistic 3 + 1-dimensional
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case. Let us first consider a minimally coupled massless scalar field and decom-
pose it into spherical harmonics,

¢(t’ r, 0, @):Z(blm(t’ r)Ylm(e’ QD)' (924)
l,m
Substituting this expansion into the wave equation
@og=0 (9.25)
we find that (9.25) in the black hole background (9.1) reduces to
¥ re Il 4+1
A4+ <1 — _g) £ (+1) G (t,r) =0 (9.26)
r/\r r?

for each mode ¢, (¢, r). Formally, this equation describes a wave propagating in
the two-dimensional spacetime with metric (9.2) and an extra potential

Vi(r) = (1 - r—rg) <% MG, 1)) : (9.27)

72

Even for the spherically symmetric mode ¢ (7, r), the potential V does not
vanish, as shown in Fig. 9.4.

A wave escaping the black hole needs to propagate through the potential V,;(r),
and this decreases the intensity of the wave and changes the resulting spectrum
by a greybody factor T;(Q) < 1,

ng =T,(Q) [exp <T%) - 1}_1 . (9.28)

Because the greybody factor is entirely due to the potential outside the black hole
horizon it is clear that this factor is not directly related to the quantum origin
of the Hawking radiation. Therefore, the basic features of the derivation above
“survive” without significant alteration for the four-dimensional case. This result

V(r)

0 2™M r

Fig. 9.4 The potential V(r) for the propagation of the spherically symmetric
mode ¢, (7, r) in 34 1 dimensions.
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can be generalized for the case of a massive scalar field, and also for vector and
spinor fields. The main conclusion is that the black hole must emit all possible
species of particles, each having the Hawking thermal spectrum corrected by the
corresponding greybody factor.

9.2 Thermodynamics of black holes

Let us consider an isolated black hole placed in empty space. The black hole
emits radiation and thus loses its mass. To calculate the flux L of the radiated
energy, we can treat the black hole as a spherical body with the surface area

A= 477'rg2 = 167M?

and surface temperature Ty = (8’7TM)_1. Using the Stefan—Boltzmann law, we
obtain

Iy
153607 M?’
where I is the coefficient correcting for the greybody factors, vy is the total number
of the “massless” degrees of freedom, and o = 72/60 is the Stefan-Boltzmann
constant in Planck units. Then the mass of the black hole decreases with time
according to

L=TyoT3A

am Iy
dt 153607 M?

The solution of this equation with the initial condition M|,_, = M, is

(9.29)

1/3 3
t M,
M(t) = M, (1--) , 1 =5120m =L,
L Iy
Thus an isolated black hole has a finite lifetime #; ~ Mg . During this time the
black hole evaporates, and its temperature becomes very high at the last stages of
evaporation, increasing in inverse proportion to its mass.

Exercise 9.4
Estimate the lifetimes of black holes with masses M, = M, = 2-10%kg, M, = 10"g,
M;=10"¢.

The Hawking temperature is extremely small for astrophysical black holes with
masses of order the solar mass and bigger. Therefore the Hawking effect could
be observed only if astronomers discover a black hole near the end of its life,
with a very high surface temperature. The lifetimes of astrophysically plausible
black holes are much larger than the age of the Universe which is of order 10'°
years. To evaporate within this time, a black hole must be lighter than ~ 101g
(see Exercise 9.4). Such black holes could not have been formed as a result of



9.2 Thermodynamics of black holes 121

stellar collapse and must be primordial, i.e. created at very early times when the
universe was extremely dense and hot. There is currently no direct observational
evidence for the existence of such primordial black holes.

It is almost certain that the final stage of the black hole evaporation cannot
be described using classical general relativity. When the mass of the black hole
reaches 1077g, its size is of order the Planck scale (10~33cm), and so one expects
that nonperturbative quantum gravity effects must become dominant. It is possible
that these effects stabilize a “remnant,” and a microscopic black hole with mass
10~>g does not radiate, similarly to electrons in atoms that do not radiate on the
lowest orbit.

9.2.1 Laws of black hole thermodynamics

Prior to the discovery of the black hole radiation, J. Bekenstein conjectured
in 1971 that black holes must have a nonvanishing intrinsic entropy. Let us
consider a black hole that absorbs matter with nonzero entropy. If the black
hole entropy were zero, then the total entropy of the system including the black
hole would decrease, which would violate the second law of thermodynamics.
Based on such gedanken experiments, J. Bekenstein concluded that the second
law of thermodynamics can be preserved only if one attributes to a black hole an
intrinsic entropy Sgy proportional to its surface area A. However, the coefficient
of proportionality between Sgy; and A could not be fixed until the discovery of
the Hawking radiation.

Differentiating the expression for the surface area A = 16M?, we can rewrite
it in the form

dM = ! d A (9.30)
- 87M \4)’ '
which reminds us of the first law of thermodynamics,
dE =1T4dS. (9.31)

Taking into account that dM = dE and (87M)~" = Ty;, we conclude from (9.30)
that the black hole entropy must be equal to

1
Spr = ;A = 4mwM?, (9.32)
and the first law of black hole thermodynamics becomes

The entropy of a typical astrophysically plausible black hole is extremely large.
For instance, a black hole of one solar mass has the entropy S, ~ 1076, This large
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entropy implies a large number of possible microstates hidden behind the horizon
of the black hole. The origin of these microstates can in principle be related with
the number of possible matter configurations from which a black hole of a given
mass could be formed.

Remark A static black hole without charge is completely characterized by its mass
M. The first law of black hole thermodynamics can be generalized also for the case of
rotating and charged black holes.

Taking into account the entropy of black holes, the generalized second law of
thermodynamics states that the total entropy of all the black holes and of ordinary
matter never decreases,

8Stotal = 6Smatter =+ SSBH > 0.

In classical general relativity it has been established that the combined area of
all black horizons cannot decrease. This statement applies not only to adiabatic
processes but also to strongly out-of-equilibrium situations, such as a collision of
black holes with the resulting merger.

Black holes in heat reservoirs Ordinary thermodynamical systems can be
in a stable equilibrium with an infinite heat reservoir. However, this is not true
for black holes because they have a negative heat capacity Cgy. In other words,
black holes become colder when they absorb energy. Taking into account that
E(T) =M = (87T)"", we obtain

oE 1

C = —_— = —
BH ™ o1 8712

< 0.

A black hole surrounded by an infinite thermal bath with the temperature
T < Tgy would emit radiation and become even hotter. The process of evap-
oration is not halted in an infinite thermal reservoir whose temperature T
remains constant. Similarly, a black hole placed inside an infinite reservoir
with a higher temperature T > Ty will be absorbing radiation and becoming
colder. In either case, no stable equilibrium is possible. A stable equilib-
rium can be achieved only if the black hole is placed in a reservoir with a
finite energy. In this case the radiation emitted by the black hole changes the
temperature in the reservoir. The following exercise shows under which condi-
tions a black hole can be stabilized with respect to absorption or emission of
radiation.

Exercise 9.5
(a) Find the range of heat capacities C, of a heat reservoir for which a black hole of
mass M is in a stable equilibrium with the reservoir.
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(b) Assume that the reservoir is a completely reflecting cavity of volume V filled with
thermal radiation (massless fields). The energy of the radiation is E, = oyVT*, where
the constant vy characterizes the number of degrees of freedom in the radiation fields.
Determine the largest volume V for which a black hole of mass M can remain in a
stable equilibrium with the surrounding radiation.

Hint: A stable equilibrium is the state with the largest total entropy.
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The Casimir effect

Summary Zero-point energy in the presence of boundaries. Regularization and
renormalization. Casimir force.

The Casimir effect is an experimentally verified prediction of quantum field
theory. It is manifested by a force of attraction between two uncharged conducting
plates in a vacuum. This force cannot be explained except by considering the
vacuum fluctuations of the quantized electromagnetic field. The presence of the
conducting plates makes the electromagnetic field vanish on the surfaces of the
plates, causing a finite shift AE of the zero-point energy. This shift depends on
the distance L between the plates, and as a result there arises the Casimir force:

F(L) = —c;iLAE(L).

This theoretical prediction has been verified experimentally.

10.1 Vacuum energy between plates

A realistic description of the Casimir effect requires quantization of the electro-
magnetic field in the presence of conducting plates. To simplify the calculations,
we consider a two-dimensional massless scalar field ¢(z, x) between two plates
at x =0 and x = L, imposing the boundary conditions

b(1, %) |10 = &(1, %)] ;= =0,

which are supposed to be due to the presence of the plates. With these boundary
conditions the general solution of the classical equation of motion,

-0 =0,

' For example, a recent measurement of the Casimir force to 1% precision is described in: U. Mohideen and
A. Roy, Phys. Rev. Lett. 81 (1998), 4549.
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becomes
d(t,x)= Y (A,e "' +B, ") sinw,x, ,=

n=—oo

n|
L

(10.1)

In quantum theory only the modes present in (10.1) “survive” in the expansion
of the field operator ¢, which becomes

(t x) \/72 smw X A_ —lw z+a+ twnt] (102)

The resulting zero-point energy per unit length between the plates is then

L0 = Yo =y (103)
en = — = — w;, = —— n. .
7L 2L T 22 &
Exercise 10.1

(a) Show that the mode expansion (10.2) yields the standard commutation relations

~ ~

[am’ a;] = 6mn'
(b) Derive (10.3).

Hint: Use the identities which hold for integers m, n:

L . mwXx . nwx L marx nmx L
/ dx sin sin — =/ dx cos COS — = — 0, (10.4)
L L L 2

10.2 Regularization and renormalization

The zero-point energy density g, is divergent and must be first regularized and
then renormalized. A regularization means introducing an extra parameter (cutoff
scale) into the theory to make the divergent quantity finite unless that parameter
is set either to zero or infinity depending on the concrete regularization procedure
used. Usually there exist different possible ways to regularize the divergent quan-
tities. However, different regularization procedures (fortunately) lead to the same
final physical results. After a regularization, one obtains an asymptotic expansion
of the regularized divergent quantity at small (or large) values of the cutoff. This
asymptotic expansion may contain divergent powers and logarithms of the cutoff
scale, as well as finite terms. Renormalization gives a physical justification for
removing the divergent terms and leaves us with finite contributions responsible
for physical effects.

We shall now apply this procedure to (10.3). As a first step, we replace g, by
the regularized quantity

go(L; ) = L2 Z nexp [—%] , (10.5)
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where « is the cutoff parameter. It is easy to see that the series in (10.5) converges
for a > 0, while the original divergent expression is recovered in the limit & — O.

Remark We regularize the series by exp(—na/L) and not by exp(—na) or exp(—nLa).
The motivation is that the physically significant quantity is w, = @n/L, therefore the
cutoff factor should be a function of w,.

A straightforward calculation gives

80“;“):‘%3—% o[-T]=a

For small « this expression can be expanded in a Laurent series,

T 1 T T 1 o?
Lay=— L 7T L o2 aos
ol =gn @ T D (LZ) (10.6)

2L

As a — 0, the first term here diverges as a2, the second term remains finite and
further terms vanish. The crucial fact is that the singular term does not depend
on the distance L between the plates and can be interpreted as the energy density
of the zero-point fluctuations in Minkowski spacetime without boundaries. This
zero-point energy density can be thought of as the limit of £y(L) as L — oo
and, as it is clear from (10.6), must be exactly equal to the first divergent term
in (10.6). On the other hand, we have agreed to ignore an infinite energy of
zero-point fluctuations in Minkowski space, assuming that this energy does not
contribute to any physically relevant quantities. This is the physical justification
for omitting the divergent contribution to (10.6).

Subtracting from (10.6) the vacuum energy density and removing the cutoff
(taking the limit @ — 0), we obtain

T

m. (10.7)

Ag, (L) = lim [80 (L; @) — lim g (L; a)} =—
a—0 L—oo
After we have decided to fix the normalization point and to attribute a “zero”
energy to vacuum fluctuations in Minkowski spacetime, there remains no more
freedom to renormalize the finite shift of the energy density due to the presence
of the plates. Therefore this energy shift is physical. The corresponding Casimir
force between the plates is
d T

F=——AE———LA -
dL (LASwen) = =517

where the negative sign tells us that the plates are pulled toward each other.



10.2 Regularization and renormalization 127

A similar calculation in four-dimensional spacetime gives the Casimir force
per unit area between two uncharged parallel plates as

2
m
=———L7"
I'="20

Remark: negative energy Note that the shift of the energy density in (10.7) is negative.
Quantum field theory generally admits quantum states with a negative expectation value
of energy.

Riemann’s zeta function regularization An elegant and quick way to cal-
culate the finite energy shift due to the plates is with the help of Riemann’s zeta
(¢) function defined by the series

(=3 (10.8)
n=1

which converges for real x > 1. An analytic continuation extends this function to
all (complex) x, except x = 1 where {(x) has a pole.
The divergent sum )’ | n appearing in (10.3) is formally equivalent to the

series for {(x) with x = —1. The { function obtained via analytic continuation is,
however, finite at x = —1 and is equal to”
1
—1)=——.
((~D)=-3

This motivates us to replace the divergent sum ) .° , n in (10.3) by the number
—1]—2. After this substitution, we immediately obtain the result (10.7).

At a first glance, this procedure may appear miraculous and lacking of physical
explanation of neglecting divergences, unlike the straightforward renormalization
approach. However, it has been verified in many cases that the results obtained
using the ¢ function method are in agreement with more direct renormalization
procedures.

2 This result requires a complicated proof. See e.g. H. Bateman and A. Erdelyi, Higher Transcendental
Functions, vol. 1 (McGraw-Hill, New York, 1953).
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Path integrals

Summary A path integral in the Hamiltonian and Lagrangian formalism.

In the first part of this book, we used canonical quantization to introduce the
concept of “particle” and to calculate the particle production in a few interesting
cases. It turns out that it is more convenient to study the vacuum polarization
effects using the path integral method, which provides an alternative description
of a quantum system. In this chapter we introduce path integrals by considering
the evolution of a simple quantum-mechanical system.

11.1 Evolution operator. Propagator

We recall that in the Schrodinger picture, the state vector |¢/(7)) obeys the
Schrédinger equation

IP(1))
ot

il =H (1)) . (11.1)

In the case of a time-independent Hamiltonian H, the formal solution of this
equation is
(1)) = U (1, 10) [$(10)) . (11.2)

where

U (t, tg) = exp [—% (t— zo)zfz] (11.3)

is called the evolution operator. This operator is unitary if H is Hermitian. It is
also clear that the composition of two subsequent evolution operators is equal to
the evolution operator for the combined timespan, that is

U(t;, ) U(ty, 13) =U (1, 13).

131
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Because U(t, t,) depends only on 7 — f,, we have
U (A1) U (Aty) = U (A1) +An) = U (An) U (Ary),

and all the operators U(Ar) for any A7 commute.'
In the coordinate representation, a quantum state |¢/(¢)) is described by a wave
function (or functional)

Plg, 1) = (ql¥(1)),

where the variable ¢ is a “symbolic combined notation” which includes all the
degrees of freedom of the system; we recall that for N degrees of freedom,
q9=1{41> 4> ---qy}, while in the case of a real scalar field, g(7) = {¢, (1)} and the
spatial coordinate x is to be considered as a continuous “index.” Given a wave
function ¢ (g, t;) at some initial moment of time ¢ = #;, we can express the wave
function ¢ (g, t) for t > ¢ as

W(g. 1) = (al ¥()) = (| U (1.10) (| Datolao) (ol ) 1420

= [ DaoK (4. 403 1. 10) 1 (0, 0) (11.4)

where the matrix element

K (g, q0; t. t9) = (4| U(f, 1) 190) »

called the propagator, gives the quantum-mechanical amplitude for the transition
between an initial state |g,) at time f#, and a final state |g) at time 7. In deriving
(11.4), we used the decomposition of the unit operator

i=[ Dqla)al.

For the case of N degrees of freedom, the measure is Dg = dgq; ...dqy, while in
field theory Dgq is a functional measure which will be specified later.

11.2 Propagator as a path integral

The propagator can be expressed as an integral over all trajectories connecting the
initial and the final states (a path integral). To derive the path integral represen-
tation for the propagator, we first consider a system with one degree of freedom
and calculate the matrix element

K (‘If’ qos ty> l‘o) = (%‘" U (tf’ fo) I90) -

! If the Hamiltonian is explicitly time-dependent, then the evolution operators do not generally commute, but
the composition rule is obviously still valid.
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In this section we will use a subscript index to distinguish different quantum
states |qo), |¢q;), etc., of the same system with one degree of freedom ¢. One
should not confuse this subscript with an index enumerating the different degrees
of freedom.

Let us divide the time interval (to, tf) into N+ 1 small intervals (¢, #;), ...,
(tk, fk+1) ey (tN, tf). Eventually we shall pass to the limit N — oo and Af; =
try1 — tr — 0. For convenience, we sometimes use the alternative notation 7y,
for 77 and ¢; for #,. The evolution operator U (tf, tO) is equal to the product of
the evolution operators for all the intermediate ranges (tk, t +1),

N

U(tf, to) - f](l‘f,tN)...U(tl, to) == l_[ 0([k+1’tk)’
k=0

and therefore the propagator

N
K (g7, qo: t210) = (as| U (14. 10) l90) = (ar| [T U (txs1- 1) l90) (11.5)
k=0

can be expressed in terms of the intermediate propagators. Inserting N decompo-
sitions of unity

i=[dqla)al

into (11.5), we have

n A
{ar] kl:[OU (es1> 1) 190)

= <Qf_’f] (fN+1a tN) [f dqy |qiv> <CIN|] (A](tN’ tN_1) -
[ daisr [ae) (@i ] U (g 1) .
X [deIk |qx) (6]k|] e [qu1 lg1) (CI1|] U (1, 1) |q0) »

where qg, q1, g», - .. label the different quantum states at the moments of time

to, 11, tp, ... respectively. Thus, it follows that the resulting propagator is the
N-fold integrated product of the propagators of all intermediate time intervals:

N
K (Qf’ do> 1y, fo) = / dqydgy_; ...dq, (l_[ K(Clk+1’ qi> kg1 fk)) . (11.6)
k=0

The product of (N + 1) intermediate propagators,

K (@it 90 trgrs i) = (@i | U (1> 1) lae) »

is equal to the quantum-mechanical amplitude for a chain of transitions |gy) —
lg)) — ...~ ‘qf>. This amplitude describes a certain class of “constrained transi-
tions,” for which the particle passes from ¢, to g, while visiting the intermediate
points g, at the times ¢, (see Fig. 11.1). So the formula (11.6) shows that the
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Fig. 11.1 A “constrained transition” with fixed intermediate points ¢, ..., g,.
The multiple lines connecting the points g, indicate that the motion of the quan-
tum particle between the specified points is not described by a single classical
path.

total amplitude for the transition from the initial state |g,) to the final state ‘qf)
is found by integrating the constrained transition amplitude over all the possible
intermediate values ¢q, ..., gy-

To calculate the resulting propagator K(qy, qo; s, ty), we thus need first to
find an explicit expression for intermediate propagators in the limit of small Az,.
Expanding the evolution operator as

U (tys1, ;) = exp [—%Atkﬁl} =1- %Atk H+0(A7), (11.7)
we find
K (Grs1s @i errs i) = (dryn | <1 - %Atk It]) )+ 0 (ArR). (11.8)

The matrix element of the Hamiltonian can be calculated by inserting the decom-

position of unity in the momentum representation,’

i= [ dpclpo) (pal,

into (g4 ‘ H |g;); as a result we obtain

(il F1aw) = [ dpelauenlpid (pel H100) (11.9)

The matrix element <qk 41l pk) was calculated before (see (2.35)) and is equal to

1 iPvq
(qk—l-llpk): Mexp( khk+1> . (1110)

2 Again we use p, simply to distinguish the momentum eigenstates at time f,.
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To find (p;| H |q;), we must first reorder all the operators p in the Hamiltonian
and move them to the left, so that H(p, g) is rewritten as

H=Y f1(p)g, @)
J

This can be done using the fundamental commutation relation [g, p] = ih. As a
result, we find

(pil H |qp) = (ij (Pr) & (qk)) x (plar) = H(py, q) {Pilar)
J

1 iPka)
=—H(p,, exp| — . 11.11
NerT (P> qx) P( 5 ( )

For example, if
H=3p*q=p*q* +2ihpg,
we have

H(py: &) = Pidi +2ihpiqp.

Taking into account (11.10) and (11.11), it follows from (11.9) that

~ dpy P (G — @)
H :/ —H(p,, _—, 11.12
(Gst| Hla) = | S—-H(pes 1) exp ; (11.12)
and the propagator in (11.8) becomes
K (qrs1s G trrts 1)
dp iAt Pk i1 — Gk
/ —* [ kH(Pk’ CIk)+0(Atk):| exp%
d iAt -
=[5 exp[ : <pqu+Alt I —H(pk,qk)> +0(Ar,%)]. (11.13)
k
Substituting this result into (11.6), we obtain
K (a5, a0 1 t)_/ ﬁqudpk dpy
U@t P =V T mh | 20
YAy (g —ax >
xexp| Y — (P —He ) +0 (Ar) |- (11.14)
k=0 Ik

We would like to point out that (11.14) involves (N + 1) integrations over p; but
only N integrations over g.
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Now let us consider the limit N — oo and At;, — 0. When the number of
intermediate points 7, becomes infinitely large, one can introduce the functions
q(t), p(t) such that ¢, = ¢g(#;) and p, = p(t;), and replace the sum in (11.14) by
an integral over f,

N .

. l 9k+1 — 4dk 2

1 —At - — —H(p,, O (At

Ngnw];)[h k<pk AL (Px clk)>+ ( k)]
Iy i dq(t
fo

0~ 0. a0) . (11.15)

Note that the contribution of quadratic corrections O (At,%), which we neglected
to calculate, vanishes in the limit N — oco. Considering equal time intervals
At = (t; —1y)/ (N +1), we have

tr—19)?
=i

N
O (Af?) ~ NAY?> =
go (A1) (N+1)

as N — oo.

The integration over infinitely many intermediate values g, p; in (11.14) is
naturally interpreted as the integration over all the functions q(t), p(t) such that
q(ty) = qo> q(tf) = q¢- An integral of this kind is called a functional integral or
a path integral. In the limit N — oo, the (2N + 1)-fold integration over dp, and
dg, becomes an infinite-dimensional integration measure. Introducing a symbolic
notation for this measure,

N
. dgpdpy | dpo
DpDg =1 — | =, 11.16
p=4 Ninoo{g 2mh | 2@h (11.16)
one can rewrite (11.14) as
q(tr)=qs .
irtr
K (g, qo: tr. 1y) = / ﬂ?pﬂlep[ﬁ/t (pq—H(p,q))dt] (11.17)
0
q(to)=qo

We would like to stress once more that this formal expression must be understood
as the limit of the finite-dimensional integral in (11.14) as N — oo. The expression
in the exponent in (11.17) is the classical Hamiltonian action (2.19), and the
boundary conditions are exactly those needed for the Hamiltonian action principle
(see Section 2.2).

The generalization to the case of an arbitrary number of degrees of freedom,
including an infinite number of degrees of freedom needed in field theory, is
largely straightforward.
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Exercise 11.1
Derive the path integral: (a) for a system with an arbitrary finite number of degrees of
freedom; (b) for a scalar field with Hamiltonian (4.11).

So far we considered only systems with time-independent Hamiltonians, but
the path integral formalism also applies to time-dependent Hamiltonians.

Exercise 11.2
Derive the path integral expression for the propagator (qf| U (t Iz to) |g,) in the case of an
explicitly time-dependent Hamiltonian H(p, §, 1).

Hint: Operators H (P, g, 1) at different times  may not commute and should be manipu-
lated more carefully. The explicit form (11.3) of the evolution operator which holds only
for time-independent Hamiltonians is not actually needed for the derivation of the path
integral; only the approximation (11.7) is important.

11.3 Lagrangian path integrals

If the Hamiltonian is a quadratic function of the momenta, then the integration
over the momenta can be performed explicitly and the path integral is simplified.
Let us consider, for example, a system with the Hamiltonian

H(p,4) = -+ V(@) (11.18)
In this case, the integral in (11.13) becomes

K (Gis1» i tgrs 1)

dpy IAG | Grg1 — Gk i 2
= —— -V O (At 11.19
/2wheXp|: h ( Ay P Vo |Foan) | (L)

and can be calculated with the help of the following formula for the Gaussian

integral,
oo 2 /2 b*
/ dxexp —ﬂ—i-ibx = —Trexp -,
—00 2 a 2a

which holds also for complex a, b as long as the integral converges. The result is

K (Grs1- i trs1s 1)

2
m Aty (drs1 — 4 2
= | _vy o(AR) . (1120
2mihA, eXp[ h (m 2A7 (g0) | +0(Ar) | (1120)
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Substituting this result in (11.6) and taking the limit N — oo, At; — 0, we finally
obtain

q(ty)=qy ,
N iS
K(agreaitr0) =laf O pr)laod = [ Daen (). aran
q(to)=4o
where
N ( _ )2 o
. i+1 Clk) mq
§=lim 3 (m S v (g ) an = [ (ZE-wg) )ar (1122
NW%( i <qk)) = (" -v@)ar 122)
0
is the Lagrangian action and
1 al dqy

Dg = lim (11.23)

N—co  [2qrihm~1 At kl;[l V2mihm= A,
is the measure for the Lagrangian path integral. Notice that this measure contains
N + 1 factors proportional to A¢~!/2, but only N integrations.

The Lagrangian path integral (11.21) is the original form of the path integral
introduced by R. Feynman. However, we would like to stress that although the
propagator for any system can be always written as the Hamiltonian path integral
(11.17), the Lagrangian formulation of the path integral exists only for the systems
with Hamiltonians quadratic in momenta.

Exercise 11.3
Derive the Lagrangian path integral for a system with the Hamiltonian

H=f@pr@+v@.

Exercise 11.4
Derive the measure in the Lagrangian path integral for a scalar field with the action (4.5).

11.4 Propagators for free particle and harmonic oscillator

Now we will explicitly calculate the propagators in two simple cases, namely, for
a “free particle” and for a “particle” in a quadratic potential V(g, ) o g° that can
also explicitly depend on time. This last case covers both the usual harmonic oscil-
lator with a constant frequency, as well as a harmonic oscillator interacting with
a time-dependent external field. We will see that the calculation of the path integral
for a quadratic potential can be reduced to the calculation for a free particle.

3 Of course, the results will be applicable not only to a quantum-mechanical particle but also to any system
with one degree of freedom ¢(¢) which satisfies the equation of motion § = —dV/dq with an appropriate
potential V(q, f).
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11.4.1 Free particle

To compute the propagator for a free particle, we use the formula (11.20) with
V (g) = 0. Neglecting terms O(A#?) in the limit of small Az, we have

/ dgiK (qrirs @i st 1) K (s @15 1 1)

G — )" (qe— s )zﬂ

+

dq, ex (
2mh,/mkmk 1/ ¢ p{ ( 241, A7,

. 2
m mm (fIk+1 _Qkfl)
= - exp| —————
ZWlh(Atk+Atk_l) h 2(Atk+Alk_1)
= K (Grr1s Gr—15 10 1) - (11.24)

In this manner we can integrate over all the intermediate points ¢ to obtain the
following result for the propagator of a free particle,

2

m im (g7 — q;)
K (qr i) = . : . 11.25
(qf q tf t) Zﬂlh(tf—ti) exp{ 2h(tf_tl)i| ( )

This result can be rewritten in a more elegant form if we note that the action for
a free particle calculated along the classical trajectory,

q()— [(ff—t)% (t—1)qy].

l

satisfying the boundary conditions ¢ (¢;) = ¢; and ¢ (tf) = ¢y, is equal to

/ 2 /(d(CICI) ")dt=ﬂqc']|tf:ﬂ(qf_qi)2 e
=7 2 2Ty

Then (11.25) becomes
1/2
1 %S '
K=[-— 220 ) exp(ls,). (11.27)
2mrih dq g, h

11.4.2 Quadratic potential

Next we consider a system with the action

_ % [@+rwa)ar (11.28)
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assuming that f (¢) is an arbitrary function of time. In particular, for a harmonic
oscillator f (f) = —w? = const. The variable ¢(¢) satisfies the classical equation

G—f(t)g=0. (11.29)

Let us assume that u (¢) is a solution of this equation, and introduce a new variable

O=u'g (11.30)

instead of ¢. Then the action (11.28) can be rewritten in terms of the new variable,

d
2/ [ uuQ %) + (az - (uit) + f (¢) uz) QZ] dr.  (11.31)
Taking into account that u satisfies (11.29), we obtain
Uiy, i 1]
f o2 Ui oo / 2492
S==|—q7r——¢ = dt, 11.32
2<quf uiql)-i-z. u”Q (11.32)
N l
where u; = u(t;), q; = q(t;), ... If we introduce a new time variable
dt

instead of ¢, the action (11.32) becomes

i .
S—=- (”_que_% ) fQ’z(n)dn, (11.34)
! T]t

where the prime denotes the derivative with respect to 1. Thus, knowing a solution
of the classical equation of motion, we can reduce the (off-shell) action for a
quadratic potential to the action for a free particle with coordinate Q. Rigorously
speaking, the transformations above make sense only if the solution u(¢) does
not vanish and the integral in (11.33) converges. This is obviously not true for
the usual harmonic oscillator with a positive w”. However, for the moment we
neglect this problem and proceed assuming that the solution u# has the required
properties.

To calculate the path integral in (11.21) with the action (11.34), we first have
to express the measure (11.23) in terms of the new variables Q, 7 instead of ¢, t.
Substituting

Mk+1

1 du?
Aty = f wdn = u* () An + 3 % Ang+0 (Any)
Mk
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2
2 3
=uiA — — A O (A 11.35
n nkeXp[zu an | 7’k:| +0 (Am) (11.35)
into (11.23), we obtain
pge i €L ATy
g = lim
N—oo y, /21iRA T, k:l V2mihAn,
n
1 1 [ dinu I
= —exp —5 = n|DO= DO, (11.36)
i n ujuyr
Ni
where DQ is the standard measure

DO = lim

N%mk lm

Hence, taking into account (11.34), the original path integral reduces to

K= /ﬂqexp(zh/ (Zzz—i-f(t)qz)dt)

1 I} u i .
= WCXP[%< fé]f__q[>} x/DQexp(ﬁ/deTI). (11.37)

The obtained integral over Q was calculated above (see (11.25)); the result is

[ oran) = 1 (0~ 0:)°
[ poexp <ﬁf 0 dn> =z {%(nf—m)] (11.38)

To find an explicit expression for n; —m; in terms of the original time 7, it
is convenient to use two independent solutions u(¢), v(¢) of (11.29). Since the
Wronskian

W = ui — it (11.39)

is constant in time, we have
t .

1 ! uv — v 1 tfd v UVp— U,
= — dt:—/—(—)dtzu. 11.40
K W/< 2 ) w/ ar\u Wit (11.40)
t

t:

i

The solutions u(t), v(t) play an auxiliary role in the calculation and can be chosen
arbitrarily as long as W # 0. To simplify the final expressions, we normalize the
solutions u, v in such a way that

uvy —upv; = 1. (11.41)

1
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Substituting (11.38) in (11.37) and taking into account (11.40) and (11.30), we
obtain

1% i Wul-i-itf 2 WMf—I:tl 2
K=, — — 2 _2Wq,q, | |. 11.42
5ot SXP Lh ( P g5+ " q; 9,4y ( )

This expression can be further simplified if we note that

and use (11.41). The result is

[ W i . . . .
K= gy exp [% ((uivf - viuf) q]% + (ufv,- - vful») g — 2quqf):| . (11.44)

Exercise 11.5
Verify that (11.44) can be written as

K L #@sg )" LS (11.45)
= - exp| — s .
2mih dq;dq; Py~

where S is the action calculated for the classical trajectory satisfying the corresponding
boundary conditions.

Harmonic oscillator In the case of a harmonic oscillator with constant fre-
quency, we set f (f) = —w? = const and take as two independent fundamental

solutions
cos wt sin wt

VsinwT’
which are normalized in agreement with (11.41); here T = t; — ;. Substituting
these expressions in (11.44), we obtain

u(t) =

K (g7, qitrot;)
/ w lw 2, 2
= - T —2gq; . 11.46
2mihsinwT 3P [2hsin wT ((qf tai ) cos qtqf)} ( )

11.4.3 Euclidean path integral

The Euclidean oscillator is obtained from the usual oscillator by an analytic
continuation in the time variable to pure imaginary times ¢ = —it, where 7 is a
real parameter. This procedure is called the Wick rotation, and it simplifies many
calculations in quantum field theory. It can be thought as “rotating” the real axis
in the complex ¢ plane by 90 degrees to transform it into the imaginary axis.
Because under the Wick rotation (r = —iT) the Lorentzian metric

ds® = dt* — dx>
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becomes (apart from an irrelevant overall sign) the Euclidean metric
ds* = —d7* — dx?,

the variable 7 is called the Euclidean time. Obviously the transition to complex
time is motivated primarily by mathematical convenience and has no physical
meaning (for example the complex values such as t = — (4i) s cannot be inter-
preted as moments of time). Having obtained a result using the Euclidean time 7,
one can then perform an analytic continuation back to real (Lorentzian) time t.

Under the Wick rotation the action for harmonic oscillator with constant
frequency w becomes

S - iSE,
where
1 dq\*
Se=5 [ |(52) +e'd |dr (11.47)
2 leky
is the Euclidean action. Then the path integral in (11.22) takes the following form,
q(7r)=qy S
Kg (‘lf’qt';”f’ﬂ): / Dq exp (—EE> (11.48)
q(1:)=g;

with the measure

N
d
Dg= lim T

1
N—oo 27 hAT, kl;[] ‘/27TFLATk.

In distinction from (11.22), this Euclidean path integral is mathematically well-
defined. The factors

2
(Qk+1—CIk)
_ 11.49
eXp[ 2hAT, } (11.49)

coming from the “kinetic term” in Euclidean action are sometimes included in the
definition of the measure, which is then called the Wiener measure. Given A1y,
we see that for a “typical path” g, — g, ~ /hAT;; hence

- | h
K130 k| R RS as A1, — 0.
ATk ATk

Therefore one says sometimes that the main contribution to the path integral
comes from trajectories which are non-differentiable at every point.
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The “propagator” for the Euclidean oscillator, given by the path integral (11.48),
is equal to

Kg (g7, i3 740 71)

= Lexp [_—a) ((q2+q.2) coshwT —2g,q )] , (11.50)
V 27hsinh wT 2hsinhT T iy

where =71, — ;.

Exercise 11.6
Following the strategy of this section, derive (11.50) and verify the legitimacy of every
step in this derivation.

It is easy to see that (11.50) follows from (11.46) by considering pure imaginary
times t = —i7, where 7 is a real parameter, and making an analytic continuation.
Inversely, the propagator for a harmonic oscillator can be obtained from the
Euclidean propagator by making the inverse Wick rotation, that is by replacing
T — it where t is real. Therefore in general it is very convenient to calculate first
the mathematically well-defined Euclidean path integral and only then make an
analytic continuation of the result to the Lorentzian spacetime. As we pointed
out, the Lorentzian path integral is strictly speaking not well-defined; certain
steps performed to calculate it are not completely legitimate and are mainly
justified by the final result for the propagator which must satisfy the corresponding
Schrédinger equation.

11.4.4 Ground state as a path integral

The wave function of the ground (vacuum) state of a harmonic oscillator in the
coordinate basis can be written as a path integral with the appropriate boundary
conditions. We will see later that the corresponding expressions are very useful
in quantum field theory and therefore we derive them here. The ground state |0)
is defined by the equation

. w|, 1,
a0y = 0} CI+;P |0) =0,

which in the coordinate basis takes the form

I
(—;Jrq) o (q) =0,
w dq

where i (¢) = (¢|0). The normalized solution of this equation is

w w 2
o (q) = (%)1/4e><p <—2—%). (11.51)
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It follows from (11.50) that

. 7Th 1/4 ol
to(@) = (al0) = tim (T0) " e K (g =0.0i= i 7. 7)
1/4
. r T
= Jim (j) e Kg(qr=¢.4;=0;75, 7). (11.52)

In turn, the expression for Ky can be written as a path integral for the Euclidean
harmonic oscillator, hence

B\ 174 q(77)=0 s
(q|0) = lim (W—> e / Dgq exp (——E)
Tr—>00 \ W h
q(1)=q
q(1¢)=q
AN S
— lim (W—) e / quxp(——E). (11.53)
=00 \ @ h
q(7;)=0

Note that after taking the limits 7 — oo the Wick rotation to the Lorentzian
spacetime does not change the result because (¢|0) does not depend on time.



12

Effective action

Summary Effective action for a driven harmonic oscillator and in general.
Backreaction and vacuum polarization. Semiclassical gravity. Euclidean effec-
tive action as a functional determinant. Zeta ({) functions and renormalization of
determinants. Computation of { functions using heat kernels.

The path integral technique allows us to introduce a concept of effective action
in a natural way. The effective action turns out to be very useful for calculating
expectation values and matrix elements of various operators and, in particular, for
the energy-momentum tensor of a quantum field. To simplify the presentation we
first consider the driven harmonic oscillator using the path integral method, define
the effective action in this case, and then generalize the results to an arbitrary
quantum system.

12.1 Driven harmonic oscillator (continuation)
12.1.1 Green’s functions and matrix elements

In Chapter 3 we have considered a driven quantum oscillator and expressed the
results for the expectation values and matrix elements in terms of the Green’s
functions (see Section 3.3). These Green’s functions are solutions of the inhomo-
geneous equation,

82

256G, )+ 0*G(1,1)=8(t—1), (12.1)
with appropriate initial and boundary conditions. It is straightforward to verify
that the equation for the driven harmonic oscillator,

d2
ﬁq(t)—i—aﬂq(t) =J(1), (12.2)

146
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is solved for an arbitrary J(7) by the following expression,

+o0
q(r)= / J(7)G (1,1')dr, (12.3)
where G(t,1) is the corresponding Green’s function. The Green’s function can
be interpreted as the oscillator’s response to a sudden jolt, that is, to a force
J(t) = 6(t — ') acting only at time ¢ = ¢ and conferring a unit of momentum to
the oscillator.

Since equation (12.2) is of second order, its solution is specified uniquely if
two conditions are imposed on the function g(¢). For example, a typical problem
to be considered is the computation of the response of an oscillator initially at
rest to a force J(t) that is absent for ¢ < f,. In this case, the initial conditions,
q(t) = q(r) =0 for t < ¢y, are satisfied if we use in (12.3) the retarded Green’s
function G, (t,t"), defined as the solution of (12.1) for which G, (z, ') =0 for
all r <. Indeed if the driving force J(z) is absent until ¢ = ¢, then it follows
from (12.3) with G = G, that ¢g(r) =0 for all ¢ < 1,, i.e. the oscillator remains
at rest until the force is switched on.

Exercise 12.1
Verify that the retarded Green’s function for a harmonic oscillator is

sinw(t—1)

G (t,1)=0(—1) (12.4)

The Feynman Green’s function Gg(t,t') is defined as the solution of (12.1)
which satisfies the “in-out” conditions
Gp(t,1) = 7', t— +oo,
Gp(t, 1) — e, > —c0.

As we have seen before, the Feynman Green’s function for a harmonic oscillator
is

I ity
Gp(t, 1) = —e ™@=71, (12.5)
2w
Using the Green’s functions above, we can rewrite the results in (3.23) and
(3.28) as

+o0
(01§ (0100 = [ Gra(t, VI, (12.6)
<Oout| @ (t) |Oin>

+oo
(Oout 1) = [ Gett.)(0yat (12.7)
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Note that these relations hold for all ¢. Other matrix elements can also be expressed
through the Green’s functions (see Exercise 3.4 on page 41).

The retarded Green’s function describes the causal influence of an external force
on the future evolution of the system. The Feynman Green’s function, however,
corresponds to a time-symmetric effect, namely the source 6(¢ —t’) at time t = ¢’
affects both the future and the past evolution of the system. This acausal Green’s
function appears, however, in quantum-mechanical matrix elements.

12.1.2 Euclidean Green’s function

As we have mentioned above, one can use the Wick rotation to define the
Euclidean action and Euclidean path integrals. A driven harmonic oscillator (in
Lorentzian time) satisfies the equation

<q

5+ w*q = J(1). (12.8)

Assuming that the function J(7) is analytic in a sufficiently large domain of the
complex ¢ plane, we can treat equation (12.8) as a differential equation in complex
time. Then ¢(7) and J(#) become complex-valued functions that satisfy (12.8) for
all complex ¢ within the mentioned domain. Considering pure imaginary values
of “time” t = —it (with real 7), we thus obtain the equation of the Euclidean
driven oscillator,

d*q(7)
dr?
Since this equation does not explicitly involve complex numbers, one may con-
sider only real-valued J(7) and g(7). A real function ¢ (7) describes a Euclidean
trajectory or Euclidean path.

+ w?q(1) = J(7). (12.9)

Remark A real-valued function ¢(7) may become complex-valued after an analytic
continuation back to the Lorentzian time ¢. Similarly, a real analytic function of Lorentzian
time ¢ (¢) is in general not real-valued at t = —i7T. We shall see below that a Euclidean
path g (7) cannot be also interpreted as an analytic continuation of the physically relevant
solution ¢(t). However, formally introduced real-valued Euclidean trajectories g(7) will
not explicitly enter the final results we are interested in.

As before, we assume that the driving force J(7) vanishes outside of a finite
period of Euclidean time 7. In that case, it is natural to require that the response
q(7) to that force does not grow for large |7|, or in other words, that there exists
a number C such that

|g(T — Fo0)| < C < 0.
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For sufficiently large | 7| there is no force and the solutions of (12.9) are exp(+wT).
Hence, ¢(7) remains bounded only if g(7) « exp(4+wT7) for 7 — —o0 and ¢(7)
exp(—wT) for 7 — +o0. This leads to the conditions

lim ¢(7) =0, (12.10)

T—t00

which are the natural boundary conditions for Euclidean trajectories selecting the
“ground state” of the oscillator.
The general solution of equation (12.9) can be expressed as

“+o0
q(1) = / d7' Gg(r, 7)J(7), (12.11)

—00

where Gg(7, 7’) is the Euclidean Green’s function which satisfies the conditions
lim Gg(7,7')=0.
T— 00
These conditions specify Gg(7, 7') uniquely (see Exercise 12.2),
1 ,
Gg(r,7) = —e ™71, (12.12)
2w

and with the above Green’s function, the solution (12.11) satisfies the boundary
conditions (12.10) for any force J(7) acting during a finite period of Euclidean
time.

Exercise 12.2

Derive the result (12.12) by solving the equation
32 2 / ’
—— 4w |Gg(r,T)=6(r—1) (12.13)
ar?

with the boundary conditions |Gg(7, 7')| — 0 for 7 — $o0.

Relation between Gg and Gg

The similarity between the Euclidean and the Feynman Green’s functions is
apparent from a comparison of (12.5) and (12.12). Substituting 7 = it in equa-
tion (12.11), one can verify that the analytic continuation of the solution g(7)
back to real times ¢ yields the unphysical solution gp(?),

+oo ) o0
g(7) = / dr'Gy(r, 7)I(7) 5 gp() = / dt' Ge(1, 1) J(1').

Both the Feynman and the Euclidean Green’s functions are symmetric in their two
arguments. One might be tempted to say that they are analytic continuations of
each other, except for the fact that neither of the two Green’s functions Gg(7, 77)
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and Gg(t,t') are analytic in ¢ or . Strictly speaking, only the restrictions of
Gr(t,t') tot >t or to ¢t < t' are analytic functions such that Gg(z, ¢') for t > ¢’
is the analytic continuation of iGg (7, 7) for 7 < 7’ and vice versa.

Note that the retarded Green’s function G, (7, t) is also non-analytic. Gen-
erally, a Green’s function cannot be an analytic function of ¢ or ¢’ in the entire
complex plane. This can be explained by considering the requirements imposed
on the Green’s functions. On physical grounds, we expect that if the force J(r)
is active only during a finite time interval O < r < T, then the influence of J(r)
should not grow as |f| — co. However, it is a standard result of complex vari-
able theory that there exist no nonconstant analytic functions that are uniformly
bounded in the entire complex plane.

12.1.3 Introducing effective action

The results quoted above for a driven harmonic oscillator can be also derived using
the path integral methods and introducing the useful concept of effective action.
Effective action is a powerful method of calculations and its extensive presentation is
far beyond the scope of this textbook. Here we introduce the effective action in a sim-
ple case of a driven harmonic oscillator and then employ it to describe the interaction
of quantum systems with a classical external gravitational field (background).

To begin, let us express the matrix element (0, |0;,) in terms of the path
integral. Assuming that the force J (¢) is acting only during finite time interval
0 <t < T, the vacuum state |0;,) is defined as the state which is annihilated by
the operator a~ (¢;) taken at some moment of time #; < 0,

a= (1,)10,) = 0. (12.14)

On the other hand, the state |0, ) is annihilated by the operator a~ (,), where
t, > T. These two annihilation operators are related by

a () =U""(ty, 1) (1) U1y, 1y), (12.15)
where U (15, t;) is the evolution operator. Comparing
U~ (ty, 1)a™ (1)) U1, 1) [0y =0 (12.16)
with (12.14), we conclude that
0} = U (22, 11) [Ogu) (12.17)
and hence
(Oout05n) = (0in| U (12, 1) 103,

= [ da:dg, Oular) (@l 12 11) 91) (a11030) (12.18)
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Taking into account (11.52), we can rewrite this equation as
{OoutOsn) :Nw/ dq1dg:Kg (47 =0, g3 74 — +00)

x K (42, q15 12, 11) Kg (g1, 4; = 0; 7, > —00),

where N, is a J-independent factor. After performing a Wick rotation in
K (g5, q;; 1, t1), the expression in the right hand of this equation can be written
as the Euclidean path integral

q(7y=+00)=0
/ Dg e~ Sl (12.19)
q(17=—00)=0

where the Euclidean action for a driven harmonic oscillator is

Tf 1 o2
Sela(] = =8 g0, = [ a7 | 32+ 5~ dna .

0

and ¢ = dgq/dr. In a sense, the functional Sg [¢(7)] is the analytic continuation
of the functional —iS[g(7)] to pure imaginary values of #; the factor (—i) is
introduced for convenience.

In the Euclidean path integral (12.19) the integration is performed over
all real-valued Euclidean trajectories ¢(7) constrained by boundary condi-
tions ¢ (7, = —o0) =0 and ¢ (Tf = +oo) = 0. It can be viewed as the analytic
continuation of the Lorentzian path integral

/ Dq PANORIGIN (12.20)

which yields the matrix element (0, |0;,). Therefore one can expect to obtain
useful results by computing first the well-defined Euclidean path integral and then
performing an analytic continuation back to the real time ¢. This motivates us to
define the Euclidean effective action as the functional Iz [J(7)] determined by
the relation

q(+00)=0
e TEVM] — / Dg e SelMam] (12.21)
q(—00)=0

Note that I';[J] is a functional of J but not of g. After calculating the Euclidean
effective action, we obtain the Lorentzian effective action I} [J(¢)] by an analytic
continuation of I';[J(7)] with an extra factor i:

Iy [J(0)] = T [J(D)],_y - (1222)

The matrix element (0, |0;,) is proportional to exp (il}).
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The correspondence between the Lorentzian and the Euclidean path integrals is
not, however, very straightforward. Normally the path integral involves trajecto-
ries that are not necessarily analytic functions. So it is not obvious that an analytic
continuation back to the Lorentzian time yields physically meaningful results.
Below we shall see how the expressions obtained from Euclidean calculations
can lead to the correct answers found in Chapter 3.

Remark While the path integral (12.20) involves a rapidly oscillating exponential,
its Euclidean analog (12.21) contains a rapidly decaying expression and is expected
to converge better. A mathematically rigorous definition of functional integration is
currently available only for Euclidean path integrals. It is also easier in practice to perform
calculations with the Euclidean action. These are the reasons for introducing the Wick
rotation.

12.1.4 Calculating effective action for a driven oscillator

Unlike the Lorentzian action, the Euclidean action Sg is often bounded from
below' and the minimum of the action is achieved at the classical Euclidean
trajectory g (7). For instance, for the driven Euclidean oscillator,

[FERUEIE SR ey AN R
= —w g —Jg=—= —Nwg—— ) —=—=>—=—.
24 TRY T THERE TN, ) Ty T T 2w

The dominant contribution to the path integral in (12.21) comes from paths g(7)
with the smallest value of the action. These are the paths near a solution g (7)
of the classical Euclidean equation of motion,

85k [4] _
dq(r)

which for a driven Euclidean oscillator takes the form (see (12.9))

d2
— 5%+ w*qy = J(7). (12.23)

The solution of this equation with the boundary conditions
lim gy(7)=0 (12.24)
T—>t00

is given by
“+oo

da(7) = [ a7’ Ge(r,7)I(7), (12.25)

—00

! This is not always the case. For instance, the Euclidean action for general relativity is bounded neither from
below nor from above.
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The path integral (12.21) contains contributions not only from g (7) but also
from neighbor paths whose action Sg is only slightly larger than the minimum
value Sg[g.]- To calculate the path integral, it is convenient to split g(7) as

q(7) = 4o (1) + (7).

It is clear that the deviation g(7) from the classical path should also satisfy the
boundary conditions g (£o0) =
The path integral can now be rewritten as an integral over g(7) with

Dq=D[ga(r)+4(1)] =

The measure Dq is the limit of a product of the form dg(7;) ... dg(7,). Each
integration variable g(7;) can be shifted by a constant amount ¢ (7;), and then

dq(t) = d[qa(m) + ()] = dg(7y)

because ¢ (7;) is a fixed number. Thus we have

q(+00)=0 G(+00)=0
/ DgeSela] = / D e SelaaM+a(™], (12.26)
q(—00)=0 §(—00)=0

Integrating by parts, we can rewrite the action Sg [¢.(7) 4+ g(7)] as

~ 1 . 2 2 (1)2 ~ -
SE[qc1+q]=/ [5 (qc1+q) +7(qc1+Q)2—(qcl+61)J] dr

1, N R )
= 5%1%1"‘%1‘1 +§/ (61 +w7q )dT—[%leT
w2
+/ QCl+w QCI_ da+/ |: qlecl+ 2 qc1:| dr

L @) or v

where we have used the boundary conditions for g and g as well as the equation of
motion (12.23) to eliminate g,. Substituting the resulting expression into (12.26),
we obtain

q(400)=0 G(400)=0

/ Dge” SE[q(TH—exp( /qcljch') / 2)2]6_%](&24_‘02212)(17. (12.27)
g(—00)=0 g(—00)=0

Note that the remaining path integral in (12.27) does not depend on J(7). Let us
denote that integral by N,. We do not need an explicit expression for N, because
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we are interested only in the J-dependent part of the effective action. Hence the
final result can be written as

g(+00)=0 | oo
/ Dq e Sela™] = N, exp |:§ /_ qcl(T)J(T)de|
g(—00)=0

=N, exp [%/ J(7)J(7")Gg(7, T’)deT’:| , (12.28)

where we have used (12.25).
Recalling the definition in (12.21), we infer from (12.28) the effective action
for the driven oscillator:

Ty [J(7)] = —% / J(D)J(7)Gg(, )drdr —In N, (12.29)

The Lorentzian effective action is obtained by analytic continuation. We set
dtdt’ = —dtdt’ and replace the Euclidean Green’s function Gg in (12.29) by
—iGg. The result is

I [J(1)] = % f J(O)J()Gp(t, )dtdl —iln N,

|11

sin w
dow

= % ol + [ (1) drdf —ilnN,, (12.30)

where Jj, is defined in (3.13).

12.1.5 Matrix elements

We note that the expression exp (iI7 [/]) indeed coincides with the matrix element
<00ut |Oin> d

1
Oual0w) =exp (=3 oF).

up to a phase factor that can be absorbed into the definition of |0,,), and a
J-independent normalization factor N,,.

Other matrix elements can also be expressed via path integrals and ultimately
through the effective action in a similar way. Let us consider, for example, the
matrix element (O, |g (¢;)|0;,). The operator g(z;) can be expressed in terms
of the position operator g at some earlier moment of time 7, < 0 (at which the
vacuum state |0;,) is defined) as

q (1)) = U'qUy, (12.31)
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where we have introduced the shortcut notation U]O =U (1, ty). It follows from
(12.17) that the vacuum state (0|, defined at 7, > T, is related to the vacuum
state (0;,| as

Ooutl = (Oin] Uno- (1232)
Taking into account the composition rule
UnoUso' = U (12, 10) U (1. 19) = U (13, 1) = Uy,
and using (12.31) and (12.32), we obtain

(Oouel G (1) 1044) = (04| ﬁzléﬁlo |04y - (12.33)

With the help of the decomposition of the unit operator, this result can be rewritten
as

(Oouel g (1) [044) = f dq,dq;dqy (Oou|q2) K211 K10 (q0|0in) » (12.34)

where Ky; =K (¢, 915 12, 1) » Kijo =K (q;, qo; 11, 1) are the propagators. After
performing an analytic continuation, the expression on the right-hand side of this
equation can be interpreted as the well-defined path integral similar to the integral
defining the Euclidean effective action in (12.21).

Formally, we may treat the expression on the right-hand side in (12.34) as the
Lorentzian path integral

fqu (1)) "]

and relate it to the formally defined Lorentzian effective action
M0 = / Dg eS-al, (12.35)

We will manipulate these integrals as if they were well-defined, for instance, when
computing the functional derivatives of 17 . These operations should, however,
be understood as the analogous manipulations on the Euclidean path integral,
followed by an analytic continuation to the Lorentzian time.

Since the external field J enters linearly into the action,

Sla- J1=Solal+ [ J(a(r)r, (12.36)
the functional derivative of S with respect to J(¢,) is

6S[q,J]
T(tl) =q(t),

and thus we may write

. 18 | 1
Daal(t) S = — Dg Sl =
/ qq(h)e iBJ(tl)/ 1¢ i 67 (1))

exp (il [J]) -
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Finally, for the normalized matrix element one obtains

Ooul 4 (11)10w) _ [ Dgq (1)) &147]

<00ut|0in> B fﬂ)qeis[‘lv]]
- : 1 T, Y]
=exp (=il [J]) = 570 xp (i, [J]) = 570 (12.37)
Substituting (12.30) into (12.37) yields
Y, in 1)
<00u<t|)it(|gi|>o : 6%1)] [ 10Ge(t.0ar (12.38)

where we have used the symmetry of the Feynman Green’s function, Gg(t, t') =
Gg(?, ). This result coincides with (12.7).

The matrix element (0| g (#,) g (¢;) |0;,) can also be calculated with the help
of the effective action. Assuming that #y, < 0 and #; > T and taking into account
that

a(t)=Uy'qUso,  G(t2) = Usg' 40U, (Opue| = (0in] Uso,
we obtain
(Ooutl @ (2) @ (11) [04n) = (Oin| UsoUsg' 0o Uy G010 04 - (12.39)
If 1y < t; < t, < t3 then the following composition rules are valid,
UsoUsy! = Usy, UnyUsy = Uy (12.40)
and (12.39) becomes
(Ooutl G (£2) @ (1) |01y) = (O 03221021@010 04n) - (12.41)

In turn, the expression on the right-hand side is proportional to the path integral

[ Daa () q (1) €59,

and hence
(Ooul g (2) G (11) [0n) _ J Daq (1) q (1) 5141
<Oout|0in> fﬂqeiS[J,q]
For the action (12.36) we have
o 1
D t t iS[J, q] lS[J,q]’
/ 99 (12) 4 (1) €"! 15J(t1)15J(t2)/ qe

and therefore

(Ol 8(2) 3 (1) 0) _ L5 1 b
(Ouut 00 P LD 57wy s ) &

exp (il [J])
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oIy, oIy , 8T,
= —i .
6J (1) 8J (1) 8J(10)8J (1)
The functional derivatives are evaluated as in (12.38),

[ / Gy (1, 1) J(t)dt] [ / Gr (£, 1)) J(t’)dt/] Gy (1, 1) (12.43)

(The derivation above is applicable only for ¢, > #;; otherwise, the composition
rules (12.40) would be invalid.) Then the J-independent term is equal to

(12.42)

. 1 . 1 .
—iGg(ty, 1) = Zexp (—iw|t, —t]) = %exp(—zw (h—1)). (12.44)

The result in (12.43) coincides with the answer in Exercise 3.4b (see p. 41).

Note that the operators ¢ (¢;) and g (#,) do not commute in general, and the
path integral always gives the matrix elements for the time-ordered product of
these operators:

- - q(1)q (), 1>t
o (= 40
2 : q(t)q(t), 1<t
The reader can easily check that the composition rules needed for reducing the
matrix element to the path integral form can be applied only if the operators are
time-ordered.

12.1.6 The effective action “recipe”

Comparing (12.6) and (12.7), we find that for the case of a driven harmonic
oscillator the only difference between the “in-out” matrix element and the “in-in”
expectation value is the presence of the retarded Green’s function G, instead of
Gg. Replacing Gy by G, in the final expression for the matrix element, we have

ol [J]
8J (1) lg—c

Note that the replacement Gg — G, is to be performed affer computing the
functional derivative. The expression (12.45) is again a functional of J(¢) as it
should be since the expectation value of g depends on the force J.

A rigorous justification of the result (12.45) is beyond the scope of this book.
Therefore we simply formulate our findings as the following recipe for computing
the “in-out” matrix elements and the “in-in” expectation values for a quantum
system coupled to a classical background.

(Oin] g (£) 10) =

. (12.45)

ret

(i) After performing the Wick rotation 1 = —it, compute the Euclidean effective action
I [J(7)] defined in (12.21). As we have seen, the result for the Euclidean effective
action involves the Euclidean Green’s function Gg.
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(ii) By an analytic continuation back to the Lorentzian time ¢ according to (12.22), obtain
the Lorentzian effective action

L] =i e VD]l

where the Euclidean Green’s function Gy, is replaced by the Feynman Green’s func-
tion, namely, Gy — —iGy.

(iii) Using formal manipulations with the Lorentzian path integral, express the required
matrix element via functional derivatives of I} [J] with respect to J.

(iv) Compute the required functional derivatives, keeping the Feynman Green’s function
Gg. The result is the “in-out” matrix element for the corresponding operator.

(v) The replacement of G by G, in the final result, performed after computing the
functional derivatives, yields the “in-in” expectation value in an appropriate vacuum
state |0,,).

ret

Exercise 12.3*
Considering the ratio
[at(Ha (1)e*l+/1Dgq
[ eslall Dg

compute the expectation value (0, |a*(z)a(¢)|0,,) by following the recipe described
above. Compare the result obtained to (3.20).
Hint: First consider the (Lorentzian) action with two auxiliary external forces J*(7),

1 w?
NIRAYAE / (zqz - qu +Jat +J‘a‘> dt.
Here a* () are the variables introduced in Section 3.1 and J~ = (J*)". An integration by
parts converts this action into the standard form.

12.1.7 Backreaction

As we have seen, the effective action allows us to find how an external classical
“background” J influences the behavior of a quantum system. On the other hand,
the effective action can also be used to determine the backreaction of the vacuum
fluctuations on the classical background.

In realistic situations the background J(¢) is itself a dynamical field described
by a classical action Sg[J]. In the absence of interactions between ¢ and J, the
equation of motion for the classical background would be

8Ss[J]
5I(1)

In the presence of interactions between classical background J and a quantum

system g the total (classical) action is given by

Stotal = Sint [q’ J] + SB [J] >
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and it is obvious that the quantum system influences the behavior of the classical
background. Assuming that at some initial moment of time the quantum system
was in the vacuum state, we can describe the modified dynamics of J by a “total”
effective action S, [J], which accounts for the backreaction of the quantum
system on the classical background. The action S.[J/] is the functional of J only
and is naturally defined as

exp (iSerr [/1) = [ Dq exp (iSiw [q. /1 +iS5 /)
= exp (il [J]+iS [/]) , (12.46)

where I [J] is the effective action (12.35). Then the modified equation of motion
for the background,
OSerr[J] _ STL[J]
oJ (1) oJ(1)

LU (12.47)
GesGy,  0J(0)
takes into account the averaged influence of the quantum fluctuations on the
background. As explained in the previous section, the replacement Gg — G
is needed to obtain physically meaningful results. Equation (12.47) is valid only
when the quantum system was initially in the “in” vacuum state; it needs to be
modified if the initial state is different from the vacuum state. This is apparent
from the derivation of the effective action where the “in” vacuum state |0;,) enters
explicitly.

Remark: a more rigorous derivation Note that we have not integrated over J(¢) in
the path integral (12.46); in other words, J(¢) remains a classical variable while g(¢) is
quantized. However, there is no consistent way of formulating a physical theory where
some degrees of freedom are quantized while others remain classical. For instance, the
equation of motion for the classical variable J will contain a quantum operator,

oS/l _ .

sJ)

which will force the operator g to be proportional to 1. Thus there will be no solutions sat-
isfying the Heisenberg commutation relations. A consistent derivation of equation (12.47)
can be performed only by starting with a fully quantized system (g, J ) and subsequently
making a suitable approximation appropriate for a nearly classical degree of freedom J.
A brief derivation is presented in Appendix 2.

12.2 Effective action in external gravitational field

In this book we concentrate mostly on the behavior of quantum fields in the
external classical gravitational field. An important problem to be solved is the
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computation of the backreaction of quantum fluctuations of matter fields on grav-
itation. We can consider a quantum scalar field in a classical curved background
similarly to a driven harmonic oscillator. In this case the field gAb is analogous
to the quantum oscillator from the preceding consideration, the only difference
being that (2) has infinitely many degrees of freedom. The metric g,g plays the
role of the classical background J. Our main task is to calculate the expectation
value of the energy-momentum tensor

(Ol T (B2 835 ) 10) (12.48)

assuming an initial vacuum state |0;,) for the quantum scalar field (2) In general
this energy-momentum tensor (EMT) describes both the particle production and
the vacuum polarization effects. The number density of the particles produced
by the external gravitational field depends on the whole preceding history of the
evolution of the background field. Therefore the contribution of the produced
particles to the EMT is described by the non-local expressions. On the other hand,
the vacuum polarization is related to the “deformation of the vacuum fluctuations”
by the external gravitational field at a given moment of time and hence it is
described by local terms that depend only on the local curvature characterizing
the gravitational field at a given location. Because the notion of a particle in an
external field is not well-defined, one cannot unambiguously split the local and
nonlocal contributions to the induced EMT. Nevertheless, this is possible in the
leading order. We will see that the leading local contributions to the induced EMT
can be calculated for an arbitrary curved background, while the determination of
the nonlocal contributions is a much more difficult problem that has not been
solved in the general case. To determine the expectation value of the induced
EMT (12.48), we can use the effective action, which in this case is defined as

exp (iFL [gw]) = / exp (iS(m) [gw, q’)]) Do,

where (") [8,» @] is the action for the matter field ¢ in the presence of gravity.
Taking into account that the classical EMT is given by

2 SS(m)[gM,,,d)]
V=8 6g%F(x)

we can formally express the vacuum expectation value (or matrix element) of the
quantum EMT as

TaB ()C) =

J Tap(x)exp (iS"™ [, $]) D

Tap0) = = o (15 (3. &) D
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2 b 2 hifew]
i/=8 88*F(x) V=8 88%F(x)
In the same way as for a driven harmonic oscillator, one can define the Lorentzian
effective action via the analytic continuation of the corresponding Euclidean
effective action. Then, one expects to get (0;,| T, 3 |0;,) by substituting the retarded
Green’s function instead of the Feynman Green’s function in the above result
for (f"aﬁ). The justification of this prescription, which we verified for a driven
oscillator, is beyond the scope of this book. One can show that this procedure is
also valid for the one-loop effective action in the case of external gravitational
field, when the quantum matter fields are initially in the ground state.”
Taking into account the backreaction of quantum fields, the Einstein equations
become

=exp (—ilL exp (i) =

1 A
Rap = 58apR =87G (0in] Tap 01n) » (12.49)

where the expectation value of the induced EMT simultaneously accounts for the
produced particles and for the shift of zero point energy of the “field harmonic
oscillators” in the classical curved background or, in other words, for the vacuum
polarization effects.

12.2.1 Euclidean action for scalar field

Let us consider the scalar field ¢, described by the action

$[6 80l = 5 [ 0 E (870 0~ V()8?), (12:50)

where g,,(x) is the spacetime metric and the external potential V(x) plays the
role of the effective mass of the field ¢. The (Greek) indices run from 0 to
2w — 1, where 2w is the number of spacetime dimensions. Depending on the
choice of V(x), this action can represent both minimally coupled and conformally
coupled fields. We assume that the metric g, (x) and the potential V(x) are given
functions.

We now perform an analytic continuation of action (12.50) to the Euclidean
time. With this purpose in mind, we first consider a purely real change of coor-
dinates x — X. In the new coordinates action (12.50) takes the form

S= %/ %= (3 b, — V). (12.51)

2 See the paper A. Barvinsky and G. Vilkovisky, Nucl. Phys. B 282 (1987), 163.
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One can formally consider the particular complex coordinate transformation
x=(t,x) > x=(7,x) = (it,X), (12.52)

which corresponds to the Wick rotation and brings the metric to the Euclidean
form with the signature (— — ——) in the four-dimensional case. It is convenient to
change the overall sign of the metric and use the signature convention (++ —++) .
Introducing the Euclidean metric gﬁ) = —g,, and using the notation x®) instead
of X we can rewrite (12.51) as

S= g [ 3o (gt 10,4+ V).

It follows that the Euclidean action is given by

Sxa[eb,(g’,w]:1 S guv],__,. = / d*°x 3 (8" b ¢, +VP?), (12.53)

where g, is the Euclidean metric. In the next two chapters, we shall perform
all calculations exclusively with the Euclidean metric. Therefore, for brevity we
skip the index E everywhere. Assuming that the field ¢ decays quickly enough
at infinity, we can integrate by parts in (12.53) and, omitting the boundary terms,
rewrite the action (12.53) in the following convenient form,

el =5 [ @x[-6 (Vaes,), + vave’]
= / dwa@[¢(x)ﬁ¢(x)], (12.54)

where
ﬁ =—[4+V
and

O¢ = 7% [V&g""d,¢]
is the covariant Laplace operator.

The Euclidean field ¢ and the Euclidean metric g, now must be chosen to be
real-valued functions despite the fact that the “coordinate transformation” of a
metric with the Lorentzian signature leads in general to a complex-valued metric
under the Wick rotation.

The Euclidean field ¢(x) satisfies the equation of motion

Fo=[-0+V(x)]$=0, (12.55)

which immediately follows from action (12.54).
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12.3 Effective action as a functional determinant

The Euclidean effective action Ig[g,, ] is defined as

exp (—FE [gw,]) = f Do exp (—SE [(b, gw,]) , (12.56)

where a suitable generally covariant measure D¢ in the space of functions ¢(x)
should still be determined. The direct derivation of this measure beginning with
the canonical quantization is too cumbersome and we will give here only heuristic
arguments to justify our choice for this measure.

To this end, let us consider the eigenvalue problem

Fo,(x) = [0+ V()] $,(x) = A, ¢, (), (12.57)

in the space of functions with the following naturally defined covariant scalar
product,

(f:9) = [ dx /8 f(x)g(). (12.58)

For mathematical convenience, we can consider a finite box and impose the
corresponding boundary conditions on the field ¢ (x), such that the spectrum of
eigenvalues A, is discrete (n =0, 1, ...). In this case the operator F is self-adjoint
and the set of all its eigenfunctions forms a complete orthonormal basis, that is,

[ 238 b (x) b (x) = B, (12.59)

An arbitrary function ¢(x) can then be expanded as

d)(X) = Z cn¢n(x)’ (1260)
n=0
where the coefficients
e = [ 2 /g (), () (12.61)

are the coordinates of the function ¢(x) with respect to the basis {¢,} in the
infinite-dimensional functional space.
Substituting (12.60) into (12.54), we find

1 1
Sg [(b, g,uv] = 5/ dzwx\/gz CnCnlhm®Pm®p = D) Zcrzz/\n'

In other words, the quadratic action (12.54) is diagonalized in the basis of the
eigenfunctions {¢,}.

Once an orthonormal system of eigenfunctions {¢,(x)} is chosen, the coef-
ficients ¢, characterize the space of all functions ¢ (x) over which we have to
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perform the functional integration in (12.56). Therefore the measure D¢ can
be expressed entirely in terms of c¢,. This measure must be generally covariant.
Because both ¢, and the eigenvalues A, are coordinate-independent, we are moti-
vated to define the generally covariant functional measure as D¢ =[] f(c,)dc,,.
The simplest choice for f(c) is to take this function to be a constant, and a
comparison with the usual path integral measure in flat space suggests

D =[] d;’; . (12.62)

Nor

Then the path integral (12.56) is evaluated as

e, N = 17
/CXP (—Se[¢: &ur)) Z)¢=fnl;[omexp <—5)\ncn> = |:nl;[0)\ni| :

Remark: boundary conditions In the Euclidean space, it is natural to impose zero
boundary conditions on the basis functions ¢, (x). After an analytic continuation to
Lorentzian time, these boundary conditions will become the “in-out” boundary conditions
(see Section 12.1.1 where such boundary conditions were used to define the Feynman
Green’s function). These boundary conditions depend on the choice of the “in” and “out”
vacua in the spacetime. Therefore, this choice is implicit in the definition of the functional
determinant.

It is well known that the product of all eigenvalues of a finife-dimensional
operator is equal to its determinant. Assuming that there exists a suitable gener-
alization of the determinant for infinite-dimensional operators, we can formally
rewrite the Euclidean effective action as

In Indet . (12.63)

l_‘E [g/,w] = /\n =

| =

S
Ls

Thus, the computation of effective action is now reduced to the problem of
calculating the determinant of a differential operator (a functional determinant).
However, it is clear that a functional determinant is not a well-defined quantity.
For example, the eigenvalues A, of the differential operator —[J grow with n and
their product diverges. A finite result can be obtained only after an appropriate
regularization and renormalization of the determinant.

12.3.1 Reformulation of the eigenvalue problem

To compute the functional determinant of the operator F=-0+V, we will first
reformulate the eigenvalue problem (12.57), (12.59) in terms of some auxiliary
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Hilbert space, which has a complete basis of “generalized vectors” |x) normalized
as

(x[x') = 8(x—x'),
and where the decomposition of the unit operator takes the form

1= / d*x |x) (x]. (12.64)

Our task is to determine a Hermitian operator O that has precisely the same
eigenvalues A, as in (12.57), that is,

when its eigenvectors |i,,) are normalized as

Remark: Hilbert space # quantum mechanics The appearance of a Hilbert space
and of the Dirac notation does not mean that the vectors |¢/) are states of some quantum
system. We use the Hilbert space formalism because it simplifies the manipulations when
we calculate the renormalized functional determinants. It is possible but more cumbersome
to work directly with the partial differential equations.

Using the decomposition of the unit operator (12.64), we can rewrite the
eigenvalue problem (12.65), (12.66) in the coordinate basis in the following way,

[ @3 (<O |¥)u(x') = At (), (12.67)
[ x4, (x) = 8, (12.68)

where {(x) = (x|¢). Comparing (12.67), (12.68) to (12.57), (12.59), we see that
these two eigenvalue problems are equivalent if

Pu(x) = g4 ()P (%) (12.69)

and
(x| O|x) = g"*(x) (=0, + V) [ 4 (0)8(x — x')]. (12.70)
Thus we reduced the elgenvalue problem for the operator F to the equivalent
problem for a different operator 0. Notice that the eigenvectors of O are normal-

ized without involving /g and hence the normalization of the eigenvectors plays
the crucial role for the eigenvalue problem.
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12.3.2 Zeta function

To calculate the product of the eigenvalues of some matrix, one does not need
at all to solve the eigenvalue problem. In case of a finite-dimensional matrix,
this product is simply equal to the determinant of the matrix and can be easily
calculated. In case of a differential operator, which corresponds to an infinite-
dimensional matrix, the product of the eigenvalues is in general infinite. Therefore,
to obtain physically meaningful results we must first regularize it and give a
physical interpretation to the removal of infinities. The regularization procedure
will be justified later; here we mainly concentrate on the calculation of the finite
part of functional determinants using the method of zeta ({) function.
For an operator O with eigenvalues A,, we define the zeta function {;(s) by

{p(5)=Tr(07%) = % (i) : (12.71)

n=0 A”

This function is similar to the Riemann’s ¢ function (10.8) except for the sum-
mation over the eigenvalues A, instead of the natural numbers. The sum in (12.71)
converges for large enough real s, and for those s for which this sum diverges we
define {;(s) by an analytic continuation. As a result the function {;(s) is finite
and well-defined almost everywhere except the poles where it is infinite. Notice
that the procedure of analytic continuation automatically removes the divergences
(for the physical interpretation of this mathematical trick, see Chapter 14).
It follows from (12.71) that

dip(s) d —sInA —slnA
Y = n—= — nln A ,
ds ds ;e ;e A

and therefore

diy(s)

. 12.72
ds |, ( )

IndetO=In[[A, =Y InA,=—

The function {;(s) is usually regular at s =0, so the derivative d{y,/ds is
finite. Then equation (12.72) can be treated as the definition of the regularized
determinant of O. Of course, this definition coincides with the standard one for
finite-dimensional operators.

Equation (12.72) is the main result of the { function method. We stress that
the derivations of equations (12.63) and (12.72) are formal (i.e. mathematically
not well-defined) because we manipulated sums such as ), In A, as if they were
finite. Lacking a rigorous justification, one has to treat such formal manipulations
with caution. In many cases, the answers obtained using the ¢ function method
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have been verified by other, more direct regularization and renormalization pro-
cedures. For this reason the use of { function is considered as a valuable method
of dealing with divergences in quantum field theory.

To demonstrate how this method works, let us compute the determinant of
the Laplace operator 0= —d?% in a one-dimensional box of size L. The operator
—d? is self-adjoint in the space of square-integrable functions f(x) satisfying the
boundary conditions f(0) = f(L) = 0. The eigenvalues and the eigenfunctions are

82 772712

. TnX
_@fn:/\nfrw fn(X):SlnT, /\HZT, n:1,2,...,
and hence
1 L2221
{o(s) = i =5 21 T 7723 5(25)
n= n=

where {(s) is the Riemann’s zeta function. Therefore

d d L
s == 5 w0 =- 5| || =men,
s=0 s=0

where we have used the following formulae,

(0)==3. {O)=-3mCn),

proved in the theory of the Riemann’s { function.

12.3.3 Heat kernel

The calculation of {;(s) can be reduced to the problem of solving of the partial
differential equation for the “heat kernel.” Given a Hermitian operator O with
positive eigenvalues A, and a complete set of eigenvectors |i,,), the heat kernel
operator is defined as

R(m) =exp(=01) = e ,) (4. (12.73)

It is obvious that K ()] 7—0 = 1 and that K (1) is well-defined for 7> 0. The
real parameter 7 is sometimes called the “proper time,” although of course it
has nothing to do with the physical time. The variable 7 is auxiliary and it will
eventually disappear from the physical results.

Now we shall show that {;(s) can be expressed through the trace of the heat
kernel operator. The trace of the operator does not depend on the choice of the
orthonormal basis and hence

TrR(T) =Y (W, | K(D) [,y =Y e M.



168 Effective action

Recalling the definition of Euler’s I" function (see Appendix A1.3),
I'(s) = / e T N dr = /\S/ e M7 ldr, Res>0,
0 0

we obtain

=X 0" == [ ( )d

= % /()+oo [Trf((ﬂ] ldr. (12.74)

The integral converges for the same range of s for which the sum in (12.71) is
well-defined.

At first glance, it appears more difficult to calculate K (7) than { ¢ (s) because the
definition (12.73) involves not only the eigenvalues A, but also the eigenvectors
|i,). However, as we will see, the matrix elements of K(7) in the coordinate
basis |x) satisfy a known differential equation. Therefore, one can determine Tr K
by simply solving that equation.

It follows from the definition of the heat kernel that

dK .
D _ ok (). (12.75)
dr
Inserting the decomposition of the unit operator (12.64) into (12.75), we find
dK
(x ¥ 1) _ f %" (x| O |x")K(x", ', 7), (12.76)

where K(x, x', 7) = (x| k(r) |x’). Taking into account that K(t = 0) =1, we
obtain the “initial conditions” for this equation,

K(x,x',7=0)= (x| K(r=0) [x') = §(x — x'). (12.77)

As we have noted above, the trace of the operator does not depend on the choice
of the orthonormal basis, therefore

Trk(7) = / *°xK(x, x, 7). (12.78)

Thus, to calculate the functional determinant of an operator O with the matrix
elements (x| O |x’) we must: (1) solve the heat kernel equation (12.76) with the
initial conditions (12.77) and determine K(x, x’, 7); (2) substitute (12.78) into
(12.74) and integrate over the proper time 7 for those s for which the integral
converges; (3) analytically continue the obtained function {;(s) and calculate
Indet O according to (12.72). The corresponding Euclidean effective action is
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%ln det O; the Lorentzian effective action is obtained via analytic continuation
with the replacement of the Green’s functions.

We conclude this section by solving the heat kernel equation for the operator
(12.70) in a flat one-dimensional Euclidean space, assuming that V = 0. In this
case,

A 92
!/ u
(x| O‘x >_— ——axzﬁ(x—x ),

and the heat kernel equation (12.76) becomes

dK(x,x',7) K (x,x',7)

dr N dx2 '

Equation (12.79) resembles the equation describing the propagation of heat in a

homogeneous medium; this explains the origin of the names “heat kernel” and
“proper time.” Substituting the Fourier transform

(12.79)

dk . -
K(x,x',7)= / —* K (k, x| 7)
2m
into (12.79) and (12.77), we have

dK (k, x', . . o
dRk. X', 7) _ KKk, x',7), K (k,x',7)| _ =",
dr =

This equation can be easily solved,
i((k X 7_) — e—Tkz—ikx/
and performing the inverse Fourier transform we finally obtain

K(x,x',7) =
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Calculation of heat kernel

Summary Perturbative solution for the heat kernel in curved space. The Seeley—
DeWitt expansion.

In this chapter we calculate the heat kernel for the operator describing a scalar
field in a gravitational background. This is the first step towards determining the
effective action in the curved spacetime. The calculations are rather cumbersome
and will be presented in full detail.

The matrix elements of the operator O we are interested in are (see (12.70)):

(x| 0 ‘x/) =g/ (—Dig) + V) [g_1/48(x —x/)]

1 0 d
- _ /4 -~ 7 nv s —1/48 -
$ o [g VE7 (g7 x))]

+ V(x)8(x — x).
It is obvious that in this case the heat kernel equation cannot be solved exactly for
an arbitrary metric g,,, and a potential V. Therefore we will develop perturbation

theory assuming that the potential V is small and that the (Euclidean) metric is a
small deviation from the flat metric,

8ur(X) =0y + 1y (), 87 (x) = 6"+ hH (), (13.1)

where ‘ha3| <« 1. (In fact, even if the spacetime is strongly curved, one can always
choose a locally inertial coordinate frame where the metric can be written in this
form in the vicinity of any point.) In this case, the operator O can be written as

0=-0-5[hy,, V], (13.2)

pv

and one can develop the perturbation theory in /,, and V.

170
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Exercise 13.1
Verify that the operator O can be rewritten in the form (13.2), where the matrix elements
of [J are

(x| Oy = 8"9,8,8(x — x'), (13.3)

and

~ A~

§[hy,.V]=h+T+ (13.4)

where the operators h, T, P are defined by specifying their matrix elements as follows,

(x| h|x')y = h*d,0,8(x —x), (13.5)
(x|T|x') = h*)9,8(x—x'), (13.6)
(x| P|x') = P(x)8(x — x'). (13.7)

Here the partial derivatives are taken with respect to x (d, = d/dx*) and
U v ap U v ap
P(x) = Zg 8 haB 2 _g h haﬁ,v

1 1
_ _h/u}gaﬁh _ _guvgaﬂgl()\h

4 aB,pu 16 aBaIJ-h

-V

KA,V

Hint: Use the identity (Ing) , = g*%g,z -

13.1 Perturbative expansion for the heat kernel

If § can be treated as a “small correction” to the operator [, one can develop a
perturbative expansion for the heat kernel,

K(7) = Ko()+ K (D) +Ko(D) +...., (13.8)

where K . (7) are operators of n-th order in §. Substituting this expansion into the
heat kernel equation

dK X
— = (045K,
dr
we obtain in the leading order
dK,
=0 — OKk,, (13.9)
dr

while the first-order term K, (7) satisfies

d . A N
dr
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We will calculate here only the first-order terms. The higher-order corrections
K5, ... can be calculated following the general strategy explained below. The
“initial conditions” for equations (13.9) and (13.10) can obviously be taken as

Ko (0)=1, K,(0)=0. (13.11)
Then the formal solution of (13.9) is
Ko(7) = exp(r0). (13.12)

Equation (13.10) can now be solved using the standard method of variation of
constants and keeping in mind that the operators [J, K(7), and 5 do not commute.
Let us set

Ky () = Ko(n)C (),

where C (7) is an operator to be determined. Substituting this expansion into
(13.10) and taking into account that K,(7) satisfies (13.9), we obtain

A d -~ A
KO(T)d—C(T) = 5Ky (1) (13.13)
T
and hence
~ T A ~
E(r) = / dr' K5\ (7)3K, (7). (13.14)
0
The integration starts at 7/ = 0 to satisfy the initial condition C (0) =0. It follows
from (13.12) that
Ko(MKy(T) =Ko(r+7), 7>0,7>0,

therefore IA(O* (1) = ko(—T) and the final result for K (1) is
R(n) = / dr' Ro(r— 7)3Ko (7). (13.15)
0

Remark: inverting the heat kernel Note that (13.14) involves the inverse heat kernel
IA<0‘ (1) = ko(—T) which is undefined for most functions. Indeed, the operator ko(r) with
T < 0 can be applied only to those functions which decay extremely quickly for large
|x|. However, the potentially problematic operator &(T) does not enter the final formula
(13.15), which contains only K,(7—7') and K,(7") with 7—7' >0 and 7 > 0.

13.1.1 Matrix elements

To find the trace of the heat kernel, we first need to calculate the matrix elements
of K, and K. Taking into account (13.3), we obtain

(x| Ko(7)ly) = (x| ™ |y) = e™8(x ),
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where [, indicates that the Laplace operator contains derivatives with respect
to x rather than y. Substituting the Fourier transform of the 6 function in 2w
dimensions,

ok (x=y)

S(x—y) = / (277)2w

O

we make use of the fact that the operator ¢™» acting on e¢/** brings a factor of

2
¢~ ™ In other words,

2w 2w
ETDX %eik»(x—y) — d—)];e—frkz-i-ik.(x—y).
2mr)%e (2m)?®

This can be seen more formally by expanding e™ in the power series,

<x| [A(O(T) |y> = ETDX5(X —y) = >k |:§: (TDx)nj| eik.(x_y)
n=0

(2m)2e n!

Pk | & ( L N
_/ (277)2‘*’ n! ¢ '

—Tk2+ik-(x—y)

- f (277)2“’
The resulting Gaussian integral can be easily calculated; the result is

exp [— (x—y)2:|‘ (13.16)

(I Ro(n)1y) = -

1
(4mrr)®
This expression coincides with the Green’s function of the heat equation in 2w
spatial dimensions.

The calculation of the matrix elements of K; is more cumbersome. First we
note that K is linear in §, while 5§ = 441"+ P. Therefore the result for K, can
be written as

K, =K'+ Kl +K?,

and the diagonal matrix elements (the only ones needed for the calculation of the
trace) are

(x| Ky o) = (x| KT |x) + x| KT ) + (x| KT [x)

We begin with the last term above, because it is the simplest one. Using (13.16)
and (13.7), one finds

(lRE ) = [ a7 (3l Kol = 7)PR(7) 1)

N foT dr'd*?yd®*z (x| Ko(1—1') |y) (3] P|2) (2] Ko(7') |x)
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=f07d’r// d*?y (x| Ko(1—1') |y) P(y) (7] Ko(7) |x)

(=) (x—y)z]

_ / ar’ [ a*y CXP[ i) A

[4m(7—7)]” [477']”

P(y)

[ el

To convert the last integral to a more convenient form, we note that the exponential
factor above is similar to the zeroth-order heat kernel given by (13.16),

exp|: (x ;y)2:| P().

1
O 2w
<P —/d
¢ ) y(47TT)’”

Therefore, the result can be rewritten in the operator form as

/T dr' exp [MDX} P(). (13.17)
0 T

Note that the operator exponential in equation (13.17) has to be understood as a
shorthand for the corresponding nonlocal kernel; the function P(x) does not need
to be infinitely differentiable.

The remaining diagonal matrix elements for IA({ and IA({’ can be expressed

A 1
WIRT ) = s

through the nondiagonal matrix element (x| K P1y). It is not difficult to compute
this matrix element by the same method we used for (x| K |x). The calculation
leading to (13.17) needs to be only slightly modified by introducing the Fourier
transform,

dek .
P = [ LK i),
(2) e p(k)
Then we can calculate the Gaussian integral over d>“z (see Exercise 13.2):

(d&FIs) = [ @’ (xlRo(r = ) PR (13.18)

x—7)? 9.
T ) d*@k XP [_4((7—23') - (Z4ry') +zk~z]
:/ dT// d=“z p(k)
0 (2m)® [4m(T—7)]|°[47T']®

exp|—& y)? Pop )
- ([1777)‘” ]/ /(2 )“’ [ #kz

+§ik-(m’+y<r—f’>>]p(k>. (13.19)

In the limit y — x we recover the result (13.17), as expected.
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Exercise 13.2
Verify the following Gaussian integral over the 2w-dimensional Euclidean space,

/dz‘”xexp [—A|x —al>’—B|x—b|*+2¢- x]

T ABla—b|*> 2c-(Aa+ Bb)+]|c|?
=———exp|— .
(A+Be P ArB A+B

Here A > 0, B > 0 are constants and a, b, ¢ are fixed 2w-dimensional vectors. The scalar
product of 2w-dimensional vectors is denoted by a-b.

We now turn to

IA<1F(T) E/O dT’kO(T—T’)fko(T’),

where the operator I is defined by (13.6). The matrix element (x| K T(7) [y) can
be written as

RT@ ) = [[Tar [ a2 (ol Rolr = 1) o) W () (el Ko )
_ _ayiM /O "7 [ @z (xl ko(r =) |2 1422) (2l Ro(7) 1)

where we took into account the fact that (z| Ko(7)|y) is a function of (z —y)
and 7 and replaced the derivative d, by —d,. The obtained expression looks very
similar to (13.18), except that here we have h";(z) instead of P(z). Therefore we
can use (13.19) to obtain

. ) .
(x| K{ (1) |x) = — lim o (x| KT (7) |y)
Imr oYy P(2)— 1" (2)

/

1 T, 7(t—1) T—7 .
:——(4777_)&)/0 dr exp|: . Dx:| " R, (x).

The diagonal matrix element of the operator K {‘ is computed in a similar way.

Exercise 13.3
Verify the formula

(x| K} (7) |x) =

7' (1—7)
T exp TD!C S hmv N\ 2
[l e =y )
0 T ’

(4mrr)e 27

Hint: Follow the strategy used to calculate (x| KT |y).



176 Calculation of heat kernel

13.2 Trace of the heat kernel

The trace of the heat kernel is equal to

TrK(r) = / d**x (x| <k0 + kl) |x)+0 (hz) .
Combining the results of the previous calculations, we find
/ dt’ exp [MD x:|

-
7(t—1)
72

R0 1) =

1
X {P(x) — 2—T8M,,h“”(x) — h, (x )} , (13.20)
where we neglected higher-order terms in 4 and set

P(x) = %SWDh’“’(x) —V(x)+0 (hz) .

The exponential is expanded as

[0 )1 £ (500

T

and yields terms such as [J"A*” and [J"V with prefactors that can be integrated
term by term over d7’. After some algebra, we can rewrite (13.20) as

(x| Ky(7) |x) = Oy ””(X)——Th » (%)

1
(4mr7)@ {P( )= 2

+20P = L6, O (x) = 2D, (1) + O ()}
B
© (4mT)e

2[00 (1) i, (9] + 0 ()}

{300 () = ()

The covariant volume factor ,/g and the Ricci scalar R are related to h*” by

Ji= 1_55whw+0(h2) R=3,, 00 —h +0 (k).  (13.21)

Using these formulae, we obtain

N/

SCIETr

[—TV(x)—l- %R(x)+D(...)+0(h2)]. (13.22)
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Exercise 13.4
Derive the relations (13.21).

The final result for the trace of the heat kernel is
Trk = / 4% (x| (1%0+f<1) Ix)

- (47717)(” |RGENG [1 + (% - v) T+0 (hz)} . (13.23)

We have skipped here the terms [1(...) because they are total derivatives and
hence vanish after the integration over d>“x. The disregarded higher-order terms
O(h?) involve R, V2, VR etc. Expression (13.23) represents the first two terms of
the expansion for the trace of the heat kernel in terms of the powers of curvature.
It is possible to compute further terms of this expansion, although the formulae
rapidly become complicated at higher orders. The second-order terms were found
by Barvinsky and Vilkovisky.! We state their result without proof:

2w
Tek(r) = ”Z4:T;/f{1+f [g - v}
2
+ % [V - %} £ (=70, V 4+ 72V, (=700,) R

+ 7 Rf5 (—70,) R+ 7R, f1 (—70) R* + O(R*, V°, ) }
(13.24)

where [J, is the covariant Laplacian and the auxiliary functions f;(§) are
defined by

NGIRAGE

1
f@=[ e =T E - (13.25)
_ A -1+ _A®  HO-1_ £
O=T"g K@= T (1326)

Since the functions f;(€) are analytic and have Taylor expansions that converge
uniformly for all £ > 0, the operators f;(—70],) are well-defined. Expressions
such as f;(—7l],)V(x) can be also rewritten as integrals of V(x) with nonlocal
kernels, but we shall not need their explicit form here. Note that the nonlocal
terms such as f;(—70,)V contain all powers of 7.

' A. O. Barvinsky and G. A. Vilkovisky, Nucl. Phys. B 333 (1990), 471.
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13.3 The Seeley—DeWitt expansion

Instead of developing the perturbation theory in terms of the powers of curvature,
one can find a perturbative expansion for the heat kernel in terms of powers of
the proper time 7. This expansion is called the Seeley—DeWitt expansion and has
the form

(x| f((T) |x) = (4;/_;2_7)(» [1 +a, (x)7'+a2(x)7-2 +0 (7-3)] , (13.27)

where the Seeley—DeWitt coefficients a;(x) are local, scalar functions of the
curvature tensor R, and V(x). To derive (13.27), one does not need to assume
that the curvature is small.

We will omit a direct derivation of the Seeley—DeWitt expansion; instead,
we obtain the coefficients a; and a, by expanding (13.24) in powers of 7 and
comparing the result with (13.27). Because the terms of order R and higher that
were neglected in (13.24) contain at least a third power of the proper time 7,
the result in (13.24) accounts for all terms of order 72. Expanding the nonlocal
operators in (13.24) in powers of 7, one obtains

Tr K (7) :/ %{IJFT[%—V}

1 1 1 1
2 2 2 v 3 3 3

472 VP ZVR+ —R 4+ —R, R* |+ 0(*, R*, V3, )}

! [2 6 1200 60 M ] (7 )}

(13.28)

Exercise 13.5
To derive the coefficients in the above formula, verify that

1 1 1
[(0)=1, fz(o)z_ﬁv f3(0)=m» f4(0)=@
for the functions in (13.25)—(13.26).

Comparing (13.28) with (13.27), we conclude that (up to the total derivative
terms) the first two Seeley—DeWitt coefficients are

1
ap = —-R— V,
6
1 1 1 1
=-V?——VR+—R*+—R,,R*.
“=37 T T 0" Teo e
The heat kernel enters (12.74), where we need to integrate from 7 =0 to
T = oo. The Seeley—DeWitt expansion (13.27) is valid only for small 7 and so
cannot be used to compute the zeta function. The behavior of the heat kernel at

small 7 corresponds to the ultraviolet limit of quantum field theory. This can be
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informally justified by noting that 7 has dimension x? and thus small values of 7
correspond to small distances. Effects of QFT at small distances, i.e. local effects,
include vacuum polarization. On the other hand, large values of 7 correspond to
the infrared limit, which is related to particle production. To obtain the infrared

behavior of the heat kernel, one needs a representation valid uniformly for all 7,
such as (13.23).
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Results from effective action

Summary Divergences in the effective action. Renormalization of constants.
Nonlocal terms in the renormalized action. Polyakov action in 1+ 1 dimensions.
Conformal anomaly.

In this chapter we will use the results obtained in the previous chapter to calculate
the effective action for a scalar field in a curved background and to determine the
expectation value (f"MV), which accounts for the backreaction of quantum scalar
field on the metric.

14.1 Renormalization of the effective action

Let us recall that the effective action can be expressed in terms of the zeta function,
defined through the trace of the heat kernel,

£ (s) = FES)/TS_ITI‘IA((T)CIZT, (14.1)
0
as
felew] =5 | €O (142)

For s = 0 the above integral diverges at 7 — 0. Therefore it is usually assumed
that the definition (14.1) is applicable only for those s for which the integral
converges. The value of { (s) at s =0 is then obtained by analytic continuation.
This procedure removes all the divergences in the effective action without any
justification and thus does not allow us to reveal the physical meaning of these
divergences.

Therefore in this section we will define ¢ (s) for small s by regularizing the
integral in (14.1) through an explicit cutoff parameter instead of performing the

180
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analytic continuation. This will allow us to reveal the nature of divergences and
to justify their removal by applying the renormalization procedure.

To be specific, we consider a minimally coupled massless field (V = 0) in
the four-dimensional Euclidean space (w = 2). The zeta function is obtained by
substituting (13.24) into (14.1). The integral in (14.1) converges at the upper limit
(for large proper time 7), and hence the divergences are due to the behavior of
the heat kernel at small 7. Since small proper times correspond to small distances
(x—y) ~ 7!/2 or equivalently to large momenta k ~ 7~ !/2, these divergences
are called ultraviolet divergences. For small 7 one can use the Seeley—DeWitt
expansion (13.28) instead of (13.24). Assuming that 7, is sufficiently small, so that
the Seeley—DeWitt expansion is applicable for T < 7, we rewrite the expression
for the { function as

T

1 N R[ .
g(S)Zm/d4X\/§ O/T 3d'7'+€0/7' 2d’T

71
! 1
+ (%Rz + @RMVRW) / 7~ 'dr + (finite terms) | . (14.3)
0

The divergences we are interested in arise as 7 — 0 when we set s = 0. Further
terms of the expansion in 7 contain 75*" with n > 0 and therefore are finite.

To examine the divergences in (14.3), let us introduce a cutoff at 7, < 7; and
denote the resulting integrals for brevity by

T T 7
A(Tp) E/ 73dr, B(7)) E/ 72dr, C () E/ =1 gr
To T0 T

For 1) — 0 the leading divergences in the ¢ function are

4
(=5 | ot [A 0+ B

1 1
+ <ER2 T @RMVRW> C (1) + (finite terms)i| ,

and for s = 0 the functions A, B, C diverge as
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Therefore the Euclidean effective action can be written as

1 d¢ d*x /g
F = — — — = — _
plowl==5 i 3272 270 22t 670
1, 1
v .
+ (—120R + 60RM,,R ) [In 7| + (finite terms):| . (14.4)

This is the regularized effective action in which the first three terms become
infinite when the cutoff parameter 7, is set to 0.

The divergent terms in the Lorentzian effective action I} [gw,] can be obtained
by a straightforward analytic continuation of (14.4). Since no Green’s functions
are present in the divergent terms, we only need to replace ,/g by ,/—g and R
by —R.

The backreaction of the quantum field on the gravitational background causes
a modification of the Einstein equation. The total action for the gravitational
background is a sum of the free gravitational action (5.16) and the (Lorentzian)
effective action I}, [gw,] induced by the quantum fields.

The classical action of general relativity, S8 [glu,], contains the cosmological
constant term A and the curvature term R that are similar to the divergent terms
in (14.4). The renormalization procedure is implemented as follows. We assume
that the free gravitational action (without backreaction of quantum fields) contains
also the terms quadratic in curvature,

R+2A R? R, ,RM
SEW [ f d*x—g|-S1208 Zwm 145
bare [$100] o TonGy T®\1201T 60 (14.5)

where Ap, Gy, and ap are called the bare coupling constants; these constants
are not observable because the quantum fields are always present and cannot be
“switched off.” The modified action for gravity is thus the sum of the free action
and the effective action,

. A A (1)
Sbare [g;w] +1L [gf“’] :/ Iy { |:_ 877213 B 3277?2 ]

1 B
_ i (7o) R
l6wGg 19272

C R> R, RM
+ [aB (TO)i| [ + “—] + (finite terms)} :

3272 || 120 60

If the bare constants were finite, the presence of the divergent factors A (7)),
B(7y), and C (1) would make the total action infinite in the limit 75 — 0. The
renormalization procedure assumes that the bare constants are functions of
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chosen in such a way that they cancel the divergences in the effective action. The
renormalized coupling constants are then

A Ag  A(m)
87G  8mGg 32w’
1 1 B (1)
167G 167Gy 19272
o C (7o)
B 3042

After removing the cutoff (setting 7, = 0), the renormalized constants are equal to
the observed values of the constant «, the cosmological constant A, and Newton’s
constant G.

The resulting gravitational action (14.5) coincides with the standard Einstein—
Hilbert action (5.16) only if @ = 0. Generally (without fine-tuning) the action
contains two extra terms that are quadratic in the curvature. These terms are
necessary to renormalize the backreaction of matter fields on gravity. If the
curvature is small (R <« 1 in Planck units), the extra terms are insignificant
in comparison with S8, which is linear in R. In this limit Einstein’s general
relativity is a good approximation that agrees with the available experiments.
When the curvature is large (R ~ 1 in Planck units), the extra terms may become
significant.

The divergences found in equation (14.4) result from the backreaction of the
scalar field. Other fields will give similar contributions, differing only in the
numerical coefficients in front of R?> and R uyRM”. Therefore in general we need
to introduce four independent bare constants into the bare gravitational action,
controlling the terms 1, R, R?, and RWR"”’.

In dimensions other than four, the divergences contain other powers of 7y; the
leading divergence is

T

dr
r
(4m7)®

0 s=0

s—1 ~ To—w

Therefore in 2w dimensions we expect to find w + 1 divergent terms: 7,,...,
75", and |In 7).

14.2 Finite terms in the effective action

The Seeley—DeWitt expansion is valid only for small 7 and so is not adequate for
calculation of the finite nonlocal contributions to the effective action. Therefore
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we employ (13.24) with V =0 and find

{(s)—(4 )’”F( )[dzwxf /dTTS 1= “’|: —|—6R

+72Rf3 (—70,) R+ 7°R,,, £y (—70,) R’“’]} : (14.6)

First we consider the two-dimensional spacetime (w = 1). In this case the Ricci
tensor is always proportional to the metric:

R R. (14.7)

uv — Eg,uv
Remark The Einstein equation (in vacuum) is identically satisfied in two dimensions
due to (14.7). Therefore to obtain a nontrivial two-dimensional theory of gravity, the
Einstein—Hilbert action needs to be modified. The renormalized effective action provides
one such modification.

The first two terms in (14.6) are local and, as we have explained before, are
responsible for the renormalization of the coupling constants. Leaving only finite
contributions to (14.6) and using (14.7), we obtain

1 . 1
{(s) = 7T0) dzx\/§0/d7' TR [f3 (—70,) + §f4 (—TDg):| R

and the finite contribution to the renormalized effective action is then

1 dg
Te [g’“’]: 2 ds

.l / FadiR [ar[ A (-r0) + L (0 |
0

To compute the integral, we formally change the integration variable from 7 to
& = —10], and obtain the following nonlocal expression,

1
T [g0] = 8—7710/ d*x/gRO;'R, (14.8)

where [ is a constant computed in Exercise 14.1,

o= at | 150+ 510 | =
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The resulting action
1 2 —1
T 8] = g / d*x/gRO;'R (14.9)

= # / d*x\/g(x) d*yy/g(y)R(x)R(y) Gg(x, y)

is called the Polyakov action. Here Gy, is the (Euclidean) Green’s function of the
Laplace operator [],.

Exercise 14.1*
Verify that

= a [ A+ 306] = 35

where the auxiliary functions f5(€) and f,(§) are defined in (13.25)—(13.26).

Hint: Rewrite I, as a double integral over ¢ and u, regularize the integral over £ by the
factor exp(—aé) with a > 0, exchange the order of integration and take the limit ¢ — 0
at the end of calculation.

Remark: the four-dimensional result In the four-dimensional case (w = 2), we omit
the calculations and only quote the result,

e (8]~ [ d4x¢§Rln(

where u is a mass scale introduced for dimensional reasons (the operator [J, has dimension
m?). The logarithm of the Laplace operator is defined by

O, . -0,
- | R+terms with R, In = | R,
M I

“+o00

_Dg _ 2 1 1
ln( e )_fd(m)[MZvLmz_—Dngmz]’

0

where the second term in brackets is the Green’s function of the operator —[J, + m>.

Note that a change of the parameter u, for example uw — @ = u/b, would add a term
(Inb)R? to the action, thus changing the constant « in front of the R* term. This constant
thus becomes scale dependent and “running.” This is a manifestation of the renormal-
ization group properties of the theory. The value of @ at a given energy (normalization
point) must be determined experimentally and then the dependence of this constant from
the energy is obtained by solving the renormalization group equation.

14.2.1 EMT from the Polyakov action

Using the effective action (14.9), we can compute the vacuum expectation value
of the energy-momentum tensor of quantum fields.

To obtain the Lorentzian effective action I [g,,, ] we have to perform an analytic
continuation of I'y[g,, ]| back to the Lorentzian time and substitute the Feynman
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Green’s functions instead of the Euclidean ones. The vacuum expectation value
of the EMT is then

) 5T,
<Oin| T,uv(x) |0in> =

2
J—g(x) 0g*(x)

Before presenting detailed calculations, we quote the final result,

GF_> Grel

” 1 _ _ _
(Oin| Ty |04) = 48_77{_2VMVV (O 'R)+V, (O 'R) Y, (O, 'R)

1
+ |:2R— EV" (O, 'R) V) (D;lR):|gW}. (14.10)

Here the operator Dgl represents the retarded Green’s function G, (x, y), so that
for any f(x)

(07 1) () = [ PY/=8 f(3)Gra(x. ).

The expression in (14.10) is nonlocal and describes simultaneously the particle
production and the vacuum polarization effects.

Derivation of (14.10) First we need to convert the Euclidean effective action
I [gw,] to the Lorentzian one, I} [gw,]. We recall that the Euclidean metric g,,,,
entering Iz[g,, ] is related to the Lorentzian metric by an analytic continuation
with an additional sign change:

(B) — _
Suv = g:u*V‘t—)fiT'

Therefore we replace R by —R and [J by —[J before performing the analytic
continuation. It is easy to see that action (14.9) also changes the sign,

1 _
;= _E/ d2x® g(E)R[g(E)]Dg(é)R[g(E)].

As a result of the analytic continuation, we have d?x®) = id”x and \/g(_E) =./—8
where x and g,,, are now the Lorentzian quantities. Following the strategy outlined
above, we have to replace the Euclidean Green’s function Gy by the Feynman
function %GF and obtain the Lorentzian effective action,

FL [g,uv] - lrE [gLE)]T:it

= —ige [ i [ i/ ~gGR() = Gelrr, )Y ~g()R ()

|
- %—W/deA/_—gRDgIR, (14.11)

where the symbol Dgl is the Feynman Green’s function Gy of the D’ Alembert
operator in the Lorentzian spacetime.
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It remains to compute the variation of (14.11) with respect to g,,,,. The required
calculations are summarized in the following exercises.

Exercise 14.2*
(a) Verify that

a 1 a
Srp,v = Eg P (V,u,SgBV + Vvagﬁp, - Vﬁagp,v) s

where V, is the covariant derivative defined according to the metric g,,,.
(b) Show that the variation of ngﬁ, where ¢ is a scalar function, is

80, = (8g"") V,V, ¢ — g" (8T},) Vo,
and the variation of the inverse D’ Alembert operator is
-1 1 -1
o, ¢ =-0], (SDg) U, ¢.
(¢) Derive the variation of the Riemann tensor in the form

0R%,,

= VM(SFgV - VVSF;“B.
Hint: Perform all calculations in a locally inertial frame where Fﬁ‘v =0, and then
generalize to arbitrary coordinates.

Exercise 14.3*
Compute the variation of the Polyakov action (14.11) with respect to g*” and derive
(14.10).

14.3 Conformal anomaly

We have shown in Section 5.5 that the trace of the energy-momentum tensor
vanishes for a classical conformally invariant field, that is, 7}, = T,,8"" =0.0n
the other hand, the vacuum expectation value (f’[f ) is in general nonzero even
for a conformally invariant quantum field. This nonvanishing trace is called the
conformal anomaly or trace anomaly. For a “free” conformal field in an arbitrary
gravitational background the trace can be calculated exactly. In this section we
will show that the trace anomaly is local and it is simply proportional to the
corresponding coefficient in the Seeley—DeWitt expansion.

First we consider a minimally coupled scalar field in two dimensions. In this
case, the expectation value of the energy-momentum tensor was calculated above
in (14.10). Using the identities

gV, V, (D;R) =0, (D;lR) =R,

gMVgMV =2,
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we immediately find

5 R(x) _ a;(x)
0| TH(x)]0) = = , 14.12
01T [0) = 2 =42 (14.12)
where a; is the first Seeley—DeWitt coefficient. It is clear that the trace of the
EMT does not vanish if R #£ 0.
The reason for conformal symmetry to be broken can be understood from the
path integral formulation of QFT. The quantum theory would be conformally

invariant if a path integral such as

/ D o Se[0:80]

were invariant under conformal transformations. However, this is impossible
because one cannot choose the integration measure D¢ to be simultaneously con-
formally invariant and generally covariant. For instance, the generally covariant
integration measure (12.62) is not conformally invariant because the eigenvalues
and the eigenfunctions are not preserved under conformal transformations.

The trace anomaly can be calculated exactly in an arbitrary number of dimen-
sions even in those cases when the energy-momentum tensor itself can be deter-
mined only perturbatively. To demonstrate how this can be done, we present for
simplicity a direct calculation of the trace anomaly in two dimensions. The gen-
eralization of the presented calculations to an arbitrary number of dimensions is
largely straightforward. The idea is to calculate the variation of the effective action
under an infinitesimal conformal transformation and thus infer the expectation
value of f"[f .

First we recall that the effective action is expressed through the zeta function
as

1 di,

I-‘E [g;w] = _E E

s=0

where
£(s)=Tr [b;] :
Under an infinitesimal conformal transformation
8ap = Bap = 078up = (1+8Q) gup.
the operator f)g from (12.70) with V =0 is transformed as
Oz, = Q1007 = (1-80)0,(1-50)+ 0 (50?%)
=0,-800,— 0,60+ 0 (50%).
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The transformed zeta function is then
gg-‘rSg(S) =Tr [(Og — 8QOg — @g8Q) _5]
H—S A—s—1 > >
=Tr [0, +50;* (800, +0,50)]
= Tr@;s +25Tr [SQ@;S] ,

up to terms of order O (802) . (The order of the operators under the trace can be
exchanged.) Therefore we obtain

l dgg+5g

Ig [g;w + Sgpw] = 2 ds

=T [g,] - lim Tr (6007).  (14.13)
$=0 s—0

Note that the limit s — 0 must be taken after computing the trace. Using the
coordinate basis, one gets

Tr (596*3) — / Pxd®y (x| 8Qy) (v O~ |x) (14.14)
— / d2x 5Q(x) (x| 0~ |x) .

To calculate the matrix element (x| 0 |x), we note that

F(s)f 170 = F()[dTTS 'R (7),

and hence

(x| 07 |x) = / dr ! (1| R (7) |x)

F()

o0
0) 0/ i [l+a ()T +a()r +0(7)]. (14.15)

where we have substituted the Seeley—DeWitt expansion (13.27) for (x| K |x).
The integral in (14.15) diverges at both the upper and the lower limits. However,
the upper limit divergence is spurious because the Seeley—DeWitt expansion is
valid only for small 7. As we have seen, the heat kernel actually decays for
large 7 and hence the integral converges as 7 — oo. The contribution to the
trace anomaly comes from small 7 and therefore can be calculated using the
Seeley—DeWitt expansion. However, to avoid the spurious ultraviolet divergence
one must regularize the integral at large 7. To this end, we simply multiply the
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integrand by exp(—a7) with & > 0, compute the limit s — 0 at fixed «, and then
set & = 0. The integrals in the expansion (14.15) are

L / dr 757%™ = al_sr(s_ 1) = al_s;
I'(s) . I'(s) s—1
F(s) /d 77 e“”:ala_s; % 0/ dTTse_mzazsa_s_l

For s — 0 at fixed a > 0, only the first two terms in expansion (14.15) give
nonvanishing contributions to (x| O~*|x). Notice that all higher order in 7 terms
also vanish in this limit. Therefore the result,

1
lim <11m (x| O~ S|x>> =—\ga;(x), (14.16)
a—+0 \ s—+0 4

is exact. It follows from (14.13) and (14.14) that the variation of the effective
action under infinitesimal conformal transformation is

1
8T = T [ + 58] T [g0] = — = / Px3a,80(x).  (14.17)

When we convert the Euclidean action I into the Lorentzian I3, the variation
(14.17) is transformed via the replacements R — —R, d’x® = id?x, and 6T} =
i61g. Since (14.17) does not contain any Green’s functions, it is clear that the
variation of the Lorentzian effective action after a conformal transformation is

1 2
STy = _E/ d*xJ—ga,50(x). (14.18)

On the other hand, the variation 817 is related to the expectation value of the
energy-momentum tensor as

ST, _/ d*x

Comparing (14.18) and (14.19), we obtain

OlL 5w _ / xy=g(T,,) 8" 80(x). (14.19)

aw

N
(1) = e
In a 2w-dimensional space, the heat kernel is proportional to 7~¢. Thus, it is
clear from (14.15) that the nonvanishing contribution to the trace anomaly comes
from the a,-term in the Seeley—DeWitt expansion. Therefore, in 2w dimensions
the trace anomaly is proportional to a,,.
Finally, let us show that the Polyakov action for the minimally coupled scalar
field in a two-dimensional (Euclidean) space can be derived by integrating the
trace anomaly. Since every metric in a two-dimensional space is conformally flat,
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there exists a coordinate system (conformal gauge) in which the metric can be
written in a conformally flat form,

ds* = gupdx®dxP = €278 ,5dx"dxP, (14.20)

where 6,4 is the Euclidean metric of the two-dimensional flat space and o is a
function of the coordinates. In this coordinate system, we have

Vg=¢7, R=-20,0=-2¢"0;0, (14.21)

where R is the scalar curvature, [, is the two-dimensional Laplacian in the space
with metric g,g, and [, is the Laplacian in flat space with metric d,. The trace
anomaly for a massless scalar field,

(1& M) 2 or a R

— oMV ____ -
® @g dghv  Am 24w’

can be rewritten in the conformal gauge in the form

or 1
S0 127 17
This equation can be easily integrated:
1
(o) —T(0=0) = —— / &xo0);0. (14.22)
240

Since o = 0 corresponds to the flat space, while the effective action for a scalar
field in a two-dimensional Euclidean flat space is equal to zero, we have I'(o =
0) =0. Using (14.21), we find

1 1 1
=—— R, Ojo=—2¢"R=—/3R.
7=, 0T 2 Ve

Substituting these expressions in (14.22), we finally obtain
1 1
Ilgl=o— [ d*x/gR=R,
8] =5g7 | 4 vERg,

in agreement with (14.9).

Note that the effective action can be unambiguously recovered from the trace
anomaly only if the conformally invariant part of the effective action vanishes,
i.e. if I'(o = 0) = 0. Otherwise, there are infinitely many conformally equivalent
effective actions that reproduce the same trace anomaly but can lead to different
energy-momentum tensors. '

! For more details, see the paper by V. Mukhanov, A. Wipf, and A. Zelnikov, Phys. Lett. B 332 (1994), 283
(preprint arxiv:hep-th/9403018).






Appendix 1

Mathematical supplement

A1.1 Functionals and distributions (generalized functions)

This appendix is an informal introduction to functionals and distributions.

Functionals

A functional is a map from a space of functions into numbers. If a functional S
maps a function ¢(7) into a number a, we write S[g] = a or S[q(?)] = a. This
notation is intended to show that the value S [¢] depends on the behavior of ¢(t)
at all ¢, not only at one particular .

Some functionals can be written as integrals,

Alg]= [ " F () d1,

1

where F(q) is an ordinary function applied to the value of ¢. For example, the
functional

1
Alg(d] = /0 [q(r)]* dt

yields A[t"]= (2n+1)"! and A[sin¢] = % — le sin2.

A functional may not be well-defined on all functions. For example, the above
functional A[g] can be applied only to functions ¢(r) that are square-integrable
on the interval [0, 1]. Together with a functional one always implies a suitable
space of functions on which the functional is well-defined. Functions from this
space are called base functions of a given functional.

Distributions

Not all functionals are expressible in the form of an integral. For example, the
delta function denoted by (¢t —t,) is by definition a functional that returns the

193



194 Mathematical supplement

value of a function at the point ¢, i.e.

(= 10) [f(D)] = f(xo).

This functional cannot be written as an integral because there exists no function
F(t, f) such that for any continuous function f(z),

f (o) = / F (1, f(1)) dr.

However, it is very convenient to be able to represent such functionals as integrals.
So one writes

Sa— ) A0 =F ()= [ s~ 1) (ALD)

even though 6(7 — 1) is not a function with numeric values (it is a “generalized
function”) and the integration is purely symbolic. This notation is a convenient
shorthand because one can manipulate expressions linear in the & function as if
they were normal functions; for instance,

[ @18 (e —x) + a8 (x = x)] f (x) dx = ar f (1)) +@af ().

However, expressions such as \/% or exp [6(#)] are undefined.

Note that the functional 6 (r —#;) is well-defined only on functions that are
continuous at ¢ = f,. If we need to work with these functionals, we usually restrict
the base functions to be everywhere continuous.

As an example, consider the functional

B[q(1)] = 3+/q(1) +sin[q(2)],

where g(1) and ¢(2) are the values of the function ¢(7). This functional depends
only on the values of g(f) at r =1 and ¢t = 2 and can be written in an integral
form as

B[q(1)] = 3+/q(1) +sin[q(2)]
= foo dt {350— 1V q(1) +8(1 —2) sin [q(t)]} : (A1.2)

Generalized function and distribution are other names for “a linear functional
on a suitable space of functions.” A functional is linear if

SO +cgO]=S[f1+cS gl

for arbitrary base functions f, g and an arbitrary constant c. It is straightforward
to verify that 6 (r — 1) is a linear functional.
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The application of a linear functional A to a function f(x) is written symboli-
cally as an integral

Alf] = / F(x)A(x)dx, (AL.3)

where A(x) is the integration kernel which represents the functional. Note that
there may be no actual integration in equation (A1.3) because A(x) is not neces-
sarily an ordinary function. For instance, there is no real integration performed in
equations (Al.1) and (A1.2).

Remark The 6 function is sometimes “defined” by the conditions &(x) =0 for x £ 0 and
8(0) = +oo, while [ 8(x)dx = 1. However, these contradictory requirements cannot be
satisfied by any function with numeric values. It is more consistent to say that o (x — x;)
is not really a function of x and to treat equation (A1.1) as a purely symbolic relation.

Distributions defined on a certain space of base functions build a linear space.
An ordinary function a(x) naturally defines a functional

alf(x)] = [ a(x)f(x)dx

and thus also belongs to the space of distributions if the integral converges for all
base functions f(x). For example, the function a(x) = 1 defines a distribution on
the base space of integrable functions on [—oo, +o0], although a(x) itself does
not belong to the base space.

Distributions can be multiplied by ordinary functions, and the result is a dis-
tribution. For example, suppose A(x) is a distribution and a(x) is an ordinary
function, then the action of Aa on a base function f(x) is

A(x)a(x) [f]1= [ A(x)a(x) f(x)dx = A(x) [af].

Sometimes two distributions can be multiplied, e.g. 6(x — x()0(y —y,) is defined
on continuous functions f(x, y) and yields the value f(x, yo).

Two distributions are equal when they give equal results for all base func-
tions. For instance, one can easily show that in the space of distributions
(x —xg) 6 (x —x¢) =0 when applied to continuous base functions.

Derivatives of the 0 function are defined as functionals that yield the value of
the derivative of a function at a fixed point. If 6(x — x,) were a normal function,
one would expect the following identity to hold,

[ F@08 (x=x)dx == [ /()8 (x = x0) dx = —f (x).
Therefore one defines the distribution &'(x — x;) as the functional

&' (x = x0) [f(x)] = —f"(xp)-
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More generally,
”f

X=X

d"o (x — xp)

= S

Derivatives of the é function are functionals defined on sufficiently smooth base
functions.

Principal value integrals

Not all distributions arise from combinations of & functions. Another important
example is the principal value integral.

If the space of base functions includes all continuous functions, then the distri-
bution

a(x) =

is undefined on some base functions because the integral with a function f(x)

diverges at the pole x = x, if f (xy) 7 0. The Cauchy principal value prescription
helps to define a[f] in such cases.

Definition
For integrals ff F(x)dx where F(x) has a pole at x = x, within the interval (A, B),
one defines the principal value denoted by 2 [ as

B ) Xg—&
P /A F(x)dx= lim [ /A F(x)dx+ F(x)dx},

X()JFS
when the limit exists. The idea is to cut out a neighborhood of the pole sym-
metrically at both sides. If the integrand contains several poles, the same limit

procedure is applied to each pole separately; if there are no poles, the usual
integration is performed. For example,

+oo M g4 1. M-—-1
P o g A 1ML
o X3 0o x2—-1 2 +1

We write

X —Xp

to denote the distribution that acts by applying the principal value prescription to
the integral, i.e.

(gv _1 )[f(x)]EgJ Bf(i)dx‘
X=X M

This integral converges in a neighborhood of x = x; if f(x) is continuous there.




Al.l Functionals and distributions 197

It is almost always the case that one cannot use the ordinary function 1/x as
a distribution and must use P % instead, because the base functions are typically
such that the ordinary integral | % f(x) would diverge.

Example calculation with residues

A typical example is the principal value integral

9/_:06

Since the indefinite integral

—ikx
X

—e ikx 400 e—ikx
dx= lim |:/ dx—{—/ dxi|. (A1.4)
e—>+0 —00 X & X

/ex dx (AL.5)

cannot be computed, we need to use the method of residues. First we assume that
Rek > 0 and consider the contour C in the complex x plane that goes around the
pole at x = 0 along a semicircle of radius & (see Fig. Al.1). The contour may be
closed in the lower half-plane since Rek > 0. The integral around the contour C
is found from the residue at x = 0 which is equal to 1, so

—ikx

7{ ¢ dx = —21i.
c

X

This integral differs from that of equation (A1.4) only by the contribution of the
semicircle. The function near the pole is nearly equal to 1/x and one can easily
show by an explicit calculation that in the limit ¢ — +0 the integral around the

Fig. Al.1 The integration contour C for equation (Al.4).
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semicircle is equal to —7ri times the residue (a half of the integral over the full
circle). Therefore,

400 ¢ ikx
?/ dx = —-2mi— (—mi) =—mi, Rek>0.
—0o0 X

Analogous calculations give the opposite sign for k£ < 0 and the final result is
400 e—ikx
?/ dx = —imsignk.
—0o0 X

We could have chosen another contour instead of C; a very similar calculation
yields the same answer for the contour with the semicircle in the opposite direction.
We would like to emphasize that the choice of a contour is a purely technical issue
inherent in the method of residues. The principal value integral is well-defined
regardless of any integration in the complex plane; one would not need to choose
any contours if we could compute the indefinite integral (A 1.5) or if there existed
another method for evaluating the two integrals in Eq. (A1.4) separately.

Convergence in the distributional sense
The & function may be approximated by certain sequences of functions, for
example (here n =1, 2,...)

€
2n°

fn(x):{n’ |x|<ﬁ;

gn(x) = \/g exp [—nx’];

B (x) = l sin nx

T

The sequences f, and g, converge pointwise to zero at x # 0, while the sequence

h, does not have any finite pointwise limit at any x. At first sight these three

sequences may appear to be very different. However, one can show that for any
integrable function g(x) continuous at x = 0, the identity

0, |x|>

X

tim [ ax f,(9a(0) = 4(0)

and the analogous identities for g, (x) and £,,(x) hold. This statement suggests that
all three sequences in fact converge to 6(x). The mathematical term is convergence
in the sense of distributions.

A sequence of functionals F,, n =1,2,..., converges in the distributional
sense if the limit

lim F,[q]

n— oo
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exists for all base functions g(x). It is clear from our example that a sequence
of functions may converge in the distributional sense even if it has no pointwise
limits.

Various statements concerning the 6 function can (and should) be verified by
calculations with explicit sequences of ordinary functions that converge to the o
function in the distributional sense.

The Sokhotsky formula

Another example of convergence to a distribution is the family of functions
1
ag(x) =

x+ig’
As &€ — 0, the functions a,(x) converge pointwise to 1/x everywhere except at
x=0.
The Sokhotsky formula is the limit (understood in the distributional sense)

> 0.

1 1
lim — = —imd(x)+P-. (A1.6)
e—>+0x+ 1€ X

This formula is derived by integrating a,.(x)f(x), where f(x) is an arbitrary
continuous base function,

[ s [T e S0y (AL7)

o X+ie x2+ g2 + &2

and showing that in the limit & — 0 the two terms in the right-hand side converge

to
?/ o~ @dx— imf(0).
—00 X

We omit the detailed proof.

Distributional convergence of integrals

The concept of convergence in the distributional sense applies also to integrals.
For example, consider the ordinarily divergent integral

+o0
a(x) E/O dk sin k. (A1.8)

If we take equation (A1.8) at face value as an equality of functions, then a(x)
would be undefined for any x except x =0 where a(0) = 0. However, if we
interpret equation (A1.8) in the distributional sense, it yields a certain well-defined
distribution a(x).

To demonstrate this, we attempt to define the functional

[f] E/ dx f(x)a(x) = / dx f (x) /()+Oodk sin kx.
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This expression is meaningless because of the divergent integral over k. If we
now formally reverse the order of integrations, we get a meaningful formula

+o00
alf]= /0 dk [ dx f(x) sin kx. (A1.9)

The integrations performed in this order do converge as long as f(x) is sufficiently
well-behaved (continuous and decaying at infinity). Therefore it is reasonable to
define the functional a[f | by equation (A1.9).

We can now reduce the well-defined functional a[f ] to a simpler form. To
transform the expression (A 1.9), it is useful to be able to interchange the order of
integrations. However, this can be done for uniformly convergent integrals, while
the double integral (A1.9) converges non-uniformly. Therefore we temporarily
introduce a cutoff into the integral over dk at the upper limit (large k). At the end
of the calculation we shall remove the cutoff and obtain the final result. Now we
show the details of this procedure for the functional (A1.9).

A simple way to introduce a cutoff is to multiply the integrand by exp(—ak)
where a > 0 is a real parameter; the original integral is restored when o = 0. It
is clear that for any sufficiently well-behaved function f(x),

+o00 o0
lim dk/ dx f(x)e~* sinkx =/ dk/ dx f(x)sinkx = a[f].
a—>+0J0 0

The double integral
“+oo
/ dk/ dx f(x)e~** sinkx
0

converges uniformly in k and x, so we can reverse the order of integrations before
evaluating the limit & — 0. In the inner integral we obtain the family of functions

X

“+o0
ay,(x)= /0 dk sinkx exp(—ak) = Pl

At this point we can impose the limit « — 0, use Eqgs. (A1.6)—(A1.7) and find

alf]= lim [ dxan(x) ) = lim, [ xfxdx _ [ o)

x>+ a? x
This holds for any base function f(x), therefore we obtain the following equality
of distributions,

+o0 1
a(x) E/O dk sinkx = Tim a,(x) =P~ (A1.10)

We may say that the integral (A1.8) diverges in the usual sense but converges in
the distributional sense.

The distributional limit of a divergent integral is usually found by regularizing
the integral with a convenient factor such as exp(—ak) and by removing the
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cutoff after the integration. The way to introduce the cutoff in & is of course not
unique. For instance, we could multiply the integrand by exp (—ak?) or simply
replace the infinite upper limit in equation (A1.8) by a parameter k,,, and then
evaluate the limit k,,,, — +o0. The calculations are somewhat less transparent in
that case but the result is the same. We are free to choose a cutoff in any form,
as long as the cutoff allows us to reverse the order of integration.

Remark We should keep in mind that there must be some base functions f(x) to
which both sides of equation (A1.10) are applied as linear functionals. Only then the
manipulations with the artificial cutoff become well-defined operations in the space of
distributions. Although it is tempting to treat a(x) as an ordinary function equal to 1/x,
it would be an abuse of notation since e.g.

+oc0 1
a(2)=/0 dksin2k =3 272

is a meaningless statement. Expressions such as equation (A1.8) usually appear as inner
integrals in calculations, for example,

“+o0 “+o0 )
f dx / dk xe " sinkx,
—0 0

which looks like an application of the distribution a(x) to the base function xe . In
such cases we are justified to treat the inner integral as the distribution (A1.10).

Fourier representations of distributions

A well-known integral representation of the 6 function is

oo gk |
a(x—xo)zf_ Sk, (A1.11)

The integral in equation (A1.11) diverges for all x and must be understood in the
distributional sense, similarly to the integral (A1.8).

Distributions often turn up in calculations when we use Fourier transforms. If
f(k) is a Fourier transform of f(x), so that

f) = [ Flyeak,

then f(k) may well be a distribution since the only way it is connected with real
functions is through integration. We shall see examples of this in Appendix A1.2.

Solving equations for distributions

Distributions may be added together, multiplied by ordinary functions, or differen-
tiated to yield other distributions. For example, the distribution .’Px—l2 multiplied by
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the function 2x yields the distribution P % Although such calculations are in most
cases intuitively obvious, they need to be verified more formally by analyzing
explicit distributional limits.

A curious phenomenon occurs when solving algebraic equations that involve
distributions, e.g.

(x — x) a(x) = 1. (A1.12)

Note that (x — x() 6 (x — xy) = 0. So the solution of equation (A1.12) in terms of
distributions is

1
a(x)=P——+4+A0(x—xg),
X — Xy

where the constant A is an arbitrary number. This shows that one should be careful
when doing arithmetic with distributions. For instance, dividing a distribution by
x is possible but the result contains the term Ad(x) with an arbitrary constant A.

A1l.2 Green’s functions, boundary conditions, and contours

Green’s functions are used to solve linear differential equations. The typical
problem involves a linear differential operator L, such as

L dr o,

szﬁ—ka . (A1.13)
A Green'’s function of the operator L is a distribution G(x, x') that solves the
equation

L.G(x,x)=8(x—x). (A1.14)

Because of this relation which can be symbolically represented by ixf; =1, the
Green’s function is frequently written as the “inverse” of the operator ﬁx, ie.
G= I:;l. However, one should keep in mind that this notation is symbolic and
the operator such as L . does not actually have an inverse operator.

The Green’s function must also satisfy a set of boundary conditions imposed
usually at |x| = oo or perhaps at some finite boundary points, according to the
particular problem. For example, the causal boundary condition in one dimension
(real x) is

Ge(x, x') =0 for x < x'. (A1.15)

This condition specifies the retarded Green’s function.
Green’s functions can be used to solve equations of the form

L. f(x) = s(x),
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where s(x) is a known “source” function. The general solution of the above
equation can be written as

£ = fo) + [ G, ¥)s(x)d,

where f(x) is a general solution of the homogeneous equation, L fo=0.

Equation (A1.14) defines a Green’s function only up to a solution of the homo-
geneous equation. Boundary conditions are needed to fix the Green’s function
uniquely. Green’s functions obtained with different boundary conditions differ by
a solution of the homogeneous equation.

Using Fourier transforms

To find a Green’s function, it is often convenient to use Fourier transforms,
especially when G(x, x') = G(x — x’). In that case we can use the Fourier repre-
sentation in » dimensions,

d"k

G(x—x")=G(Ax) = @y

g(k)e*ax, (A1.16)

However, it often turns out that the Fourier transform of a Green’s function is a
distribution and not an ordinary function.

As an example, we consider the Green’s function G(x — x’) of the one-
dimensional operator (A1.13). The Fourier image g(k) of G(Ax) defined by
equation (A1.16) satisfies

(a* —k*) g(k) = 1. (A1.17)

Here we are forced to treat g(k) as a distribution because the ordinary solution

toodk 1 ‘
G(AX) :/ elkAx

_— 777
—eo 2ma?—k2?

involves a meaningless divergent integral. In the space of distributions, the general
solution of equation (A1.17) is

g(k)="2>

s—> +816(k—a)+g06(k+a), (A1.18)
a*—k
with arbitrary complex constants g ,. Then the general form of the Green’s
function is found from equation (A1.16) with n =1,

teo dk eikAx +ﬂeian+&e—ian'

G(Ax)=27P _—
(Ax) oo 2ma?—k* 2@ 21
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The last two terms correspond to the general solution of the homogeneous equa-
tion,

ix (gl eian _{_gzefian) =0.

The constants g; , can be found from the particular boundary conditions after
computing the principal value integral. We find, for instance, that the boundary
conditions (A1.15) require

w m

~%ia” %~ 2

g (A1.19)

(see equation (A4.35) in the solution to Exercise 12.2) and the retarded Green’s
function is expressed by equation (A4.36).

Contour integration and boundary conditions

We have shown that the boundary condition for G(x, x") determines the choice
of the constants g, , which parametrize the general solution of the homogeneous
oscillator equation, while the nontrivial part of Green’s function (a special solution
of the inhomogeneous equation) is equal to a certain principal value integral.
Instead of using the principal value prescription, we could select a contour C in
the complex k plane and express the Green’s function as

dk eikAx 5 ) 5 )
G(Ax) = Cﬁer%emAuf—;e ialx, (A1.20)
In effect we replaced the principal value prescription [ by a certain choice of the
contour. This alternative prescription adds some residue terms at the poles k = +a,
so the constants g, , differ from those in equation (A1.19). The resulting Green’s
function is of course the same because the change in the constants g, , — g;,
cancels the extra residue terms.

Example calculation with a contour

Let us select the contour C shown in Fig. Al.2, where both semicircles are
arbitrarily chosen to lie in the upper half-plane. The contour C must be closed in
the lower half-plane if Ax < 0 and in the upper half-plane if Ax > 0. The integral
along each semicircle is equal to —ri times the residue at the corresponding pole.
Therefore the integral along the contour C is

eikAx 0, Ax > 0;
/ k=
ca*—k =Tsin(aAx), Ax<0.
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®

Fig. A1.2 Alternative integration contour for Green’s function, equation (A1.20).

To satisfy the boundary conditions (A1.15), we must choose the constants as
T
gr2=%—.
a

Note that this differs from equation (A1.19). The resulting Green’s function is

in aA
Grer(Ax) = O(x — x') =t
a

which coincides with equation (A4.36). The same result is obtained from any
other choice of the contour in equation (A1.20) when the constants g, , are chosen
correctly.

Choosing the contour as in Fig. A1.2 is equivalent to considering the limit

+o0 dk eikAx
lim T T
e~>+0J 00 a*—k*—ike
since a replacement k — k + %ie under the integral corresponds to shifting the
integration line upwards.

We could choose the contour of integration in a clever way to make g, , = 0.
This is achieved if both semicircles in Fig. A1.2 are turned upside-down. This
is the calculation often presented in textbooks, where one is instructed to rewrite
the integral as

00 ikAx 00 ikAx

lim [ % or lim [ 2dk+ (A1.21)

e~>+0J/_—00 a*—k*tie e~>+0J—00 a*—k*tLike
with small real &€ > 0 and to take the limit € — +0. As we have seen, such
limits with a prescription for inserting & into the denominator are equivalent to
particular choices of contours in the complex k plane. It is difficult to remember
the correct prescription of the contour or the specific ansatz with & that one needs
for each operator ix and for each set of boundary conditions. These tricks are
unnecessary if one treats the Fourier image g(k) as a distribution with unknown
constants, as in equation (A1.18). One is then free to choose either a principal
value prescription or an arbitrary contour in the complex k plane, as long as one
determines the relevant constants from boundary conditions.
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So far we considered only one-dimensional examples. In higher-dimensional
spaces, one often obtains integrals such as

dSk eik-x
(2m)3 k2 —m?

in which the kernel 1/(k> —m?) must be understood as a distribution and rewritten

as
3 1 2 1 2 2
g :?—kQ—mz +h(k)8(k —m )
where & (K) is an arbitrary function of the vector k. To obtain an explicit principal
value formulation of such integrals, one first separates the divergent integration

over a scalar variable (in this case over dk),

400 kde ethcosO
/ dfsin 0P | e

d3 zkx
2m)3 kK2 —m?
and then uses the principal value prescription. (In this particular case the inte-

gration over d6 can be performed first.) The relevant arbitrary functions such as
h (k) must be determined from the appropriate boundary conditions.

A1.3 Euler’s gamma function and analytic continuations

Euler’s gamma function I'(x) is a transcendental function that generalizes the
factorial n! from natural n to complex numbers. We shall now summarize some
of its standard properties.

The usual definition is

I _ e x—1 _—t
(x) = /O e tar, (A1.22)

The integral (A1.22) converges for real x > 0 (and also for complex x such that
Re x > 0) and defines an analytic function. It is easy to check that I'(n) = (n—1)!
for integer n > 1; in particular, I'(1) = 1. The gamma function can be analytically
continued to all complex x.

Analytic continuations

If an analytic function f(x) is defined only for some x, an analytic continuation
can be used to obtain values for other x.
A familiar case of analytic continuation is the geometric series,

fx) = Z X", x| < 1.
n=0
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The series converges only for |x| < 1, yielding
1
flx) = T |x| <1, (A1.23)
—Xx

which defines the function f(x) for all x # 1 and coincides with the old definition
for |x| < 1. Therefore, equation (A1.23) provides the analytic continuation of f(x)
to the entire complex plane (except for the pole at x = 1).

If a function f(x) is defined by an integral relation such as

f) = [ Fx.y)dy.

where the integral converges only for some x, one might be able to transform
the specific integral until one obtains some other formula for f(x) that is valid
for a wider range of x. According to a standard theorem of complex calculus,
two analytic functions that coincide in some region of the complex plane must
coincide in the entire plane (perhaps after branch cuts). Therefore any formula
for f(x) defines the same analytic function. The hard part is to obtain a better
formula out of the original definition. Unfortunately, there is no general method
to perform the analytic continuation. One has to apply tricks that are suitable to
the problem at hand.

The gamma function for all x

The analytic continuation of I'(x) can be performed as follows. Integrating equa-
tion (A1.22) by parts, one obtains the identity

xI(x)=T(x+1), x>0. (A1.24)

This formula determines I'(x) for Rex > —1, because I'(x+ 1) is well-defined
and one can write

I 1
I'(x) = (x; ), Rex > —1.

The point x = 0 is clearly a pole of I'(x), but at x # 0 the function is finite.
Subsequently we define I'(x) for Rex > —2 by

~_ I(x+2)

Ix) = x(x+1)’

Rex > —2,

for Re x > —3 and so on. (Thus I'(x) has poles at x =0, —1, —2, ...) The resulting
analytic function coincides with the original integral for Re x > 0.



208 Mathematical supplement
Series expansions

One can expand the gamma function in power series as

I'l+¢)= 1—’}/8+0(82),
where

+o00
=— [ die7Ini~05772
0

is Euler’s constant. From the above series it is easy to deduce the asymptotic
behavior at the poles, for instance

_ Mx+1) 1

T(x — 0) = =7+ 0. (A1.25)

Product identity

A convenient identity connects I'(x) and T'(1 — x):

T(x)[(1 —x) = (A1.26)

sin7rx’
This identity holds for all (complex) x; for instance, it follows that I' () = /7.
One can also obtain the formula

[(ix)T(—ix) = |[(ix)|* = (A1.27)

xsinh 7x’

Finally, equation (A 1.26) allows one to express I'(x) for Re x < 0 through I'(1 —x),
which is another way to define the analytic continuation of I'(x) to all complex x.

Derivation of equation (A1.26) We first derive the identity for 0 < Rex < 1.
Using equation (A1.22), we have

+o00 +oo
)1 —x) = / ds di s ¥ em 6+,
0 0

where the integrals are convergent if 0 < Rex < 1. After a change of the variables
(s, 1) = (u,v),
s ue’
u=s+t, v=In-, dsdt= —zdudv,
r (e +1)
where 0 < u < 400 and —oc0 < v < 400, the integral over u is elementary and we
get

too ey
F(x)F(l—x):/_ T
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The integral converges for 0 < Re x < 1 and is evaluated using residues by shifting
the contour to v = 27ri + v which multiplies the integral by exp(27ix). The residue
at v =im is equal to —exp(imx). We find

(1— ™) T(x)I(1 — x) = —2mie™,
from which equation (A1.26) follows for 0 < Rex < 1.

To show that the identity holds for all x, we use equation (A1.24) to find for
integer n > 1

I(x)T(1—x)
(x=1)...(x—n)

m o

Fx—n)r(1—(x—n)) =

(1=x)...(n—x)

=(=1)" 0 <Rex< 1.

sinmx _ sin m(x—n)’

Expressing integrals through the gamma function

Some transcendental integrals such as
T 1 b
f ¥ le by (A1.28)
0
are expressed through the gamma function after a change of variable y = bx,
T 1 b
f x*"re " dx = b I (s).
0

However, complications arise when s and b are complex numbers, because of the
ambiguity of the phase of . For example, /' is an inherently ambiguous expression
since one may write

il =|ex i—ﬂ-—l—Zﬂ'in i—ex (—2—27771) nez

We consider equation (A1.28) with a complex b such that Reb > 0. (The
integral diverges if Re b < 0, converges conditionally when Reb =0, b # 0, and
0 < Res < 1, while for other s the limit Reb — +0 may be taken only in the
distributional sense.) The integrand is rewritten as

x"le™ —exp[—bx+ (s—1)Inx].
The contour of integration may be rotated to the half-line x = ¢®y, with a fixed
angle |¢| < 7, and y varying in the interval 0 < y < +oo. Therefore, if Res > 0
we can change the variable bx = y as long as Re b > 0. Then we should select
the branch of the complex logarithm function covering the region —7 < ¢ < 7,

. L |B]
In(A+iB) =1n|A+iB|+i(sign B) arctan e A>0. (A1.29)
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With this definition of the logarithm, the integral (A1.28) is transformed to
+o00 b +o0
f Lo by = p / Ve dy = exp(—sIn b)[(s). (A1.30)
0 0

In the calculations for the Unruh effect (Section 8.5) we encountered the
following integral,

+oo
Flw, Q)= /_ % exp (iQu—l—i%e‘“”) .

This integral can be expressed through the gamma function. Changing the variable
to x = e~ %, we obtain

1 Foo _iQ_q i
Flw,Q)=— dxx a« ea” (A1.31)
2ma Jo
which is of the form (A1.28) with
b= _i_w, §= —Q.
a a

Since Res = 0, the integral in Eq. (A1.31) diverges at x = 0. To obtain the
distributional limit of this integral, we need to take the limit of s having a vanishing
positive real part. Since b also must satisfy Re b > 0, we choose
iw iQ
b=——+¢e, s=——+¢, £>0,
a a

and take the limit of € — +0. Then we can use equation (A1.30) in which we
must evaluate

Inb= lim In (-ﬂﬂ;) =1n‘9‘—izsign(9).
a 2 a

e—>+0 a

Substituting into equation (A1.30), we find
1 () Q 19
F(w, Q)= —exp l—ln‘g‘ +7T—sign<g) r(-22).
2ma a a 2a a a
Now it is straightforward to obtain the relation
Q
Flw, Q) = F(—w, Q) exp (W—) , w>0,0>0.
a
Finally, we derive an explicit formula for the quantity

Q
Bual” = = (-0, Q)P
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which is related to the mean particle number by equation (8.43). Using equa-
tion (A1.27), we get




Appendix 2

Backreaction derived from effective action

In this appendix, we derive the backreaction of a quantum system on a classical
background, starting from a fully quantized theory rather than from heuristic
considerations as in Section 12.1.7. We follow the paper by A. Barvinsky and
D. Nesterov, Nucl. Phys. B 608 (2001), 333, preprint arxiv:gr-qc/0008062.

We are interested in describing the backreaction of a quantum system g on
a classical background B. Denote by S[q, B] the classical action describing the
complete system. For simplicity, we treat ¢ and B as systems with one degree
of freedom each; the considerations are straightforwardly generalized to more
realistic cases. Working in the Heisenberg picture, we consider a fully quantized
system (§(7), B(¢)) in a (time-independent) quantum state /). We are interested
in a state /) such that the variable B is approximately classical, i.e. it has a
large expectation value and small quantum fluctuations around it, while g is
essentially in the vacuum (ground) state. This assumption can be formulated
mathematically as

(W|B@) ) = B.(1),  (Pla(n)|y)~0
B(1) = B.(1) + b(1),

where B.() is the “classical” expectation value of B in the state |f). It is
implied that the “quantum fluctuation” b(¢) is small in comparison with B.(1).
By definition, (| b |y) = 0. Below, we shall simply neglect any terms involving
lA)(t) (In a more complete treatment, these terms can be retained.)

The quantum Heisenberg equation for B(f), which is 85[g, B]/8B(r) = 0, can
be expanded around B = B., g =0 in powers of le(t) and &(t) as follows,

88[g,B] 85[0, B 8250, B.] .
Slg, B] _aS[0, c]+/dt S[ B.]

5B(1) _ B(1) 153( oqlt)d i)+ [ @ I(SB(t)(SB(tl)b(t v
’S[0, B.] .
/ dtydr, 53(0 T OLOAUE,

212
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35[0, B.] -
/ dndr 53(0 qu) 55 A0D(1)

5[0, 8] . _
/ di,dt 253(:)53(:083( z)b(tl)b(t2)+... —0.

Here, the arguments [0, B, ] indicate that the derivatives of the action are computed
at g =0 and B= B.. Computing the expectation value of the above equation in
the state |¢/) and disregarding terms of higher order in the fluctuations, as well as
terms containing b, we obtain an effective equation for B,(7),

85[0, B,] 85[0, B.]
3500 2] e sa

(Wlq(t)q(n) ) =0

The resulting equation can be rewritten as

85[0, B.] 35[0, B.]
C8B(1) 2f 263(r>6q<n>6q<z2>

where we have replaced |i/) by the vacuum state |0) of the variable g, according
to the assumption that |¢) is the ground state of g.

Equation (A2.1) would coincide with equation (12.47) if the integral term
involving 83S/(8B8¢dq) were equal to 8T'[B.]/8B(f). At this point, equation
(A2.1) involves the expectation value (0| g(#;)g(t,) |0) that is not even expressed
as a functional of B,(f) alone. Let us now show how this can be done.

To achieve a heuristic insight, consider the case where g(z) is a harmonic
oscillator. The quantity (0| g(#;)g(t,)|0) was computed in Exercise 3.4(a) on
page 41 for the harmonic oscillator driven by an external force J(¢). In that case,
a nonzero external force J creates a nonzero expectation value of g in the vacuum
state |0). To describe the present situation, where (0| g |0) = 0, we can use the
result of that exercise with J =0,

(0[g(1)q(22)10) =0, (A2.1)

1 .
(014(11)3(12) [0) = e,
2w

Comparing this with equations (3.24) and (3.27), we obtain the relation

(01311 10) = + Gty 1)~ G2, 1)

In fact, this relation applies much more generally (we omit the derivation). In the
general case, the above Green’s functions are inverses of the operator —A, where
we defined an auxiliary operator

62S[q =0, BC]

A= Sasa(n)
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acting on functions f(t) as

(4r) 0= [ an 2202 ).

Since linear operators are equivalent to integration kernels (in the sense of
distributions), we shall write A and A(t;,t,) interchangeably. Note that A =
—(@4V)d(x; —x,) in the case of a scalar field considered in Section 12.3,
while

A d? 5
A=—|m— +mw” [0(t;—t
dl% ( 1 2)
in the case of a harmonic oscillator.

Next, we note that equation (A2.1) contains (0|g(¢;)g(z,)|0) only in the
combination

’5[0, B] Aly \a
drydt (01 4(11)q(1,) 10) .
/ 33(05401)5(102)
In most cases, the third-order functional derivative contains only local terms of the
form 6(¢; — t,). Recalling that G, (¢, t;) = 0, we find that the term containing
G, can be omitted. Thus, Eq. (A2.1) becomes

8
S[0., B.] 2/ SI0.B) 0y

C8B(r) 283(r>8q(r1>6q<r2>

The last step is to demonstrate that the above equation can be obtained from the
one-loop effective action I' defined by equation (12.63) in Sec. 12.3. This is shown
by a formal calculation with functional determinants. We use the general formula
for the variation of the determinant of the operator A (see equation (A4.13) on
page 229),

8(det A) = (det A) Tr (A~'6A).
We assume that this formula holds even for infinite-dimensional operators, after
suitable renormalizations of the determinant and the trace. Note that the inverse
operator —A~! must be understood as the Feynman Green’s function G because

the functional determinant is defined using the “in-out” boundary conditions (see
Section 12.3). In other words,

8(det A) = (det A) Tr (—G8A)

= —(detA)/ dt] dtZGF(t27 t1)5A(l‘], tz)
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We now transform equation (12.63) into the (Lorentzian) one-loop effective action
and rewrite it as

j 8%S[¢=0,B j
r[BC]=irE[BC]=%1ndt Lg d %

el— In detA.
8q(11)dq(1)

Finally, we compute

T[B.] i 1 . A, OA i (.~ 85]0,B.]
=-——detATr(A = —-Tr( G
8B.(1)  2detA 8B, (1) 2 8B.6qdq
8S
8B.(1)8q(1,)8q(t,)
Therefore, the effective equation of motion for J.(7),
85[0, B.] ~oT'[B.]
8B.(1)  8B.(1)

is indeed equivalent to equation (A2.1).

1
= Z/ dt,dt,Gg(ty, 1))
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Mode expansions cheat sheet

We present a list of formulae relevant to mode expansions of free, real scalar
fields. This should help resolve any confusion about the signs k and —k or similar
technicalities.

All equations (except commutation relations) hold for operators as well as for
classical quantities. The formulae for a field quantized in a box are obtained
by replacing the factors (27)° in the denominators with the volume V of
the box. (Note that this replacement changes the physical dimension of the
modes ¢y.)

3 ik-x 3¢ ,—ikx
b0 = [ G b= [ o
0=\ Lot Lmls 0= [ %164 Lwl

_ ap (t) +at (1) e a; (1) —at (1)
d)k(t)—%’ Wk(t)—\/;%
+

Time-independent creation and annihilation operators aj. are defined by
Gt (1) = aif exp (Liwyr)
Note that all alf below are time-independent.
$'N) =) (B = (a) =af
d d
T 1) = 26D WD) =2 )

[(}(x, 1), ﬁ'(x/, t)] =id (x—x')
[0, e (0] =8 (k+K)

216
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[ak, ak/]:‘é(k k)
. k1
X, )= —
d)( ) (27T)3/2 /20)1(
Mode expansions may use anisotropic mode functions vy (7). Isotropic mode

expansions use scalar k instead of vector k because v, = v for all |k| =

5 Pk 1 dex . -
¢(x,1) = Wﬁ[ak V(e ™+ af v (n)e

[ake lwkt+lkX+’\+ iwgt— th]

—ik~x]

(Note: the factor +/2 and the choice of vy, instead of vy are for consistency with
literature. This could have been chosen differently.)

Vg = Vg ;é U U or(Due=0;  Deuf — v bf = 2i
1
b (1) = ﬁ [ak v (1) + a_kvk(t)] m (1) = E [al:i)k(t) + leki)k(f)]

Here the alf are time—independent although vy and ¢y, m, depend on time:

ag = 7 [0k (£) e (1) — v (£) i (2)]
i
af = 7 [0k (DD (1) — v (D7 (1)]
Free scalar field mode functions in the flat space:
v (1) = et

@k
Bogolyubov transformations

Note: & are defined by vy (1) and lsf are defined by uy (7).
(1) = aguie(n) + Bicvi (M) Jeu> — Bl =1
IA)E = oy ay — Pra’y, blf = apa — Bra
g =0 g, ﬁk = B—k
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Solutions to exercises

Chapter 1
Exercise 1.1 (p. 6)

For a field ¢(x) which is a function only of space, the mode ¢, is

d*x
(2m)3/2

¢k — e—ik‘x(b (X) .

Substituting into equation (1.10), we get

3 By 3k
1= [ ST m o) Ve,

Therefore

d? k >

This integral does not converge and should be understood in the distributional
sense (see Appendix Al.1). Compare

A
—— kX =5 (x); /

ikx __ .
PE ke™™ = —iVd (x).

d
2m)?

Exercise 1.2 (p. 8)

We substitute the Fourier transform of ¢(x) into the integral over the cube-shaped
region,

L= L*/ ¢ (x )d3x_L3/ f(z ST by

218
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The integral over d>x can be easily computed using the formula

L2 ; 2 k.L
f dx e = = §in 2" = £ (k).
—L/2 k,L 2

Then the expectation value of qb% is

31 131/
(0)= | o () £ D1 () £ (k) £ () £ (6) £ (). (A4D)

If 0¢py is the given “typical amplitude of fluctuations” in the mode ¢y, then the
expectation value of (¢y¢y/) in the vacuum state is

(Drdi) = (8y) 8 (k+K').

So the integral over k, k’ in equation (A4.1) reduces to a single integral over K,

d*k
(91)= [ Gy OO [ R F (k) S (k)T (A42)

The function f(k) is of order 1 for |kL| < 1 but very small for |kL| >> 1. Therefore
the integration in equation (A4.2) selects the vector values k of magnitude |k| <
L~'. As a qualitative estimate, we may take 8¢ to be constant throughout the
effective region of integration in k and obtain

(#1)~ |

Kk (8y)* ~ K (8¢py)°
|k|<L—! k=L

1

Exercise 1.3 (p. 11)

The problem is similar to the Schrédinger equation with a step-like potential
barrier between two free regions. The general solution in the tunneling region
O<t<Tis

q(t) = Acosh Q¢+ Bsinh Q1. (A4.3)

The matching condition at t =0 selects A =0 and B = q,wy/)y. The general
solution in the region t > T is

q(1) = g sin[wy (1 = T) +«a].

The constant g, is determined by the matching conditions at ¢ = T': the values
q(T), ¢(T) must match g, sin«a and g, w, cos a. Therefore g, is found as

& =la(MP + [;—?T
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Substituting the values from equation (A4.3), we have

2
P=q [1 + (1 + %) sinh? QOT:| . (A44)
0

For 3T > 1 we can approximate this exact answer by

exp (Q7) w?
%”%T 1+Q—3-
0

Exercise 1.4 (p. 11)

The “number of particles” is formally estimated using the energy of the oscillator.
A state with an amplitude ¢, has energy

1 1
E=- (4 +w3q") = 5435

Therefore the number of particles is related to the amplitude by

2
— q@0—1 (A4.5)
T .
If the oscillator was initially in the ground state, then ¢, = o /2 and equa-

tion (A4.4) gives

1 w?
=—(1+=2)sinh?>Q,T.
n 2(+Q%)sm 0

There are no produced particles if 7 = 0; the number of particles is exponentially
large in Q7.

Exercise 1.5 (p. 12)

To find the strongest currently available electric field, one can perform an Inter-
net search for descriptions of Schwinger effect experiments. The electric field
of strongest lasers available in 2003 was ~ 10''V/m. There was a proposed
X-ray laser experiment where the radiation is focused, yielding peak fields of
order 10'7-10'8V/m. (See A. Ringwald, Phys. Lett. B 510 (2001), 107; preprint
arxiv:hep-ph/0103185.)

Rewriting equation (1.16) in SI units, we get

m,c?
P=exp|— veE )
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For the electric field of a laser, E = 10'1V/m, the result is

(9.11-10731)%(3.00- 108)° L
P~exp|— ~e .
(1.05- 1034 (1.60- 10-1%) (1011)

Thus, even the strongest laser field gives no measurable particle production. For
the proposed focusing experiment, P is between 10~!! and 1072, and some particle
production could be observed.

Exercise 1.6 (p. 12)

We need to express all quantities in SI units. The equation T = a/(27) becomes
h

kT=22

c2w

where k &~ 1.38-10723J/K is Boltzmann’s constant. The boiling point of water is
T = 373K, so the required acceleration is a ~ 10?>m/s, which is clearly beyond
any practical possibility.

Chapter 2
Exercise 2.1 (p. 15)
We choose the general solution of equation (2.7) as
q(t) =Acosw (t—t))+Bsinw (t—1;).
The initial condition at t = #; gives A = q;. The final condition at t = ¢, gives

G2 — g1 cosw (ty — 1)

B =
sinw (t, — t;)

The classical trajectory exists and is unique if sinw (¢, — ;) # 0. Otherwise we
need to consider two possibilities: either ¢, = ¢, or not. If ¢, = ¢,, the value of B
remains undetermined (there are infinitely many classical trajectories). If ¢; # ¢,
the value of B is formally infinite; this indicates that the action does not have a
minimum (there is no classical trajectory).

Exercise 2.2 (p. 17)

The first functional derivative is

B AN [e+eta)].  (A46)
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As expected, it vanishes “on-shell” (i.e. on solutions). To evaluate the second
functional derivative, we need to rewrite equation (A4.6) as an integral of some
function over time, e.g.

§(0)+02q(n) = [ [a()+0?qn)] 8- 1) dr (A4.7)

For an expression of the form [ ¢(7) f(r)d1, the functional derivative with respect
to ¢(t,) is f(t,). We can rewrite equation (A4.7) in this form:

G(t)+0?q ()= [ [8 (1—1)+08 (1—1)] q0)dr.

Therefore the answer is

oS 8" (tr— 1)) — 0?8 (15— 1;)
_— = —H)—w —t).
84 (11) 84 (1) o 2

Exercise 2.3 (p. 19)

(a) The Hamilton action functional

Sla(), p(0] = [ [pa—H(p, 9 dt

is extremized when
oS oS

dq(t) 7 8p()
Computing the functional derivatives, we obtain the Hamilton equations (2.17).
When computing 6S/6p(t), we did not have to integrate by parts because S
does not depend on p. Therefore the variation dp(f) is not constrained at the

boundary points. However, to compute 6S/d¢(f) we need to integrate by parts,
which yields a boundary term

p(1)8q()]7: -

This boundary term must vanish. Therefore an appropriate extremization problem
is to specify ¢(#;) and ¢(t,) without restricting p(z). Alternatively, one might
specify p(#;) =0 and fix ¢(z,), or vice versa.

(b) A simple calculation using equation (2.17) gives

dH_aH,+8H,_0

dr  ag 1T P T
(c) The Hamiltonian H is defined as pg — L, where § is replaced by a function
of p determined by equation (2.13). This equation is equivalent to the first of the
Hamilton equations (2.17). Therefore the function pg— H is equal to L on the

classical paths.
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Exercise 2.4 (p. 19)
We use the elementary identity
[A, BC]=BJ[A, C]+[A, B]C. (A4.8)
Computing the commutator
[4.p°] =14 P p+ P[4, P] = 2ihp,

we then obtain the result,

Exercise 2.5 (p. 22)

The “bra”-vector (/| corresponding to the “ket”-vector a |v) 4+ B |w) is defined
as a linear map acting on vectors |u) as

(lu) = (afv) +Bw) , |u)) .
Since
(a|v) . [u)) = (ju), afv))" =a" (Ju), [v))" =" (|v). |u)),
we have
(afv)+Blw), |u)) = (Jv), [u)) + B (lw) , |u)).

This is obviously equal to the action of the “bra”-vector a* (v| 4+ B8* (w| on the
“ket”-vector |u).

Exercise 2.6 (p. 29)

We insert the decomposition of unity, [ |g) (g|dg, into the normalization condi-
tion {p;|p,) = 8(p; — p,) and obtain

8(p1—p2) = f (p1la) {q|p) dg. (A4.9)

Since from our earlier calculations we know that
ipq
(rlg) = Cexp (—?) ,
we now substitute this into equation (A4.9) and find the condition for C,

oo i(pr=p2)4
(=) = ICF [ dgexp| 1L

=27h|Cl* 8 (p; —p,) -

From this we obtain |C| = (2h)~!/2. Note that C is determined up to an irrelevant
phase factor.
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Exercise 2.7 (p. 30)

(a) See the solution for Exercise 2.4. First we find
[q, "1 =inp" " +p[q, p"'].
Then we use induction to prove that
[, p"] = ifnp"~!
for n =1, 2, ... The statement of the problem follows since [g, g"] = 0.
The analogous relation with p is obtained automatically if we interchange
q <> p and change the sign of the commutator (i% to —ih).

(b) We can generalize the result of part (a) to terms of the form §“p?g¢ by using
equation (A4.8),

[4.4“D"4] = ihbg“p" ' §¢ = ih— pq“pbzf (A4.10)

Here it is implied that the derivative d/dp acts only on p where it appears
in the expression; the operator ordering should remain unchanged. To prove
equation (A4.10), it suffices to demonstrate that for any two terms f(p, ¢) and
g(p, ) of the form §°pbg° that satisfy equation (2.39), the product fg will also
satisfy that equation.

An analytic function f(p,q) is expanded into a sum of terms of the
form ...g%p"g¢p? . .. and the relation (A4.10) can be generalized to terms of this
form. Each term of the expansion of f(p, q) satisfies the relation; therefore the

sum will also satisfy the relation.

Exercise 2.8 (p. 30)

Note that g does not commute with dg/dt (coordinates cannot be measured
together with velocities). So the time derivative of e.g. §° must be written as

It is easy to show that for any operators A, B, H (not necessarily Hermitian)
that satisfy

—A=[AH], —B=[B,H],

A=4.H], S B=[B 4]

the following properties hold:
d o a e a JA. B . .
E(A—I—B):[A—l—B, HJ; —(AB) —B+Aa— [AB, H].

By induction, starting from p and g, we prove the same property for arbitrary

terms of the form ...3°p?g°p? ... and their linear combinations. Any observable
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A(p, g) that can be approximated by such polynomial terms will satisfy the same
equation (2.40).

Chapter 3

Exercise 3.1 (p. 34)

The result follows by simple algebra.
More generally, if A(7) and B(¢) are operators satisfying the equation

d - A
bl

ZA=]

B
dt ]

and A(1y) is a c-number, i.e. A(fy) = Apl, then A(r) = A,1 for all other ¢. This

~

follows because all derivatives d"A/dt", n > 1, vanish at t = f,. Therefore it
suffices to verify the commutator [&_(t), &+(t)] =1 at one value of r.

Exercise 3.2 (p. 34)

The differential equation

2 = fy+s
X

with the initial condition y(x,) = y, has the following solution,

s = ([ s )+ [ axeres ([ aar).

(This can be easily derived using the method of variation of constants.) The
solution for the driven harmonic oscillator is a special case of this formula with
f(x) = —iw and g(x) = J.

Exercise 3.3 (p. 37)

First we compute the matrix element
oo
0= <nout| &1:1 |0in> = <n0ut| Qi Z Ay |k0ut> .
k=0

Since al; = &(:ut - C and &(;ut |kout> = \/z |k - 10ut>’ we Obtain
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Exercise 3.4 (p. 41)
At

(a) Expanding g(t,) for ¢, > T in the “in” creation and annihilation operators aZ,
we find

4 (1) = —= (ae™"" +ae ™" +2Re (Joe 1))
and then we have
2 .
(Ol (02) 3 (11)10,) = 57710 4 ZRe (Jye ") Re (Jye %)

The first term is the expectation value without the external force. The second term
can be written as a double integral of J(¢) as required, since

i T .
Jy= e J(1)dt.
0 m 0 ( )

(b) To compute this matrix element, we expand §(t;) in the operators 4, and
q(t,) in the operators a . Then we need to compute the following matrix elements:

<00ut| &(:ut |Oin> = ‘IO <00ut|0in> s
(Opur| e 03) = (1= 19017) Qw0
The final result is

<Oout|@(t2)2](tl)|0in> — 1 —zw(tz tl)+ 1 J2 —lw(tl—l—tz)
<Oout|Oin> 2w 2w

Again, the last term

L jpemiotin)

is rewritten as a double integral as required.

Chapter 4
Exercise 4.1 (p. 42)

From linear algebra it is known that a positive-definite symmetric matrix M;;

can be diagonalized using an orthogonal basis v/, with positive eigenvalues w2,
a=1,...,N. In other words, there exists a nondegenerate matrix v;, such that

ZMijvia = W4uVjg» Zviaviﬁ = 8(16'
i i

Here we do not use the Einstein summation convention but write all sums
explicitly.
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Transforming ¢; into a new set of variables g, by
q; = Z Uiaéav
a
we rewrite the quadratic term in the action as
qu 9= QaVieM;jvigds =) ©0pbapdads = Zwaqa
ap

apfij

This provides the required diagonalized form of the action.

Exercise 4.2 (p. 44)

We compute the action of the transformed field (Z)(x) after a Lorentz transfor-
mation with a matrix A}. Since the determinant of A is equal to 1, we may
change the variables of integration d*x to the transformed variables d*x with
the corresponding Jacobian equal to 1. The action (4.5) has two terms, one with
¢? and the other with derivatives of ¢. The field values ¢ do not change under
the Lorentz transformation, therefore the integral over d*X of (Z)z is the same as
the integral of ¢ over d*x. However, the values of the field derivatives d, ¢ do
change,

Op — A0, 0.
The action contains the scalar term m?>¢? that does not change, and also the term
" (3, 9) (3,4)
that transforms according to the Lorentz transformation of the field derivatives,
1 (0,0) (8,8) = 1AL (3,9) AL (9,9

But the Lorentz transformation leaves the metric unchanged [see equation (4.0)].
Therefore this term in the action is unchanged as well. We obtain the invariance
of the action under Lorentz transformations.

Exercise 4.3 (p. 44)

Solution with explicit variation From the action (4.5) we obtain the variation
0S with respect to a small change ¢ (x) of the field, assuming that 6¢ vanishes
at spatial and temporal infinities:

88 = / dx [0 (3,0) (0,8¢) — m>$8)]
—[d“ 7 (9,0, 8) —m*$] 3¢
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(the second line follows by Gauss’s theorem). The expression in square brackets
must vanish for the action to be extremized, so the equation of motion is

" (3,0,0) —m*d = —p+Adp—m*$ =0.

Solution with functional derivatives The equation of motion is 6S/0¢ = 0.
To compute the functional derivative, we rewrite the action in an explicit integral
form with some function M(x, y),

1
S[6]=3 [ d*xd*yp(x)$(IM(x.y). (A4.11)
(The factor 1/2 is for convenience.) Integrating by parts, we find
2 , 0 0
M(x,y) = —m"8(x—y) + "' ——-—6(x— ). (A4.12)
axH dyY

Thus the functional derivative of the action (A4.11) is

0
sa0y = | 4e0IME ).

Substituting M from equation (A4.12), we find

82
OxM*dx?

oS . ) Y
m =-—m"¢(x)—n*

b (x)

as required.

Exercise 4.4 (p. 45)

If ¢(x) is a real-valued function, then

d?x

(2m)3/2 rp (x) =y

(dy)™ =

Exercise 4.5 (p. 47)

We use the relations

1 ) . w . .
A— —iot | At ot A k (~+ it A— —iwgt
(ake +a’,e ), T =1 > (a_ke age )

,/2(1)1{

(Here &f(—L are time-independent operators.) Then we find

b=

1/, . AA Wy 1 n oA
2 (Wkak +w%¢k¢tk> =5 (@ +atasy).
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Since we integrate over all k, we may change the integration variable k — —k
when needed. Therefore we may write the Hamiltonian as

N %) .
= RS (@ ay +aay).

Chapter 5

Exercise 5.1 (p. 60)

The computation is split into three parts: (1) the variation of the determinant ,/—g
with respect to g®f; (2) the variation of the action with respect to 1“;,‘0; (3) the
variation of the action with respect to g®P.

(1) To find the variation of the determinant ,/—g, we need to compute the
derivative of g = detg,pg with respect to a parameter. We can use the matrix
identity (for finite-dimensional matrices A)

det A=exp(TrinA).

Choosing A = A(s) as a matrix that depends on some parameter s, we get

d d dA

—detA=—exp(TrlnA) = (det A)Tr [ A~ — ). (A4.13)
ds ds ds

Here A~! is the inverse matrix. We now set A = uy (the covariant metric tensor

in some basis) and s = g,g with fixed @ and B. Then g = det A and

d d )
82 08 _ggrr I _ g grraesh — g g°b.
ds  08qp 98ap

The derivative with respect to components of the inverse matrix g*” is computed

quickly if we recall that the determinant of g*” is g~ !

dg - 0/—g 1
9geB = 88eB ap = —5«/—_88043- (A4.14)

(Note that ./—g./—g=—g>0.)
We may also consider ,/—g(x') with a fixed x' to be a functional of g*?(x).

The functional derivative of this functional is

SR) 0By /R

SgB(x) — dgoB 2

Zapd(x —x').

As a by-product, we also find the spatial derivatives of the determinant:

N
/=8 =""83up - (A4.15)

B.
’ 2

0,8 = 88ap,u8"
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(2) To compute 65/ BF,’,\U, we rewrite the action as an integral of F;‘U times
some function. This requires some reshuffling of indices and integrations by parts.
For example,

/ 4/—gd4xgaﬁrgﬁ’u = —/ d*xI), (V=28"") ) -
—/ ./—gd4xg“ﬁf‘5“ﬁ=/ d4xl"£g(4/—ggp35')f),3.

The functional derivatives of these terms with respect to F;‘U can be read off from
these integrals. The terms bilinear in 1" need to be rewritten twice, with 1"[’,‘0 at
the first place or at the second place:

A A
rsﬁrﬁv = Fp(rr)l\/v‘ggag = FSBFPO.SK-,

A A
Toulh, = oo Tgr80 = Toi Ty, 85,

The functional derivatives of these terms are then computed by omitting 1";,‘0 from
the above expressions:

0
STV < / Thely,v/—gs” d4X) = /=38 (FA”V'SQ‘SE + Fﬁfﬁﬁ) 7
po
0
o (- T as) = - (o 130)
po
Therefore the equation of motion for F;‘U is

oS
0 =5t =~ (vV=88"") ,+ (/=888 g
po

+ (F)Iiugpa + rgﬁgaﬁgg —Th 87~ ng\gpa) NE&TT

It is now convenient to convert the upper indices p, o into lower indices w, v by
multiplying both parts by g,,,g,, (before doing this, we rename the mute index
v above into «). The derivatives of ,/—g are shown in equation (A4.15). The
common factor ,/—g is canceled. We obtain the following equation for I 513:

F)C\(aguv + rglggp,pg/\vgaﬂ - F;l/),\gp,p - F;I/\gw

1 1
= Eg)\ygaﬁ (zga,u,,ﬁ - ga,B,;L) + Eguvgaﬁgaﬁ,)\ — 8uv, A+

This is a complicated (although linear) equation that needs to be solved for I'.
One way is to separate the terms on both sides by their index symmetry and by
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their dependence on g,g. To make the symmetry in the indices easier to use, we
lower the index u in F;LB to obtain the auxiliary quantity I,z defined by

F(I:ﬁ = g“”FmB.
Then we find

g)wgaﬁr,uaﬁ + g,uvgaBFB/\a - (F;w/\ + FV,UJ\)
1

1
= Eg/\vgaﬁ (2gap,,3 - gaB,,u) + Eg,uvgaﬁga[%,/\ —8uv,r (A416)

Now we note that there are three pairs of terms at each side: terms with free g,,,,
terms with free g,,,,, and terms without a free (undifferentiated) g,,,. Moreover,
the second and the third pair of terms are symmetric in w, v. Therefore, the first
pair of terms, which is not symmetric under u <> v, must match separately:

aB(

1
88 PTu0s = =808 (2808 — 8ap.pn) -

2

This equation is obviously solved by

1
Tyap =5 (Sapup F 8pua — Sapun) - (A4.17)
which is equivalent to equation (5.18). [Here we identically rewrote

2gaﬁgoz,u,,,8 = gaB (gap,,ﬁ +gﬁ,u,a) >

to make I,z symmetric in a, B.] Then we need to check that the other two pairs
of terms also cancel. With the above choice of I,z we find

F/.LV/\ + FV/.L)L = 8uv,\>

1
gaBFBAa = Egaﬁ

8apB, -
Therefore equation (5.18) is a solution.
Finally, we must show that this solution is unique. If there are two solutions

I'qp and F;L ap’ their difference D,z satisfies the homogeneous equation

g)\VgaBDp,a,B + g;wgaBD,B)\a - (DMV/\ + DV;J,)\) =0. (A418)

We need to show that this equation has no solutions except D,,,g =0 when g,z is a
nondegenerate matrix. First we antisymmetrize in &, v and find gy, D10 g*f =0.
If we define u, =D, g®F and raise the index A, we find that u u satisfies 8Au w=
8ﬁuv. The only solution of this is u,, = 0 (set ¥ = A # u to prove this). So the first
term of equation (A4.18) vanishes. Then we contract equation (A4.18) with g"”
and find g*# Dg)q = 0. Therefore equation (A4.18) is reduced to Dy, + D, = 0.
But a tensor D,,,,, which is antisymmetric in the first two indices but symmetric
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in the last two indices must necessarily vanish. Therefore the solution I, of
equation (A4.16) is unique.
(3) The variation of R,/—g with respect to g*# is now easy to find. We write

R,/—g:g"“’ij,/— ,

where R, is treated as independent of g*P since it is a combination of the T’

symbols. Then
)
s (] & R/ =50%)

0/ 1
- Raﬁ\/_+/ gMVR,uV a'[;g((x))d“x/ = (Ra,B - EgaBR> \/__g

The last line gives the required expression.

Remark: other solutions Here we solved for rgﬁ straightforwardly by extremizing
the action, without choosing a special coordinate system. Another way to obtain the
Einstein equation is to vary the action directly with respect to g*”; direct calculations are
cumbersome unless one uses a locally inertial coordinate system.

Chapter 6

Exercise 6.1 (p. 65)

We use the spacetime coordinates (x, 1) and note that ./—g = a* and g*F =
a=?n*B. Then

\/_—gm2¢2 — m2a2X2,
V=88%¢ b g =0’ (¢”—(V)?).
Substituting ¢ = x/a, we get

a a 2 a’ a7
a2¢/2 =X,2_2XX/;+X2 (Z) =X,2+X2; _ |:X2_:| .

a

The total time derivative term can be omitted from the action, and we obtain the
required expression.

Exercise 6.2 (p. 66)

The standard result dW/dt = 0 follows if we use the oscillator equation to express
~.X.:1,2 through Xl’z,

t(xle—X]X2)—xl.xZ x1552=a)2x1x2—x1a)2x2=0.

d
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The solutions x;(¢) and x,(f) are linearly dependent if there exists a constant
A such that x,(¢) = Ax;(¢) for all ¢. It immediately follows that W [x;, x,] =
X1Ax; — x;Ax; = 0. Conversely, W [x, x,] =0 means that the matrix

(551(0 xl(t))

X (1) xy(1)

is degenerate for each ¢. Thus, at a fixed time ¢ = ¢, there exists A, such that
X5(tg) = Agxy () and X, (25) = AgX; (fp). The solution of the Cauchy prob-
lem with initial conditions x(#y) = Agx;(#y), X(#y) = Agx;(#y) is unique; one
such solution is x,(f) and another is Ayx;(f); therefore x,(f) = Agx;(¢) for
all ¢.

To derive an expression for g, in terms of xy(7) and v (7n), we use equa-
tion (6.13) and its time derivative:

() = % [ag vl (m) +atou(m)].

Xe(m) = % [ag vl () + atv,(m)].

Multiplying the first equation above by v;, the second equation by vy, and sub-
tracting, we find

/ / — x_/ k/
XkVk — Uk Xk = ag (Ukvk — Uk Uk) .

Sl -

The desired formula for a; follows.

Exercise 6.3 (p. 68)

We compute the commutation relations between y (x, i) and 7 (x, ) using the
mode expansion (6.20) and the commutation relations for a;’:

3 /oo /%
d”K v vg — vgvy ok-(x—y)

[)A( (X’ 77) , T (y’ ”7)] =

(2m)3 2
From the known identity
&’k
S(x—v) = | —— pik(x=y)
(X Y) (277_)36

it follows that equation (6.22) must hold for all k.
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Exercise 6.4 (p. 68)

We suppress the index k for brevity and write the normalization condition for
u(m), expressing u through v using equation (6.24),

W' —uu™ = <|a|2 - |B|2) (Vv —w'™).

It follows that the normalization of v(7n) and u(m) is equivalent to the condition
(6.25).

Exercise 6.5 (p. 70)
First we consider the quantum state of one mode (;,’)k. The b-vacuum ‘(b)Ok,_k> is

expanded as the linear combination

e}

Ok k)= D Coun | @)™ i) (A4.19)

m,n=0

where the state ‘(a)mk, n_k> is the result of acting on the a-vacuum state with m

creation operators &,” and n creation operators a,

()" (@)
@) k) = ﬁ}

The unknown coefficients c¢,,,, may be found after a somewhat long calculation
by substituting equation (A4.19) into

(a)ok,_k) ) (A4.20)

(e, = Bra™y) | Ok —) = 0, }
n N ’ A4.21
(e — Bty ) | 0k —1) = 0. (Aa4.20)

We use a faster and more elegant method. Equation (A4.20) implies that the

b-vacuum state is a result of acting on the a-vacuum by a combination of the

creation operators. We denote this combination by f(a;,a",) where f(x,y) is

an unknown function. Then from equation (A4.21) we get two equations for f,
(e —Braty) f ‘(a)ok,—k> =0, (A4.22)
(o2 — Brcdty) f | (ayOk,—x) = 0. (A4.23)

We know from Exercise 2.7b (p. 30) that the commutator [211: , }”] is equal to the

derivative of ]A‘ with respect to &: . Therefore equation (A4.22) gives

af L.
(a"F —Bralyf ) (@) Ok k) = 0.
ay
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Since the function f contains only creation operators, it must satisfy

BA
gt =0

This differential equation has the general solution
At at Y — (At B v~ t
f (&g, aty) = C(a%y)exp o bk )
K

where C is an arbitrary function of &fk. To determine this function, we use
equation (A4.23) to derive the analogous relation for df/da*, and find that C
must be a constant. Therefore the b-vacuum is expressed as

|00k —k) = C 3 <&) (@) i) -
n=0

ak

The value of C is fixed by normalization,

a1
ol

(0)Ok—k |0k —1) =1 = C=
oy

Since |By| < |ay|, the value of C as given above is always real and nonzero. The
final expression for the b-vacuum state is

1 n
|(0)Ok.—x) = (&) | (@) k> ) -

|ak|,, —o \ Ok

The vacuum state |(b)0) is the tensor product of the vacuum states |(b)0k’_k) of

all modes. Since each pair ¢y, ¢_j is counted twice in the product over all k, we
need to take the square root of the whole expression:

0= [“| wz(n) %}m'@

— Br ot
_EMCXP(%Mkak —k) |0) .

Exercise 6.6 (p. 72)

Similarly to the calculation in Section 4.5, we perform a Fourier transform to find

~ 1 A A
H = 5/ d’k (Xl/(XLk+w%(77)XkX—k)-
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Now we expand the operators Y, through the mode functions and use the identity
vk(1) = v_k(n) and equation (6.20). For example, the term Y ", gives

o/ K A .
/aﬁk XX = e (v ay +valy) (v a y +viay)
d’k - 2l _
_/ [vfalf Pt () oy + o (@ &) +at k)]
Since we are integrating over all k, we may exchange k and —k in the integrand.

After some straightforward algebra we obtain the required result.

Exercise 6.7 (p. 78)

Using the mode expansion and the commutation relations for &f, we find
. . Pk 1o
O () & (v 1) 10) = (0] [ 3555 oju [0)

k2d ikLcos 6 |Uk(77)|
o 4772/ d(cosf)e 2

ska
/ R aklu () =

Exercise 6.8 (p. §2)

We need to compute the mode function v,(cin)(n) at m > m; and represent it as

a sum of v,({out) and v(om)* To simplify the notation, we rename v,((m)

t
U](:)u ) = Uy

= v, and
. The mode function v, and its derivative v, need to be matched at
points n =0 and 1 = ;. To simplify the matching, we use the ansatz

f(®) =Acosw(t—t0)+gsinw(t—t0)

to match f(79) = A, f'(ty) = B. We find for 0 < 1 < 7,

1 iJop .
v (M) = cos Qm+ sin (7.
A @k Qy
Then the conditions at n = 1, are
1 1 (O
v (m) = cos (e + q, Oy,
Wi k
/ Qk . .
v (m) =— = sin ;) +i/w; cos ;.
k
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Hence, for 1 > m; the mode function is

eiwk(nfﬂ’ll) wk

i O,
u(m) = ~Jer |:COS Ym+5 (Q + ) sin ka}
k ko O

e~om=m) g Q) isin Qg
v O Qk W 2
. lor(n—m1) . e~ io(n—m1)
= + Bk
@k A @k

The required expressions for «; and 3; follow after a regrouping of the complex
exponentials.

+

Exercise 6.9% (p. 83)
The energy density is given by the integral

Kiax ‘smm,/k —mo‘
so=my [ 4mkidky/m3+ K .
0

m0]

We introduce the dimensionless variable s = k/m( and obtain

2
£ S ‘sinAx/sz—l‘
—:477[ scds———— |
mg 0 [s2 = 1] v/ 1452

where A = mgm, > 1 is a (dimensionless) parameter. The integral over s in
equation (A4.24) contains contributions from the intervals 0 < s < 1 and from
l<s<s

(A4.24)

max»

! inh? Av/1 — s2 in2 AVs2—1
20—t [ R N an [ Pds T (A4.25)
m 0 (1—-52)V1+s2 1 (s2=1) V142
Since this integral cannot be computed exactly, we shall perform an asymptotic
estimate for large values of A. The integrand in the first term in equation (A4.25)
is exponentially large for most s,

1
sinh? A ~ 2 exp(24),

while the second term gives only a power-law growth in A,

sin® Av/s2 — 1 5
— I <A°, s>1.
s —
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(Note that |%| <1 for all x > 0.) This suggests that the first term is the
asymptotically dominant one for A >> 1. Now we consider the two integrals in
equation (A4.25) in more detail and obtain their asymptotics for A — oo.

(1) The first integral in equation (A4.25) can be asymptotically estimated in
the following way. We rewrite the integrand as a product of quickly varying and
slowly varying functions,

/ s1nh2 AV'1

dar
1 — s2 1+ 52

1— 26—2A\/ 1—s2 + e—4Av 1—s2
(1 — s2) V1452

The quickly varying expression in the square brackets has the maximum at s = s,
where

— / ds[ 2 “m] (A4.26)

2 2 ~ 1
S0A= 1—50:>S0Nﬁ<<1.

This maximum gives the dominant contribution to the integral. Near s = s the
slowly varying factor is of order 1+ O( ) and can be neglected in the calcu-
lation of the leading asymptotics. By changing the variable s+/A = u, we find

1 1
/ s*ds exp (2AV 1— s2) = eZA/ 2ds e A7 +0(s)
0 0

JA
= A3 / § e ™ du (1 +0 (A_l))

0
= YT AR (140 (a7)).

In the last integral we have approximated
VA 00
/ wle " du ~ / ule " dy = ﬁ
0 0 4
since the difference is exponentially small, of order exp (— <4

already neglected terms of order A~!. Therefore the first contribution to g is

4 3/2
Vo) (o (on))
4 \mym, myT

(2) Tt remains to prove that the first integral in equation (A4.25) gives the
dominant contribution for A >> 1. This can be shown by finding an upper bound

), whereas we have
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for the second integral. We split the range 1 < s < s,,,,, into two ranges 1 < s < s,
and 51 < § < Sy, Where sy is the first point after s = 1 where

sinAy/si —1=0.

2 2
= 1 — a1 —_—,
CEY e Y e
and the integrand can be bounded from above on each of the ranges using

sin® Av/s2 — 1 -2 52
-1~ 7 1+ 52

2 2
sin?AvVs2—1<1,

<l+— fors=s.
T
So the integral satisfies the inequalities

Smax > SiIl2 AVs?2 —1 2 1 4A2 Smax ds
seds <A ds+ |1+ —
1 (s2—1) V142 1 T ) s 1+ 52

Then

<1 for0<s<s,

§2 —

2 44N PR
=A" (s —-D+|1+— (sinh™" sy —sinh ™' sy)
T

? 4A? 5 )
<?+ 1+? In{ Spax +1/5ax +1 ) ~AInsg, AL

Therefore at large A and fixed s,,,, the contribution of the second integral is
subdominant to that of the first integral.

Chapter 7
Exercise 7.1 (p. 89)

We introduce the variable s = k|| and express the mode function through the
new function f(s) by

v () = Vs f(s) = Vi nlf (knl).

Then the equation for f(s) is the Bessel equation,

9 m?
4 HY
with the general solution f(s) = AJ,(s)+ BY,,(s), where A and B are arbitrary

constants and J,,, Y,, are the Bessel functions. Therefore the mode function v, (n) is

S+ sf +(sP—n?) f=0, n=

ve(m) = vkl [AJ, (k|n]) + BY, (k[n])]. (A4.27)
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The asymptotics of the Bessel functions are known; see e.g. The Handbook of
Mathematical Functions, eds. M. Abramowitz and I. Stegun (National Bureau of
Standards, Washington D.C., 1974):

7.(s) ~ F(n+1)(%)n’s_)0
" —cos(s—T”——) § — 00;

Y (o)~ [——<>()
\/7s1n( %—%),seoo.

Since by assumption m < H, the parameter n is real and n > 0. So the mode
function vy (n) defined by equation (A4.27) has the following asymptotics:

BL2"T(n) (k[n)* ™", k|n| > 0,

v ~
() \/g[ACOS/\—i-BSin)\], k|m| — +oo.

Here we denoted

nw
A=k -5 "7
] 1
It is clear that the choice
T
A= |—, B=-iA
2k

will result in the asymptotics at early times k |n| — oo of the form
1 inm imT

=—€ kn+—4+— ).

ve(m) NG Xp(l n+—-+ )

This coincides with the Minkowski mode function (up to a phase).

Chapter 8
Exercise 8.1 (p. 99)

Consider a boost that transforms one inertial frame to the other and suppose v, is
the relative velocity. The coordinates in the two frames are related by the standard
formulae
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Hence, the lightcone coordinates are related by

1—v,

V1—=v?

~ 1'i_vr —1
=au, V=V———=0a V.

V1—=v?

U=u

This gives

Exercise 8.2 (p. 106)

We substitute the expression for ?)6 into the commutation relation and find
s(0—0)=[bg, b |
[/ do (ay0d, —Buady,) /dw ooy llyy BZ‘,/Q/&;/)]
= / dwdw' (2,00} 08(w— ") —BuaBigd(w—a))

= / dw (awﬂa*wﬂ’ - BwQBZQ’) .

Exercise 8.3 (p. 107)
Let us define the auxiliary function F(w, ) by!

© d too d
Flw, Q)= / 2u el tu—ion — / e —exp [lQu—H—e “”] . (A4.28)

This function can be reduced to Euler’s I'" function by changing the variable
u—t,

The result is

1 Q () iQ
F(w,Q):%exp z—lnz+g r - w>0,a>0.

We will need to transform this expression under the replacement w — —w, but it
is not clear whether we may set In(—w) = In w + i7r or we need some other phase
instead of imr. To resolve this question, we need to analyze the required analytic
continuation of the I' function; a detailed calculation is given in Appendix A1.3.

'Because of the carelessly interchanged order of integration while deriving equation (8.40), the integral (A4.28)
diverges at u — +oo and the definition of F(w, {}) must be understood in the distributional sense.
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Exercise 8.4 (p. 107)

A more direct approach (without using the I" function) is to deform the contour of
integration in equation (A4.28). The contour can be shifted downwards by —ima ™!

into the line u = —ima~' 41, where ¢ is real, —co < t < +oo (see Fig. A4.1).
Then e~ %" = —e~“" and we obtain
oo dt (O
Flw, Q) = / — exp (iQH— = Be‘”)
—0 2T a a
Q
=F(—w, Q)exp <7T—) .
a

It remains to justify the shift of the contour. The integrand has no singularities and,
since the lateral lines have a limited length, it suffices to show that the integrand
vanishes at u — Foo —ia for 0 <@ < ma~'. At u =M —ia and M — —oo the
integrand vanishes since

lim Re (fe—“"> —— lim 2 sinaa = —co. (A4.29)
U—>—00—I1 a t——00
At u — 400 — i the integral does not actually converge and must be regularized,
e.g. by inserting a convergence factor exp (—buz) with b > 0:
T du 1)
Flw, Q)= lim — exp (—bu2 +iQu+ i—e‘““) . (A4.30)
b—>+0J)_ 277 a
With this (or another) regularization, the integrand vanishes at u — 400 — i as
well. Therefore the contour may be shifted and our result is justified in the sense
of distributions.
Note that we cannot shift the contour to u = —i(7 +2mn)a~' 4+t with any
n # 0 because equation (A4.29) will not hold. Also, with w < 0 we would be
unable to move the contour in the negative imaginary direction. The shift of the
contour we used is the only one possible.

Fig. A4.1 The original and the shifted contours of integration for equa-
tion (A4.30) are shown by solid and dashed lines. The shaded regions cannot be
crossed when deforming the contour at infinity.
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Chapter 9
Exercise 9.1 (p. 114)
Calculations are conveniently done in the radial lightcone coordinates
u=t—r, v="=1+r, n,dx"dx" = dudv,

where we omitted the spherical angular coordinates. A suitable coordinate trans-
formation is

dudv
(1—a2) (1—-2?)
The new coordinates #, v extend from —1 to 1. Multiplying the metric by the
conformal factor Q2 (i, 1) = (1 — itz) (1 — T)z), we obtain the following conformal
transformation of the metric,

O%dudv = didv = n,,dx*dx’,

u=tanhu, v =tanhv, dudv=

a=x0-x", v=x"+x"

The new coordinates x“ have a finite extent, namely |5c0 :|:5c1| < 1, and therefore
the resulting diagram has a diamond shape shown in Fig. A4.2. To appreciate the

x0

N , xL

-1 0 L7 1

Fig. A4.2 A conformal diagram of the 1+1-dimensional Minkowski spacetime.
Dashed lines show lightrays emitted from points A, B. The curved line is the
trajectory of an inertial observer moving with a constant velocity, x' = 0.3x°.
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distortion of the spacetime geometry shown in the conformal diagram, we can
draw the worldline of an inertial observer moving with a constant velocity. Note
that the angle at which this trajectory enters the endpoints depends on the chosen
conformal transformation and thus cannot serve as an indication of the observer’s
velocity.

Exercise 9.2 (p. 118)

We need to restore the correct combination of the constants ¢, G, &, and k in the
equation. The temperature is derived from the relation of the type w = a/(27)
where a = (4M)~! is the proper acceleration of the observer and  the frequency
of field modes. This relation becomes w = a/(27c) in SI units. The relation
between a and M contains only the constants ¢ and G since it is a classical
and not a quantum-mechanical relation. The Planck constant % enters only as the
combination hw and the Boltzmann constant £ enters only as k7. Therefore we
find
ct ha hed 1

a= , kT=hw="— = T=——.
4GM 2mc Gk 8mM

The relation between temperature in degrees and mass in kilograms is

T (1.05-107)(3.00-10%)’ <1kg)_1.z3.1023kg
1°K ~ (6.67-10-11) (1.38-10-2)8x \ M )~ M

Another way to convert the units is to use the Planck units explicitly as in the
following. The Planck mass Mp, and the Planck temperature 7p, are defined by

he
Mp == kTp = Mpic”.

oL T _ 1 1
N 8TM TP] - 8w (M/Mpl)

Then we write

and obtain the above expression for 7.
Numerical evaluation gives: T~ 6- 103K for M = My=2- 10%g; T~ 10!'K
for M = 10%g; and T ~ 103'K for M = 107 g.

Exercise 9.3 (p. 118)

(a) The Schwarzschild radius in ST units is expressed by the formula

2GM
= 5

C
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The typical wavelength of a photon is

2 (2mc)?>  16m*GM
—c= = .
w a c?

A=

Note that the ratio of A to R is independent of M (this can be seen already in the
Planck units):

— =8
R

(b) The Compton wavelength of a proton is

B 2ah

mpc

A

The proton mass is m, ~ 1.67 - 10~2"kg. Protons are produced efficiently if the
typical energy of an emitted particle,

h 3
KT = ho = ——,
8TGM
is larger than the rest energy of the proton, mpc2 = hw. The required mass of the
BH is
I
= ~1.1.10"%g.
8mGm,,

The ratio of the Compton wavelength A to R is (we now use the Planck units, but
the dimensionless ratio is independent of units)

A2
2 STyt = 8a2,

Rmp

Note that this ratio is the same for the massless particles. So the required size of
the black hole is about 1/87% 2 0.013 times the size of a proton.

Exercise 9.4 (p. 120)

The loss of energy due to Hawking radiation can be written as

am 1
dt —  BM?
where B is a constant. Then the lifetime of a black hole of initial mass M, is
3
—
)
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In SI units, this formula becomes
. G* BM;
L™ het 3

The dimensionless coefficient B depends on vy, the number of available degrees
of freedom in quantum fields. The order of magnitude of B is estimated as

153607
B= ~
Y
We find 7, ~ 107s for M = M; t; ~ 10%s for M = 10g; #; ~ 1075 for

M = 107g. For comparison, the age of the Universe is of order ~ 10'° years or
~3-10"s; the Planck time is tp; ~ 5.4 - 10™#4s,

10*.

Exercise 9.5 (p. 122)

(a) Here we consider the black hole as a thermodynamical system with a peculiar
equation of state. The results are essentially independent of the details of the
Hawking radiation, of the kinds of particles emitted by the black hole, and of the
nature of the reservoir.

Solution 1: elementary consideration of equilibrium The equilibrium of a
black hole with a reservoir is stable if any small heat exchange causes a reverse
exchange. It is intuitively clear that in the equilibrium state the temperatures of
the black hole Tgy and of the reservoir 7, must be equal. Suppose that initially
T, = Ty and the black hole absorbs an infinitesimal quantity of heat, §Q > 0,
from the reservoir. Then the mass M of the black hole will increase by 6M = 6Q
and the temperatures will change according to

60

1 1
8T. = ——8Q, 6Ty =20 =— 0(80?%).
TG Q BH= 08 0 = T RaM? (607)

This creates a temperature difference

Ty —T. = (Ci— ﬁ) 80+0(80%).
If 0 < C, < 8mM?, then Tgy > T, and the black hole will subsequently tend
to give heat to the reservoir, restoring the balance. However, for C, > 87M?
the created temperature difference is negative, Ty — 7, < 0, and the situation is
further destabilized since the BH will tend to absorb even more heat.

Similarly, if 6Q < 0 (heat initially lost by the BH), the resulting temperature
difference will stabilize the system when C, < 87M?. Therefore a BH of mass
M can be in a stable equilibrium with the reservoir at Tz = 7, only if the heat
capacity C, of the reservoir is positive and not too large, 0 < C, < 8M?>.
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Solution 2: maximizing the entropy This is a more formal thermodynamical
consideration. If a black hole is placed inside a closed reservoir, the total energy
of the system is constant and the stable equilibrium is the state of maximum
entropy. Let C,(7,) be the heat capacity of the reservoir as a function of the
reservoir temperature 7,. We shall determine the energy E, and the entropy S, of
the reservoir which maximize the entropy.

If the reservoir absorbs an infinitesimal quantity of heat 6Q, the first law of
thermodynamics yields

8Q = dE, = C,(T,) dT, = T.dS,.

Therefore

T, T;
B )= [ cmar, s.my=["Clar

The entropy of a black hole with mass M is
1

Soy = 4TM?* =
BH 167TT§H

and the energy of the BH is equal to its mass,

. 1
- 8’7TTBH '

Epy =
This indicates a negative heat capacity,

Con(N) =~ =—g77-

Now we have the following thermodynamical situation: two systems with temper-
atures 7 and 7, and heat capacities C; (7}) and C, (7,) are in thermal contact and
the combined energy is constant, E, (T;) + E, (T,) = const. We need to find the
state which maximizes the combined entropy S = S; (T}) + S, (73). This problem
is solved by standard variational methods. The energy constraint gives 7, as a
function of 7} such that

dT, () _ (T
dT, G (Ty)
The extremum condition dS/dT; = 0 gives

ds C (T C, (T,) dT. 11
4 _ 1(1)+ 2 ( 2)_2= —>C1(T1)=0.
dT, T, T, dT,

T, T,
Therefore T} = T, is a necessary condition for the equilibrium. The equilibrium
is stable if d>S/ dT12 < 0, which yields the condition

d*s d (1 1 C, C +C
— =—|——— ) (T)=-2L i+ 2 0.
dT? dT, \T, T, G T?

Tl :Tz
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Hence, the stability condition is C;C5 '(C, + C,) > 0. Usually heat capacities are
positive and the thermal equilibrium is stable. However, in our case C; = Cgyy < 0.
Therefore the equilibrium is stable if and only if 0 < C, = C, < |Cgy], in other
words

= 87M?>.

0<C < 5

7TTgy

We find that the equilibrium is stable only if the reservoir has a certain finite heat
capacity. A combination of a BH and a sufficiently large reservoir is unstable.
(b) The heat capacity of a radiation-filled cavity of volume V is

C.(T,) =40VT>.

In equilibrium, we have T, = Tgy = T. The stability condition yields

1
87T? 327weTs’

A black hole cannot be in a stable equilibrium with a reservoir of volume V larger
than V..

C. —=40VT? < = V< Vo =

Chapter 10
Exercise 10.1 (p. 125)

(a) We start by assuming that the normalization factor in the mode expansion is
+/2/L and derive the commutation relation.
We integrate the mode expansion over x and use the identity (10.4),

Lo : V(L.
[0 dx ¢(x, t)sma)nx:5 w_n[a”e ’w”t—ka:e""nt],

Then we differentiate this with respect to ¢ and obtain

L .
A . i . L
/ dx' 7 (y, t)sinw,x' = 3 Lo, [_an eiont a:elwnt] )
0

Now we can evaluate the commutator

L L 4. L. _ .
|:/0 dx ¢(x, t)sinwnx,/o dyzq')(x/,t)sinwn/x’}:ia [a;,a;]

L L nwx n' wx' L
=/ dx/ dx’ sin —— sin id(x—x")=i=0d,,.
0 0 L L 2

In the second line we used [(}(x, 1), w(x, t)] = i6(x — x"). Therefore the factor

V2/L indeed cancels and we obtain the standard commutation relations for a=.
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(b) The Hamiltonian for the field between the plates is

R 2
ad)(x t) dd(x, 1)
2 / ( ) + ( ox )

The expression (0| H |0) is evaluated using the mode expansion above and the

relations
(01,2} 10) = 8,0, (012387 10) = (01,2, 10) = (0] 3, 10) =0

n

The first term in the Hamiltonian yields
N 2
1 pL 0 1
<0|_/ dx <M) |0)
2 Jo ot
2
smw X, iw,t + lw t

<0|2f d;{,/ i@, (— e 4 &f e )} 10)

W,X 1
L/ Ix Z(sm ) =Zzwn.

I’l n

The second term yields the same result, and we find

N )
O1f110) =3 3 @,
n=1

Chapter 11

Exercise 11.1 (p. 137)
(a) Consider a system described by a Hamiltonian H(p, g), where the vector
notation stands for a finite number n of degrees of freedom. We follow the
derivation of equation (11.15) in the text, replacing p and ¢ by vectors p, g in the
n-dimensional space. The evolution operator is approximated as in equation (11.7)
as before, and the propagator for a small time interval is

K (Ges1 @ ters 1) = (Gas | ( hAtk ) )+ 0 (AR) .

To calculate the matrix element of the Hamiltonian, we now use the decomposition
of unity,

P= [ a"e [ (p
where we now need to integrate over d”" p; in the n-dimensional momentum space
rather than over dp, in a one-dimensional space. Except for this difference, the
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calculation proceeds essentially unchanged. We assume that the operators p, are

ordered to the left of ék in the Hamiltonian. Then, similar to equation (11.11), we
find

S e 1 5 o iD Zlk)

Pl H = —— H(py, q;) ex (—— ,

< k Qk> (2Wh)n/2 (pk qk) p A

where p; - g, stands for the scalar product of vectors in the n-dimensional space,
and the factor (277%)"/? replaces +/27h. Instead of equation (11.12), we now
obtain
ipk - (1 — dr)

h b

e ) = [ P H G ) ex
k+1 k Qmh)" k> k
and then the propagator becomes

K (Grr1s @i trgrs fa)
i . . .
Pk A (L Gkl — Gk S 2
— . — H(py, O(Ar)|.
/ @rh)” eXP|: 7 (Pk Al (Pk %)) +0( k):|

Finally, we obtain

T Nod"qd" By | _d"po
K , =
(@ - 10) = LEII @mh)" | @mh)"

N . - N

iNy (L Qi1 — 4 N

X exp |:Z Tk (pk‘%kk — H(py, Clk)> +0(At1%)i| .
k=0

This expression becomes the path integral in the limit N — oo,

K (7. do: 17 10) = [ DPDG exp [ [ (po) -0~ HGGO), 21(0))} ,

0

(A4.31)
where the integration measure is defined as
DHDE = 1 ﬁ d"ped" gy | d"po (A4.32)
= lim . .
P4 = vy @mr)" | 2mh)"

(b) The transition to an infinite number of degrees of freedom can be performed
by treating the field variables ¢(x, ) = ¢, () as an infinite set of time-dependent
generalized coordinates ¢, labeled by the “continuous index” x. The Hamiltonian
(4.11) additionally depends on the generalized momenta (), but there is no
need to reorder factors of 77 and ¢.

We would like to use the results (A4.31)—(A4.32), therefore we need to dis-
cretize the space label x, introducing a finite number » of different points x;, . .., X,,.
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The propagator in the discretized approximation is a function of » initial and » final
values of ¢,

K(y,ps-- s s, 15 Px05 -+ - Px 03 Ers 10) = K(@p(X), do(X); 1, 1).

Its path integral representation follows from equations (A4.31)—(A4.32),

K(p(x), o(x); 15, 1)

=/ﬂ¢xﬂ7Tx exp [/t’f%dt (él (med)x,,,) — H|m,, ¢X]>j| .

0

The integration measure is defined by

[Tzt dy, (1) A ) - doy, (t)dmy (1)

Qmh)" 1};[1 2mh)"

Ddp Dy = lim
N—o0
In the continuous limit (n — oo) the sum over m becomes an integral,
n . .
3 my by — / Px(x, 1) (x, 1),
m=1

while the propagator K becomes a functional of the fields ¢, and ¢. Therefore
the path integral representation of the propagator is

K(p(x), o(x); 15, 19)
~[omen| [ ([ Pxmb0-Hm.4)).

There will be an additional limit » — oo in the integration measure.

Exercise 11.2 (p. 137)

In the case of a time-dependent Hamiltonian, the evolution operator U (tf,1p) can
still be expressed as a product of evolution operators for time intervals,

f](tf, to) - U(tf, tn) U(t,z, tn—l) [N U(tl, to) N

where the order is important since these operators do not commute. The propagator
can be rewritten as an n-fold integration over g, as in equation (11.6). The
evolution throughout a short time interval A, is approximated as

- Aty A .
U(tiprsti) =1 lTkH(p, g- 1) +0(AR).,

since any corrections due to time dependence of H will be of higher order in At.
Then the derivation of the path integral proceeds as in Chapter 11.
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Exercise 11.3 (p. 138)

We follow the derivation of the Lagrangian path integral in the text. The starting
point is the discretized form of the Hamiltonian path integral (11.14). We need to
reorder the operators in the given Hamiltonian so that p is to the left of g, using
the commutation relation

[£(@). p] = ihf ().
We find
H(p, ) = p*f>+2ikpff' + (ih)* ff.

Therefore, the propagator is

dpy 1 dpidgy
K (ag.ao: i) = lim, | 225 11

lAt " qk+l_qk 2 r2 Zh / hz 7
X exp 72 ka_pkfk_ ihp fife 10 fife = Vi) |
k=0

where we omit the argument g, and write V, = V(qy,), fi = f(q), [, = f' (@),
etc. We can now integrate separately over each p, using the Gaussian formula
given in the text, where we set a = 2iszAt/h and b = (qk+1 — qk) /h—=2if; fiAt,
L S Tk 1
—\n—— —Hpeaw)) |=—F——=
27Th h At SV mihAt

.At 7 h - . / 2
X exp |:—l? (Vk—ﬁszfk)_ 5 (‘1k+1h qk—ZIfkkat) j|

4iflAt

This integration is performed (n+ 1) times over p; for k =0, ..., n, therefore we
will obtain the product of (n+ 1) such terms as shown above. Replacing

Gk+1— 9k = qAt+ 0 (Atz)

and omitting terms of order Ar>, we get the following expression under the
exponential,

i [ 1
ii_l [W (4—2inff)’ =V + hsz”] Ar.

In the continuous limit N — oo, the sum over Af becomes an integral,

oy [(q 2ihf)’ VMfo,,}

h/dt[m—v—l-ﬁz (ff”—f/z)],
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where we integrated by parts using

— lnf(q) f

and discarded the boundary terms. Therefore in the limit N — oo we obtain the
path integral

2

and the integration measure

N
d
Dg= lim %

Nos f(CIO)\/WihAfo ) mimae;

Exercise 11.4 (p. 138)

We use the results of Exercise 11.1(b). It is clear from the derivation of the
Lagrangian path integral that the propagator for a system with n degrees of
freedom ¢(7) and a Hamiltonian of the form

> o

- -

H(p.§) = 52 - V(@)

is expressed as
N R i rir ?]7] -
K(‘If, qos trs fo) =/Dq exp |:ﬁ-/t dt (mT — V(Q)>:| )
where the integration measure is

1 N d"g,
Dg = lim
N—oo (27Tzhm—1Ato) n/2 k=1 (27Tihm—1Atk)

nj2"

This is straightforwardly generalized to the case of a scalar field ¢(x, ¢) with the
Hamiltonian (4.11). A discretized approximation to the path integral is performed
as in Exercise 11.1(b) by introducing n points X, ..., X,, and the n field variables
by, (1), k =1,...,n, playing the role of the components of the vector q(1).
Therefore the path integral representation of the propagator is

K[ s(x), do(x); 5, 16]

— [ Dayerp | [ gpardx (- o -nie2) |



254 Solutions to exercises

where the integration measure is

. . 1 N [T=1 déby, (1)
Dy 51&1m nli)n;o : 72 : R
- (2'7TlhAt0) k=1 (27TlhAtk)

Exercise 11.5 (p. 142)

Let us take as the two fundamental independent solutions u and v those that
satisfy the boundary conditions

Mi=1, M]t=0,

v; =0, vp=1

They obviously satisfy (11.41); it follows from (11.43) that W = 9; = —it,. The
expression in (11.44) then becomes

("% i . )
K = mexp [ﬁ (quf_uiqi _ZWquf)] :

The solution of the classical equation with the boundary conditions ¢ (#;) = ¢; and
q(t;) = q; can be written as

q(t) = qiu(t) +qpv (1),
and the action along this classical trajectory is

I . . . .
Sa = 5 6161|t',./ = 5 (qu; - ui%z + (uf - Ui) C]iqf)~
Hence
7Sy 1, .
9g g — 2 Uy~ ) =W,
qr04q;

and it is clear that the expression for K can be written as (11.45).

Exercise 11.6 (p. 144)
The solution consists of essentially the same calculation as in Section 11.4.2,
except for Euclidean quantities replacing Lorentzian ones. See also the paper by
L. Moriconi, Am. J. Phys. 72 (2004), 1258 (preprint arxiv:physics/0402069).
Choose the solution u(7) of the Euclidean equation of motion, ii — w?u = 0, as

u(t)=e°7,

and introduce new variables Q and 7 instead of x and 7 by
1

Q(n =u'x() = e"x(r), n=-T, dr=dy.
w
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This is a well-defined change of variables since u # 0 and dn/dt # 0 for all 7.
The function Q(7) can be expressed through m and is denoted again Q(mn); then
we have

s i —wT _ —oT dQ _
x_dT(e Q)=¢ (dT a)Q)
— 0T (eZwTd_Q —wQ) — e"”Q’—wx,
dn

where we denoted the derivative with respect to 1 by a prime. Now we can rewrite
the classical Euclidean action through Q(7),

Se[x(1)] = / %+ w’x? dT— m/ ((x+wx) —wax) dr
=3 f 0%dn— =7 (x(7y) = x*(r)
SE 10 = 5= (¥(7p) = x(7).

where
nr
S](Efree) — % Q/zdn
n;

is the action of a free particle of mass m. Apart from the terms depending on the
boundary conditions x; = x(7;) and x; = x(7), the action Sg[x] is now reduced
to the action for a free particle described by the coordinate Q(n).

The next step is to relate the measure Dx in the Euclidean path integral (11.48),

N
Dx = lim I1

N—o0 ,/ZWhATO ,/ZWhATk’

to the corresponding measure for the variable Q(m),

N
d
DO = lim O

N—>o0 ,/27771An0 el ,/ZWhAnk'

The relationship between the intervals Am, and ATk needs to be derived up to

second order in A7,. This is done by expanding 7 = 5-e>®7 in Taylor series,

Ay = AT 4 we* T ATE + O(Aff)
= ez“’T’fATke‘”Mk + O(ATE’).
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Note that we replaced 1+ wA7, by ¢®*7, which is admissible up to terms of
order AT,%. Hence

N N N
l_[ Ank — l_[ ATkeszkerATk — ew(T_/—T,v) l_[ A'Tkeszk,
k=0 k=0 k=0

where we relabeled 7y = 7; and used the property Zszo AT = 7y — 7;. Since
dQ; = e“"kdx;, we have

N | N
DO = lim [| ————[] 90«
N=ooy o v/ 2mhAMy =y

N —wt, N d WTy
=exp (—2 (Tf — T,-)) lim izo € ke
2 N—oo \2ahATy (1 /2ThAT,

Tr+T;
= exp (—%(Tf—n)—an'i) Dx = exp (—w f2 I)Dx

Finally, we can compute the path integral,

| }“m oxp (_ SE[a;(r)])

(free)
< ﬂQexp<_SE [Q(n)])_

h
Q(m;)=x;e7i

It remains to use the known formula for the free propagator,

0(ns)=0y (free)
/ DQ exp <——SE EiQ(”’I)]>
0(n)=0;
L mece)
2ah (nf — "’h’) 2h (nf - 771’)

and to substitute the values 7;, N 0;, Qf:

1
7’f — M = % (€2wa — eszi) 5 Qi = xiemi, Qf = xfe“"f.
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To simplify calculations, we note that

1 ) 1 1)
Np—n; = Ze“’(Tf +7) sinh (w(rp—7)) = Ze“’(T/‘“’) sinh wT.
Thus, we obtain

x(rp)=xy

/ Dx exp (-@)

x(1;)=x;

=——Y  ex
~2mhsinhwT

which coincides with the formula (11.50) after some rearrangements and upon
setting m = 1.

/ 1e®(Tr+7) sinh T

Jo me, , n’lw(xfe“”f—x,-e"”i)2
Pl g (=) ’

Chapter 12
Exercise 12.1 (p. 147)

The general solution of an inhomogeneous equation such as equation (12.1) is a
sum of a particular solution and the general solution of the homogeneous equation.
We need to use the boundary conditions to select the correct solution.
Elementary solution For ¢ # ¢/, i.e. separately in the two domains ¢ > ¢’ and
t < t', the Green’s function satisfies the homogeneous equation

82 2 /
<a_z2 +w > G (1, 1) =0.
The general solution is

G, (t,') = Asinw(t — a),
where A and « are constants that are different for ¢ > ¢’ and for ¢ < . So we may
write

A_sinw(t—a_), t<Vt
A+sinw(t—a+), t>1t

Gret(t’ t/) = {

=A_sinw(t—a_)0(/' —t)+ A, sinw (t—a,)0(—1).

The boundary condition G, (t,7) =0 for r < ¢’ forces A_ = 0. Therefore by
continuity G(¢',#) =0 and o, =1¢". To find A, we integrate equation (12.1)
over a small interval of ¢ around 7" and obtain

I+ALT 926 ' +At
/ [—;et + szreti| dt :/ 8(t—1t)dr=1.
—At ot —At
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For small At — 0, this gives

G . 0G
im —— lim —=1.
t—>+0 dt  t—1'—0 Ot
Therefore A, = w™!, and we find the required solution.
Solution using Fourier transforms A Fourier transform of equation (12.1)

defines the Fourier image g({2),

+o00 . ,
¢(Q) = / dt G (1, 1) e 1201,

—0o0

The function g({)) must satisfy the equation
g(Q) (0*— Q%) =1 (A4.33)

Here g({2) must be treated as a distribution (see Appendix Al.1). The general
solution of equation (A4.33) in the space of distributions is

1
gQ) =P ——5+adw-Q)+adw+Q), (A4.34)

where P denotes the Cauchy principal value and a, are unknown constants.

The general form of Green’s function with arbitrary constants corresponds to
the freedom of choosing a solution of the homogeneous equation. The values a
must be determined from the boundary condition G, (¢,#) =0 for t < ¢'. The
inverse Fourier transform of equation (A4.34) gives

1 +oo (o
Gralt.1) = 5 | a0 =g()

L[ e o) o o
= % |:.'P/ . 5)2 o2 dQ+a+etw(l—t ) —I—afe_""(’_f ):| ‘

This expression confirms our expectation that the terms with a . represent the as-
yet unspecified solution of the homogeneous oscillator equation. Now the principal
value integral is computed using contour integration. For ¢ < ¢’ the contour must
be deformed into the lower half-plane Im Q < 0, while for 7 > ¢ one must use
the upper half-plane. We find
1 +oo piQ1=1) sinw(r—1') 1
P SsdQ=sign(i— )= = —sinw |1~
27 Jew @?—Q2 en( ) 2w 20 | |
To satisfy the boundary conditions, the constants must be chosen as
T
ap=+—, (A4.35)
2iw’

hence

sinw(t—1')

G (t,1)=0(t—1) (A4.36)
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Exercise 12.2 (p. 149)

An elementary solution (without using Fourier transforms) can be found as in
Exercise 12.1.

Solution using Fourier transforms A Fourier transform of equation (12.13)
yields

2(Q) (w2 + Qz) =1

for the Fourier image g({)) defined by

+o0 i ,
g(Q) = dr Gg(7, 7)e =), A4.37
E
We obtain
(@)=
ST e

Now, g(2) does not need to be treated as a distribution since there are no poles
on the real () line. The inverse Fourier transform presents no problems,

eiQ(T—T’)

| e | oo
N iQ(r—7") -
Gr(r.7) = 5 /_w dQe 2(Q) /_w A0

2w
The integral is evaluated using contour integration and yields the answer (12.12).
The boundary condition Gg(7 — £oo, ') = 0 is satisfied automatically. In fact, by
treating g({2) as a usual function rather than a distribution we implicitly assumed
that the Green’s function Gg(7, 7’) tends to zero at large |7|. If Gg(7, 7') did not
tend to zero at large |7|, the Fourier transform (A4.37) would not exist in the
usual sense (or g({2) would have to be treated as a distribution).

Exercise 12.3 (p. 158)
According to the approach explained in the main text, we expect to compute the
in-out matrix element by considering the ratio of the path integrals
[a*(t)a= (1)l Dg
feiS[q,l]Dq

(A4.38)

and by replacing the Feynman Green’s function G(t, t') by the retarded Green’s
function G, (7, ') in the effective action. To compute the path integrals in equa-
tion (A4.38), we consider the action

1 2
S (g J+,J_]:/ <§é]2—%q2+l+a++1_a_) dt,
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where J*(r) and J~(r) are two external forces. This action is real-valued since
J~ = (J*)". The Lorentzian effective action is

exp (il [J*,77]) = / DgeSler 1,

where the integration is over all paths g(¢) satisfying g(t — £o0) =0, as in the
main text. If we compute this effective action, the path integral ratio (A4.38) will
be

exp[—ili] m m exp [iI1]. (A4.39)

We now express a™ through ¢ and ¢ as

a* (1) = @ (g(z) - éqm) ,
=2 a0+ a0).

Then after integrations by parts we obtain

) i dJ* idl™
L Y e O e e FTOX2
/(a a) 2 +wdt+ o dt a(1)
and therefore the Lorentzian effective action can be copied from the text,
1
L) =3 [ )7 (1) G (11, 1) dny, (A4.40)

if we use for J(r) the expression

0] i dJt i dJj~
= |/=(Jt+——+T ——— ). Ad4.41
® 2( +w dt * w dt) ( )

Now we need to substitute equation (A4.40) into equation (A4.39), using J(¢)
given by equation (A4.41), and then replace Gg by G,. Then we will find the
required matrix element according to the recipe presented in the text.

First, the expression (A4.39) is simplified to

o, o, 81y
SIH(1) 8J— (1) oI (0)8I—(1)’

The functional derivatives are evaluated like this,

ST, on 7] 87 (7)
575 (1) =[a 57 (1) 87 (1)
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Using equation (A4.40) and the fact that Gg(z,t") is a symmetric function of ¢

and ¢/, we find
ol
8J(1)

To compute the functional derivative 8J/8J7", we write J as a functional of J*
in an integral form:

1= | ﬁ(t)\/g[a (-7)-Lo (t—f):| di+ c.c..

where “c.c.” denotes the complex conjugate terms with J~ = (J¥)". Then

5/ (1) 8[5@_;)_15’@_;)},

§Jt(t) V2 ©

:/J(tl)GF (t,1))d1,.

and we obtain

8T, i
8]+?t) :\/g/ dtJ () [GF (1, tl)_Z%GF (. ll)i|'

Now replacing Gg by G, and simplifying

iw(t—ty)

]

id
Gret(t’ tl)_ga_tGret (t’ tl)ze(t_tl) i

we get
ST, i T .
=— de,J () e = —J,.

The functional derivative 617 /6J~ () is the complex conjugate of this expression,
o)

ST, oL
5T (1) (1)

The second functional derivative

2
= |4l

8T
8J T (1) 6~ (1)

yields terms independent of J because 17 [J] is a quadratic functional of J. But

the expectation value we are computing cannot have any terms independent of

J since it should be equal to 0 when J = 0. Therefore any terms we get from

this functional derivative are spurious and we ignore them. Note that one of the

ignored terms is proportional to o (#; — t,) and would diverge for ¢; = 1,.
Finally, we obtain

(Ol @t (D@ (1) 10, = 4]

This agrees with the answer obtained in equation (3.20).
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Chapter 13
Exercise 13.1 (p. 171)

We omit the trivial term —V(x)8(x — x’) from M, compute the generalized
function g!/ 4Dg(x) g '/48(x — x) and substitute 8ap = 84p T hyp into the result.
Denoting d,, = d/dx* and suppressing the arguments of §(x — x”) for brevity, we
find

_ _ 1
Jy (g 1/45) —g '/ [8# — Z(lng),;ﬁ] ,

14

1
g 10, [¢"" /80, (g7 1"8)] =g [8’“ —a g)’“é}

1 1
+ |:gff,” + Zg“”(ln g)’,,] |:8’u - Z(ln g)’MB] )

This expression splits into terms with different orders of derivatives of 6(x — x’).
The derivatives of g,z are replaced with the derivatives of /., but otherwise we
keep gqp- (Therefore we do not actually need to make any approximations in this
calculation and in particular do not need to assume that h,g is small.) The term
with the second derivative is

g8, =08""9,0,6(x —x') 4+ n*"d,0,8(x — x').

This corresponds to the operator expression L1+ h. The term with the first deriva-
tive of & is

1 1
—Zg’“’(ln 8) ub,+ g”ff’ﬁyﬂ + Zg’“’(ln 8,0, = hfLIfS,V.

This corresponds to the operator I. Finally, the term without derivatives of
0(x—x') is P(x)d(x — x"), where

1 1 1
P = 36009~ [+ 40, | o),
1 1

=- Zgluygaﬁhaﬁ,,uv - Zguvhfxfhaﬁ,v

1 1
_ _hﬁ/ygaﬂhaﬂ,,u _ _gp,vgaﬁgk)\h

h
4 16

af,u’t kA, v

Here we substituted
(Ing) =8 8up = 8Phup -

It remains to add the omitted term —V(x)8(x — x’) to P to obtain the required
result.
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Exercise 13.2 (p. 175)

We rewrite the argument of the exponential as a complete square,
—Alx—a]*—B|x—b|*+2c-x
= —(A+B) |x|* +2x- (Aa+ Bb+c¢) — (Ad® + Bb?)
= —(A+B) x—p[*+0.
Here we introduced the auxiliary vector p and the constant Q:

Aa+Bb+c
A+B

p . 0=(A+B)p*—(Ad*+Bb’).

The Gaussian integration yields the required expression:

7@ exp Q]
d*°x ex [— A+ B)|x— 2—|— ]:—,
f p|—( )Ix—pl"+Q A+ B)e
AB Aa+ Bb 2
0=—2L ja_ppPyoc. 22F lel” |
A+B A+B ' A+B

Exercise 13.3 (p. 175)

Following the method used in the text for the calculation of (x| K T|y), we find

2

(x| K{ () ]y) = (x| KT (7)]y)

AytayY

P(2)= k¥ (2)
Now we use equation (13.19) to evaluate the second derivative and then substitute
y=x. We find
82 |: (x - y)2 i| 8;1,1/
” exp| —— | =——,
aytdy yex 4T 2T
92 T—1 r—7\?
~ h* (x-i— (y—x)) = ( > h”%y.
OyHay” |, T T

The terms with first derivatives are proportional to (x* — y*) and vanish in the
limit y — x. Therefore we obtain the required expression.

Exercise 13.4 (p. 177)

Note that h*” = —haﬁg’“"g’”ﬂ + O(h?) and since we may omit terms of order
O(h?), we can convert covariant components 4 v to contravariant 2*" by a change
of sign.
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The first required identity is derived by

./g 1 1
agﬁ = VB = et (8 + ) = 1= 38,8 +0 ().

Expanding the metric according to equation (13.1), we get

1
wp = 58" (hayw.p+ g = hap )

1
gaﬁavrgﬁ = 6“:88:“"/ <halJnBV — Ehaﬂ”“uj> + O(h2)’

g*Pagry, = %5“35“%%&3 +0(h?).
Using equation (5.17), we compute the scalar curvature as
R=g*a,I";—g*Paply, + O(h?)
= 86P6"" (hy gy — Map ) + O(h®)
= 80, (HE” = hB47) 1 O(h)
= 8,500 — h%, 4+ O(h?).

Here we have used the relation g®# = §*F + O(h).

Exercise 13.5 (p. 178)

The required values are found by computing the following limits:

1
o —gu(l=u) g, _ 1.
fl(O)_g%/O e du=1;

. 1 1
fim 1) =1 _ 4N =—/ u(l = u)du=——;
S0 ¢ dE ooy o 6
i@ -1+5E 14, Lt ) 1
lim 0% Tt _ 2 @ _ 2 | — u)du = —.
0 8 2 48|, 3y wa-wta=g
Chapter 14

Exercise 14.1 (p. 185)
The task is to verify the integral

1 e fi(x)—1 [l —T+3x) 1
Io=§[0 dx(fl(x)+4 ——+12 6>_—

x2 12’
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where the function f;(x) is defined by

1
f1(x) E/ dt e~ ¥10=0,
0
Since
f] t(1—r)dt !
0 6

we may rewrite [ as

1 00 1 —xt(1—1) -1
Ioz—/ dx/ T I ——
32 Jo 0 X

_Hze_x’(l_t) —1+xt(1— t))

2
It is impossible to exchange the order of integration because of the nonuniform
convergence of the double integral at large x. Therefore we add a regulariza-
tion factor e”** with @ > 0 and evaluate the limit ¢ — O at the end of the
calculation,

Iy =lim i/ldt/mabce_‘” e~ ¥11=1) +4&
a—032 Jo 0 X

+12

x2

e~ ¥0=0 1 4 xr(1 — t))

Let us denote g = r(1 —¢). Then the integration over x can be performed using
the auxiliary integrals

o) —qx_l
Il(a,q)E/ dx e~ ¢ —In—2 ,
0 x atq
0 qu_1+
12(a,q)5/ dxe_‘”#:—q—(aﬁ-q)ln “_
0 X a+t+gq

The functions I ;(a, q) are easily found by integrating the equations

oI, 1

e (a.q=0)=0;
dq a+gq

al,

8_ =-I(a,q), I,(a,q=0)=0.
q
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Then we express the integral [, as

1 1 a
Iy=—1tim [ dt|{———— 4am—%
0733 .50 (a+t(1_t)+ Nati—0

+12(a+t(1—1))In —12t(1—t)>.

a
a+t(1—1)

The last integral is elementary although rather cumbersome to compute. While
performing this last calculation, it helps to decompose

1 /1
a+t(1—t):(a1—t)(t—a2), al,ZEEﬂZ Z—i_a

The limit @ — 0 should be performed after evaluating the integral. The result is

1

L. |8 2 2
Io_iclll_r)r})[g—l6a—32a 1na+0(a )]

Exercise 14.2 (p. 187)

In this and the following exercise, the symbol §g"” stands for the variation of the
contravariant metric g*”. Since g,,g** = 81, we have

0=0(8nr8"") = 84108™" + 8" 884y-

Thus the variation 8g,,,, of the covariant tensor g,,, is

8gp,1/ = _ga,ugﬁvsgaﬁ'

(a) First we prove that the variation 8I'j, of the Christoffel symbol is a tensor
quantity even though I'j,, itself is not a tensor. Indeed, the components

1

Ty = 28" (3u8py + 0085 — Op8y)

change under a coordinate transformation according to the (non-tensorial) law
o 0X' OxP OxT 5 Ox® 9*xP
KT gxB gx'i gxPT T gxB axrax

However, it follows from equation (A4.42) that the variation 81j, transforms as

(A4.42)

o 0X'® OxP 0x? STB

BV oxB gxm gx'v PO

and is therefore a tensor.
We can always choose a locally inertial frame such that '}, (x)=0 at a
given spacetime point x. In that frame, the covariant derivative coincides with

the ordinary derivative, i.e. V, =d,, where the tilde means that the quantities
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are computed in the locally inertial frame at point x. Then the variation of the

Christoffel symbol I'},, is
. 1 e . .
8T, = 582 (9,8, + 00 p — Opy)

1o s
t38 P (9,885, + 9,025, — 0503,

1 5 . T an
= 58" (0402, + 9,88, — 9p0%r)
1/~ . & s R
= (.82, + V886, — V508, ) (A4.43)
because in the locally inertial frame we have
é,u,gﬂy + évéﬁp, - éﬂg,uv = Nﬁyéaﬁ =0.

Since the last expression in equation (A4.43) involves explicitly tensorial quanti-
ties, the tensor 81";“,, is equal to

ap
a 8
SFMV = 7 (V,U«(SgﬁV + VVSgB/-L — VBSg,u,V)
ap
8
=5 (‘Sgﬁu;v +08puip — aguv;ﬁ) (A4.44)

in every coordinate system. (Here is a more rigorous argument: We first consider
the tensor (A4.44) which happens to coincide with equation (A4.43) in a particular
coordinate system and only at the point x. However, two tensors cannot coincide
in one coordinate frame but differ in another frame. Therefore the tensor 8175, (x)
is given by equation (A4.44) in all coordinate systems. Since the construction is
independent of the chosen point x, it follows that the formula (A4.44) is valid for
all x.)
Note that an explicit formula for the covariant derivative Vgog,,, is

V508, = 0508y, — ng(?ga# — Fgﬂﬁga,,.

The trick of choosing a locally inertial frame helps us avoid cumbersome com-
putations with such expressions.

(b) Since
0,0.' =1,
we have
0=258(0,0;") =0, (60, ") + (80,) O '
and hence

8 (0. =-0," (80,) O, . (A4.45)
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The covariant Laplace operator [, acting on a scalar function ¢ (x) is

ng) = gMyVMVV¢ = g'uvd);,uv = gMV (¢,;,w - Fﬁy(rb,a) .
The variation of this expression with respect to dg*” is
Sng) = (Sg'lw) d);;,w +gMV8 [(;b,/.w - Fﬁyd’,a]
= (5gw) ¢;,uv - g,uv (argv) q'),a'
This can be rewritten as an operator identity
60, = (8¢"") V.V, — g (8T5,) Vs (A4.46)

We emphasize that this identity holds only when the operators act on a scalar
function ¢(x). For vector- or tensor-valued functions, the formula would have to
be modified.

(c) To derive

we again pass to a locally inertial frame in which fﬁ‘v =0and @M = :9“. Then the
Riemann tensor (in the Landau-Lifshitz sign convention) is

Ra

ur = 0,1 g, — 0,155 (A4.48)

Note that the RHS of this expression is not a tensor. Varying both sides of the
relation (A4.48), we obtain

Skaﬁr‘“’ - éﬂafg’/ o é”arﬂﬁ = ?Uﬁfgv - %5125& (A4.49)

Note that both sides of equation (A4.49) are written in an explicitly covariant form
and are tensors. Therefore equation (A4.49) holds in every coordinate system and
equation (A4.47) follows.

Exercise 14.3 (p. 187)
Here we derive the expectation value of the energy-momentum tensor

7= 2 00
w /g dg

from the (Lorentzian) Polyakov effective action

1 _
I [8u] = 96_77/ d*x./—=gR L, 'R

= o= [ P/ 50 [ Pr/EORWG, (. RG),  (A450)
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where G,(x,y) is the (retarded) Green’s function of the Laplace operator [],.
Recall that we have

(O ' @) (v) = / d*yy/—g() G (x, )P,

where @ is a scalar field, and the Green’s function satisfies

1
ngGg(xa y) = —6(x _y)'

Vv —8(x)

The variation of ,/—gR Dg_lR can be written as

8 —
VS ROy 'R

1
——6(/=gRO;'R) =
= (V78R 'R)

+(8R) O, 'R+ RO, " (5R)+R (8, ") R,

where we introduced the prefactor 1/,/—g for convenience. This expression is
integrated over dx, while the operator D;l is self-adjoint, hence

/ x /=g (BR)O;'R = f &x/=gRO;' (5R).

Thus, for our purposes it is sufficient to compute the auxiliary quantity
§. /=
1= "8 RO, 'R+2(5R)TI;'R+R (50;") R. (A4.51)
V8
The EMT will be expressed through 61 using the formula

1
/ d*xy=g(T,,)8g"" = o / d*x /=g 81 (x). (A4.52)

Now we shall evaluate the expression (A4.51) term by term. The variation of
J/—g is (see equation (A4.14) on p. 229)

W=
S g, 88" (A4.53)

In two dimensions, the Ricci tensor R,,,, is related to the Ricci scalar as

— pa 1
R,uv =R way — Eg,U,VR’
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therefore with help of equation (A4.47) we get
1
OR=R,, 08" +g"" "R, = ERglL,,SgW +V, (g“”SF;fV — g““BF;;V) . (A4.54)

Using the formula (A4.44) and the relation g"‘IBBgBy =— gﬂyégafg, we derive
the necessary expressions

1
ghrery, = —V,08" + zngaﬁg“”,
1
gt el = —ngva‘SgW-
Thus the variation 6R is reduced to

1 1 1
OR = ERgWBg’“’ +V, (—Vﬂaga“ + ngVaBg“” + ngV‘)@g“”)

1
= (ERg,uV - V[,LVV + gp,VDg> aglwa
while the variation of the Laplace operator becomes
1 :
60, = (8g"")V,V, + <5gci‘l; - EgWSg“V’“> V.
Now we can put all terms in 6/ together,
1 yaz -1
ol =— ng,ﬁg RU, R
1 _
+2 <§ng8g’“’ —8gh), + gﬂ,,[]gﬁg’“) O 'R
1 :
—R D;l [Sg“VVMVVDéTlR + (Sg')i’; — Eg'u,,Sg“”’a) VaDglR:| .

It is now straightforward to compute the functional derivative (A4.52). For
arbitrary scalar functions A(x) and B(x), we have the identity

[dzxa/—gA D;B = / d*x./—gB D;lA,
and that integration by parts yields for arbitrary tensors X and Y the formula

/ dPxJ—gXV,Y = — / d*xJ=gY V, X.
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Thus we compute (up to a total divergence)

81 1 _ - - -

5o =3 guwRO;'R—2(, 1R)W +2¢g,,R—(0;'R) (O, lR)W
_ _ 1 _ e
+[@'R), 0, 'R] ~ 58 [(O5'R), 0 'R]

=-2(0;'R),,,, +28u,R+ (0, 'R), (O;'R)

4

1 - 1)
— 58w (O 'R)., (T 'R) ™.

Thus the final result is

1

(1) =5 | =255 R+ (7.5 R [, ]

1
+28uR— 58 (V.O0;'R) (V“Dg‘lR)},

which coincides with equation (14.10).
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minimal coupling
to gravity, 56
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mode expansion, 48
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summary of formulae, 216
mode function
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operator ordering, 20

Palatini method, 60
path integral, 132
definition, 136
Lagrangian, 138
measure, 136
Poincaré group, 44
Polyakov action, 185

principal value integral, 196, 203, 258

propagator, 132
as path integral, 136
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quantization
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of fields, 5
quantum fluctuations

of harmonic oscillator, 5

Index

regularization, 125
renormalization, 125
of gravitational constant,
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Schrodinger equation, 31

Schwarzschild metric, 110

Schwinger effect, magnitude of,
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second quantization, 32

Seeley—DeWitt expansion,
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Sokhotsky formula, 199

spontaneous emission, 8§

squeezed state, 71

surface gravity, 116

Unruh effect, 97
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Unruh temperature, 12, 108

vacuum polarization, 77, 161, 179
vacuum state, 5
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Bunch-Davies, 91
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Wick rotation, 142
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